PHYSICAL

REVIEW VOLUME 136, NUMBER 4B

Roranp L. OMNES AND VIcTOR A. ALESSANDRINIT
Lawrence Radiation Laboratory, University of California, Berkeley, California
(Received 28 February 1964; revised manuscript received 24 June 1964)

We have analyzed the problem of extending the three-body scattering amplitude to complex values of the
total angular momentum J. We have found four main difficulties: (i) the disconnectedness of the collision
matrix; (i) the complexity of kinematics; (iii) the release of triangular inequalities or of inequalities like
[ M | <J, which, when J is complex, transforms finite sums into infinite sums which are most often divergent;
and (iv) the presence of complex singularities in cosine angle variables in the full amplitude. This last diffi-
culty is not examined in the present paper. We propose a generalization of the Froissart-Gribov formula for
the three-body scattering amplitude. In the nonrelativistic problem, the use of the Fadeev equations takes
care of difficulty (i), and difficulty (ii) is smoothed by the use of center-of-mass energies of the three particles
and the total angular momentum as the only variables. Of the three natural techniques—using the Schrod-
inger equation, extending the Fadeev equations, and extending the Fredholm solution of the Fadeev equa-
tions to complex values of J—only the third one avoids difficulty (iii). We prove that the Fadeev equations
cannot be extended because their kernel becomes unbounded and because they do not reduce to the physical
equations when J reaches a physical value. However, the Fredholm solution for physical J can be formally
extended to complex J, and the extended solution is expressed as the quotient of two Fredholm-type series,
where each term of the series is analytic in J in a right half-plane. The Sommerfeld-Watson series never con-
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verges for the three-particle scattering amplitude, because of difficulties (iii) and (iv).

I. INTRODUCTION

HIS paper is devoted to an extension of the non-
relativistic three-body scattering amplitude to
complex values of the total angular momentum J. It is
admittedly of an exploratory character, without any
attempt at mathematical rigor.

Regge has shown that the two-body scattering ampli-
tude is a meromorphic function of the total angular
momentum.! This result has been proved for the scatter-
ing of two nonrelativistic structureless particles inter-
acting through a sufficiently well-behaved potential, for
instance, a superposition of Yukawa potentials. It is
then found that the poles in J of the partial-wave ampli-
tudes, or Regge poles, control the asymptotic behavior
of the scattering amplitude when the momentum transfer
tends to infinity. Furthermore, the functions which give
the positions of these poles in terms of the total energy
interpolate the bound states and resonances of the
system. In other words, a Regge trajectory corresponds
to well-defined internal quantum numbers.

These two properties are so fundamental that it is
necessary to know their degree of validity. Of particular
importance is their possible extension to the relativistic
case.2? However, the relativistic problem contains so
many new features, like inelasticity and crossing, that
up to now it has yielded very few results.* The most

*Work done under the auspices of the U. S. Atomic Energy
Commission.

1 On leave from Universidad Nacional de La Plata, Argentina,
as Fellow of the Consejo Nacional de Investigaciones Cientificas y
Tecnicas of Argentina. This institution neither approves nor
assumes any liabilities for the information contained in publica-
tions by its Fellows.

1T, Regge, Nuovo Cimento 14, 951 (1959); 18, 947 (1960).
(1; Gl) F. Chew and S. C. Frautschi, Phys. Rev. Letters 7, 396

61).

3 S. Frautschi, M. Gell-Mann, and F. Zachariasen, Phys. Rev.
126, 2206 (1962).

4 K. Bardakci, Phys. Rev. 127, 1832 (1962).

interesting such result is the discovery by Mandelstam
that there cannot be only Regge poles but there also
must be cuts which, ultimately, govern the asymptotic
behavior of the scattering amplitude when the energy
tends to infinity.58

It is therefore interesting to investigate the nonrela-
tivistic three-body problem for which, at least, we know
a complete formulation. One can hope that it includes
most of the inelasticity problems of the relativistic case,
without the complications due to crossing. The interest-
ing questions are, obviously:

(a) Is it possible to extend the scattering amplitude
for three particles going into three particles as a function
of complex total angular momentum J?

(b) Is this extended amplitude a meromorphic func-
tion of J?

(c) Do the singularities of the extended amplitude
control the asymptotic behavior of the total three-body
scattering amplitude when some momentum transfer
tends to infinity? Or, in other words: is it possible to
define a Sommerfeld-Watson transformation of the
expansion in partial waves of the three-body scattering
amplitude?? A tentative answer to these questions is the
subject of this paper.

There are also other important questions, like:

(d) Are the Regge results valid for the scattering of
a particle on a bound state??

( 5S.) Mandelstam, Nuovo Cimento 30, 1113, 1127, and 1148
1963).
6 J. Polkinghorne, J. Math. Phys. 4, 503 (1963); 5, 431 (1964).

7 A. Sommerfeld, Partial Differential Equations in Physics
(Academic Press Inc., New York, 1949), p. 282; G. N. Watson,
Proc. Roy. Soc. (London) 95, 83 (1918).

8 B. M. Udgaonkar and M. Gell-Mann, Phys. Rev. Letters 8,
346 (1962). The cuts investigated by these authors appear in the
angular momentum of a crossed channel, and we canot expect to
find them by a completely nonrelativisitc approach.
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(e) Isitpossible to define either a partial-wave ampli-
tude or a total amplitude for the scattering of a particle
on a Regge pole? Or, in other words: does the interpola-
tion property of Regge poles apply only to virtual parti-
cles or can it be extended to external particles?

(f) Is it possible to build up a general theory of the
sense and nonsense channels for the three-particle
systems??

Although we feel that question (f) can be answered in
the affirmative, we have not yet any definite result on
this subject.

In order to investigate the two-particle problem, two
methods have been used.

(a) Regge has extended the Schrodinger equation to
complex values of J.110

(b) Brown, Fivel, Lee, and Sawyer have extended the
Lippmann-Schwinger equation to complex J.!! In fact,
one could propose an alternative method, namely:

(c) Extend the Fredholm solution of the Lippmann-
Schwinger equation. While the distinction between
methods (b) and (c) is purely academic in the two-
particle case, it will turn out to be significant in the
three-particle case.

Before choosing to use any of these methods for the
three-body problem, let us try to see what essentially
new difficulties we shall encounter:

(i) The collision matrix consists of a connected and
a disconnected part.!? This is because two of the three
particles can collide without suffering any interaction
with the third one.

(if) The kinematics is much more complicated.

(iii) Although these two difficulties are already met in
actual physical problems, a third one will appear when
J is made complex. The reason is that relations like
the triangular inequalities between coupled angular
momenta,

[h—lo| ST<hi+1s,

or the inequalities | M| <J between eigenvalues of J,
and J, are no more true when J becomes complex. Con-
sequently, certain finite summations on M or on angular
momenta involving Clebsch-Gordan coefficients become
infinite sums and lead to convergence problems.!3:14
(iv) The existence of several momentum transfers
between the initial and the final state leads to complex

9 M. Gell-Mann, in Proceedings of the 1962 Annual International
Conference on High-Energy Physzcs at CERN, edited by J. Prentki
(CERN, Geneva, 1962), p.

0 A. Bottino, A. M. Longom, and T. Regge, Nuovo Cimento
23, 954 (1962).

1L, Brown, D. I. Fivel, B. W. Lee, and R. F. Sawyer, Ann.
Phys. (N. Y.) 23, 187 (1963).

2 About these problems, see: H. Ekstein, Phys. Rev. 101, 880
(1956) ; T. F. Jordan, J. Math. Phys. 3, 429 (1962); A. G. Tixaire,
Helv. Phys. Acta 32, 412 (1959); G. Gravert and T. Petzold,
Z. Naturforsch. 15a, 311 (1960).

13 J. Gunson, University of Birmingham, 1962 (unpublished).

4 R. L. Omnes, Institut des Hautes Etudes Scientifiques, 1963
(unpublished).
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singularities in any one of the cosine angles linked with
one momentum transfer. This also leads to difficulties
of convergence.

These four points seem, up to now, to be the only
existing difficulties. Let us review the three possible
methods (a), (b), and (c) in this light. (a) Newton'® and
Hartle!® have tried to extend the three-particle
Schrodinger equation to complex values of J. In fact, the
differential-equation formulation of the problem com-
pletely conceals the difficulty of disconnectedness.
Furthermore, their treatment of the kinematics leads
them deeply into the mentioned problems of converg-
ence. It seems very unlikely that one will be able to give
any well-justified statement by using this approach.

(b) As was mentioned in the preceding paper, the
difficulty of disconnectedness implies that the Lipp-
mann-Schwinger equation for the three-particle problem
is not of the Fredholm type.!” However, the Watson
equations for multiple scattering!® are of the Fredholm
type, as was shown by Fadeev, who rediscovered them
independently.!® This removes difficulty (i).20

In order to avoid the third difficulty, it seems ad-
visable not to use any unnecessary partial angular
momentum. This was made explicit in the preceding
paper, where we proposed to use as a complete set of
commuting variables the center-of-mass energies of the
three particles w;, we, and w;, the total angular mo-
momentum J, and its projections on a body-fixed axis M
and on a space-fixed axis ».2! In fact, m, being a trivial
constant of the motion, will never enter into the equa-
tions. This was a well-defined answer to difficulty (ii).
Of course, other choices are possible. For instance, one
could replace w1, we, and ws by their sum E=w;+wstws
and introduce a complete set of orthogonal functions of
w1/ E, we/E, and w3/ E.22 Although this new choice seems
to be advisable in order to discuss the problem of sense
and nonsense channels, it will not be used here.

