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screened potential were calculated and compared with
the result of exact phase-shift calculations, R.x. Table
IIT lists these results in detail and permits the recogni-
tion of the following:

(1) The Molitre approximation renders R by Egs.
(15) and (16) with an error of the order £ [Eq. (5) and
Table I].

(2) The classical approximation renders Reiues by
Egs. (22) and (23) with an error which is comparable to
that of R for scattering angles larger than 10°.

(3) The large-angle approximation renders Rr.a. by
Egs. (25) and (26) with errors generally larger than
Of Rclass'
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(4) The first-order Born approximation gives values,
Rgom, the errors of which exceed those of all the other
approximations. Even for the light element Z=29 and
for small angles the errors are larger than 109,
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The analytical self-consistent field (SCF) theory, based on the relativistic Breit equation generalized for
many particles, was developed for closed-shell systems. The relativistic SCF equations, both of the absolute
and of the expansion method type, were derived in the four-component spinor representation. The Breit
operator was considered in the first-order perturbation theory. The formulas for the relativistic atomic inte-

grals were derived in terms of simple functions.

INTRODUCTION

N this work the relativistic Breit equation! is con-
sidered generalized for many-particle systems. Then
the relativistic self-consistent field (SCF) theory for
closed-shell systems is developed, partially using an
analogy with the expansion method?? of the nonrela-
tivistic theory. The applications® of the expansion
method encourage such an attempt at a relativistic
extension.
While this work was outlined,® an approach related
to the numerical SCF method appeared in the litera-
ture.® Recently, another approach was made.”

*The work was originated at the University of Chicago,
Chicago, Illinois.
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GENERAL CONSIDERATIONS

The validity of the Breit equation for two electrons
has been proved both theoretically! and by practical
applications.® It is quite plausible to assume that even
in a many-electron system mutual interactions between
electrons can be approximated by interactions within
all possible pairs of electrons where in every pair only
the two-electron Breit interaction is considered. Similar
although simpler consideration was performed already
by Swirles® in an atomic case, by going from the Dirac
equation to the approximate many-electron relativistic
equation (while omitting the Breit operator). In the
molecular case the influence of nuclei can be approxi-
mated as an external field.1?

Hence we introduce the generalized Breit equation for
a system of IV electrons (and M nuclei) as follows:

(E—]ijH*‘—%e2 f i)U

k=1 wmy=1; k¥
nFEy
(au . rm') (av . rw)

()

8 G. Araki, Proc. Phys. Math. Soc. Japan 19, 128 (1937).

9 B. Swirles, Proc. Roy. Soc. (London) A152, 625 (1935).

0 K. S, Viswanathan, Proc. Indian Acad. Sci., Sec. A 50, No. 1
(1959). Diatomic molecules are considered.
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where
He=—ep(r*)+B*mc+a*- [cp*+eA(r*)].

Here the notation introduced earlier? is applied as widely
as possible. E is the “electronic” energy of a system. The
wave function U depends on the positions 7, 72, -
of the NV electrons and has 4~ spinor components. The
operator H* is the Dirac Hamiltonian (considered here
for M nuclei). Dirac matrices e* and 8* operate on the
spinor components of U (for the uth electron) in the
usual way. The momentum operator p* is, of course,
given by —i#% grad*. ¢(r*) and A(r*) are the scalar and
vector potentials of an “‘external” electromagnetic field
(including the potentials of all nuclei). r# is the distance
between the uth and vth electrons. The operator on the
right-hand side of the generalized Breit equation (1) will
be called the generalized Breit operator and denoted by
B. 1f we neglect the operator B we obtain the zeroth
approximation expressed by the equation

ooy
, ¥

N N 1
(Z Het-3er 30 —‘)U0=E0Uo, (2)
pu=1 wy=1; rH
uFEv

which will be called the generalized Swirles? equation
(scalar and vector potentials of an “‘external” field in-
cluding the potentials of all nuclei are now included).
Equation (2) can also be written as

JCoUo=EoU,, "

where the quantities 3Cy, Eo, and U, are the zeroth-ap-
proximation Hamiltonian, “electronic” energy, and wave
function (with 4% spinor components), respectively.

The goal of this treatment is to find a relativistic
analogy to the SCF expansion method for the solution
of Eq. (2) and, using an obtained approximation to the
wave function U,, to find the correction due to the
generalized Breit operator B by the first-order!! pertur-
bation theory.

