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A relatively simple nuclear matter approximation, based on a result derived by Masterson and Sawada, is
evaluated. In this approximation free kinetic energies are used in the energy denominators of the reaction
matrices instead of the self-consistent energies, and a second-order calculation of the true momentum density
is incorporated into the equations for the system energy. If the density is computed directly with a separable
potential, the equations of the theory are uncoupled. One evaluation of the new approximation, using a
modification of the code used by Brueckner and Masterson, yielded an equilibrium mean energy of —14.0
MeV at 1.04 F, in good agreement with Brueckner and Gammel’s —15.2 MeV at 1.02 F and with Brueckner
and Masterson’s —16.9 MeV at 1.00 F. All the calculations referred to employed the same hard-core phe-
nomenological potential. A further calculation is planned to compute with precision the Green’s functions
and momentum densities required for the straightforward application of this approximation. When com-
pleted and reported, these quantities will make the remainder of the nuclear matter calculation quite simple.
Several possible future uses of the approximation are briefly discussed.

I. INTRODUCTION

N a series of previous papers by Brueckner and
colloborators,! methods have been developed for
the determination of the properties of nuclear matter.
Accurate numerical solutions of the equations of the
theory gave a mean binding energy of —15.2 MeV and
equilibrium spacing of 1.02 F for one of the sets of
Gammel-Thaler potentials,? slightly modified to give
correctly the low-energy scattering parameters and the
deuteron properties. These values were in reasonably
good agreement with the semiempirical values for the
energy ranging from —15.83 reported by Green® to
—17.04 obtained by Cameron,* and with the equilibrium
spacing, 7o=(1.0740.02) F, deduced from high-energy
electron-nucleus scattering. A detailed discussion of
Brueckner K-matrix theory and the method of applying
it to extended nuclear matter is contained in the paper
by Brueckner and Gammel' (BG). Consequently, we
shall indicate here only the basic equations.

In the Brueckner-Gammel computations, the K
matrix from which the energy is computed is defined
by the equation
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In this equation wy and w; are self-consistent energies
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for particles moving in the Fermi gas and w,* and w,*
are energies appropriate to virtual excitations above
the Fermi surface. The single-particle potential is
determined from the diagonal elements of the K matrix
by the relation

V(pa) =2 (Kijii— Kijii)ni= 25 Kij; apmi, (1.2)

where »; is the occupation number for states of mo-
mentum p; (and for zero-temperature nuclear matter
is the Fermi step function). The average binding energy
per particle is

3 PF P2
Py f pzdp[——Jr%V(p)]. (13)
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The normal density is assumed to be determined from
the minimum of E,, as a function of density.

In a later paper, Brueckner and Masterson’ (BM)
reported the results of the computationally simpler
approximation which results when the difference of
energies in the denominator of Eq. (1.1) is assumed to
be independent of the total momentum. Thus, they
made the replacement

witw—on* —o*=2[w(pr) —o*(pma) ], (1.4)

with pr; and P, the relative momenta. This approxi-
mation is accurate if wx has a quadratic dependence on
pr or if the relative momentum is large compared with
the total momentum. Consistent with the accuracy of
this approximation, BM replaced the total momentum
(which enters in the treatment of the exclusion prin-
ciple) by its average value compatible with a given
value of relative momentum k:

<P2>av_ ” 2<1 k \(1+%k/PF+%k2/PF2)
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For k> pr, P= ((P?)4)2=0.

8 K. A. Brueckner and K. S. Masterson, Jr., Phys. Rev. 128,
2267 (1962). Referred to as BM.
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The Brueckner-Masterson approximation also yielded
good agreement with experiment, the mean binding
energy being —16.9 MeV at ro=1.00 F.

In this paper a further approximation is suggested
and evaluated. Motivated by a result derived by
Masterson and Sawada (MS),% this approximation
features a release from the “self-consistency” require-
ment which complicates other nuclear matter calcu-
lations. There are only two computationally difficult
quantities required, the Green’s functions and the
momentum density (through second order). The former,
being independent of the nucleon-nucleon potential in
this approximation, can be computed once (using an
electronic computer) and tabulated for all future use of
the approximation. The momentum densities can also
be calculated (with a separable potential) and
tabulated. The remaining equations are easily handled
for typical nucleon phenomenological potentials such
as, e.g., the Gammel-Thaler potentials.