The Fadeev equations, considered as integral equa-

15 R. G. Newton, Nuovo Cimento 29, 400 (1963) ; Phys. Letters
4, 11 (1963).

16 J. B. Hartle, Phys. Rev. 134, B620 (1964).

17 For a discussion of these points, see: L. D. Fadeev, Zh.
Eksperim. i Teor. Fiz. 39, 1459 (1960) [English transl.: Soviet
Phys.—JETP 12, 1014 (1961)7; C. Lovelace, in Lectures at the
1963 Edinburgh Summer School, edited by R. G. Moorhouse,
(Oliver and Boyd, London, to be pubhshed) also L. L. Foldy and
W. Tobocman, Phys. Rev. 105, 1099 (1957)

18 K. M. Watson, Phys. Rev, 105, 1388 (1957).

BL. D. Fadeev, Zh. Eksperim. i Teor. Fiz. 39, 1459 (1960)
[English transl.: Soviet Phys.—JETP 12, 1014 (1961)7; Dokl.
Akad. Nauk. SSSR 138, 565 (1961); 145, 301 (1962) [English
transls.: Soviet Phys.—Doklady 6, 384 (1961); 7, 600 (1962)].
Also Publications of the Stoklov Mathematical Institute No. 69
(1963). We thank Dr. J. B. Sykes for sending us his translation of
the last paper.

(1290 Sv;e also in this respect S. Weinberg, Phys. Rev. 133, B232

64,

21 R. L. Omnes, Phys. Rev. 134, B1358 (1964), hereafter re-
ferred to as I.

2 For a very interesting particular case of this tecnhique, see
A. J. Dragt, Institute for Advanced Study, Princeton, 1964 (to
be published).
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tions for the three-particle scattering amplitude, imply
a summation over the helicities M from —J to -+J.
Therefore, when extended to complex values of J, the
Fadeev equations will contain a summation on M from
— o to 4. It could therefore happen, and indeed we
shall show it in the following, that the extended Fadeev
equations make no sense according to difficulty (iii).

(c) Itis clear that if we are able to find an extension
to complex J of both the numerator and the denomina-
tor of the Fredholm solution of the Fadeev equations
with a good choice of kinematics, we shall at least have
got a sensible approach to the problem, free at least of
the first three difficulties.

This paper is essentially devoted to defining such an
extension of the Fredholm solution. No serious attempt
has been made to investigate the analyticity properties
of the extended Fredholm solution so that, from a
mathematical standpoint, we can just claim to have
stated the problem in a form amenable to analysis.
However, there is no mention of difficulty (iv) in the
present paper. It is our belief that this difficulty is the
real problem and we expect to say more about it in a
future paper.

In Sec. II, we give the expression of the complete
three-body scattering amplitude (p,’,p2’,ps’| T'|p1,p2,D3)
as a series of partial-wave amplitudes (w/,ws’ w3,
M| T7 | wy,we,w3,M ). This relation is closely analogous
to the expansion of the two-body amplitude in terms of
partial-wave amplitudes, except that rotation matrices?
D’ (R) replace the Legendre polynomials Py(x). In
fact, we need to know the Dy 7 (R) as well as we know
the P;(x). Therefore, in Sec. III and Appendix I, we
investigate the properties of the Dy ’(R) when J is
complex, and we define second-kind rotation matrices
& 11”7 (R) which bear the same relation to the D27 (R)
as the Legendre functions of the second kind, Qs(x),
bear to the Legendre functions of the first kind, P;(x).
In particular, the well-known Neumann theorem, which
allows one to express the Legendre coefficient of an
analytic function either as an integral

+1
f@)Py(x)dx

-1

or a contour integral?*

;i J@)Qs(x)dx,

T

is extended to express the “®7 coefficient” of an analytic
function on the rotation group either as

1
/f(R) :DM'M'](R)dR or — f(R) gM'MJ(R)dR.
2w
% Here we follow the notations of A. Edmonds, 4 ngular Momen-
tum in Quantum Mechanics (Princeton University Press, Princeton,
New Jersey, 1957), except for a change of sign in the exponentials
which relate the darar”’ (B) to the Damar” (eBy) functions.
% G. Szego, Orthogonal Polynomials (American Mathematical
Society Colloquium Publications, New York, 1959).
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In Sec. IV, we show how this result could be used in the
so-called axiomatic S-matrix theory?® to define the ex-
tension of the three-body partial-wave amplitudes to
complex values of J, and this leads us to a general
formulation of the notion of signature.?

In Sec. V, we recall the fundamental facts about the
Fadeev equations as stated in a preceding paper. In
Sec. VI, the inhomogeneous term of these equations is
extended to complex values of J, by use of the generali-
zation of the Neumann theorem. For this we need to
know the analytic and asymptotic properties of the off-
the-energy-shell two-body scattering amplitude which
are investigated in Appendix II and applied to the
domain of definition of the inhomogeneous term. In
Sec. VII we show that, while it is possible to extend the
inhomogeneous term and the kernel of the Fadeev equa-
tions to complex values of J, it is impossible to extend
the equations themselves. In Sec. VIII we show how to
extend the Fredholm solution. Finally, in Sec. IX we
show that no Sommerfeld-Watson transformation can
be used in the three-body problem because of the infinite
values assumed by the helicities.

II. PARTIAL-WAVE EXPANSIONS

Let us define the partial-wave expansion of the three-
particle scattering amplitude. To the initial and final
sets of momenta in the total center-of-mass system,
(p1,p2,p3) and (py/,po,ps’), we attach a well-defined set
of body-fixed axes, say S and .S’. According to the rela-
tion (valid in the total c.m. system)

(p1,2,03| Porwsws T Mm)
= [(2J+ 1) (ZT)G/M1M2M38W2]1/2
X 5(601—?12/27%1) (6(602—P22/21’}'L2)
X 8(wa—ps*/2ma)5(P) (2m)* Dy (), (2.1)
where S represents the rotation which carries the space-
fixed set of axes into .S, one gets

(p1'p2'ps'| T'| p1p2ps)
= / (0| P’ TM)d*P'd% (' TM’ | T | 0T M)
XA Pd*w{wJ M | p)
= 2

JMM’

(1/87r2m1m2m3) (2]+ 1)

X' TM' | T |0 M)Dsr s’ (R), (2.2)

where R is the rotation S5~ which carries .S into 5.
Equation (2.1) is the generalization of the expansion

of the two-body scattering amplitude in partial-wave

2% G. F. Chew, Address to the Washington Meeting of the
American Physical Society, April 1964 (to be published); H. P.
Stapp, Phys. Rev. 125, 2139 (1962); and Lawrence Radiation
Laboratory Report UCRL-10843, August 1963 (to be published).
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amplitudes,

(0’| T pip2)= ;(2]+ 1a’Ps(cost), (2.3)

where 6 is the scattering angle.

Using the orthogonality property of the rotation
matrices, one can invert Eq. (2.2) in order to get an
explicit form of the three-body partial-wave amplitude;

(' TM' | T |wI M)
= mymams / (0:/p2'0s | T p1p2ps)dRDym’ (R),  (2.4)

where dR is the invariant measure on the rotation group
(in terms of the Euler angles a, 8, v, dR=dad cosBdy).
Equation (2.4) generalizes the relation

+1

(p'pd | T'| pap2)d cosdP j(cosh) .

—1

al=-

(2.5)

The similarity between the two-body and the three-
body partial-wave expansions suggests immediately a
common approach to the definition of their extension to
complex angular momenta.

Let us pause to recall how Eqgs. (2.3) and (2.5) are
used in that respect.?’ One first notices that Eq. (2.5),
when extended to any value of J, increases too rapidly,
when J tends to infinity with complex values, to be of
any use. In fact, the Sommerfeld-Watson transform of
Eq. (2.3),

1 ,2J+1)

27 sinrJ

dJa’ P ;(cosh), (2.6)

would not converge with the definition (2.5) of ;. How-
ever, according to a theorem by Neumann,?* Eq. (2.5)
can also be written for J an integer as

1
aJ=——/ T(Ex)Qs(x)dx, 2.7
2w Jc

T

where x= cosf, and Q ;(«x) is the Legendre function of the
second kind. The amplitude {(p¢'ps’ | T|pip2)=T(E,x) is
supposed to be analytic in x in a neighborhood of the
segment (— 1, +1). The contour C encloses this segment.

When the analytic function of x, 7'(E,x), has only a
cut going from x=wx¢>1 to + o along which its dis-
continuity is 274 (E,x),?% Eq. (2.7) can be replaced by

1 00
a7 = f AERO ), 28)

T J 2
which is the Froissart-Gribov formula.?” As Qs(x) de-

26 This is the case if 7'(fZ,x) satisfies the Mandelstam representa-
tion; S. Mandelstam, Phys. Rev. 112, 1344 (1958).

27 M. Froissart, Report to La Jolla Conference on Weak and
Strong Interactions, 1961 (unpublished) ; V. Gribov, Zh. Eksperim.
i Teor. Fiz. 41, 667 (1961) [English transl.: Soviet Phys.—JETP
14, 478 (1962)].
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creases when J tends to infinity, the Sommerfeld-Watson
integral (2.6) converges when o/, for any J, is replaced
by its expression (2.7). Moreover, according to a theorem
by Carlson,?8 (2.7) is the unique interpolation of the
physical values of @/ which is analytic in the right-hand
half-plane ReJ>—1 and which does not increase as
rapidly as eI,

When there is an exchange potential in the two-body
interaction, T(E,x) has two cuts: one going from — o
to —x3<—1, say, and the other from x;>1 to 4.
Then the contour C in Eq. (2.7) cannot be applied with-
out care along the left-hand cut, since Qs(x) itself has
also a cut going from —o to 1. This difficulty is
avoided by introducing the even and odd parts of 7'(E,x)

T (Ex)=3[T(Ex)+T(E, —=)],

TOES =T ED-TE 0], 7
and putting
dJ(+)=E /w AP (Ex)Qs(x)dx,
L (2.10)

2 0
=2 / A E)Q ),

T J zg

where xp=min(x1,%2). The 4+ or — signs in Eq. (2.9)
are called the signature.?

