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into a single sum : 
3 

A $ * / = Z Z pSijkpAxjc. 

These lattice sums are the first-order terms of a Taylor 
expansion around the orthorhombic nuclear coordin­
ates4,5 representing the average between the final and 
initial positions of the nuclei. Thus the accuracy of the 
calculation is much better than in the case of an expan-

I. INTRODUCTION 

TH E R E has recently been considerable interest in 
spin-lattice relaxation processes in both iron 

group and rare-earth salts. A comprehensive review of 
the theory for the rare-earth ions has been given by 
Orbach.1 Considerable experimental data on the de­
pendence on the temperature T has been given for ions 
diluted in lanthanum ethyl sulphate (LaES) and 
lanthanum magnesium nitrate (LaMN) by Scott and 
Jeffries,2 and in CaF2 by Beirig, Weber, and Warshaw.3 

The temperature dependence in specimens which are 
sufficiently dilute to show no concentration dependence 
of the relaxation rate Tf1 may usually be expressed for 
ions with Kramers' degeneracy as 

Tr^AT+Be-^w+CT9 sec"1. (1) 

Let h—hv be the energy splitting of the ground doublet, 
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sion about the monoclinic initial positions, since now 
the second-order terms of the Taylor expansion are zero 
and moreover the orthorhombic coordinates are better 
known than the monoclinic ones. The initial position 
is ro+J-Ar and the final ro—|Ar, where r0 stands for the 
orthorhombic coordinates and Ar0 for the displacements 
of the nuclei in question at the ferroelectric transition.12 

12 J. Habliitzel, Helv. Phys. Acta 12, 489 (1939). 

which is usually proportional to the applied magnetic 
field H, although hyperfine splitting becomes important 
in low fields. The first term, the "direct" process, is due 
to simultaneous electron-spin reversal and emission or 
absorption of a phonon of frequency v; for large values 
of 8/2kT it is more exactly given by 

A(d/2k)coth(3/2kT). 

The second term arises from the Orbach process in 
which a phonon is absorbed to excite the ion out of the 
ground doublet into an excited state at A, and the 
subsequent emission of a second phonon of slightly 
different energy which leaves the ion in the other com­
ponent of the ground doublet. The third term is due 
to the Raman process, which is similar to the Orbach 
process except that the intermediate state may be 
virtual so that, unlike the first two processes, the whole 
phonon spectrum is used. Under certain circumstances, 
usually only at such low temperatures that the direct 
process is dominant, the relaxation may become bottle-
necked by the creation of too many phonons in a 
narrow band at v, in which case the first term must be 
replaced by 

D{b2/4J?) coth?(b/2kT), 

which at small values of 8/2kT approaches DT2.2 
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Measurements made below 1.5 °K of the spin-lattice relaxation rate Tr1 of Nd3+ in lanthanum fluoride and 
lanthanum magnesium nitrate as a function of the separation 5 of the levels of the ground doublet give clear 
evidence for a dependence Tr1 oc 55 coth (8/2kT), as expected for the direct process. There is also a second con­
tribution at lower fields in LaF3, Traces3 coih(8/2kT), which we believe arises from "forbidden" relaxation 
transitions in the neodymium ions which have a hyperfine structure. The relaxation rate for the forbidden 
transition has been calculated, and it has been shown that under certain circumstances it can be more rapid 
than the relaxation rate for allowed transitions. There is a third contribution which depends upon the con­
centration of Nd3+ and may be due to cross relaxation to coupled pairs of Nd3+ ions. In lanthanum mag­
nesium nitrate there is a phonon bottleneck as well as the direct process. Both salts show an Orbach process 
above 2°K. A modification of the usual pulse saturation technique has been used to obtain these measure­
ments which gives some advantages over the standard method. 



D E P E N D E N C E O F S P I N - L A T T I C E R E L A X A T I O N T I M E A 1 6 9 3 

Although the temperature dependence of Eq. (1) has 
been verified in a number of rare-earth salts, little work 
has been done on the dependence of Tr1 on 5, i.e., on 
the frequency v and the field H* The parameter A is 
expected to depend strongly upon 8; B and C are ex­
pected to be independent of 5, as long as it is small 
compared to crystal-field splittings. Here we will be 
concerned primarily with the dependence of A on 8. 

Two different direct relaxation mechanisms have been 
considered. Waller5 first discussed a process in which 
the dipolar fields from neighboring paramagnetic ions 
fluctuate because of the lattice vibrations, and the 
fluctuating fields induce relaxation transitions. This 
process is generally very weak in dilute salts and 
should vary with the concentration, because a reduc­
tion in the concentration reduces the dipolar field from 
neighboring ions. A Waller process would show a 
dependence 

r r 1 ^3coth(s/2£r), 
where one power of 8 comes from the probability of 
creating or destroying a phonon of energy 5, and the 
other two from the density of states at 8. For this 
process A <* 82. 