Let us introduce the «xth relativistic (atomic or
molecular) orbital spinor for the uth electron as follows:

[fu:
2 L‘fé ;o ®
7y

the p«th component of this spinor is
Yo =P (a4354); p=1,2,3,4.

Now let us consider a closed-shell ground state. We
know that in the nonrelativistic SCF the wave function

1t The reason for using the first-order perturbation theory is
based on the discussion given in Ref. 1, following Eq. (38.7).
(This discussion does not find it correct to use a higher order
perturbation for treating the Breit operator.) Otherwise it would
not be difficult to associate Breit operators with Coulombic
electron-repulsion terms and to treat both on the same footing
by an SCF treatment; in case of the analytical atomic SCF treat-
ment the same integrals would be used as calculated at the end
of this article.

is represented by one antisymmetrized product. In the
relativistic SCF we expect that the wave function will
consist of 4V components where each component will
be a certain antisymmetrized product:

¢1 Sl’lnl'hpzl e ‘//Nle
Uy b= ¢:2 s e= (N1 \1’1;:,2:;02,,22 .. .tﬁzv:pNz (@)

oy t//lplN‘l’21>2N“ ' "prNN
w=1,2,---,4",

Components of & are built by letting p1, p2, * -, pv be
equal to 1, 2, 3, 4 for every p, independently. Obviously,
the spinor @ could also be built by using y*,,* instead
of Yu,» (cf. Swirles?); then the components of ® would
only be arranged in a different order. It is easy to see
that the spinor & can also be written as

\1111\1121 s Wpt

o= (N1)-1e| LYW

Sl ®)
\Ile‘Isz' . \I;NN

where the determinant is defined in the usual way except

that the product of two spinors is here always defined

as if it were a direct product of two vectors; e.g.,

(\bxl‘ﬁl’)\lw
Ve’
b))y
2 T LA DY Ml B v IR )
Vi ¥ (V128
‘I/A-iu ¢X4v :
k\bm}“‘p)«l‘:

The form (5) of the spinor ® can also be considered as a
plausible analogy to the nonrelativistic antisymmetrized
product.

Clearly, the spinor ¥,* can now be treated in many
respects in the same way as the nonrelativistic molecular
spin orbital? and a number of analogous statements
could be proved.

Now we assume that

/\I,x*\l’)\dv= 6’()\ ) (7)

where dv is the one-electron volume element and

?K*E (&xl‘;xﬂilw\(—/u) y (8)

V., being the complex conjugate of ¥«,; p=1, 2, 3, 4
(barred quantities will always be understood as complex
conjugates); the integrand in (7) is simply evaluated as
if it were a scalar product of two vectors. Equation (7)
implies

/ S*ddyv=1; 9)

Ey= f Uo*geoUodv~ / *30,ddv=FEy.  (10)
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It is easy to see that

N N
lZOO= Z Hn"]—% Z (]x)\_Kx)) )

(11)
k=1 K, =1
where
H=0~= / U *H,dv, (12)
- _ 1
Jaoa=In= JK)\: J)\Kz 62'/\11,(”*\1/)\”*——\1&”\1’)‘”(17)“” , (13)
4
_ _ 1
Kx)\z K)\xz Kx)\ = K)\x = e2fWKM*WxV*—QXHWKVdvF”; (14)
e
clearly
Jee= K. (15)

THE ABSOLUTE (HARTREE-FOCK) RELATIVISTIC SCF
EQUATIONS FOR A CLOSED-SHELL GROUND STATE

Applying the variational treatment to the Eq. (11)
it is easy to derive the absolute SCF equations

F¥,=¢e%¥¢; «k=1,2,---, N; (16)
where

(H is the Dirac Hamiltonian which could generally be
considered for M nuclei); J, and K, are, of course, the
Coulomb and exchange operators forming bases for the
integrals Ja and K.; ¥, is again a four-component
orbital spinor of one electron; ¢ is an eigenvalue of the
operator F (and it is of course a scalar).