III. SOME PROPERTIES OF THE ROTATION
MATRICES

We shall try to follow the essential steps of the pre-
ceding analysis while extending it to the three-body
case. However, that means that we shall have to sub-
stantiate some well-known properties of the Legendre
functions, which were tacitly assumed, by corresponding
properties of the rotation matrices.

The generalization of the Legendre equation is given
by the set of differential relations

(T2 T2+ T2 Darar? (R) =T (J+1) Darar’(R),
]zﬁ)MM:J(R):MiDMM:J(R) y
T O’ (R)=M' Dy’ (R),
where J,, J,, J. are the angular momentum operators
of the symmetric top, i.e., differential operators with
respect to the Euler angles (a,8,7).2° J, (J.)) is the
projection of the total angular momentum upon the

body-fixed (space-fixed) z axis. The last two Eqgs. (3.1)
allow us to write

Darar? (R) =€ M pr307 (B)e M7

(3.1)

3.2)

while the first of Eqgs. (3.1) gives a differential equation
analogous to the Legendre equation [Eq. (I.2) of Ap-
pendix T']. Just as the Legendre functions are defined by

28 R. Boas, Iintire Funclions (Academic Press Inc., New York,
1954), p. 153.
2 For explicit expressions for these operators see Ref. 23.
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the Legendre equation, we shall define the darar7(8) as
the regular solution at cosB=1 of this differential equa-
tion for any value of J.

In Appendix it is shown that darar7 (8) has essentially
the same properties as P;(x), namely:

(a) as a function of x=cosg it is an analytic function
with a cut going from —c to —1if M+ M’ is even, or
(1—«2)1/2 times such an analytic function when M-+ M’
is odd;

(b) when J tends to infinity, it increases as does eI™75,

We shall define a second solution exn//(x) of the
differential equation for dyra+7(x), regular at infinity.
The precise normalization is given in Appendix I. Its
properties are closely analogous to the properties of the
Qs(x), namely:

(a) as a function of x it is an analytic function with a
cut going from — o to 41;
(b) when J tends to infinity, it behaves like Q(x).

However, while the Q (x) is a meromorphic function
of J with poles at J=—1, —2, -+, e/ ya(x) has also
singularities at J=0, 1, ---{max|M|—1,|M’|—1}.
According to the values of M and M’, these singularities
can be poles or branch-point singularities. They are indi-
cated in detail in Appendix I.

When J is an integer, e’ 3 (x) has only a cut going
from —1 to -1 alongside which its discontinuity is
proportional to darar’ ()

eMM'J(x—I-iO)——eMM»J(x—iO)=i1rdMM/J(x). (33)
However, this is not enough to insure that an integral
like
+1
f(x)dMM:J(x)dx (34)

-1

can be written as

1
- f(x)eMM:J(x)dx, (35)

mwJce

since dy 7 (x) is not always an analytic function of x
in a neighborhood of the segment (—1, +1). This is not
surprising, since the properties of the dara7(x) are
simple only when interpreted on the rotation group.
Therefore we go back to the full set of variables («,8,7)
by defining, in analogy with Eq. (3.2),

Euar? (enByy) = e Meernr” (B)e= M. (3.6)
Then, as proved in Appendix I, one has the following
theorem:

Theorem: Let f(a,8,y) be a function defined over the
rotation group, analytic in cosB and sinf in a neighborhood
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of the segment cosB=—1 to cosB=-1. Then

2m 2T +1
f do f dy / d cos8 1(ay) Dacae”(08,7)
0 0 -1

1 2m 2T
=j—f da/ d'yf d cosf
rJo 0 c
Xf(Ol,B,’Y) 8MM"’(“:B)’Y) ’

where C 1s a conlour enclosing the segment cosB= —11to +1.

If the contour C can be displaced around the singu-
larities of f(e,83,y) in such a way as to go to infinity, and
if the asymptotic behavior of f(«,8,y) when cosB tends
to infinity allows one to neglect the contour at infinity,
Eq. (3.7) is a natural generalization of the Froissart-
Gribov formula.

In order to continue the right-hand member of Eq.
(3.7) to complex values of J, one must take care that,
generally, the singularities of the function f(a,8,y) de-
pend upon « and . On the other hand, as ey 7 (8) has
a left-hand cut in cos8 when J is not an integer, it could
happen that the singularities of f(e,8,y) encounter that
cut. This is in fact the problem of introducing the signa-
ture into the many-body kinematics.

Let us start from the symmetry relation of the
darar” (8), valid when J is physical,?

dMM'J(B+W) = (“ 1)J+M'dM.—M'J(B) ’

and let us introduce two new functions

(3.7

(3.8)

1
G’ =2 / HaB) Dot @Biy) A (— 1)+

X Dar,— 07 (,8,7) Jdad cosBdy  (3.9)

1
— [Chain oy bem =]
X Darar ' (e,8,7)dad cosfdy  (3.10)
= /‘F(i) (aﬁ/)’) :‘DAMM'J(OZ7B;'Y>dad COSBd’y )
where
F&®(a,8,v) =3[ fla,8,v) % fla, B+, —7)], (3.11)
and
FE(aBy)=+F&(a, B+, —v).  (3.12)

The continuation of @/ to complex values of J
will be given by

2
J(E) = —
wmJ o

dad cosfdy

aym

XF(:t)(a)ﬁy’Y) 81‘1M'J(a7:8)'y) ) (3'13)
where the symmetry properties of F®(a,8,v) are used
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to insure that the contour C encloses only the singu-
larities of F(a,8,y) which are in the right-hand half-plane,

Re cosB>0. (3.14)

Clearly, auar’ P (aumr’’) coincides with the
physical value @y’ when J is an integer and J+M’
is even (odd).

IV. CONTINUATION TO COMPLEX VALUES OF
J IN S-MATRIX THEORY

It is interesting, for the sake of orientation, to define
the extension of the three-body partial-wave ampli-
tudes when one assumes the validity of the axiomatic
S-matrix theory.? In this theory, one assumes that
(p:'p2'ps’| T'| p1p2ps) can be extended to complex values
of the momenta with some well-defined, although not
too simple, singularities. If one replaces the momenta by
the variables w;, w, ws; wi’, we, ws” and the rotation R,
which defines the orientation of the final triangle
(p1/,p2’,ps"), with respect to the initial triangle (p1,p2,ps),
the connected part of the three-body scattering ampli-
tude can then be written as a function f(wi,ws,ws;
w1 ws w5 a,Byy) with well-defined singularities in a, 8,
and v.

The preceding analysis can then be applied to this
function f(ww’;a,B8,y), so that Eq. (3.13) becomes a
generalization of the Froissart-Gribov formula. Some
special care should be exercised because of the existence
of singularities within the physical region.

In this form the physical meaning of signature is
obvious: changing (a,8,y) into (a, 8+, —v) means re-
placing the rotation R by a rotation R’, which leads to a
new reference system linked to the final state. The old
and new systems of axes differ by a rotation around the
x axis. This is also obviously the meaning of signature in
the two-body case if one chooses the ¢ axis along the
final momentum in the center-of-mass system. Let us
note that, according to Eq. (1.17) of the Appendix, the
extended matrix element is not bounded when J tends
to infinite complex values, because of the presence of
complex singularities in the cos-3 plane.

V. THE NONRELATIVISTIC PROBLEM

Let us start from the Fadeev equations [Eq. (44) of
paper 1], which we shall write in an abbreviated form as

T (D) =Twm’—2 KsSPT7(j), (5.1)
@

where
i, 5,k 1=1,2,3: %7, i#k, 14l
and
kF#L.

Let us recall that T3e7, for instance, is the two-body
amplitude for the scattering of particles 1 and 2 and the
total three-body amplitudeis 77=77(1)+77(2)+77(3).
Equation (5.1) cannot be used directly to define an
extension of the collision matrix to complex values of the
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total angular momentum because its kernel is not com-
pletely continuous.?® We therefore iterate Eq. (5.1),

T7(0) =T’ =2 KsPTim’+2. K, T7(5), (5.2)
) J
where I#j, m#j. We shall introduce the connected
part U Y= T )7 — Tw’, which satisfies

U/=—K;9"+K 297+K ;2U7, (5.3)

where we have written 97=(Ts37,7137,T12”). According
to Eq. (47) of paper I, the kernel K ;2 has the form

Hio+Hig His Hi,
K= Hog Ho+Hos Hyy , (54)
Hj,y Hsy Hy+Hsy

where a typical term is, for instance, Hyp:2+%

Hiom 'MJ(w',w,Z)

1
:/ p ,p Fzs(w,, w”, u, z——wl')Flg(w”, w, 7, Z—w2>
172

X dM/MlJ( —‘al,)eiMludMlMgJ(HZIH)eideMzMJ(a2>
X [(w1’+w2+w3"— Z) (w1+w2+w3_ Z):lvl

Xdudvdws”. (5.5)

The inhomogeneous term Kd is of the form (5.4) and
(5.5) except for the absence of (3° w;—z)~1. When we
wrote Eq. (5.5), we took into account the equality
021" =" —a;”, and we have integrated w,” and w,”,
which—according to the delta functions in Eq. (47) of
Paper I—are given by

1" ’
w1 =wi

(5.6)

The integrations over # and v in Eq. (5.5) go from 0 to
2x. The integration over ws” is over a limited range such
that, according to Eq. (5.6),

[ p1/ — 2| <ps"" < pi'+ pe.

