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A procedure described earlier for bounding ladder-graph scattering amplitudes is applied here to two 
models: exchange of pairs of scalar particles (bubbles), and exchange of vector particles. The forward-
scattering absorptive amplitudes are bounded from above. Apart from logarithmic factors, the correct ampli­
tudes are known to grow with energy like Sa, and our results determine upper bounds on the exponents a. 
For the case where the exchanged particles are massless, our upper bounds in fact coincide with the exact 
results for a as given in the literature. 

I. INTRODUCTION 

IN a recent paper,1 we discussed a technique for 
setting bounds on the absorptive part of an ampli­

tude for scattering of spinless particles in a ladder-graph 
model. The essential idea is this: The absorptive 
amplitude satisfies a Bethe-Salpeter integral equation 
of the Volterra type, in which the kernel and inhomoge-
neous term are both positive. The amplitude is thus 
bounded from above (or below) by the solution of a 
comparison equation in which the kernel and/or 
inhomogeneous term have been majorized (minorized). 
Bounds can then be obtained by a trial function pro­
cedure, as discussed in our earlier work. 

In Ref. 1 we were concerned with finding an upper 
bound for the forward (/=0) scattering amplitude in a 
ladder model involving a trilinear scalar interaction. 
Of special interest was the asymptotic behavior in the 
limit of large scattering energy s. In this limit, the 
amplitude varies like sa(0\ where a(0) is the leading 
singularity in the angular momentum plane for the 
crossed channel reaction at t=0. Subsequently, 
Nakanishi2 has succeeded in finding an exact solution 
to this problem for the special case where the rungs of 
the ladder correspond to massless particles. For this 
situation our upper bound on a(0) exactly coincides 
with the true result. 

Two other ladder models for scattering of spinless 
particles have been much discussed in the literature.3-6 

One involves the exchange of pairs of scalar particles 
(bubble exchange) according to a basic quadrilinear 
scalar interaction. The other corresponds to exchange 
of a vector particle. Both models have been studied in 
detail for the case of forward scattering. In the limit 
of large energies, the amplitudes behave like sa, apart 
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from logarithmic factors which reflect the existence of 
fixed cuts in the crossed-channel angular momentum 
plane. Exact expressions for the exponent a are given 
in the literature5 '6 for the special situation where the 
exchanged particles have zero mass. 

Our purpose in the present paper will be to test the 
amplitude-bounding techniques of Ref. 1 on the above 
models, namely, to determine by these methods upper 
bounds on the absorptive amplitudes, hence on the 
exponents a. We do not restrict ourselves to the case 
of vanishing masses for the exchanged particles. 
However, for the situation where these masses are zero, 
we can compare our bounds on a with the known 
expressions; and here we find that our bounds in fact 
coincide with the exact results for each of the two 
models under discussion. From these comparisons, it 
therefore appears that the bounding techniques of 
Ref. 1 are, in fact, quite useful in practice. 

A special remark is in order here concerning the 
vector exchange model. The vector particle propagator 
is properly given by ( /z 2 —P)" 1 ^*/? - ^«WM 2 ) - In the 
cited literature, however, it has been replaced by the 
first term (^—k2)~~lha^ taken alone. This is of course not 
physically legitimate, unless the vector particle is 
coupled to a conserved current and unless one considers 
simultaneously graphs other than those which just 
correspond to the simple ladder. Nevertheless, for the 
purposes of our present concern we shall adopt the 
vector exchange model in this form, the more so because 
it permits us to compare our bounding techniques with 
results available in the literature. 

II. EXCHANGE OF BUBBLES 

We consider forward scattering of spinless particles 
with momenta p and k, in the ladder approximation 
corresponding to Fig. 1, which involves a quadrilinear 
scalar interaction. The heavy lines describe particles of 
mass m; the exchanged particles (wavy lines) have 
mass IJL. 