THE EXPANSION METHOD RELATIVISTIC SCF
EQUATIONS FOR A CLOSED-SHELL
GROUND STATE

Let us employ the expansion

\PK:Z XpCoi k=1,2,+++, N; (18}
p=1
where
Xp1
X p2
Xp= |7 1
= (19)
Xpa
is a four-component basis spinor satisfying
pr*Xpd”: L, (20)
where
XP*E (7_(1117_(11272%72?4); (21)

m is the total number of basis spinors, m= NV ; Cp’s are
the coefficients of expansion. By applying the variational
procedure we can easily derive the SCF equations of

MIROSLAV SYNEK

the expansion method in the form
Feo=eSc,; (22)

where F and S are matrices, their elements being given
as follows:

FpQZ/XP*Fquv7 SPQ:/XP*X'Idv; <23)

the vector ¢, is given by

Clx
C2x

Cy= ; (24)
ch
(the pseudo-eigenvalue ¢, is of coursea scalar). Equations
(22) form the basis for the SCF procedure applied to the
expansion vectors .
THE EXPRESSION FOR THE ENERGY E

We define the supermatrices § and & by giving their
elements:

1
gpq,rs=62/Xp"*XT”*—Xq“Xs”dv"", (25)
e
1
Kopg,rs= € / XX —X X Jdvr (26)
e

Q and & are symmetrical to the exchange pg <> 7s and
Hermitian to the simultaneous exchange p <> g, 7 <> s.
We construct the supermatrix 8 by

P=3—8. @7)
From a set of vectors ¢, satisfying, of course,
¢ *Sex=10x, (28)
we construct the density matrix
N
D= FZI cet. (29)
With these definitions it is easy to show that
F=H-+%RD, (30)

where F, H, and D are to be understood as rearranged
(F and H by rows, D by columns) into the form of
supervectors. (H is given by H,,= /X, *HX ,dv.) Then,
considering supervectors (all by rows),

N
Fo=% X (Hot)=3(H+F)D. 31)
k=1

DEFINITIONS OF SOME INTEGRALS BASED

ON SPINOR COMPONENTS

Denoting by X,,* the pth component (p=1, 2, 3, 4)
of the pth basis spinor (p=1, 2, ---, m) for the uth
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electron we introduce the following notations:

Spq,pﬂ=/xppﬂxqv"d'”",

Upg,00= fipp”¢(r") Xgotdv*,

_ (32)
®z,pq,00= pr”px”Xq,,“dv“,
similarly for y and z,
Qz,pg.p0= /pr"Aw(r”)quﬂdvur
similarly for y and z;
1
(qurs,po--rpz _xppﬂxqo#)-(r‘rvxs«ppd‘vw; (33)
[
e
By, pars,pare= | —Xpp"Xqo"Xpr" X5’ AV* (34)
(s

similarly for any other pair selected from «, y, 2, pro-
vided that x* means the x component of r*, etc.;

(B+—.pqrs,pvw=/(Q+“Q—"’W)prﬂxq«r">zrrvxwvd”"v; (35)

similarly for any other pair selected from the three
operators

Q#, Q.+ and Q,
where
ad i) ]
Qub=——tf—  Qpf=—.
dxt  Oy* Jdz*

ZEROTH APPROXIMATION IN TERMS OF SPINOR
COMPONENT INTEGRALS

The zeroth approximation is outlined by Egs. (18),
(22), (29), (30), and (31). [The difference between E,q
and Eis caused mainly by the correlation energy which
is comparatively smaller than the relativistic effect for
medium and heavier elements.!? We are neglecting the
Lorentz noninvariance of Eq. (2).]

The integrals occurring in this approximation can be
expressed in terms of spinor component integrals.

Spq=§‘ Spa.003 (36)

Hpo=—e Zp‘ WUpgq,pFmc? Zp)“" Spa,pp
+(§++§—)Ec(c>x,m,pa)+e(@x.pq.pa)]
Fi(t—2)e(®ypa,00)+€(Cy,pa,00) ]

po po

+220[e(®2,p4,00) +€(Q2,p4,00) ] - (37

12 A. Froman, Rev. Mod. Phys. 32, 317 (1960).

To define in Eqgs. (36) and (37) the summation operators
over spinor components let us consider some spinor
quantity, say, D, Then we define

4
2! Dpp= > ED P
P p=1
28 D=0+ Doo— Dy3— Dy
p

(T2 D=2_"Dx3 ~ D;
2T Dpe=Do3+Da1; 27 Dpo=Dys+ Dag;
po po

(38)

20 Dype=Di3— Dost D31 — Dee.

po

[In electronic structure computations the rest energy
mc? of an electron in Eq. (37) could be appropriately
subtracted.] In addition to the Egs. (36) and (37),
we have