II. THE UNCOUPLED APPROXIMATION

Starting with the Brueckner-Goldstone expansion’
E= Z exnp+AE (ﬂ,e)
k

=3 e t3 2 Vet ey
k kl

(A=nm) (A —nz)nim
(erte1—em—entia)

XOmn; ey +0(@)  (2.1)
(where the € are the free kinetic energies and the # the
expectation values of the number operator), MS were

able to demonstrate, with a ‘‘change-of-parameter”
technique, that
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is exact to fourth order.® In this equation, the “self-
energy”’ terms of the Brueckner-Goldstone expansion
are neglected and the #, appearing in the expansion
are replaced by the true momentum densities in the
interacting medium, pz. Equation (2.2) leads to an

expansion matrix
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In the absence of an experimental py, the pi in Eqgs.

6 K. S. Masterson, Jr., and K. Sawada, Phys. Rev. 133, A1234
(1964). Referred to as MS.
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¢t matrix [such as Eq. (2.3)], then Eq. (2.2) is exact to fourth
order in .
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(2.3) and (2.4) would be very difficult to obtain because
they are related to the ¢ matrices in a self-consistent
way. Consequently, we are forced to make further
approximations. One of these is to use the expectation
values 7, and #, in the {-matrix equation in place of
the momentum densities, and the other is to compute
the momentum density used in Eq. (2.4) only to second
order with a separable potential. The first approxi-
mation is motivated by the fact that the main objective
of the introduction of the ¢ matrix is the removal of the
apparent singularity due to the hard core of the po-
tential, and the most important processes involved are
large momentum transfer processes (for which py
approaches n;). The “justification” for using a separable
potential to calculate the momentum density is the
fact that the momentum density represents a high
degree of ‘“‘averaging” (in the sense that one more
average, over momentum states, yields a constant of
motion), and consequently should not be as sensitive
to the details of the potential as the ¢ matrix itself.
These approximations lead to the following equations
for the reaction matrix:
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and for the momentum density [ to be used in Eq. (2.4)
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To verify this solution, we substitute (2.6) in (2.4):
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9 For a derivation of this equation, see MS, Eq. (3.5).
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Fic. 1. Low-order diagrams of the o)
Brueckner-Goldstone expansion. The
self-energy diagram, 3(b), which is in-
cluded in the Brueckner approxima-
tion through the use of self-consistent
energies in the denominators of the
K-matrix equation and which is in- 2(a)
cluded in the present approximation
through the use of momentum densi-
ties in the expressions for the single-
particle and total energy.

3(a)

In Eq. (2.8) we note an important feature of this
approximation. If we replace each ¢ with v in the second
term on the right-hand side, the resulting expression
is just the contribution of diagram 3(b) in Fig. 1 to the
system energy (with the self-energy insert being in-
cluded in every possible position in the diagram).
Similarly, in an expansion of the Brueckner-Goldstone
series in terms of the ¢ matrix [represented diagram-
matically by considering each vertex in Fig. 1 a ¢ inter-
action and eliminating diagrams 2(a) and 3(a)] the
contribution of the “self-energy” diagram 3(b) is again
just the second term on the right in Eq. (2.8). Thus, the
use of the low-order expansion of the momentum
density, Eq. (2.6), in the equation for the system energy,
Eq. (2.4), picks up the same self-energy diagram that
is customarily accounted for by the use of the “self-
consistent’” energies in the denominator of the K-matrix
equation, Eq. (1.1). Clearly, then, this is equivalent
to the K-matrix approximation to fourth order.

In order to compute the { matrix with a hard-core
potential, the further approximation of BM is employed.
In this approximation it is assumed that the difference
in energy of the energy denominators can be treated as
being independent of the total momentum without
incurring appreciable error. Thus

JPE")
b k= V2 Vnry ok, (2.9)
K =k M
with
> =k"?/M holes
J =k2/M; k<pr

| = pet/M; k'ZPF‘ particles.  (2.10)
The approximation now consists of the following
system of equations from BM [Eqs. (2.3) through (2.8)
and (1.3)7]. Where applicable, the modifications in the
equations due to the use of the Masterson-Sawada
approximation are indicated.
(1) Green’s functions:

1 o B4R i (B ) i.(B Y P,k”)
le(r,r,)=__/‘ Jukr) ju (k) £ (
2’7[‘2 0 2[wk~wkn:|

. (2.11)
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with the self-consistent denominator 2[wr—ws| of BM
reducing to >.—k"?/M with 3, given by Eq. (2.10).
The Pauli step function, averaged over angles of P,
f(P,k"), is given (as in BG) by