FIG. 1. The set of 
graphs under con­
sideration. 
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Following the notation of Fig. 2, we write down an p \ w / k \ / p \ p' /k 

integral equation for the off-mass-shell absorptive ( \ _ r\ r\ f \ , F l£-.2* Notation 
part of the forward scattering amplitude: \ J V y », \ J ^ e m e g r a e q u a" p/ V / \ P/ p \k 

2 . (51/2_2M)2 

A(p,k) = 7rg2
P£(p+k)2l+ / dyp(y) . Af v , . 1 £ _ , 

(2x)3 J 4M
2 gration. After some tedious but straightforward algebra, 

one can verify that 
r « sL(p-p7-yJ X ^ , , ^ , ' „ ( J - ^ _ / + ^ 2 ) Q ) 2 ( / _ w 2 ) _ ^ . 2 ( , _ O T 2 ) ] 

where, (s-f—m2)(s'-p'2—m?) 
1 , also 

p ( y ) = — ( l - V / j ) 1 ' 2 . y _ « » 
32X2 -H-s'+^/.W^+M^ s—m2 

In terms of the invariants k2=m2, p?, p'2, s=(p+k)2, 
s'= {p'+k')2, we can rewrite this as follows: This leads to a further majorized equation 

g2 g2 1 / g \ 2 

il(^) = ir̂ p(j)+ Z(s-p2-~m2)2-4m2p22~112 A2(s,p2) = ^+-[-—)(s-p2-fn2)-1 

1671-2 327T 2 \ l07 r 2 / 

-(S1/2_2M)2 /»(51/2-^/1/2)2 / . ( S 1 / 2 - 2 M ) 2 / • p 2 ( s / - m 2 ) / ( s - m 2 ) 

X/ rfypCv)/ * ' X/ * ' / dp'Uz(s',p'>) 

x / ^ ' 2 . (i) x 
7 (w2-//2)2 

The upper and lower limits on the #'2 integration are Finally, we introduce the new variables 
given by u=s_p2_m2 

1 
/±(30 = i>2+:y (s+p2-?n2)(s-s'+y) f = -p2/(s-p2-m2), 

2s 
4 perform some further majorizations, and obtain 

2s i 1 / g \ 2 l rw 

Az(uir) = 1—f J - / du'iu—u')^! 
32T 2\167T2/ U J 4u2-m2 

Following the method of Ref. 1, we now majorize """ ~ "*"" ' / l - w 

the kernel and the inbomogeneous term of the integral r1 Aiiu'/) 
Eq. (1). For convenience we shall assume that m^\x. X / dr'(rr—r)-—-f — . (3) 
First, notice that p2 ^ 0 implies p'2 ^ 0, so that tempor- J r (ur +m2r 
arily we can restrict ourselves to negative values of p2

 s i n c e w e a r e d e a l i n g w i t h i n t e g r a l e q u a t i o n s o f t h e 

and p2. But then we can make use of the inequalities V o l t e r r a k i n d ) w h o s e iterative solutions always con-

( \ < 1A 2 2 verge, our majorizations of the kernel and inhomoge-
x ' neous term imply that 

With these we are led to the majorizing equation f o r a l l ^ < 0 . To find an explicit bound for Az (and 

2 . 2 therefore ^4), we now employ the "trial function" 
A (s j)2) = ~- l ( —— ) (s—i)2—m2)~l method of Ref. 1. I t is based on the following remark. 

327r 2 \167r2/ If the integral equation satisfied by A 3 is, symbolically, 

X / ds' \ dp'2 At(Q- / K(Uf)A^')d?= * ( f ) , 
J 4M

2 J /-(4M2) im2 — p'2)2 J a 

'J 
J 4/i 

W(«,P2,P'S) then any (trial) function ^(£) which for all £ in (a,b) 
X / dy, (2) satisfies 

where we have made an interchange in order of inte- J a 
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is an upper bound for A3, i.e., Aa(g) ̂ ( £ ) for all £ in 
(a,b). This follows immediately from the convergence 
of the iterative series and the positivity of K and <p. 