Ipa,rs=€2 2.1 D2 Bpars,ppocs (39)
P I

Kpgre=6 PIEDIE ®Bpsra,ppoc- (40)
p o

FIRST-ORDER APPROXIMATION IN TERMS OF
SPINOR COMPONENT INTEGRALS

According to the first-order!! perturbation theory,
the total energy E is given by

where
AE= / &*Bddy, (42)
N
B=3 . B, (43)
gy =1
nFEy
e? (a#er#) (e 1)
LI T I
Ve (ﬂw)z
It is easy to see that
N
AE=3% 3 (Biua—Baw), (45)
Kk, A=1
where
Bl,x)\= /\I’x#*\I’XV*BW‘I/x"\I’)\vd'UW ) (46)
By o= f W T\ BT AW 47

After deriving explicit formulas for B;, . and Bs,a and
after some rearrangement of intermediate expressions
in terms of integrals (34) into integrals (35), we finally
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obtain the expression

e’ N m _
AE=— Z CpKCH\(CsKCq)\'—CqKCs)\)

4 kA=l p,q,7,s=1

X[2(4 Z_++ ZOO)(qurs,pa‘rw

po,To po, TR

- Z++ 6?)++,pqrs,pa‘rgo - Z_‘_ (B——.P(JTSIPGT(O

pPo,TQ PO, TO

— 229 ®oo,pars,pore —2( 27T By pors,pore
po, TP PO, TP

+ Z_H] (B+O,pqrs,prr<p + Z_O &—O,PQTLP‘TT‘P)]; (48)
PO, TQO PO, TQ

the sums (summation operators) are to be understood
in the sense of the following example:

T+=T- T

po,TQ po To

(49)
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BASIS SPINORS AND THE NUCLEAR POTENTIAL

The question arises what kind of basis spinors (19)
should be used for computations. If we used exact solu-
tions of the Dirac equation then the evaluation of corre-
sponding integrals over hypergeometric functions would
be rather tedious, particularly if we consider voluminous
expressions arising from linear combinations for many-
electron systems. It seems to be plausible to use Slater-
type orbitals for the components of basis spinors; then
the absolute relativistic SCF solution can be approached
by taking sufficiently large set of basis spinors.!® Using
Slater-type orbitals would enable the use of experiences
obtained in computations of nonrelativistic integrals.

The unnormalized components of the basis spinors
(19) will be denoted by u;, s, %3, and u4; we shall use
for them the following expressions!4:

wi=[(+m~+%)/2+1)1"%(N Y 1m1s2(S ),
ta=—[(I—m~+3)/ Q1) %"V 1,m11/2(,0)

= — L= m+2)/ QL3 150 V41 man(D0), 0
ta=—[(IH+m+3)/2+3) % f() Y 1th1,m41/2(8, 0) 5
j=1=%; wm=[(—m+3)/Q+1)]"%(")Y 1,m-12(,¢),
wa=[(+m~+3)/ 2+ 1)1V 1mi12(9,0) (51)
us=—[(4+m—3)/(2—1)1"%f(N)Y 1-1,m-1/2(d,¢) ,
ws=[(l—m—3%)/ 2=V f(r) Y i1,ms1/2(3,0) -
1Sy g=e$ur,
f=—[A—s)/(1+ &) 1%, =14 (aZ/v1)* ]2, vi=(1—a2Z2)2, (52.1)
2812t g=retur
=—[(1—&)/(14 &) J2[(N2+2)/NoJg, se={14[aZ/(1+v) }}7'2, Noa=[2(14~1)]"2. (52.2)
2P, o g=re ST,
=—[(1—&2)/(1+ &2) ][ No/(N2—2) ]g. (52.3)
2Py g=retur,
f=—[(1—8y)/(1483) ]/, g3=[1+(aZ/y2)?] 72, ve= (4—a2Z%)'2. (52.4)

In these expression j, m, and / are the quantum num-
bers of the total angular momentum, of the z component
of the total angular momentum and of the orbital
angular momentum, respectively. ¥ .(¢,¢) is a usual
spherical harmonic of the polar angles & and ¢. 7 is the
distance of an electron from the nucleus. {,; is an effec-
tive exponent depending on the principal quantum
number # and on j. Z is a nuclear charge. a is the fine
structure constant.