JPE)=0 K"+iP<ps
—1 K'—3P>ps
= (K"2+1P*—p)/k'P otherwise
with P given by (1.5).
(2) Momentum density (not used in BG or BM),
Eq. (2.6).
(3) Plane-wave basis functions and Green’s functions
modified to vanish at the hard-core radius 7.:

si(kr) = ju(kr) — ji(kr)Git(r,re) /Git (re,e) 5 (2.13)
Fit(r,r) =Gl (r) — Gt (r,r ) Git(re,r) | Git(7eyre) - (2.14)

(4) Radial wave functions:

(2.12)

]

Uw’s(kyr)=si(kr)dw-+4m Y, 72dr' FiV (r,r)

lll Tc
XVyr T (Y U7 (k') (2.15)
The Vyy7s(r') are the appropriate phenomenological

two-body potentials.
(5) ¢t matrices:

J41
lr=t(k)=2 2 Cst{—jz2(kfc)/le(fc,n)

Js l=J—1
* J+1
+47r/ 1’2d1’31(k1’) Z V”/Js(r)U”/J‘g(k,f)} . (216)
re Ve=J—1
(6) Single-particle potential:

2 3 (pF—p) 1
V<p>=—[ / Kdk f b0 (4124 p— dphu)2dp
0 -1

7(_2

3 (pF+p) 1
+ / k*dk /
$(pr—p) — (pr? —p? —4k2/4kD)

xxk;kp<4k2+p2—4pkﬂ>l/2dy] p<pr. (2.17)
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For p> pr the first integral vanishes.
(7) Average energy per particle, derived from Eq.
(24):
3 p F

52M 2p

f PAVBe(p).  (2.18)

This system of equations, (2.11) through (2.18),
differs from the equations of BM in two respects:
(1) the use of kinetic energies instead of self-consistent
single-particle energies in the denominator of the
Green’s functions, Eq. (2.11); and, (2) the appearance
of the momentum density, Eq. (2.6), in Eqs. (2.17)
and (2.18). The Green’s functions are the most difficult
and time-consuming portion of this computation, and
the release of their energy denominators from the self-
consistency requirement represents a major simplifi-
cation. In BG and BM, these energies couple this
equation to the output of a previous iteration, and the
Green’s functions therefore must be computed in each
iterative cycle. In the approximation of this paper,
with only kinetic energies in the Green’s functions and
with a second order in ¢ calculation of the momentum
density, the system of equations is fully decoupled.
The Green’s functions can now be calculated once with
high precision and tabulated for all future uses of the
approximation. Similarly, the momentum density can
be calculated once with a hard-shell separable potential
and likewise tabulated. The remaining equations are
easily solved for a large number of phenomenological
potentials, either directly [Eqgs. (2.13), (2.14)7, by
simple iteration [Eq. (2.15)], or by numerical inte-
gration [Egs. (2.16) through (2.18)7]. These remaining
calculations are even feasible with a desk calculator.

In some of the previous equations one encounters
singularities at the Fermi surface, singularities which
have been related to the phenomenon of supercon-

ductivity. We neglect this effect in these calculations,

assuming its quantitative effect on the mean energy
to be small. In the earlier approximations, these singu-
larities had negligible effect because the mesh used in
the numerical integral of the mean energy per particle
avoided the singular point and because the self-
consistent single-particle energies for particles outside
the Fermi sea were computed ‘“off-energy-shell” in
order to include, in an average fashion, a maximum
number of higher order terms in the Brueckner-
Goldstone expansion. In the derivation of Eq. (2.2),
however, MS made no explicit reference to the per-
turbation series, and thus all momentum densities must
be computed “on-energy-shell.” Consequently, a prin-
cipal value integral is indicated, and it can be approxi-
mated computationally by a replacement of the form

1 KR

— R (2.19)
B2k (R2— k) g

where 8? is chosen small enough (=35 to 10 MeV) that
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the two sides of (2.19) are essentially equal except very
near the singularity at ¥'=£%"=kp.