For the present situation we take a trial function 
of the form 

yp (u,r) = cual (ur+tn) &, 

where c,a,(3 are real parameters to be determined from 
the inequality 

Cf ° \ 2 

cua+1(ur+m2)~^- Y—Y r 
2\16TT2/ J4M

2-
du'iu—u'W0*1 

xf dr'(r'- •r)(urf+m2)~^~2 u^O. 
32TT 

(4) 

This must hold for u^^2—m2 and for O ^ r ^ l . 
Setting u=4:fx2-~m2, we obtain the condition 

c ( V - w 2 ) « ( V ) - ^ g2/32T. 

For the rest, it will be sufficient in order to satisfy 
Eq. (4) if we require (i) that the first derivative of the 
left-hand side of Eq. (4) with respect to u be positive 
at u=4:fjL2—m2; and (ii) that the second derivative be 
positive for all u>^2—m2. The requirement (i) leads to 

4 > + 1 ) / (4/x2- m2) - 0 / V ] ( V ~ m2)a+1 (4M
2)~^ 

^ 2 / 3 2 T T . (5) 

The requirement (ii) gives 

d2 lJJL 
du2 {ur+m2Y 2 ( - ) • 

\l67rV 

/«+* 

X I dr{r'- •r){urf+m2)-e-2^0. 

The integration is elementary and we find the following 
sufficient condition on the parameters a and 0 : 

( a - /3 ) ( a - /3+1)^ (0+ l )^Kg/167r 2 ) 2 . 

The smallest value of a which is compatible with our 
inequalities is 

a0=-l+(l+g/4:^Tr2)^2, (6) 

with po=ao/2. The smallest value for the parameter c> 
correspondingly, is 

g2 (4/z2)<*°/2 

Co= . 
32TT (4ju2-m2)«° 

For p2 ^ 0 we have thus obtained the bound 

g2 I 4M2 \aoi2/s-p2-m2\<xo 
A(s,p2)^—l ) ^A(s,p2). 

substitute A (s',p'2) for A {sf,p'2) under the integral in 
Eq. (1), since there p'2 runs over negative values only. 
We then find 

g2 / 4ju2\1/2 1 / g \2 

A (s,m2)^ ( 1 ) +-( ) 0 0 - 4 O ] - 1 / 2 

32TT\ S J 2\16irV 

- ( S 1 / 2 - 2 M ) 2 /+(4^2) 

X 
• / 4 M

2 y / _ ( 4 M
2 ) 

dp>*I(s',p'*) 

X 
cm / 4AI2\1/2 

/ dyll ) . 

For large values of s, the right side grows like sao. 
Without affecting the exponent here, we can simplify the 
above expression by making some further majorizations. 
Using the inequalities 

y^(m2-p'2) 
(s-p2)-(s'-p'2) 

s—p/2+m2 

and 

(friV/s-s'-fy2) < / ± ( 4 / x 2 ) + m 2 < ^ - / ~ 4 M 2 , 

we obtain the bound 

g2 / 4/x2\1/2 1 / g \2 

A(s,m2)^ ( 1 J + - ( ) [^(^-4m2)]-1/2/(^), 
32TT\ S J 2\l67r2/ 

where 

/ « = • 

g2 (V) a ( 0/2 

32TT (4/ i2-w2)«° 

I* s—4/x2—-2m2 

xf 
du'u'a»-l(u—uf) 

dx(x+m2)~^0l2)~K 

I t follows that 

^ (V^K-BC?)^ , 

In order, finally, to obtain an upper bound for the 
absorptive amplitude A(s,m2) on the mass shell, we 

where B(s) is a bounded function of s[lim.s^ooB(s)7'£0'] 
and ao is given by Eq. (6). In fact, apart from logarith­
mic factors, sa» is the asymptotic behavior of the exact 
solution for /x=0 obtained by Baker and Muzinich5 and 
by Cosenza et al.Q For small values of the coupling 
constant g, our result for «o also reproduces the (mass-
independent) exact weak-coupling limit obtained by 
Sawyer.3 

III. EXCHANGE OF VECTOR PARTICLES 

We consider next the ladder approximation for 
scattering of scalar particles of mass m, with vector 
mesons (mass p) as the exchanged particles. The propa­
gator for the vector particle is taken to be (M2—^2)-15a/3. 