In Egs. (52), each function f(r) is approximated by its
function g(r) multiplied by a proportionality constant
obtained from an exact Dirac solution by a reduction
to the zero distance from the nucleus. This approxima-
tion is justified by the fact that the greatest differences'?

between the relativistic and nonrelativistic orbitals
occur for very small distances from the nucleus, and by a
computational convenience. Equations (52) are actually
suggesting only initial trial quantities for an SCF pro-
cedure. In an actual computation further improvement
would be obtained by a variational optimization of the
effective exponents {,; as well as of the proportionality
constants f/g (later introduced as Cn,;,1,z,)-

For a better description of the atomic situation it is

13 The comparison of Schrédinger and Dirac orbitals is discussed
in Ref. 1, Sec. 144.

14 Approximated on the base of the exact solution of the Dirac
equation as given in Ref. 1, Sec. 14; for “higher” spinors see
W. B. Payne, Ph.D. thesis, Louisiana State University, 1955
(unpublished).
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recommendable to consider a finite size of the nucleus
with its specific nuclear potential.’® Then it is possible
to justify the use of “nonfractional principal quantum
numbers” used in our approximation in terms of Slater
type orbitals.!® The introduction of the specific nuclear
magnetization and charge distribution has its import-
ance in a more accurate calculation of the hyperfine
structure.!®

Considering the calculational convenience, the form
of final formulas and the Lorentz noninvariance of
Eq. (2), it seems to be a matter of discussion if a basis
spinor should be taken as a fixed combination of two
spinors of the same 7 for j=1/,4% and j=17,—%, or if this
should be taken care of by an SCF expansion (as it is
assumed in this work).

CONCLUDING REMARKS

The specific case of an atomic system is treated in
the appendices.

The treatment presented in this article is, of course,
not to be considered closed or completed. It rather
developes a background on the base of which further
new developments can be imagined.

In particular, a detailed description of the symmetry
restrictions,'® of the open-shell theory and of other
features, as well as an extension to molecular and solid
state systems, are subjects for a future treatment.

APPENDIX I

Now we shall consider an atomic system (without an
external field). We shall present the formulas for the
atomic integrals occurring in the final expressions both
for the zeroth and for the first-order approximation.

Every basis spinor X, will be considered as being
determined by #,, 75, My, Iy, {» and Z, where the first
five quantities are assigned to the pth basis spinor and
represent the usual four quantum numbers and the
effective exponent.

From the formulas (50) and (51) we can see that the
pth component of a basis spinor X, can be written as
follows:

=, ]
= ZVP—Uzc’(jpmplp; p) (Rnpj,,lpprp(r)

where #,[ p] is the pth component of an unnormalized

pth basis spinor of the form (50) or (51); N, is the

normalization factor (to be determined) for the pth

basis spinor; ® is given either by g(r) or f(r); Y is given

by the appropriate spherical harmonic; C’ is given by the

remaining factors in the spinor component considered.
More explicitly, for ® we can write

Royiplyt p25(1) = Coyiy1, 7 08t ()

=@, zpt" 7 e i

(54)

PjP ZP
where

1 for p=1,2

CopiplpZe=
(independently of other indices);
Cuyiplpzp#1l for p=3,4

and its initial trial value is given on the base of formulas
(52) or their analogs for “higher” spinors.!4

The normalization factor N, is determined by the
requirement (20), or

N, /12,,[p]u,,[p]dv= 1 (55)
Using (53) and (54) we find that
(2np)!
Npy=——3! lC (Fomplp; p) | ® (Copiptnzo)* (56)

(2¢,)2m+

In order to obtain the formulas for the atomic inte-
grals in a condensed form we introduce the notation

Xpp= N(Z’pp)rnp—le-fpfYlwlmm(d,¢) ’ (57)

where

N(Z,pp)=N ;=1 2C"(jpmlp; p) CryiplpZos

Iy, and m,, are “orbital and magnetic quantum num-
bers,” respectively, describing the spherical harmonic of
the pth component of the pth basis spinor. We require
that 1,20, —1p,Smp,<Ip,; if this is not fulfilled the
spherical harmonic ¥3,,m,, vanishes'” and hence also
an integral in whose integrand it occurs; our formulas
for the integrals were derived assuming that the require-
ment mentioned is fulfilled.