We might mention at this point several other nuclear
matter approximations which are also computationally
simpler than those of Brueckner and Gammel' and
Brueckner and Masterson® and which yield similar
saturation properties. These include the separation
method of Moszkowski and Scott,'® the approximations
of Puff! and of Falk and Wilets'? and the reference
spectrum method of Bethe, Brandow, and Petschek.!
The separation method simplifies the problem by
separating the nuclear potential into short and long-
range parts in such a manner that the diagonal elements
of the reaction matrix appropriate to the short-range
part vanish and the reaction matrix for the long-range
part can be approximated by the long-range potential
alone. The method leads to explicit formulas for higher
order terms, but does not escape from the self-con-
sistency requirements for the single-particle potentials
when tensor interactions are considered. Bethe and his
collaborators have employed similar techniques to
develop a method based on computing a relatively
simple ‘reference” reaction matrix and to derive
equations for the difference between this reaction matrix
and the nuclear reaction matrix. Again, one needs a
“self-consistent” single-particle spectrum, but in their
approximation it can be adequately represented by a
quadratic expression (effective-mass approximation)
with appropriately determined coefficients. This
approximation has proved valuable for estimating the
effects of higher order terms not usually included
in perturbation calculations (e.g., Rajaraman!* and
Petschek!?). The Puff and Falk-Wilets calculations
differ from the above in that they are derived from
Green’s function theory and, in effect, reduce to an
approximation very similar to that of Brueckner and
Masterson except that the Pauli principle is ignored
and the self-consistent energy for particles above the
Fermi sea is taken to be the kinetic energy alone. This
simplifies, but does not remove, the self-consistency
problem; hole energies must still be ‘“‘self-consistent.’’16

It is emphasized that the approximation described
in this paper differs from preceding approximations in
one important aspect—the replacement of the number
operator 7 by the density pr and the corresponding
approximate cancellation of the self-energy terms.
This approximation, represented by Eq. (2.2), was
originally derived in a manner independent of pertur-

S, A. Moszkowski and B. L. Scott, Ann. Phys. (N. Y.) 11,
31 (1960) ; B. L. Scott and S. A. Moszkowski, Ann. Phys. (N.Y.)
14, 107 (1961).

IR, D. Puff, Ann. Phys. (N. Y.) 13, 317 (1961).

2D, S. Falk and L. Wilets, Phys. Rev. 124, 1887 (1961).

13 H. A. Bethe, B. H. Brandow, and A. G. Petschek, Phys. Rev.
129, 225 (1963).

14 R. Rajaraman, Phys. Rev. 129, 265 (1963).

15 A, G. Petschek, Phys. Rev. 133, B1401 (1964).

16 See BM for further quantitative discussion of the Mosz-
kowski-Scott approximation and the Puff and Falk-Wilets
calculations.
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bation theory, but it can be justified and higher order
correction terms obtained by perturbation expansions.
With the further approximations (2.5) and (2.6), this
approximation has the advantage of being relatively
easy to calculate because of the decoupling of all of its
equations (2.11) through (2.18). Whether or not this
approximation is more rapidly convergent than any of
the others mentioned has not been determined.

III. NUMERICAL EVALUATION

The approximation suggested above has been
evaluated in two different variations, both employing
slightly modified versions of the Brueckner-Masterson
code.

The most accurate variation was effected most
simply. The first iteration of the full system of equations
described in that paper was executed as usual, with
kinetic energies in the denominators of the Green’s
functions. Then, on the second (and last) iteration, the
propagator in the Green’s function was replaced as
follows:

M M M
k2_k’/2 - k2_k//2_ (kZ_k/’2)2
X [Vhole (k) - Vparticle (k”)] ,

(3.1)
which, in the BM approximation, is equivalent to
1
erter—en—en
Ltins ittt Gy — Lims Gimy = Ling Gy ]

- . (3.2)

7 (ext+e1—€em—en)?

This replacement can easily be shown to lead to Eq.
(2.8), which in turn has been shown to be equivalent
to using the ¢ matrix given by Eq. (2.5) and the mo-
mentum density given by Eq. (2.6) in the equation for
the system energy, Eq. (2.4). One variation from the
prescription of the previous section was employed for
computational simplicity. The previous derivations all
specify that principal value integrals be employed in
the calculation of the single-particle potentials in (3.1)
for particles (with momenta greater than the Fermi
momentum) in contrast to the Brueckner-theory cal-
culations in which these potentials are calculated off-
energy-shell. Because only differences in single-particle
potentials enter into the calculations, and because the
curve of the off-energy-shell potential is very nearly
parallel to the on-energy-shell potential (see Fig. 4 of
Brueckner-Masterson), we have computed the differ-
ence in potentials in (2.1) with both hole and particle
potentials computed off-energy-shell by the same
amount. This procedure avoids the necessity for
principal value integrals, and introduces an error in the
mean energy per particle which is estimated to be about

T T 1T

Fic. 2. E, versus
7o for the approxima-
tion of this paper,
using a modified ver-
sion of the Brueck-
ner-Masterson code
(see text).