A second direct process has been considered by 
Kronig6 and by Van Vleck,7 in which the relaxation 
transitions of the electron spin are induced by fluctua­
tions in the electrostatic crystal potential due to the 
surrounding ions, not necessarily paramagnetic. For a 
Kramers' salt there are no matrix elements of the 
crystal potential between the components of a doublet, 
and Kronig and Van Vleck considered admixtures of 
excited doublets, due to the Zeeman interaction, in 
order to obtain finite transition probabilities. This ad­
mixture introduces an additional factor proportional 
to H2, and therefore to 82, so that for this process 

Tr1oz85coth(8/2kT). 

Calculations of Tf1 for this process are found to give 
magnitudes which correspond to the experimentally 
measured values, so that it is usually assumed to be 
the mechanism of the direct relaxation. For this process 

In order to test this prediction we have measured the 
field dependence of Tf1 for the neodymium ion Nd3+ 

in both LaMN and in LaF3; the results of these meas­
urements are presented in Sees. IV and V. The low-
temperature results in LaMN are explicable in terms of 
a direct process with A<x8\ which becomes bottle-
necked at the larger values of 5. The low-temperature 
results in LaF3 show two concentration-independent 

4 D. A. Davids and P. E. Wagner, Phys. Rev. Letters 12, 141 
(1964), have measured Tr1 for Fe3+ in K3Co(CN)6 where they 
find A ozH\ H. Honig and E. Stupp, Phys. Rev. Letters 1, 275 
(1958), have worked on silicon doped with phosphorus also finding 
a term proportional to H*. 

5 1 . Waller, Z. Physik 79, 370 (1932). 
6 R. de L. Kronig, Physica 6, 33 (1939). 
7 J. H. Van Vleck, Phys. Rev. 57, 426 (1940). 

processes. The first, in which A oc 54, is interpreted as 
the usual Kronig-Van Vleck process. The second, in 
which A oc 82, is shown to be due not to the Waller 
process but rather to a process in which the admixture 
of excited states, which is needed to give a finite transi­
tion probability, is due to hyperfine interaction (hfs) 
Cfcl* J rather than the Zeeman interaction A/3H* J. As 
the hyperfine interaction has no dependence upon 8 we 
expect such a process to have 

i.e., A cc82. In fact the ratio of this new hfs process to 
the Kronig-Van Vleck process is given roughly by 

(ai/ApH)2, 

as discussed in detail in Sec. II. The hfs in some rare-
earth salts is quite large so that at fields not too much 
below those normally used for EPR the new process 
may become important. The fact that this ratio is 
found experimentally to be an order of magnitude 
larger in LaF3 is explained by a more complete theory 
which we discuss in Sec. V. 

The experimental techniques are discussed in Sec. III. 

II. INFLUENCE OF HYPERFINE STRUCTURE ON 
SPIN-LATTICE RELAXATION RATES 

Culvahouse, Unruh, and Brice8 have pointed out the 
importance of hyperfine interactions in the estimation 
of spin-lattice relaxation rates for Co44* ions in lan­
thanum zinc nitrate. They use a model in which the 
direct relaxation process in the absence of hyperfine 
structure is described in terms of a fluctuating g value. 
The introduction of a hyperfine interaction then in­
fluences the relaxation rate in two ways: There is an 
admixture of wave functions due to the static hyper­
fine interaction, and also relaxation transitions can be 
caused by a fluctuating part of the hyperfine interaction. 

In the rare-earth ions it is simpler to follow the 
approach of Orbach1 and Scott and Jeffries2 where both 
of these effects of the hyperfine interaction can be taken 
into account together. Both the Zeeman interaction 
and the hyperfine interaction are considered as static 
and part of the unperturbed Hamiltonian; relaxation is 
induced by fluctuations of the crystalline electric po­
tential caused by fluctuations in the positions of 
neighboring ions due to lattice waves. The rare earths 
are simpler to duscuss than the iron group as the spin-
orbit coupling is large, and hence / is a good quantum 
number. The static crystalline potential separates and 
admixes the different \JZ) states. Fluctuations of the 
crystalline potential cause these separations, and, more 
important, these admixtures, to fluctuate with time. 
The matrix elements of the Zeeman interaction A/?H« J 
and of the hyperfine interaction Ofcl- J are affected in 

8 J. W. Culvahouse, W. P. Unruh, and D. K. Brice, Phys. Rev. 
129, 2430 (1963); W. P. Unruh and J. W. Culvahouse, ibid. 129, 
2441 (1963). 
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the same way by the fluctuations in Jz, so that in 
terms of the model used by Culvahouse, Unruh, and 
Brice, the dynamic fluctuation of the g tensor and of 
the hyperfine interaction are closely related. Note that 
we have used d rather than the more usual notation a 
for the free ion hyperfine interaction to avoid confusion 
later on in this section with the state \a); d is related 
to the hyperfine-structure parameters A and B in the 
spin Hamiltonian as the interaction Cfcl* J becomes 

ASzIz+B(SJx+SyIy) 

in the spin Hamiltonian describing only the ground 
doublet. The diagonal elements of these two expressions 
must be the same, so for one of the states | a) of the 
ground doublet 

But 
aM(a\Jz\a)=AM(a\Sz\a). 