For the one-electron integrals the following formulas

(58)

X Yjmptpe(P,¢), (53) were derived (employing the Kronecker’s 8;; notation):
(nptn,)!
84,00 = O1pp.lgadmppimeeV (Z,pP) N (Z, qﬂ)m ; (59)
_ (nptn,—1)!
(u'ZNLPUZ 611);'lqcampy,mqueN(Z7Pp)N(Z!qd)——-—_— (60)

(CpE)mtne’

15 H. H. Stroke, R. J. Blin-Stoyle, and V. Jaccarino, Phys. Rev. 123, 1326 (1961).

16 Mentioned in Appendix III.
17 A related discussion is in Ref. 1, Sec. 14a.
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(for a point nucleus; a related expression would be obtained for a finite size nucleus) ;

b Rz Nz g
G)z, ,p0 = U O0my,,my ,PP o)
o (tp+sq)mrtne
Nptn, (lqa+mqa+1)(lqv‘mqv+1) 172
X[ﬁz,,,,,zqd-1<ﬂq“lqa—1_§‘p )( >
$ota (246+3) (245 +1)
N+ 14\ [ QgoFmgs) Lgo—1g0) \ /2
+alpp,lqv—l(nq+lqu—§q ! q)( : : )( ’ )) ] ) (61)
g'p‘H-q (21qa+ 1)(2lq°“ 1)
; 7o R po N (Zige) D
®z,p0,00E1Py, 04,00 = —10mpp,mgs 2po)N(Z,go)—
’ ’ * (Crkig)metna
o1\ [ Lgo=mget2) (Loeem g+ 1)\ 12
X[ialpp.lqa—H(nq_lqu_l— q >< )
$o e (204+3)(214et+1)

np+nq)((lqﬁ:mqa)(lqﬁmw“1))1/2]. (62)

q:alp,,,lq.f—1<nq+lq¢_§—q
g‘p'f'g‘q (Zlqv+ 1)(21410_ 1)

In order to present the formulas for the two-electron integrals, let us introduce some auxiliary quantities.'8
IUZ; pars; po7e) =1+ (= 1)tortlartiretier (= 1)mrrmes

X[<2zq,+1)<zzw+1) SN 6
m] (LN (Zg)N(Zpr)N(Zys0); (63)

Vi(x)=a—141; (=0, if i <O0); (64)

Casl=Catpy ot [

0

0 m :
du u"‘e‘“‘f dv vPe, (65)
0
which can also be written as!®

I at+6+1 .
Casll)= (118 g( s )t, (66)

as can be seen by an induction; C(71,72,4; m1,m2) is a Clebsch-Gordan coefficient as defined by Rose2?;

Li(pgrs; poroll)
= {(2l+3)—1[4l(l+42)+S:IVn,—i—n,—l——l(g‘r_*—g-s) Vnp+nq+l(§‘p+?q)cnr+ne—l—1,np+nq+l[(§‘r+§‘a)/<§‘p+g‘q)]
- (ZH‘ 1) Vn,.+n,~l+1 (g‘ R s) Vn,,+nq+l—2(§' p'H‘ q)cnr+n,—l+l.np+nq+l-—2[(§ & s)/ (§ p'H' q)]}
XC(1=2, lay Lpp; Mpp—Maay Maa) C(1—2, byoy Lpp; 00)C(Lls pylor; Mrr—1sgy Misp)C(lylsgylre; 00);  (67)

Io(pgrs; pore|l)
=2 Vaptng—t1-1( oHE ) Viaptn 1§ t$6) Crping—tt,npingttl §oH80)/ (§86) ]
+ Vnr+ns—l—l(fr+fs) Vnp+nq+l<§p+§'q)cnr+ns—l—1,np+nq+l[(§r+f.s)/(fp'l'g'q)]}
XC(Ul ot vos Mpp—M gy Mas)C(Llaokpp; 00)CUlsgslrrs Mrs— Moy, Msp)C(Llsg,lrr; 00);  (68)
I_i(pgrs; pare|l)
= {_ (2l+ 1) Vnp+nq—b—1(§'p+fq) V"r+ns+l(§‘7‘+g‘\?)Cnp-i—nq—l-“l,n,+n3+l[(§p+§q)/(§r+§-s)]
+ 2H-3)[4(04-2)F3]V nping—i-3( o E ) Vaprngrir2(§r-86) Crpngmt—s mptngtraa o-$a)/ (E66) T}
XC(+2, 1y, Lop; Mpo—Mga, Maa)C(I+2, Uy, Lpo; OO)C(l,lw,lrr; Mrr— Mg, mw)C(l,lw,ln; 00). (69)
18 The functions V;(x) and C.p(f) were also used for the nonrelativistic treatment. See, e.g., C. C. J. Roothaan, L. M. Sachs, and
A. W. Weiss, Rev. Mod. Phys. 32, 186 (1960).