Eqy (MeV)
o
I
I

-1af- .

1 | ! | I
08 09 1.0 11 1.2 13 1.4
to ( Fermis)

0.1 MeV, well within the over-all accuracy of the
approximation. In a more rigorous calculation with this
approximation, we would use the principal value
integral, however.

This calculation yielded the curve of E,, versus 7o
shown in Fig. 2. The minimum (equilibrium value) of
E,,is —14.0 MeV, occurring at an equilibrium spacing
of 1.04 F. These results are in remarkably good agree-
ment with those obtained by BG and BM (—15.2
MeV at 1.02 F and —16.9 MeV at 1.00 F, respectively),
and with the semiempirical values usually quoted,
—15.83 MeV to —17.04 MeV with 7o=(1.0720.02) F.
This apparent accuracy, however, is partially a result
of fortuitous cancellation of terms for all these calcu-
lations, since the perturbation sequence indicates a
possible residual error of as much as 5 MeV. For
example, the perturbation sequence for the BM cal-
culations was: +28.8 (kinetic energy), —61.8 (i
matrix), +17.3 (first self-energy correction). For the
calculation reported in this paper, the first two orders
were the same, and the third-order term, the approxi-
mation to the density correction, was 4-19.0 MeV.

The results reported above are probably slightly
different from those which would be obtained from
solving Eqgs. (2.11) through (2.18) directly because (1)
the momentum density (2.6) was, in effect, computed
from the phenomenological hard-core potential instead
of being computed directly from a separable, hard-shell
potential, and (2) the fourth-order (in #) term from the
expansion of Eq. (2.4) was missed. These two factors
could lead to a difference in mean binding energy of
several MeV, even with an optimum choice of separable
potential with which to compute the momentum
density.

One attempt was made to analyze the effect of the
choice of separable potential for the density calculation
(2.6) on the approximation. A Yamaguchi potential
without hard shell or hard core!” was used to calculate
pr through second order in ¢ (Fig. 3), and this density
was used with the ¢ matrices from the first iteration of
BM in Egs. (2.17) and (2.18) for the system energy
The resulting average energy was —32.1 MeV at
pr=1.52 F71. The binding energy was clearly excessive

17Y. Yamaguchi, Phys. Rev. 95, 1629 (1961).
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F16. 3. Momentum density using the Yamaguchi potential.
The potential does not have a hard core.

in this approximation using this potential, and no
attempt was made to find a minimum. The excessive
attraction was a consequence of the high density of
states below the Fermi sea allowed by the ‘“soft”
potential, and the importance of using a hard core (or
hard shell) interaction in the computation of the
density is clearly indicated. Indeed, the average density
below the Fermi sea with a hard core is about 0.87%
versus 0.98 obtained with the Yamaguchi potential. In
addition to having a hard core or hard shell, it may
also be important that the potential include a reasonable
tensor-central force ratio. If so, the density contribution
will be most difficult to evaluate. However, since pg
represents an average over the f-matrix elements and
since the third-order term in (2.8) will include one
power of ¢ computed with the full potential, it is
probable that just including the core effects will be

MASTERSON, JR.

sufficient for the type of investigations for which this
approximation will be useful. A program is now under-
way to use an S-state potential with hard shell (the
same as that used by Puff'? and by Falk and Wilets,!
which is known to give reasonable saturation proper-
ties), as well as to modify the BM code for a very high
precision (and time-consuming) calculation of the
Green’s functions. The results will be reported when
available.

IV. CONCLUSIONS

Once the density and Green’s functions have been
calculated and reported, this approximation should be
quite useful for a large variety of investigations. As
emphasized earlier, it can even be completed on a desk
calculator. Among the possible uses one can envision
are the evaluation of the effects of various phenomeno-
logical potentials, further investigation into the in-
fluence of various terms in the potentials and in the
perturbation expansion, and any other investigations
into the nuclear matter problem where relative com-
parisons would be informative. The approximation
might even be simple enough to use that it could serve
as a problem in a graduate course. It would be simple
to teach, and its solution should prove quite instructive.
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