According to the relation (16) of Paper I between w;
and 6"/, one can also write

and w2/’ =w3.

(5.7

’

dws'' = —2(mymowi’ws) /m3 dcosbys” (5.8)
the integration upon cosf;s” going from —1 to +1.
Let us now consider the extension of the first term
K97 in Eq. (5.3) to complex values of J. A slight
change in kinematics is necessary in order to put the
right-hand side of Eq. (5.5) into the form (3.7). In place
of #, v, and w;”’/, we must use as variables the three Euler
angles, say (a,8,v), of the rotation which applies the
set of axes linked to (pi,pe,ps) to the set of axes linked

3 According to Ref. 19, the iterated kernel is completely con-
tinuous when the total energy z is not a real positive number. In
that case the fifth iterated kernel is completely continuous.

3 Here z means the total energy. Remember that these equations
are defined off the energy shell.
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to (p/,ps’,ps’). Let us call R that rotation. Let us also
call Ry the rotation with Euler angles (%, 6:2”,v), and
71’ and 7, the rotations of angles a;’ and a2 around the
v axis. Then, according to the relation

R=7’1’*1R01’2, (59)

one has, owing to the invariance of the group-theoretic

measure,3?
dad cosBdy= dud cosfy2”dv. (5.10)

Accordingly, the inhomogeneous term K97 has the
form (Bio+ Bus, Bai+ Bas, Bsi+ Bss) where, for instance,

Bl2M’MJ(‘*’,;0-’;z)=/fm(wlxwaz;a’ﬂfy)

X Darar? (@,8yv)dad cosBdy  (5.11)
and

f12(w,7wlz; a’ﬂ"Y)

M1m2w1,w2
=2
b pama(wy Fwetws’’ —2)
XF13(w’, w, &, ﬁ) Y5 z——wZ) .

Fos(o', w, 0, B, v; 3—wi’)

(5.12)

Here Fi is the two-body scattering amplitude
(po/ps’| Tas(z—w1’) | p2’ps”’) expressed in terms of the
variables o’, », @, 8, and . The kinematical situation is
illustrated in Fig. 1.

When considering the second term K ;297 of Eq. (5.3)
we shall again introduce the Euler angles (a,3,y) of the
rotation which applies the initial reference system linked
to (p1,p2,ps) to the final system linked to (pi/,ps,ps’)-
However, when writing explicitly K ;297 it will be neces-
sary to introduce two sets of intermediate states, let us
say (pi,ps”’,ps”") and (py”’,ps’"”’,ps’""). We shall take as
variables, in addition to (e,8,7), the angle between the
(p1,p2,ps) triangle and the (p”,ps”/,ps’”’) triangle as well
as the two undetermined sides of this last triangle. Then
K s297 will assume the form (5.11) while f will contain
three two-body scattering amplitudes and_three more
integrations.

Fi1c. 1. The variables
used for evaluating the
contribution Kd to the
inhomogeneous term.

7
@3

(a,B,r)-/

2 M. Hamermesh, Group Theory and its A pplication to Physical
Problems (Addison-Wesley Publishing Company, Inc., Reading,
Massachusetts, 1962).
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Fic. 2. The variables
used for evaluating the
contribution K29 to the
inhomogeneous  term.
The variables are w,”,
w2, u, and the Euler
angles (o, 8, 7). w2

(@,8,7) “3

A typical kinematic situation for K24 is depicted in
Fig. 2.

The generalization of this approach to any term of the
Born-series expansion of U7 is obvious. Unfortunately,
it becomes more and more involved as one considers
higher order Born terms, and this seems to be the price
to pay for the three-body kinematics. In order to say
something about the extension of these terms, and
particularly (5.11), we need to know more about the
analytical properties of the off-the-energy-shell two-
body scattering amplitude.

VI. CONTINUATION OF THE INHOMOGENEOUS
TERMS

The off-the-energy-shell two-body scattering ampli-
tude T'(p,p’,&) (where £ is the complex total energy as it
appears in the Lippmann-Schwinger equation®?) can be
considered as a function of £ and of the three invariants
PZ) P,Z) and ¢= (p'—p/)z-

A sketchy analysis given in Appendix II indicates
that 7'(p%,p'%t,£) is an analytic function of p2,p’% ¢, and &
with the following singularities®t:

(i) a cutin p? from O to infinity,

(ii) a cutin "2 from O to infinity,

(ili) acutinfrom ue? to infinity, ug~! being the range
of the potential,

(iv) a cut in £ from O to infinity,

(v) poles in £ for values of £ which are the energies
of the bound states.

These singularities give rise to singularities of
2w’ w,2; a,8,y) in Eq. (5.11) which, for fixed values of
a and v, are singularities in cosB. The singularities of
the two-body scattering amplitudes always take place
outside of the integration domain in («,8,y). The singu-
larity in ¢e3”2 of Fas(w’, w’’, 3—w’), for instance, can
touch this physical region. In fact, ¢e3s”2=0 corresponds
to a kinematical situation where p, and p;” are equal,
and this can happen only when w;'=0 or wy=2ws. (see
Fig. 1). Therefore, except for a set of zero measure of the

# B, A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950).

% The analytic properties of the off-the-energy shell two-body
scattering amplitude have been previously studied by A. Grossman
and T. T. Wu, J. Math. Phys. 2, 710 (1961); A. Grossman, ¢bid. 2,
714 (1961), also presents some results for the partial-wave
amplitude.
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initial and final variables, the theorem (3.7) can be
applied without special care, and allows us to define the
continuation of the first inhomogeneous term K97 to
complex values of J.

When the second inhomogeneous term K ;247 is being
extended more care must be exercised, because the
second triangle (see Fig. 2) is variable and there is
always a kinematic situation where, for instance,
p/’ =p:”. However, since the integrand is also analytic in
w1, w3’y and u, we shall assume that it is possible to
displace slightly the contour of integration of these
variables in order to avoid that singularity. As this kind
of singularity only touches the physical region without
crossing it, such a displacement is always possible.

We have up to now replaced Eq. (5.11) by

1
Bioarm(0 y0,%) =— fdad cosBdy

™

X (o 0,25 0,8,7) Enmr” (@,Byv) , - (6.1)

where « and « are integrated from 0 to 2w, and cosB is
integrated along a contour which encloses the singu-
larities of the integrand and goes therefore to infinity.
The equivalence of Egs. (5.11) and (6.1) as well as the
existence of the integral in Eq. (6.1) depend upon the
asymptotic behavior of f2(v’ w,2; @,8,y) when cosS tends
to infinity.

When cosf tends to infinity the components of the
vectors py/, po/, ps’ in Fig. 1 become infinite (and com-
plex) while wy’, wy’, and w3, the squares of their moduli,
remain finite. Accordingly, p;”’=p)—ps becomes in-
finite as well as the c.m. momenta

Q23" = (msps’ —maeps”) (mat-ms)™",
Qas”’ = (msps’ —maps”) (mat-ms) 71,

qus” = (maps” —mspy) (my+-ms) 1.

(6.2)

Since the components of p;”’ increase linearly with cosg
and since

Q23”2= [2mzm3/(mg+ms)](w1+w2'+w3")
— [2mams(my+-mat-ms)/ (mat-ms)*Jw;  (6.3)

and w;” increases linearly with cosg, the c.m. momenta
ges” and ¢15” as well as the scattering angles cos¢y 3 and
cos¢y+1 tend to infinity linearly in (cosB)!/2.

The fact that the scattering angles tend to infinity
could lead one to believe that the Regge poles of the
two-body scattering amplitude determine the asymp-
totic behavior of the integrand in (6.1). However, it is
shown in Appendix III that the fact that the center-of-
mass momenta also tend to infinity compensates that
effect, and that the over-all behavior of F3, for
instance, is

FQS(wlyw; Z——wll; arB)’Y)N(COSf;)*lm . (64>

According to Eq. (1.15) of Appendix I, &ura’(x)
behaves like x=/—! when x tends to infinity and, there-
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fore, the integrand in Eq. (6.1) behaves like (cos8)~7—?
when cosB tends to infinity, so that it converges when
ReJ is larger than —2.

Accordingly, the domain of analyticity of the inhomo-
geneous terms K ;97 and K ;297 of the Fadeev equations
can be extended to complex values of J in the half-plane?®

ReJ>max{|M|—1; | M'|—-1}. (6.5)

This result holds true for any term of the Neumann
expansion

K9+K29+ K39+ -+ (6.6)

of the solution of the Fadeev equations.

VII. CONTINUATION OF THE FADEEV EQUATIONS

We have found that the inhomogeneous terms of the
reduced Fadeev equations®® can be extended to complex
values of J into analytic functions (of J) within the
half-plane (6.5).

Let us now consider the problem of extending the
reduced iterated Fadeev equations themselves to com-
plex values of J. To do so, let us first write them ex-
plicitly for physical values of J:

Uy sr @7 (o' )

+J 3
=Vun@7 (W w+ ¥ 2 [ Ky (o )

M'=J j=1

U st 7 (0" w0)ded”s

(7.1)

for simplicity we have written V in place of K9 and
K29, and the kernel K2 in Eq. (7.1) is given by Egs.
(5.4) and (5.5). Both V and K2 have the form (5.11).

We know that, in order to extend the partial-wave
expansion (2.2) into a Sommerfeld-Watson formula, the
extension of UY must not increase as rapidly as sinwJ
when J tends to infinity. This is not a very compelling
reason in the problem we are considering, because we
shall see later that the Sommerfeld-Watson series never
converges. However, the present choice is the one which
reduces to the customary Froissart-Gribov formula in
the case of the scattering of a particle on a bound state
of the other two. This property leads us to choose the
extension of V7 to complex values of J described in
Sec. VI, since the inhomogeneous term must have the
same properties as the full solution.