1 C. C. J. Roothaan (private communication).
20 M. E. Rose, Angular Momentum (John Wiley & Sons, Inc., New York, 1957).
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For the two-electron integrals the following formulas were derived?!:

l=min(lpptlgo,lrrtlse)
®Bpars,pore=50mppmpr, mertmep IUZ; Pqrs; por ) P Iy(pgrs; pare|l); (70)
I=max(|lpp—lqal | lrr—Llsgl)
®aB,pars,por0= Ompptmer,mgatmagtmap W(Z; pqrs; paT o)
l=min(lpptlqet2k,lrrtlsp)
X >@ ar(eB; rs; T |DIK(pgrs; porell), (71)
k=—1,0,1 Il=max(|lpp—lgol+2%k,|lrr—1spl)

where o3 can become any of the combinations +-, ——, 00, +—, 40, —0, and the summation over  in (71) is
defined to be equal to zero if the upper limit becomes smaller than the lower limit. The explicit expressions for

the coefficients ai(aB;7s; 7¢|f) which will now be written (for brevity) as ai(ef), and the expressions for #ag,
are as follows:

miy=2;  aa(+H)=[QHD@)TL I (—metmeti) ]

©=1,2,8,

a(++)=—Q+ D L2—- D)4 (24+3)C 1T (l—l—m,,—ms,,,—i)(l—m”—l—mw—i— 1+4) ]2, (72.1)

1=0,1

a(++)=[Q+D-D][ II 3(l+mn—mw—i)]”2;

%=0,1,2,

mo==2 a(==)=[QH D@L T Ctme—mati) ]

=1,2,3,4

ao(— —)=—(214+1)"1[(21— 1)+ (20+3) Y] IT (—mrstmsp—1)(I+mpr—mso+14+4) 1125 (72.2)

=0,

a(——)=[Q+D2-1)T[ 1T 3(l—mn+ms¢—i)]“2;

1=0,1,2,

moo=0; a1(00)=[(2i+ 1)(21+3)]—1[.H (Uttrs—msgt1) (L= Mprt-mspt1) JV2;

00(00) = (2l+ 1)—1 [(2['— 1)_1(l+mrr_ms¢) (l_' mrr+ ms<p) (72.3)
+ (243) (I Mpr— Mo 1) (= mrrtms 1) ];
a1(00)=[ 20+ 1)(21— )T IT C—mrrt-moo—i) (4 mer—msp—1i) %

my_=0; a(+—)=—[QI+ 1)(21—|—3)]*1[.II Ut mer—ms 1) (—mprtms 1) J1/2= —a_,(00);
a(+—)=QI+1D)[Q2—1) H (l—myrtmsp—1)+ (214 3)71 II (U+mpr—mspt1i)]; (72.4)
au(+—)=— I:(Zl‘l" 1)(21_ 1)]——1[!1 (l_mrr+mw—i)(l+mﬂ—mw—i).__]1/2= —a;(00);

myo=1; a_1(+0)=[(2+1)(20+3) I (I+mpr—mspt DYV TT (G—=mret-mepti) ]2

+=1,2,3
(10(+0) = (2l+ 1)—1(l+mr1_ms«p)lm(l_'mrr'{‘ms‘p_l_ 1)1/2
X [(21_ 1)_1(1"— MM'_’—msp) - (21+3>_1(l+mrr_msgo+ 1):’; (72.5)
ai(+0)=—[2HD) Q=) T (0= mrrtms ) ?L T (UHmre—msp—1i) ]2

+=0,1,2

mao=—1;  aa(—0)=—[ QD+ T =mytmot )L TT Cme—megt-) 1%

=12,
ao(—0)= 20+ 1)1 (0= mrrtmsp) 2+ My — s p1-1)1/2

X [(21+ 3)~1(l_ mrr+m8¢+ 1) - (Zl__ 1)_1(l+mr'r— msv’)]; (72-6)
a(=0)=[Q+ D)D) T C+mer—ma) ?[ 1T (I—mert-msp—1i) ]2

=0,1,2

2t A description of the derivation is given in Appendix II.
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APPENDIX II