A(a\Jz\a)=gu(a\Sz\a), 

where A is the Land6 g factor, so that 

a=AA/gu. 

We have used M for the expectation values of (Iz) 
rather than the more usual m to avoid confusion with 
the m in the crystalline potential Vn

m-
We shall extend the calculation of the direct process 

relaxation rate to include the effects of hyperfine inter­
action. We shall assume familiarity with the Scott and 
Jeffries paper, and we shall largely use their notation, 
but it is necessary to review briefly some parts of their 
analysis. 

The fluctuating crystal potential is expanded in com­
ponents which transform like spherical harmonics: 

v^c — € 2_rf nm V n (2) 

where e is the strain produced by lattice vibrations, 
and the operators Vn

m phenomenologically describe the 
spin-phonon coupling. We have preferred to work in 
terms of operators Vn

m rather than vn
m used by Scott 

and Jeffries, where 

Vrrm=UVnm-Vn-™), 
(3) 

as the Vn
m are Hermitian, and therefore correspond 

more closely to the oscillation modes of the complex 
surrounding the rare-earth ion. The usual expression 
for the rate of the direct relaxation process given, e.g., 
by Scott and Jeffries, is 

Tu-^ (3/2irpv5h)(8/fi¥ coth(5/2^T) 
XT.nm\{a\VrT\b)\\ (4) 

For a Kramers' doublet there are no matrix elements of 
Vn

m between the two components, so that it is necessary 
to consider admixtures from excited Kramers' doublets 
due to the Zeeman interaction. We also propose to 
consider admixtures due to the hyperfine interaction. 

We shall label the components of the ground doublet 
\a) and \b), and those of the excited doublet \c) and 
\d), but in addition we shall specify the expectation 
value of (Ig)=M. 

Before proceeding with the body of the calculation 
we wish to consider some general relationships between 
matrix elements. For all of the materials in which rare-
earth ions have been studied the static crystal potential 
has rhombic or higher symmetry. This implies that the 
crystal potential comprises a series of terms: 

^crystal" 2-^nm Vn 

such that the values of m which occur never have 
adjacent values. For hexagonal symmetry in the ethyl 
sulphates, m has values 6 and 0, in the double nitrates 
6, 3, 0, and in LaF3 with rhombic symmetry the values 
are 6, 4, 2, 0. A consequence of this is that the states 
of the system do not contain all values of Jz, and in 
particular never adjacent values. Hence if there are 
finite matrix elements of Jz 

(a\Jz\c)=—(b\Jz\d), (5a) 

the matrix elements 

<a | / , | d )=<J | / , |< ;>=0 . (5b) 

A further consequence is that the only finite matrix 
elements of 7+ and / _ are 

and 

(a\J+\d)=(d\J-\a)=(c\J+\b)={b\J-\c), 

(a\J-\d)=(d\J+\a)=(c\J-\b)=(b\J+\c), 

(a\J±\c)=(d\J±\b)=0. 

(6a) 

(6b) 

The matrix elements of Vn
m are generally related as 

follows: 

(c\Vnm\b)=-(-i)»(a\Vnm\d), (7a) 

(c\Vnm\a)=(-l)n(b\Vnm\d). (8a) 

For materials where the static crystal potential does 
not contain consecutive values of m, the matrix ele­
ments (7a) vanish for even m and those of (8a) vanish 
for odd m, so that 

(c\Vn
m\b)=-(a\Vnm\d) oddm, (7b) 

(c | Vn
m | a) = (b | Vn

m | d) even m. (8b) 

If the symmetry of the crystal potential were lower 
than rhombic it would be possible to have static crystal-
field components Vn

m with adjacent values of rn. Under 
these circumstances the matrix elements (5b) and (6b) 
are not zero, and the restrictions which reduce (7a) 
and (8a) to (7b) and (8b) are not valid. The calculation 
which follows would then be a good deal more 
complicated. 