The integral equation for the absorptive (off-mass-

file:///l67rV
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shell) forward amplitude is 

A (syp
2) = Trg2 (fj2-2m2~2p2)8 (s-fx2) 

+—L(s~p2-m2)2~4m2p22~1/2 

ST 

.(sl/2—/*) 

X / ds 
r n2/2-p*-p'2 

'jdP'2-—- — ^ W > - W (m2 2)2 

As mentioned in the Introduction, the vector meson 
propagator used here is not the correct one, unless the 
vector meson couples to a conserved current and unless 
one includes also compensating graphs. The artificiality 
of the present model can be seen in that the (general­
ized) unitarity condition does not imply termwise 
positivity of the iteration series solution of Eq. (7). 
Nevertheless, the present model has been much dis­
cussed in the literature because of its (relative) mathe­
matical simplicity. We can, at least, guarantee positivity 
of the absorptive amplitude by insisting that /x^V2m. 
In fact, for convenience in what follows, we shall 
restrict ourselves to the special case /*=V2w. 

The quantity 

*(s,P2) = A(s,p2) + 2Trg2p25(s-tx2) 

satisfies the equation 

g2 

xP (s,p2) = A <4> (s,p2)+—[ (s-p2- m2)2-4:m
2p2']-1/2 

8TT2 

X dp" 
mz / ,2_V2 

(m2-pf2)2 W,lT), (8) 

where Ai4)(s,p2) is the absorptive part of the fourth-
order ladder graph. Following exactly the same steps 
as for the trilinear interaction model of Ref. 1, we 
arrive, in terms of the variables 

u=s—p2—m2, 

x=-p2, 

at the following inequality for the "trial function" 

$(u,x) — 
1 ru 

8TT2U 

ru ru' m2+x+xf _ 
/ duf I dxf \p(u',x') 

J Av*-m2 J x(u'Ju) (x'+tn2)2 

gU « \ 
^ A W (u,x) ^ —( u+x In— ) . (9) 

47r\ m2) 

This corresponds to Eq. (10) of Ref. 1, with x=ru. The 
trial function $ is an upper bound to \f/ if the above 
inequality is met. 

A convenient form of trial function is (e>0) 

$(u,x) = ma(x+m2)2[6(x- e)x-^~2+d(e-x) e ~ ^ 2 ] , 

a form for which the integrations of Eq. (9) are 
elementary. 

I t is a matter of straightforward manipulation to 
show that the parameters a, /3, c, e can be chosen to 
satisfy Eq. (9) for all x^ 0 and u^ 4/i2—m2. The smallest 
possible value for a is 

c * o = - l + ( l + £ 2 A 2 ) 1 / 2 , (10) 

the corresponding value for f3 being /3o=ao/2. Explicit 
expressions for Co and €o (which go along with a=ao) 
could be written down but they are not of great interest 
here. We are mainly interested in the behavior of the 
absorptive amplitude for large values of s. Our bound 
on the mass-shell absorptive amplitude can then be 
written 

^ ( s ,w 2 K£0?) s a o , 

where ao is given by Eq. (10) and B(s) is a bounded 
function \yim8^o0B(s)?£0']l which we do not bother to 
display. Thus, we find an upper bound ao on the expo­
nent of a possible power law behavior of the absorptive 
amplitude at large energies. I t is noteworthy that our 
bound ceo in fact coincides with the exponent correspond­
ing to the exact solution for the special case M = 0 , as 
obtained by Cosenza et al.Q 