In order to outline the derivation of the formulas for
the two-electron atomic integrals let us start with
®pars,pore- Lhis integral is calculated by using the ex-
pansion?? of 1/7# in terms of spherical harmonics and
hence splitting the integral into products of feasible
radial parts and angular parts. A radial part is then
calculated in a customary way.?® An angular part can
be considered as a product of two integrals, each integral
taken over the product of three spherical harmonics; for
such integrals a formula given by Rose?* can be used.
Then we realize that?®

C(lloyd; mymam)=0, (73)
unless
A(ldel) (74)
is valid, and unless
m=my+ms. (75)
Furthermore,
C(ly,l2,; 000) =0 (76)

unless /;+15+1 is even. Hence the total expression for
the integral ®pqrs,pore Must consist of:

(1) A summation over ! only between the limits
satisfying A(lJol) for each C(ly,la,l; ma,mem).

(2) Two Kronecker’s symbols of the type &m mi+m,
which can be contracted into one symbol.

(3) The expression of the type

114 (—1)utiatistia] | (77)

for each product C(ly,ls,l;00) C(ls,l4,l; 00). Since (76)
and (77) require that l;-+75 and /51, be simultaneously
either even or odd it is necessary to perform the sum-
mation over / in the steps of two. The formula (70) is
finally obtained with the help of the definitions (63)
and (68).

Now we consider the integral Bug, pgrs,pore- This inte-
gral is of a similar type as ®pqrs,pore, €xCept that 1/7#
is substituted by Q.*Qg*r*. We are looking for an ex-
pansion of »# in terms of spherical harmonics in order
to facilitate the application of the operators Q.* and
Q¢*. This expansion can easily be obtained?® through
multiplying the expansion?” for 1/7# in terms of

2 H. Eyring, J. Walter, and G. E. Kimball, Quantum Chemistry
(John Wiley & Sons, Inc., New York, 1944), p

23 See Ref. 22, p. 103 and deﬁnmons (64) and (65) of this
article.

% Reference 20, formula (4.34).

2 For the definition of A (I/25) see Ref. 20, p. 36; for an explana-
tion of (74), (75), and (76) see Ref. 20, pp. 34 36 and 42.

26 C. C. J. Roothaan (private commumcatlon)

27 Reference 22, Appendix V.

MIROSLAV SYNEK

Legendre polynomials by

(r#)2= (r#)24 (r")2— 2r*r* cOSO*; (78)
then we can come to the expansion
4w
> Z by ") V(8% 0) Vin(9%,0%),  (79)
1=0 m=—1 2]+1
where
<)
bl )= (M ()"
(7’>)l+1
I 41 <
— Zr“r”( +— ——)] . (80)
20—1r< 21437

Now the application of the operators Q.+ and Qo on the
expansion (79) for 7#” can easily be performed, using the
known formulas.?® Hence every integral ®ag,pgrs,pore 1S
split into the four addends, each addend representing
an integral of a type similar to ®pgrs,pore, however,
with a more complicated radial part caused by the
addends in (80). Using a similar technique as for the
derivation of the formula (70), one obtains, after a
straightforward calculation, formulas (71) and (72).

APPENDIX III

Regarding the solving of Egs. (22) it is to be remarked
that the group theory could be utilized in a similar way
as in the nonrelativistic case. This can be associated
with a requirement that, e.g., in an atomic system with-
out an external field, the properly optimized spinors
transform under the (2j41)-dimensional representa-
tions D@ ({aBy}), j half-integer, of the rotation
group.?®+% Also, the ‘“averaging out” over the subspecies
represented by the quantum number m, might be uti-
lized similarly as in the nonrelativistic SCF calculation.?
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28 Reference 1, formulas (A37)-(A39).

¥ B. L. van der Waerden, Die gruppentheoretische Methode in
der Quantenmechanik (Lithoprinted by Edwards Brothers, Inc.,
Ann Arbor, Michigan, 1944), p. 100; E. O. Wigner, Group Theory
(Academic Press Inc., New York, 1959), Chap. 15; M. Hamer-
mesh, Group Theory (Addlson-Wesley Pubhshmg Company, Inc,,
Readmg, Massachusetts, 1962), Sec. 11-5.

3 Furthermore, as we know, the form of Eq. (22) is similar to
the one for the nonrelativistic SCF expansion method (for closed
shells), which might enable a utilization of some computer routines
used in current programs.