With these relationships in mind we now consider the 
Hamiltonian for the combined Zeeman and hyperfine 
interactions when the external magnetic field H is 



D E P E N D E N C E OF S P I N - L A T T I C E R E L A X A T I O N T I M E A1695 

applied parallel to the crystal axis: 

3e= (AI3H+ aM)J,+ia(J+i-+J-J+). (9) 

The finite matrix elements of the second term can be 
factorized, for example 

(a,M\iaJ+I-\d,M+l) 
= $a(a\J+\d)(M\I-\M+l). (10) 

The first term in (9) causes admixture into the ground 
doublet of excited states with the same value of M 
which produces relaxation of the "allowed" EPR 
transitions in which 

with 

xE 

A/ a =±l , A7Z=0, 

--K(AI3H+aMy 

T,nm\(a\Jz\c)(c\Vn
m\b)+(a\Vn™\dXd\J,\b)\ 

cd~ 

where 
K= (3/2xp^) (S/fty coth(S/2kT) 

(ID 

(12) 

and Acd is the energy of the excited doublet | c) and | d). 
The sum Y,cd is to be taken over all excited doublets. 
Using the relationships (5) to (8) expression (11) re­
duces to 

^-^^(AfiH+aM)2 

XY,cd-
T,fm\(a\J,\c)(c\Vnm\b)\* 

(13) 

All of the expressions for T^1 we shall derive comprise 
two terms like expression (11), one due to admixture 
of each of the excited states \c) and \d). These are 
always equal so that the expression for Tu~l always 
simplifies to an expression like (13). In what follows 
we shall give only the simpler expression. 

The second term in (9) produces admixtures of ex­
cited states with different M and causes relaxation of the 
"forbidden" EPR transitions where 

A/ ,= ± 1 , A / , = =F1. 

For example, for A/ a= + l, AIZ~-
rate is 

-1 the relaxation 

Tu-^K&T,' 
*Efm\(o,M\J+I-\d9 M+l)(d, M+l\Vnm\b, M+l) |2 

--KG?\{M\I-\M+l)\*Y,cd-
\(a\J+\d)(d\Vn™\b)\> 

(14) 

The expression for the transition 

A / 3 = - l , A7,= + l 

will be similar. 
Suppose now that the external field is applied in the 

x direction. Keeping the z axis as the crystal axis the 
Hamiltonian for the combined Zeeman and hyperfine 
interactions is 

3C= \km(J++J-)+ aJJ.+ia(J+ I-+J-1+). (15) 

In first-order perturbation theory the eigenstates of 
the Kramers' doublets become 

and 
(l/\5){|a)±|A» 

(im{\c)±\d)}. 

To avoid the confusion caused by such long notation, 
and to emphasize the essential similarity between ex­
pressions for Tid~l for the two directions of the external 
field, the new states will be labeled 

Cl/v2){ | «>+1 ft» = | a*>, 
{\/^2){\a)-\b))=\b*), 

( l / ^ ){ | C >+ |d»= |c*> , 
and 

We are interested in the matrix elements of Jz, J+, / _ 
and Vn

m between these states. The finite matrix ele­
ments are 

<a*|/.|(**>=<a|/.|e>, 

(b*\Jz\c*)=-(b\Js\d), 

(a*|/++/_|<*)= (b*\ J++J-\d*)= (a\J++J-\d), (16) 

(a*\ Vn
m\ d*)={b*\ Vn

m\c*)= - < a | Vn
m\d), 

(a* | Vn
m | c*) = (b* | Vn

m | d*) = (a \ Vn
m \ c). 

The first two terms in (15) cause admixtures which 
relax the "allowed" EPR transitions, but each term 
admixes a different component of the excited doublet. 
As the various F„m are assumed to be uncorrelated the 
two terms contribute separately giving 

Znm\ (a*\ J++J-\c*)(c*\ Vn™\b*)|2 

+4KG?M* £ c < r 

AJ 

\(a*\Jz\d*)(d*\Vnm\b*)\2 

= K(Aj3H)2Zcs 

(1/V2){|c>-| <*»=!<**>• 
+4KG?M* Zcd-

T,nm\{a\J++J-\d)(d\Vn
m\b)\2 

AJ 

\{a\Jz\c){c\Vn
m\b)\* 

(17) 
±cd 
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The third term in (15) provides relaxation of the "forbidden" EPR transitions with 

Znm\(a^M\J+I-\c^M+lXc^M+l\Vn^\b^M+l)\2 

Tu~
l=K a2 £ cd 

Znm\(a\J+\d)(d\Vn™\b)\> 
= Ka*\(M\I„\M+l)\*Zcd ^ - — — — . 

A..,2 

As one would expect, (18) and (14) are always identical, 
and at low fields (17) and (13) are also identical. 

Our primary concern in this paper is with the de­
pendence of the relaxation rate upon the applied field H. 
In addition to the explicit field dependence of expres­
sions (17) and (13) all of the rates have an implicit field 
dependence because K contains the separation 8 of the 
energy levels which is a function of field. The relation­
ship between 8 and II can be written explicitly only 
when A/3Hy>®M or A^H^aM; we shall limit our­
selves to the former as our experimental results are for 
this approximation. The value of 8 to be used in evaluat­
ing K in each of the relaxation rates is then, from first-
order perturbation theory, 

for (13) 8=(A0H+OM)(a\J,\b), (19) 

for (14) 8=(A0H+a(M+})Xa\J,\b), (20) 

(Af+I) becomes {M— J) for the other forbidden 
transition. 