When we come to the kernel K27, there is no direct
condition upon it, but indirect conditions, namely:

(i) the extended equation must have the physical
solution for physical values of J,

(i) the extended solution must not increase as rapidly
as sinwJ when J tends to infinity.

Condition (i) is not trivial because when J becomes

3% This domain arises from the singularities of the &’
function.

36 As the results of this section are essentially negative, it can
be skipped in a first reading.
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a complex parameter, there are no more limitations
upon M and Eq. (7.1) becomes

UM,M(i)J(w”w)

4o 3
=V (W )+ S 5 | K297 (W o)

M =—0n j=1

XUpprr DY (0" yw)de””

(7.2)

and we should make sure that when J is an integer and
| M|, | M’| two integers smaller than J, the summation
upon |M”'| in Eq. (7.2) from J to infinity gives identi-
cally zero.

There are a priori two simple ways of extending K27,
namely

(a) keep it in the form of Eq. (5.5) as an integral
upon a D7;

(b) transform it into a contour integral of the form
of Eq. (5.11) upon an &7.

Let us discuss the consistency between these two ex-
tensions and condition (i).

We shall first discuss extension (a). In order to
simplify the argument, we shall restrict ourselves to the
case in which J passes from a complex value to zero and,
therefore, we shall consider M=M'=0 in Eq. (7.2).

We shall use??

I'(J—M+1)712
doMJ(ﬁ) = ["————:I (‘* I)MPJM(cosﬁ) H
T(J+M+1)
M>0, (7.3)
I'(J—M+1)1e
! () =| ————— | QM(cosB); M>0. (7.4
exe’(6) I:I‘(J+M+1)] 0,7(coss); M>0. (14)

Let us now consider the integral in Eq. (7.2). If we
assume that, as in S-matrix theory, U ¢’ has the form
(3.13) or that it has the same properties as Vi+”, it
will behave like eyro’, i.e., become infinite like J=1/2
when M"">0 and J tends to zero. On the other hand,
Kou?? behaves like doyrr7, 1.e., vanishes as J1/2; since
the Legendre function in Eq. (7.3) vanishes as J and the
normalization coefficient behaves like J~1/2, Therefore
we must inquire about the result of the summation of
Eq. (7.2).
The quantity we want to keep is

(K2) OOOUOOO ]
and the quantity which should vanish is

(7.5)

2 (K2 onrOU a1 (7.6)
1
(taking into account the symmetry properties (I.5) of
the d and e functions with respect to " allows one to
sum only upon positive integer values of M").

Now, let us shift the normalization factor

[T(J—M"4+1)/T(J+M"+1)]2
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of U rrr¢” upon (K?2)oar°, defining in this way (K'2) g9,
so that the summation in Eq. (7.2) will be replaced by

2 / (B oar (e’ ) U nrro (0" w)de”, (1.7)
M=

where

ICOM",ZJ(‘*’,)“O”):/F(w,;w//;a:ﬁ;y)ewiM”‘y

r(J—M"+1)

m(—— )M P ;1" (cosB)ded cosBdy , (7.8)

UM"OJ(O"H}CU) = G(w",w,a,ﬁ,'y)e*iM”a

X QM (cosB)dad cosBdy. (7.9)

We can see more clearly the properties of Eq. (7.8) if
we notice that?’

I'(J—M-+1)
— Py
I'(J+M+1)

= PJ"M(x) =

M(x)
(=¥
cosJaD(J+M+1)T(M—T)
XLO—raM(2)— Q1M (2)],

so that, for M >0, the integrand in Eq. (7.8) will
behave like

L=DM/TAIO-M(x)— Qo (@)].  (7.11)

If we perform now the symmetrization of Eq. (7.8) in
order to introduce the signature, we shall keep all terms
which have the parity of Py(x), i.e., Q_1¥(x), and we
shall cancel the terms of opposite parity, i.e., Qo™ (x).
We can see more easily the nature of the remaining term
by using?®®

[(=1)M/T(M) 101" (%)= (w/2)*/*(x2— 1)1/
© X Pyt x(x2—1)"12], (7.12)

To conclude, we see that extension (a) does not satisfy
condition (i).

(7.10)

If we use extension (b), the argument is the same as
above up to Eq. (7.8), where P ;(cosB) has to be replaced
by Qs(cosB). Therefore, both the terms of the kernel and
of the solution tend to infinity like J~1/2 when J tends
to zero and the sum (7.6) has no meaning.

Therefore, we cannot find an extension of the Fadeev
equations to complex values of J which has the physical
solution when J is an integer. The reason must be traced
to the existence of nonsense channels for which
|M|>|JT].

37 Bateman Manuscript Project, Higher Transcendental Functions
I, edited by A. Erdelyi (McGraw-Hill Book Company, Inc.,

New York, 1954), p. 140.
38 Reference 37, p. 141.
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The preceding negative results would be very strange
if the extended Fadeev equations had a solution, while
not satisfying condition (i). In fact, the asymptotic
behaviors of dua7(x) and exs’(x) when M and M’
tend simultaneously to infinity is exponentially increas-
ing [see Egs. (1.20a) and (I.21) of Appendix I] so that
Eq. (7.2) has an unbounded kernel with both extensions
(a) and (b). Furthermore, if we assume that the solution
Uy’ has the same behavior in M and M’ as in
S-matrix theory or as Va7 ,the asymptotic behaviors
of darar’(x) and eyrar?(x) when M’ tends to infinity
[as given by Egs. (1.18) and (1.19) of Appendix 1] show
that the summation upon M” in Eq. (7.2) will never
converge.

To conclude: the removal of the constraint | M| < |J|
when J is complex, which has no counterpart in the
two-body problem, is enough to render an extension of
the Fadeev equations devoid of all meaning.

VIII. EXTENSION OF THE FREDHOLM SOLUTION

Let us rewrite the Fadeev equations for physical
J[(71)]as
Us=V;+K2U;. 8.1)

We know that the kernel K2 is completely continuous
since, according to Fadeev, the full kernel K2 has that
property, and also satisfies

Trace K2K12=3"(2J-+1) Trace K2 K;12<oo. (8.2)
7

Therefore we can solve Eq. (8.1) by the Fredholm
method, which gives
UJ=NJ/DJ, (8.3)
where??
1 0 0 0 K
) K, 2 0 .- 0 K,
DFfj-—' Ke Ki 3 - 0 Ky, (84)
n=0 77!
n—1
Kny Kua i o+ Ki K
w 1
N;=3 —
n=0 71!
1 0 0 Ki—K,?
K,—K;? 2 0 K,—K 54
X| K,—K,® K,—K;* 3 K3;—K 55
Ky 1K gt P Ki—K? K,—Km

(8.5)

3 This form of the solution is taken from Morse and Feshbach,
Methods of Theoretical Physics (McGraw-Hill Book Company,
Inc., New York, 1953), Vol. II, p. 1024.
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We have introduced the notation

K,=Trace K j**. (8.6)

We have already shown how to extend terms like
KV 5 to complex values of J. Let us show now how to
extend the quantities K,.

In order to express K,?» for physical values of J,
we shall use the same kind of variables as in Sec. V,
i.e., a rotation R(e,8,v) giving the relative positions of
the initial and final reference systems plus other mo-
mentum and angle variables labeled collectively y which
determine the relative position of the2nd, 3rd, - - -, 2n—2
intermediate states when K ;2* is expanded in terms of
matrix element of two-body scattering amplitudes.
Then one has, according to Eq. (2.4),

(w’M'[Kﬂ”[wM)=/fDM'MJ(01,ﬂ,‘Y)

X f®W(w' w3 95 ayy)dydad cosBdy, (8.7)
so that
+7
K.= Z iDMMJ(a:B:'Y)
M=—J
X ™ (w,w; v; a,Byy)dydad cosfdydw. (8.8)

In order to evaluate the trace of the rotation matrix,
it is convenient to define the rotation R by a unitary
vector 7 along its axis (or, equivalently, the spherical
angles 6 and ¢ of #) and the angle p of the rotation.
Then, one has

S Duar(@B) =5 Cexp(il-ip) Tuae

M=J M

7 sin(2J+1)1p
o= 2 (8.9)
sindp
A routine computation shows
dad cosBdy =2 sinkp(d cosip)(d cosf)dy, (8.10)

so that Eq. (8.8) takes the form

2w T +1
K,,=/dy/ dqb/ d cosﬁf 2f"™ (w,w; y; 6,0,0)
0 0 -1

sin(2J4+1)3p
X——————sindpd cosip. (8.11)
sindp
Let us now use the fact that two rotations with
opposite axes and angles are in fact identical (i.e., R;
and not SUy) so that

f(n)(w, w3y 77—6: d)—l—"ﬂ', _p)=f<n)(w,w; Y5 6,¢,p) ) (812)
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and introduce
F™(w; w; y; 0,0, cosip) =3[ f™(w,w; ¥; 6,4,p)
_|_f(n)(w’ w3y, 77_07 ¢+W, _P>] (813)

According to Eq. (8.12), and the analyticity of the two-
body scattering amplitudes, F™ (w,w;y;0,4,0), is an
analytic function of cos}p, and one has

2T T

dy / do / d cosf
0 0

+1

X/ 2F ) (w,w;y; 0,¢,%) (1—22)1 2T _1(x)dx. (8.14)
-1

K.=

We can now use the results of Appendix IIT, where it
is shown that

T'(x)=(sinngp)/(singp), (8.15)

is a Tchebysheff polynomial,% so that we can introduce
a Tchebysheff function of the second kind S,(x) such
that (8.14) takes the form

x=cosp,

K,= / dydeéd cosb

x f 2F ) 05 3,0,8,) (L= a9 2S04 (x)dx,  (8.16)
(4]

where C is a contour enclosing the segment (—1, 41).