For (17) fi=(Aj8ff+CtAf)<a*|/++Jr-|ft*>, (21) 

for (18) 8=(M3H+a(M+i))(a*\J++J-\b*). (22) 

Again (M+J) becomes (M—\) for the other forbidden 
transition. In these expressions the second-order cor­
rections to 8 of order d2/5 have been neglected. 

III. EXPERIMENTAL TECHNIQUES 

We have made measurements of the relaxation time 
of Nd3+ contained as an impurity in LaF3 for a mag­
netic field range of 100 to 13 000 Oe and in LaMN over 
the range of 2240 to 4580 Oe. The method used is 
essentially the observation of the transient behavior 
of the microwave paramagnetic resonance signal, which 
is just proportional to the spin polarization. We always 
examined only the single resonance line of the even-
even Nd isotopes, for which 8= g/3H. Although a number 
of different spectrometers were required to cover the 
frequency range, the basic technique, which we shall 
describe in some detail, was the same throughout. 

The pulse-recovery method of relaxation time meas­
urement used by Scott and Jeffries2 requires a large 
pulse of microwave power to saturate partially the spin 
system, and then a low-level monitoring power to ob­
serve the recovery to thermal equilibrium. This method 
suffers from the disadvantage of giving weak signals 
because the monitor power level must be very low to 
prevent any enhancement of the recovery rate by the 

microwave field. The problem is particularly severe 
when long relaxation times are involved and the power 
level must be maintained below 10~8 to 10~9 W. 

The method we have used to overcome this difficulty 
works as follows: At time /=0 the microwave field has 
been on at a high enough level and for a long enough 
time to have saturated the spins; it is then turned off 
for a measured period of time r\ after which time the 
spins have reached a polarization 

P(r1) = P 0 ( l - e x p [ - r 1 / r 1 ] ) , 

where Po is the thermal equilibrium value of P and is a 
function of both the magnetic field and temperature of 
the lattice 

Po=tmh(gl3H/2kT). 

The power is then turned on again and the signal ob­
served on an oscilloscope as the spins resaturate [Tig. 
1(a)]. The difference between the height of the signal 
when the power is first turned on again and the height 
after the spins have reached their maximum saturation 
is proportional to P (TI ) . Next the experiment is re­
peated with a longer r2 [Fig. 1 (b)], and so on for various 
values of r, including an experiment at TS>TI designed 
to give a reference signal proportional to Po. Pi is then 
determined from the slope of a plot of ln[Po—P(r)] 
versus r. The measurements of P(T) are made directly 
on the oscilloscope face. The advantage of our method 
over the pulse recovery method is that the power level 
during the relaxation process can be reduced to an 
arbitrarily low point while the power level when signals 
are observed may be as high as desired. 

In practice the microwave power can be switched off 

Spin ^ **~"%~ 
polarization s' * ' | 

Signal 

Microwave 
p o w e r - 1 I 1 —| I 1 

°~ K̂ -H H r H 

la lb 

FIG. 1. Spin polarization, signals, and microwave power as a func­
tion of time during relaxation time measurements. 
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either with a diode switch, which prevents the micro­
waves reaching the cavity, or by switching the magnetic 
field off resonance. The latter method has the advantage 
that relaxation times may be measured at fields other 
than the resonance field, but it can be used only for 
specimens with long relaxation times as it is difficult 
to switch the field appreciably in less than 5 sec.9 For 
LaF3 containing 0.1% Nd, Tx is 23 sec at 0.2°K, so 
that we were able to use this technique to measure 
relaxation times from 100 to 2100 Oe using a single 
microwave frequency of 9.7 kMc/sec in a low-tempera­
ture spectrometer operating at 0.2°K, described by 
Ruby, Benoit, and Jeffries.10 The spin polarization P 
was measured after the spins had relaxed at a lower 
field for a period of r sec by rapidly returning the field 
to the resonance value and observing the signal strength 
before the spins had time to return to thermal equi­
librium. Since it was not easy to return the field to the 
exact resonance value quickly, the field was in practice 
swept through the resonance value and the signal height 
was measured on an oscilloscope as the field passed the 
resonance value. This experiment can be done with two 
different starting conditions. Firstly, one can allow the 
spin system to come to thermal equilibrium at a field a 
little below the resonance field. Then after pulsing to 
the lower field the initial polarization P is greater than 
the equilibrium value P0 at the lower field. Secondly, 
one can allow the system to come to equilibrium on 
resonance under conditions of saturation, so that P=0. 
Then after pulsing to lower fields, P is less than P0. 
The results obtained using these two methods are in 
excellent agreement. The field was always switched in 
a time fast compared with the spin-lattice relaxation 
time so that a correction for the relaxation processes 
during switching was unnecessary. 

Measurements in LaF3 at fields above 2100 Oe and 
in LaMN were made by switching the microwave 
power rather than the field. They were made at a tem­
perature of about 1.4°K in a conventional paramagnetic 
resonance spectrometer whose frequency was tunable. 
The high-power levels permissible during signal meas­
urements made it possible to use a simple video de­
tector. However, the shorter relaxation times en­
countered, both because of the higher temperatures and 
higher fields, prevented the use of a field switching 
technique; consequently diode switches were used to 
control the microwave power. Two switches were 
needed to cover the frequency range from 8.8 to 60 
kMc/sec, one built into X-band wave guide using two 
Sylvania 1N419 diodes (these are no longer available) 
that covered the range from 8.8 to 18 kMc/sec, and a 
second in 6-mm wave guide using one type 1N270 diode 
and covering the range from 26 to 60 kMc/sec. Since 
the switches did not always give an adequate on-off 

Power out 

A 

9 Honig and Stupp4 earlier used a field switching technique in 
measuring the long T\ in phosphorus doped Si. 

10 R. H. Ruby, H. Benoit, and C. D. Jeffries, Phys. Rev. 126, 
51 (1962). 

Sliding shorf 
-53-

Atfrenuator Diode 
Sliding short 

Hybrid T 

Power in 

FIG. 2. Microwave switch with high on-off ratio. 

ratio when inserted directly into the microwave system, 
the scheme of Fig. 2 was employed.11 The system is 
essentially a bridge which may be balanced to give zero 
power output with the switch in one position. (The 
"positions" of the switch are determined by the polarity 
of the voltage across the diode.) When the switch is in 
the other position, the bridge is no longer balanced and 
output power is obtained. On-off ratios of 30 dB are 
easily obtained at all frequencies, but the insertion loss 
may be as high as 25 dB. In principle, our technique 
could be operated to advantage by turning the klystron 
off during the relaxation periods, eliminating the need 
for diode switches; but we found that, because of the 
design of our klystron power supplies, this simpler 
method was not feasible. 

IV. RESULTS FOR Nd3+ IN LANTHANUM 
MAGNESIUM NITRATE 

The relaxation measurements were made on a crystal 
of LaMN containing 1% neodymium isotopically en­
riched to 98.5% even-even isotopes. The crystal came 
from the same batch as the one used by Scott and 
Jeffries. The relaxation was measured with the external 
field in the direction perpendicular to the crystal axis 
for which gx= 2.70. For the parallel orientation the small 
value £11 = 0.36 precluded observation of resonance for 
fields available to us. Measurements were made from 
8.42 to 17.23 kMc/sec using the diode switching tech­
nique described in Sec. I l l and a tunable microwave 
cavity with video detection, except below 10 kMc/sec 
where a superheterodyne receiver was used. 

The results of Scott and Jeffries2 show that the direct 
process is seriously bottlenecked at 35 kMc/sec but not 
at 9.4 kMc/sec. In order to determine how serious the 
bottleneck was in our crystal, two measurements of the 
temperature dependence of Ti were made at the high-
frequency end of our range. The results of these meas­
urements are shown in Fig. 3. The solid curves are plots 
of the equation 

where 
Tr1 = Be-*7'V r+ r i * - 1 , 

T!*=lA(d/2k) coth(5/2yfer)]-1 

+ [_D(b/2kY coth2(5/2&r)]-

(23a) 

(23b) 

11 This method of obtaining high on-ofi ratios with relatively 
poor diodes was suggested to us by Dr. P. L. Scott. 
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Equation (23b) gives the expected behavior2 of a bottle-
necked direct process. The Raman term in Eq. (1) has 
been omitted as this was found to be insignificant by 
Scott and Jeffries,2 and the value of A in the Orbach 
term has been taken from Scott and Jeffries results. 
We have used 

£ = 9.3X109 seer1 

to fit the value of Ti = 8.6 msec at 2.61°K, which was 
found to be independent of frequency between 9 and 
12.3 kMc/sec; this compares with 6.3X109 sec-1 found 
by Scott and Jeffries. We have also used 

A = 1.66v4X 10-40 sec-^K)- 1 , 

where v is in c/sec, and D= 16, although D can be varied 
between 13 and 23 without making the fit with the 
experimental points very much worse. 

At 9.37 kMc/sec the value of A is 1.3 compared with 
1.7 found by Scott and Jeffries; and our value of D 
may be compared with that of 35 found by Scott and 
Jeffries in their crystal at 35 kMc/sec. We have previ­
ously assumed that D is a constant, but it is expected 
to be proportional to the width of the EPR line,2 and 
the lines do generally become wider at high frequencies. 
This may account for the difference between our value 
of D and that of Scott and Jeffries, as otherwise the two 
crystals are almost identical. 