We can now proceed as before: deform the contour C
along the singularities of F(ww;y,0,¢,x). As the
Tchebysheff functions of the second kind have exactly
the same asymptotic behavior in x and in J as the Jacobi
functions,*! all the discussion of Sec. VI, about the con-
vergence of Eq. (6.1) can be carried out without change,
and shown that K, is an analytic function of J in the
half-plane

ReJ>—4. (8.17)

Unfortunately, the presence of complex singularities
does not allow one to satisfy the conditions of the
Carlson theorem.

Putting these results together, we see that we are able
to extend all the terms in the Fredholm solution (8.3) to
complex values of J. In this extension, there does not
remain any summation upon indices M, which was the
essential difficulty met in the extension of the Fadeev
equation.

While the solution (8.3) consists of the quotient of

two series where each term is analytic in the domain?®
ReJ>max{|M|—1; |M'|—1}, (8.18)

as long as nothing can be said about the convergence of
these series, we cannot find the analytic properties in J

4 See Morse and Feshbach, Ref. 39; Ref. 37, or Ref. 24.
4 G, Szego, Ref. 24; Ref. 37.
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of the solution. This problem seems to be extremely
difficult, and we have noting to present about it.

Of course, the simplest situation would be that the
series converge uniformly, as they do for physical values
of J, so that the zeros of D; would define the Regge poles
of the three-body scattering amplitude. As D; depends
only upon z, the trajectories of these poles are given by

Dy(z)=0. (8.19)

These Regge poles interpolate the three-body bound
states and resonances. However, difficulty (iv) could
very well invalidate such a simple result.

IX. THREE-PARTICLE SOMMERFELD-
WATSON EQUATION

Let us start from the partial-wave expansion (2.2).
By use of the symmetry property

Ay (m4+B) = (= D)7 dyr a7 (B),  (9.1)

Eq. (2.2) can be transformed into a contour integral
along a contour C which encloses the physical values
J=0,1,2, --- ie.,2
(pi/'p2'ps' | U | pipeps)
1 1 2J+1
= 2 Unrn? (0 0)

8m2mymams MM’ 24 ) o sinwJ

X Dpt,—ar? (@, 7—B, v)dJ .

9.2)

However, a function 777 as given by the extension
of the Fredholm series (8.3) or by axiomatic S-matrix
theory will behave like eysr” when M and M’ tend to
infinity. A few special cases of the asymptotic behavior
of ey’ and dy_p”’ as given in Appendix I, Egs.
(1.18), (1.20a), (I.20b), and (1.21), show that the sum-
mation upon M and M’ in Eq. (9.2) does not converge.

Therefore, here again, the summation upon all
helicities M and M’ forbids convergence. Accordingly,
one cannot use Eq. (9.2) in order to investigate the
asymptotic behavior of the connected part of the three-
body scattering amplitude when one momentum transfer
tends to infinity.

X. CONCLUSIONS

We have found essential differences between the
three-body and the two-body scattering amplitudes
when extended to complex angular momenta. In fact,
the three-body problem is much more difficult than the
two-body problem from the analytical standpoint, and
we have not even touched any question of convergence,
except to show up some obvious divergences.

The fact that no integral equation can be written for
this problem must certainly be traced to the existence
of infinitely many nonsense channels, and a careful

2 This equation was first written by J. B. Hartle, Phys. Rev.
134, B162 (1964).
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examination of the sense and nonsense channels in the
three-body case is certainly the next step to make before
contemplating the formidable problem of investigating
the convergence of Eqs. (8.4) and (8.5).

Although we are yet very far from being able to draw
any conclusion, we have now come to the point where
all difficulties of an essentially kinematical nature have
been removed. It remains now the much more difficult
task of investigating the convergence properties of the
solution. The presence of complex singularities, which
have very strong implications on the asymptotic prop-
perties in J will be certainly a determining feature for
convergence. We expect to investigate this effect in a
forthcoming paper.
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APPENDIX I: PROPERTIES OF THE
ROTATION MATRICES

1. Definition of the dj 7 (x)

The rotation matrix*® corresponding to a rotation
with Euler angles (o,8,y) can be written2?

Danr? (0,8,7) =€~ Med yr 0.7 (cosB)e= . (1.1)

The function darar”(x) is the regular solution near x=1

of the differential equation.

(22— 1)y" 422y +{(M>+M"?—2MM'x)/(1—x?)]
—J(J+1)}y=0.

It can be related to the Jacobi polynomials P,(# (x)
by41

(1.2)

(J+M)\(T—M)! ]"2
(J+MO(IT—M")!

1o\ MIHMI /2 ] — g (M=) /2
) (%)
2 2

dMM'J(x)=[

X P g pg V=M MAM") () (1.3)

4 After the completion of this work, we received a preprint by
Andrews and Gunson [M. Andrews and J. Gunson, University
of Birmingham, 1964 (to be published)] which contains many of the
results given in this Appendix. We have used their notations and
sometimes their presentations of the results in this paper. We also
received a preprint by M. H. Choudhury of Tait Institute of
Mathematical Physics, University of Edinburgh; where the
author considers essentially the same problem, and concludes the
Hilbert-Schmidt character of the kernel. That is, unfortunately,
an overlooking of difficulty (iii) to which this section is devoted.
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or to the hypergeometric functions by
I‘(]—I—M—i—1)1‘(]—M’-{—1)J”2
r(J+M+1)T(J—-M+1)

1_|_x (M+M’)/2 ] — g\ (M—M")/2
=) )

Aarar” (%)= [

2 2
F(—=J+M, T+M+1, 14+M—M', —1z)
X . (14)
T(14+M—M')

Equations (I.3) and (I.4) are true only when both
M—M' and M+ M’ are nonnegative. The other cases
are given by the symmetry relations
dararr? (%)= (= DMM'dyyr 07 ()
G S

=M ,—MJ(x) .

(1.5)

2. Extension to Complex J

duu?(x) can be defined as the correctly normalized
solution of Eq. (I.2) regular at x=1, or as given by
Eq. (1.4). It is an analytic function of x with a cut going
from —o to —1 when M+M' is even, to +1 when
MM’ is odd.

As a function of J it is the product of an entire func-
tion by the normalization factor

[TU+M+1)T(T~-M'+1)/
T+M+1)T(J—M+1)]2

(for M—M'>0, M+M'">0).

The corresponding singularities when J is an integer
are as follows:

(a) |M], | M'|<|T+3]—%;no0singularity, dag 7 ()
finite (physical case);

(b) |M|, |M'|>|T+%]|—%; MM >0;no singularity,
darar? (x) finite (but unphysical);

) | M|, | M| >|T+%|—%; MM’ <0;no singularity,
danr? (x)=0;

@) [M|L|T+3|—% M'>|T+%|—3%, asquare-root
branch point where dar7(x) vanishes.

For M=M'=0, one has dy’(x)=P;(x). (1.6)

3. Definition of the Ejra 7 (0,8,7)

We shall define the function ezra7(x) as the solution
of Eq. (I.2) which is regular when «x is infinite. Its
normalization is fixed by its relation with the Jacobi
function of the second kind

P(J+M+1)T(—M+1) ]1/2
T(J+M'+ 1T —M'+1)
1+x (M+MM")/2 x__1 (M—M'")/2
(%) ()

2 2

XQuop MMM (1)

eMM'J(x>=<—1>M-Mf[

(W)
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or, in terms of the hypergeometric function,
eun’ () =T (J+M+D)TJT-M+1)T(JT+M'+1)
X I‘(J—M’—i— 1)]1/2[%(1+x])—(M+M')/2

1— g\~ M—M") /2 ppo |\ —J+M—1
=) )
2 2

2
F(]—M+1;]——M’—I—1;2J—I—2;——1 )
—X.
X . (18)
T'(27+2)

We shall define

Exrarr? (,f,7) ="M earsr? (cosB)e™ .

(1.9)

4. Properties of the ey (x)

exnr’(x) is an analytic function of x with a cut going
from — « to 4 1. As a function of J it has singularities
when J is an integer, as follows:

(a) when |M|, |M'|<|J+35|—%, exrsrr’(x) is finite
for J7>0, has a pole of residue darar”(x) for T<—1;

(b) when |M|, |M’'|>|J+%|—3% and MM'>0; pole
of residue 2dyr57 (x);

© (M|, |M'|>|T+5]—4%
residue (—1)7=M+1d,, 407 (x);

(@ [M|<|J+3|—%and [M'|>|T+]]—5; square-
root branch point where e/ (%) is infinite.

One has#
ey’ (—x)=—etmU—MeynI(x)  (Imx=0). (1.10)

The discontinuity of ey 7/ (x) along the cut going from
—1to 41 is#

eMM/J(x—I—iO) —eMM'J(x—iO) = —inMM/J(x) .
Furthermore, one has
ey’ (x)=[m/2 sine(J—M)]
X [€Fim T~ d3207 () — dag 207 (— %) ]
(Imx=0). (1.12)

Equation (I.12) is derived from Eq. (2.6) of Bateman,
Ref. 37, Sec. 29 taking into account the correct drawing
of the cuts.

and MM’'<0; pole of

(1.11)

Ay’ () =TT+ 2)[TT+M+ DT+ M+ 1)T( - M+ )T — M+ 1) 712 (x/2) 1,

O

[DU+MADPT~ M+ DI+ + )00~ + 1]
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5. Extension of the Neumann Theorem
Equation (I.11) suggests relating the integral

+1
J@)dur? (x)dx,

-1

when f(x) is an analytic function of x in a neighborhood
of the segment (—1, +1) and J is an integer, to the
contour integral

1
+— @ f@emn’ (x)dx,
i C

where C is a contour enclosing (—1, +1). However, as
dum’(x) can have a singularity at x=1, some care
must be exercised.