The measurements of relaxation time as a function 
of frequency were made at around 1.4°K so as to make 
the contribution from the Orbach process negligible. 
As data were taken at different temperatures the 
quantity \n(A~l), where 

A-^T^d/lk) coth(d/2kT) 
~[_D{b/2k) coih(5/2kT)J- (24) 

has been plotted as a function of \nv in Fig. 4. The size 
of the bottleneck correction varies between 45% at the 
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FIG. 4. A plot of lm> versus kb4 1, where A~* is 
defined by Eq. (24). 

highest frequency and 4% at the lowest frequency. As 
A oc 54 this graph is expected to be a straight line of 
slope 4. The slope of the best straight line through the 
points is 3.8±0.3 where a large part of the error arises 
from the uncertainty in the size of D. Any possible 
variation of the size of D with frequency will lie within 
the uncertainty in the value of D, so it has been neg­
lected. These results confirm the expected 54 dependence 
of the parameter A. 

V. RESULTS FOR Nd3+ IN LaF3 

Two crystals of LaF3, containing 0.1% and 1.0% 
Nd3+ of natural isotopic abundance as an impurity, 
were obtained from Varian Associates who stated that 
the doping level is accurate to within a few percent. 
The EPR has been studied in detail by Baker and 
Rubins.12 The crystals are complicated; there are six 
inequivalent sites in the unit cell with 

and 

gz-l.356zb0.006, 

&,= 1.092±0.005, 

g2=3.11±0.03. 

The c axis of the g tensors are inclined at an angle of 
45±2° with respect to the crystalline z axis. Largely 
because of these complications, no wave functions are 
known for this salt, with the result that our interpreta­
tions of the data must be made on the basis of the field 
and temperature dependence of T\ and cannot be put 
on a firm quantitative footing. Schulz13 has studied the 
temperature dependence of the spin-lattice relaxation 
time and finds a direct, an Orbach, and a Raman 
process. The direct process is unusually weak: at 1.5°K 
and [in a field 7/=2100Oe, 2\=3sec; at T-0.2°K, 
Ti= 23 sec. It is the long relaxation time which led us to 
investigate the field dependence. 

Below ^1.5°K the relaxation proceeds only by the 

FIG. 3. A plot of InTi versus InT at two microwave frequencies v. 

12 J. M. Baker and R. S. Rubins, Proc. Phys. Soc. (London) 78, 
1353 (1961). 

13 M. Schulz (to be published). 

gz-l.356zb0.006
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"direct process" for which the temperature dependence 
is 

TuT1 ocCoth(8/2kT). 

The results of many measurements of the total relaxa­
tion rate T-r1 over the range G.18<r<3°K and at 
various values of H (for H\\z) are shown in Fig. 5 
(which includes the data of Schulz at 2100 Oe). The 
relaxation rate does vary as coth(5/2^T) below 1.5°K, 
although at most fields it was possible to show only 
that Tf1^ T because coth(5/2&r) was not appreciably 
saturated. At 2100 Oe the saturation of coth (8/2kT) is 
clearly observed, and it would seem reasonable to 
assume that the temperature dependence is the same 
at all fields. Above 2°K, T\ becomes independent of 
magnetic field and varies as exp (— 60/ T), corresponding 
to the Orbach process. The data for the field dependence 
of T\d~l for H parallel to z have been reduced to T=0 
by plotting tanh (8/2kT) T\<rl as a function of H in Fig. 6. 
The solid curve is the reduced relaxation rate 

Tur1 tanh(5/2&r) = 0.86X 10~4C2#+2.1X 10~12#3 

+4.5X10- I9#5sec-S (25) 

where C is the percent concentration of the neodymium 
ions, and H is the field in Oe. 

There can be little doubt that the term in Hh is the 
Kronig-Van Vleck process, as that is the only process 
which is expected to have such a field dependence. The 
Hz term could be due to a Waller process, but it is too 
large by several orders of magnitude and does not have 
the concentration dependence one would expect for the 
Waller process. We propose to show that it is probable 
that the Hz term arises from the hfs relaxation process 
discussed in Sec. II. We shall also briefly discuss the 
possibility that the contribution which varies as C2H 
is due to cross relaxation to pairs of closely coupled 
neodymium ions. 