Proof of Equation (3.7)
Let us replace the integrand by

%[f(azﬁay)goMM’J(a}B;'Y)
+ fla+m, B, v+m) Darn? (at, B, y+m) ]
=3[ flaB)+ (=DM flatm, B, y+m)]
X :DMM'J(a)ﬁy'Y) .

This does not change the integral. Since f(a,8,y) is
defined on the rotation group (and not SU2) one has

f(a_l-ﬂ" B) ’Y+7l')-——‘f(a, _Ba 7); (113)

therefore the integrand contains [ f(a,8,y)+ (—1)M+¥’
X fley —B, v)]=F(a,B,y). Since f(a,Byy) is an analytic
function of cospB and sing, F(a,B,v) is an analytic func-
tion of cos@ when M-+M’ is even and sin@ times an
analytic function of cosf when M+4M’ is odd. As
singH+ DM, 107 (8) is always an analytic function
of cosB, Eq. (3.7) follows from Eq. (I.11).

6. Asymptotics

All the asymptotic properties given below can be
obtained by using the asymptotic properties of the
hypergeometric functions as given by Bateman as well
as the identities satisfied by those functions.

(a) When « tends to infinity,

I'(27+2)

(b) When J tends to infinity (x=cosg),

darar? (cosB) ~ (cosyB) M+’ (sindB) M—M'21/2(n ] sinB)~1/2 cos{ | J —M+3%|B—1n},

earar? () ~ (R) V2eidm (M=M") J=112] s (52— 1) 1/2]TH+1/2(x2— 1)~1/4,

(1.14)

(2/2)=7-1; Imx=0. (I.15)

(1.16)

Imx=0 for —w<arg/<w. (I.17)
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(c) When M tends to infinity, M’ fixed,
T(J—M'+1)

darar? (x) ~constant X I:—-———
saar T(J+M+1)

1/2 1_x M/2 4 M2
3 T —_ 1/2M2M’——1 s
:I Lsina(7=2)] <1+x> [(l—x)(l—l-x)]
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(1.18)

r(J—M+1)7 1—a\¥72 4
eMM,J(x)~constant><[simr(]—M):ll/?[eiW—M)[———————] MW’—1< ) [

T'(J4+M'+1)

[I‘(J—I-M’—i-l)]”z <1+x>M/2[ 4
—_ —_ M—ZM’—l
r(J—M+1)

(d) When M =M’ tends to infinity,

M
(l—x)(l—l—x):[

]_MW} . (1.19)

1+«

1—x

(1—x)(1+w)

dMM-’(x)N[(l—I—x)/Z:IJ 2—(2J+1)<7TM)—1/2[1._ E_I_ (22__.. 1)1/2]-—1/2

X[ = (= DI (= DV £=1=2(0— 1)/ (1),

() When M= — M’ tends to infinity

dM,_MJ(:)C)N

A T(M—DTMAD\ 2 2

X[éj___ (SZ_ 1)1/2]—-J+M[1__£+ (&‘2__ 1)1/2]2J+1/2|:1_ E— (EZ_ 1)1/2]—1/2; EZ 1—4(1—%)—1 .

(1.20a)

sinr(J—M)T'(3) /1-x)M2~2J($_ 1)—J+1]‘[.1/2

(1.20b)

(f) Using Egs. (I1.12), (1.20a), and (I.20b), we find the asymptotic behavior of exry/(x) when M =M’ tends

to infinity:
reTiT(J—M) /H‘x

2 sinw(]—M)\ 2

J
eMMJ(x)= ) 2—(2J+1)(7TM>—1/2

X[l_ S_{_ (52_ 1)1/2]—1/2[1_{_2_. (SZ_ 1)1/2]2J+1/2[£+(52__ 1)1/2]J+M, (1.21)

f=1-2(x—1)/(x+1).

7. Grouplike Properties

A fundamental property of the rotation matrices is
their group property

M=
2 Owuur?(R)Ouw’(R),

M/=—J

Dy’ (R'R)=

(J an integer),

where R and R’ are two rotations characterized by their
Euler angles (,8,y) and (a,8’,y") and R'R is the product
of R’ and R. It can be extended to any value of J by
giving up the conditions on " 13.1¢

Jr—
> Dy (R)Dar T (R).

M =—cw

Darar? (R'R) = (1.22)

A particular case of (I.22) is the well-known addition
property of Legendre functions,:%°

P;(cosB cosp’~+sing sinB’ cosp)

P , 9 0 I‘(]—m
= P;(cosB)P;(cosp’)+ Elm

X Pj™(cosB)P;™(cosB’) cosmep,

4 Reference 37, pp. 76-77.
4 Reference 37, p. 169.

(=~

which is a particular case of Eq. (1.22) for M=M'=0,
where use has been made of Egs. (I.1) and (7.3) and
where we have defined ¢p=7"4a.

One can prove Eq. (I.22) in several ways. For simplest
proof, consider the Fourier expansion of d 7 (cosg cosg’
+sing sinB’ cosp) in a series of terms proportional to
eM"’¢, Then, except for convergence considerations, Eq.
(I.22) is equivalent to the set of equalities

2w
251 / damr?(cosB cosp’+-sing sinB’ cosp)e= M ¢dep
0

=dMMuJ(COSﬂ)dMI/MIJ(COSﬁ/) . (123)
Equation (I.22) can be proved by applying the differ-
ential operator that appears in (I.2) to the left-hand side
in order to prove that the right-hand side is proportional
to darar?(cosB). The calculation is in fact rather tricky.

Another proof consists in considering real values of 8
and @', such that |cosB|, |cosf’|, and |cosB cosg’
+sinB sinB’ cosp| stay less than 1 when cos¢ runs from
—1 to 1. Then, for M, M’, and M" fixed, Eq. (1.23)
is true for any positive integral value of J. Furthermore,
Eq. (I.16) shows that both members do not increase as
rapidly as ¢!™/ when j tends to infinity. Both members
can be then extended through to complex values of j in
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a way that satisfies the conditions of Carlson’s theorem.
Therefore, Eq. (1.23) is true for any value of J. The
conditions on cosgB and cosB’ can be removed by noticing
that both members are analytic functions of cosf and
cosf’. Finally, Eq. (1.23) is true as long as cosf#—1,
cosB’## —1, and cosB’+sing sinB’ cosp does not pass
through —1 when cos¢ varies from —1 to +1. In fact,
even that last condition could be removed by displacing
the integration contour.

The domain of convergence of Eq. (1.22) is easily de-
duced from Eq. (I1.18). Equation (I1.22) converges inside
a corona (set closed by two circles of radii R and R/,
RR’=1) passing through the point cot3’’= — cot8 cots’.

Equation (I.22) can be extended to the rotation
matrices of the second kind as follows for 1< cosg<<cosB’:

M =+

Z 5MM”J(RI)®MNM:J(R)_

M''=—ow

&’ (R'R) = (1.24)

Equation (I1.24) follows immediately from application
of Egs. (I1.12) to (1.13).

APPENDIX II: THE TWO-BODY SCATTERING
AMPLITUDE
1. Analyticity Properties

We need to know the analytic properties®® of the
off-the-energy shell two-body scattering amplitude
T(p,p,£) solution of the Lippmann-Schwinger equation

T(p,p’,8)=V(p—p')

dq . 1
+/ Tp—a)—T(q,p,8), (IL1)
(2m)3 ¢?—¢

where T(p,p’,¢) can be considered as a function of the
invariants p?, p'2, =i=—(p—p’)? and of £. While all the
techniques which have been applied for investigating
the on-the-energy-shell amplitude give someinformation
on the off-the-energy-shell amplitude, this new problem
is more complicated, since it involves a function of
several complex variables and not only of two variables.
Therefore our approach will rather have a trial-and-
error character than the form of an exact proof.

We shall restrict ourselves to the case in which the
potential V(r) is a superposition of Yukawa potentials
and, for simplicity, we shall write explicitly only the
case of an isolated Yukawa potential V(r)=ge#"/r, so
that its Fourier transform is V(p) = g(p2+u2)~1. It would
be easy to extend our results to the more general case.

Let us first consider the properties of 7" as a function
of £ It is well known that the Lippmann-Schwinger
kernel is of the Hilbert-Schmidt type.% As it is also
bounded and operator-analytic as a function of £ T is
an analytic function of £ except for a cut going from 0
to infinity and poles which are located at the energies of

46 C, Lovelace, Phys. Rev. 135, B1225 (1964).
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the bound states. The position of these singularities is
independent of $?, p'?, and ¢.

Let us now go to the analytic properties in £ Let us
write¥

’

p—p P
T(p,p',6)= f eXp[—-i . (x+y)—1 .

“+p
@—w]

XV (2)K(xy; §)VV(y)dixd®y

where K(x,y,£) is the resolvent of the kernel
Vi2[1/(Ho—£)]V'/2, which is L2, Keeping p+p’ fixed,
and using the exponential decrease of the potentials
when « or y tend to infinity, it is easy to show that T
is analytic for

[ Im(p—p) | <w/2, |Im(p+p")|<w/2. (IL3)

Since T'(p,p’,£) is rotational-invariant, it is an analytic
function of the invariants 42, p’? and ¢ in the image A
of the domain (II.3). The form of A is rather compli-
cated, however; when p2 and p’? are real and positive
the projection of A upon the /-complex plane is the
interior of the parabola

wlImi=2(Ret+u?)?.

(IL.2)

(IL4)

Our only need for this domain is to make sure that the
Legendre series expansion of 7" as a function of the
scattering angle cosf=p-p’/pp’ converges, at least for
some values of p and p’

T(o,0,0) =§ S AHDTilpp,)Prlcost). (IL3)

The partial-wave amplitude T(p,p’,¢) satisfies the
equation!!

p2+p’2+n2)
2pp’
g [ dg P2+ g+ u?
i et

H 2pq

4
TZ(P:P/,E) =—,Ql(
2p

)Tl(g,p’,é) . (11.6)

ﬂ.qu_

The inhomogeneous term has a singularity at p=-4p’
=+i4u. Letting p become complex in the integral, we see
that the integral is convergent and defines an analytic
function of  within the strip D; defined by

Di: |Imp|<u. (I1.7)
We can now deform the contour of integration of ¢ in a
new contour, Ty, also going from O up to an infinite real
value. I'; must stay within D; and avoid the singularity
of the Born term at 4=p'=44u and the singularity of the

47S. Weinberg, M. Scadron, and J. Wright, Phys. Rev. 135,
B202 (1964). Also F. Coester, #bid. 133, B1516 (1964), and K.
Meetz, J. Math. Phys. 3, 690 (1961).

48 This domain of analyticity can be extended by a trick due to
Bottino, Longoni, and Regge, Ref. 10.
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integrand at ¢=4¢. Now letting p become complex in
the integral along T';, we see that 7(p,p’,£) is analytic
within the strip

Ds: |Imp|<2u, (11.8)

indented by cuts, parallel to the imaginary axis and
ending at #p'4iu and £ This procedure can be
iterated to show that 7T(p,p’,£) is an analytic function
of p, except for these cuts. The analytic properties of
Ty(p,p',E) as a function of p" could be obtained in the
same way by using the Lippmann-Schwinger equation
for the initial state. The results are of course the same
as for p.

Let us now notice that the cut at p=-=+/¢ does not
in fact exist for the full amplitude. Indeed, it would
mean that there is a singularity in £ which depends upon
the value of p, which we have shown not to be true.

The singularities at p= —p’+iu do not exist in the
full amplitude. Indeed, if we put p?=p?=¢, we know
that this singularity is absent. It represents the left-
hand cut of the partial-wave amplitude associated with
the singularity at {=--u?® of the full amplitude. The
same argument holds for the singularities at p=p'+p.

This analysis, whose results are given in Sec. VI, is
admittedly sketchy and nonrigorous.

2. Asymptotic Properties

We need to know the asymptotic behavior of 7'(p,p’,£)
when both p’ and cosf tend to infinity like some con-
stant multiple of a complex parameter w!/?

(I1.9)

It is difficult to find the exact behavior by starting from
Eq. (IL.1), because V(p—q) can become infinite upon
some part of the ¢ domain of integration. We shall
therefore use the results of the analysis of Eq. (I1.6) by
Brown, Fivel, Lee, and Sawyer.!* They have shown that
this equation is of the Fredholm type when the solution
is sought within the Hilbert space with metric
dg(g®>—%)~', when Im¢s£0. Therefore, the solution
T:(p,p’,£) is a meromorphic function of £ for fixed / or
of I for fixed &. Its poles are the zeros of the Fredholm
determinant

P ~Aw?,  cosd~ Bw!/?.

D(1,£)=0. (I1.10)

One can use a Watson-Sommerfeld transformation in
order to show that, for infinite values of cosf, the asymp-
totic behavior of the full amplitude is given by

1 2a(8+1
T(P,P/;E)"’* R Pa(E)(“COSB)B(P;P,,E) ’
$ sinma(£)

(I11.11)

where B(p,p’,¢) is the residue of T'i(p,p’,£) at I=a(f)
and a(£) is the leading Regge pole.

In order to find the behavior of B(p,p’,&) when p’
tends to infinity, we shall notice that it is equal, up to
constant factors depending only upon £, to the scalar
product of the inhomogeneous term of Eq. (I1.6) and
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the solution ¢,(¢) of the homogeneous equation

dg 1 1¢*+p"*+u?
¢—tp l( 2q¢
where y/(q) satisfies

g [ d P+ u?
%(P):“/ ; Qz( e >¢l((1); I=a(f). (I1.13)
mJo ¢ 2pq

8o, / )¢l<q>, (IL12)
0

When / is an integer, we know the asymptotic behavior
of Y4(p). In fact we know that ¥(p) must be equal to the
wave function divided by p? [a factor p for the one in
Eq. (IL.5) and another one for the metric dg in place of
¢*dg in Eq. (IL.6)]. As the configuration-space wave
function y;(x) behaves like 7! when 7 — 0, ¥,(p) behaves
like p=-1 when p — .

One can show, using Eq. (I1.13), that this behavior is
still consistent with complex values of Z. In fact, let us
assume that ¥(g)~¢~*! within the integrand of Eq.
(I1.13). Let us now split the integration domain into
two parts going from 0 to pp and from pp to », where p
is a fixed number p<1, say p=1%. Then

N (i o e T dg
/ Ql< )lﬁz(Q)
0 29p ¢

- / ’ <§?>l+‘[1+0(1)]¢l(q)qz_d_qg

1 = dq
< / (29) [ 14-0(1) Tilg)—
P 0 P&

constant

et (I1.14)

and

0 92+P2+I~42 dl]
/ Qz( )lﬁz(Q)
P 2qp ¢*—E

00 q2+ 2+ 2 d
< f Q:(—P——i)q-lﬂ[lw(l)]-g
2gp ¢

00 q2+ 2+ 2 d

<Gpr Qz(—f—“) d
oD 2qp g

constantXInp

<——__

Pl+l+é (IIIS)

Although this is not a direct proof, it shows that, by
continuity, the limit ¥,(¢)g~*! extrapolated from inte-
gral values of / is consistently defined and that

[Yil@) | ~q2, A=Rel.

Now exactly the same technique can be used in

for ¢—w,

(11.16)
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Eq. (I1.12) to show that

[B(p,pE)|~p 2, for p'—w. (IL17)

So, using the asymptotic form of P, and Eq. (II.18),
we see that the leading term in Eq. (I1.11) becomes
proportional to 1/w when p’ and cosf are given by
Eq. (I1.9). Notice the cancellation of the dependence
on the Regge Pole.*?

In fact, this analysis is inconclusive insofar as we
should take into accout the contributions of all the
Regge poles which all behave as w~1. We should there-
fore consider it as a proof that the leading Regge pole
does not determine the asymptotic behavior of 7'(p,p’,£).

Let us now write the complete expression of Eq.
(IL.11)

20i(8)+1
Tp,H)= 2 M—“‘)P a0 (c0s0)Bi(p,p’,§)

ai(®) sinma;

1+ 2041

Pi(—cost) Ty(p,p’,6)dl. (11.18)

wip J i sinal

The same kind of analysis shows that, when Re/=0,
| T4(p,p’,£)| behaves like 1/p’” when p’ tends to infinity,
therefore T'(p,p’,£) behaves like w™!/2, the precise asymp-
totic behavior, (i.e., the coefficient of w~'/2) depending
upon A4 and B in Eq. (IL.9).

An alternative approach would have been to use the
Lippmann-Schwinger equation

T(p,p’,8)=V(p—p")

1
- Vig—yp’), (II.19)
¢—£

dq
T pAe §)
+/ Ry (9,9,

together with Fadeev’s bound,
| T(p,9,8) | <comstant(1+¢)~*~,  (IL.20)

valid for physical values of p and q. This shows that for
p physical and within the domain of p’ and cosf where

4 The cancellation between the Regge asymptotic behavior and
the behavior of the residue is the mechanism responsible for the
cancellation of the Amati-Fubini and Stanghellini cuts (see Ref.
5). These results could be extended to show this cancellation in
the sum of all three-body ladder diagrams; in fact, it is easy to
write generalized Fadeev equations which bear the same relation
to the Bethe-Salpeter equation as the Fadeev equations bear to the
Lippmann-Schwinger equations.
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(11.19) converges, | T'(p,p’,¢)| is bounded by a constant.
But this limitation to the domain where (I1.19) is well
defined is not enough for our purposes.
APPENDIX III: TCHEBYSHEFF FUNCTIONS
The polynomials#!
T, (x)=sininB/siniB,

x=cosf (I11.1)

are orthogonal on the segment (—1,-+1) with the
weight function (1—«?)!/2. They are a special case of
Jacobi polynomials*?

To(x)=a2[T(n—1)/T(n—%)]Pn 1212 (x). (IIL.2)
They satisfy the differential equation

(x2—1)(d*Tn/do®)+2(dT /dx)— (n—1)2T,=0. (IIL.3)
Another solution of Eq. (IIL.3), regular for x= o, can

be defined as

Sn(x)= (x.._ 1)—n+1/2(x+1)1/2

271y (n—1)

2
XF(%—%, n; 2n—1; —) (I11.4)

—x
forn=2,3, ---, and

Sl(x)=1r1/2r( )[ln(l—l-ac)—l(ac’l——1)1/2
T( T

n—1)
+1 (1-‘—t2)_1/2
X / ———ln(l—H)dt]. (IIL.5)
-1 x—1i

The Neuman theorem for the Jacobi functions gives??

+1
(1=a?)712T () f(w)dec

-1

1
=— [ (*=1)7128.(y) f(y)dy, (IIL6)

wm J e

where f(x) is an analytic function in a neighborhood of
the segment (—1, 4+1) and C is a contour enclosing that
segment. Formula (II1.6) is valid for n=1,2, 3, - - .