FIG. 5. Observed relaxation 
rate versus absolute tempera­
ture at several H fields for 
0.1% Nd3+ in LaF3. The data 
shown as ( • ) are for 1% Nd3+ 

in LaFg. 
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The relaxation rate for the Kronig-Van Vleck process 
in LaF3 is an order of magnitude smaller than it is in 
LaES for H parallel to z. The value of Acd=60°K for 
the first excited doublet, from the temperature de­
pendence of the Orbach process, is considerably smaller 
than the value for Nd in LaES. Hence it appears that 

<0|/.|*X*|7n*|i> 

must be considerably smaller in LaF3. 
To explain the H* term we suggest that the relaxation 

rate of the "forbidden" transitions for neodymium ions 
with hfs (20% of Nd isotopes have 7^0) given by ex­
pression (14), is greater than that of the ions without 
hfs for which the rate is given by expression (13) with 
Ci equal to zero. These ions then relax by cross relaxa­
tion to those with hyperfine structure, since the para­
magnetic resonance lines overlap. The mechanism we 
envisage is illustrated by Fig. 7. When an ion without 
hfs makes a transition from its upper to lower state one 
of the "allowed" transitions a occurs for an ion with 
hyperfine structure [transitions b and c occur also but 

1.0 
T(°K) 

FIG. 7. Schematic energy level diagram showing the allowed transi­
tions "a" and the forbidden transitions "6" and "c." 
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with a considerably lower probability by a factor of 
{d/hv)2~\. The ion with hyperfine structure then relaxes 
by a rapid transition b or c. 

In the relaxation measurements we observe the re­
covery of the signal from one of the six ions in the unit 
cell which has no hyperfine structure. Hence 13% of all 
of the Nd ions contribute to this signal. The relaxation 
times observed are so long that it is probable that all 
of the forbidden EPR lines of all of the isotopes with 
hyperfine structure contribute to the cross-relaxation 
process. As the relaxation rate is proportional to d2, 
Nd143 ions relax about three times as rapidly as Nd145 

ions, so we assume that the 12% Nd143 ions are mainly 

responsible for the cross relaxation. Hence, there are 
about as many rapidly relaxing ions as there are ions 
contributing to the EPR line, so the relaxation rate of 
the latter becomes nearly equal to that of the fast 
relaxers. If the cross-relaxation rate is much faster than 
either the rate Tuie)*1 for ions without hfs or the rate 
Tid(p)~l for the forbidden transitions for those with 
hfs, the observed relaxation rate is given by 

Tx-
l=Tu{o)-l+Tid(ey+ 

= C i # 3 coth(5/2kT)+C2H
5 coth(8/2kT), (26) 

where from (14) and (20), and neglecting ClM in com­
parison with A/3H: 

3(A/3)3 | (a | / z |6) |3 f Znm\{a\J+\d)(d\Vn™\b)\* 

d = a2 Cl(Ml/-]if+i)l2]avZc. 
2irpvbhA 

+l\(M\I+\M~l)n,Zcd ' — , (27) 

and from (14) and (20) with e = 0 ; 

3(A0)«|<a|/,|6>|« 
C 2 = -

2irpvhW 
- 4 (A/3)2 

_ Y,nm\(a\Jz\c){c\Vrr\b)\* 
XZcd . (28) 

[ | (M12_ | M+1) 12]av is the average value of 

| < M | / _ | A f + l > | 2 

over all values of If, and is 21/2 for 1= J ; 

U(M\I+\M-l)\^m 

has the same value. One may roughly estimate the ratio 
of the two contributions in (26) to be of order 
(Cil/ApH)2. Using the spin-Hamiltonian parameters for 
any of the Nd salts listed by Bowers and Owen14 one 
obtains for 

a=AA/gu = 235 Mc/sec 

for Nd143. Using this value we obtain 

( a l / A m ) 2 = 6 . 6 X 10 5#- 2 , 

predicting a ratio 

d / C 2 = 6 . 6 X 1 0 5 . 

The experimental values of C\ and Ci from Eq. (25) 
give a ratio of 4.7 X106. This difference may be ac­
counted for by the values of the matrix elements in 
(27) and (28). To get the experimental value of Ci/C2 

one requires that 

Y.nm\{a\J+\d)(d\Vn
m\b)\2+\{a\J4d)(d\V^\b)\' 

scd 

, . _ -£M\(a\J.\c)(c\Vs\b)\* 
— ^4 2-t cd • (2vj 

Acd2 

The long relaxation time indicates that the matrix 
elements on the right-hand side of this expression are 
smaller than usual for neodymium so that the relation­
ship is not unreasonable. Although one cannot evaluate 
the matrix elements one can from experimental meas­
urements obtain some further information. The value 
of Tr1 in the region where the H5 term dominates was 
measured with H perpendicular to the z axis. The 
values of Tr1 for H parallel and perpendicular to the z 
axis were roughly in the ratio of the squares of the values 
of E needed for resonance. The measurements were 
done at the same frequency so that d and K remained 
constant. Comparison of Eqs. (13) and (17), when 
(£=0, shows that the experimental ratio leads to 

2-^c 
Znm\(a\J++J-\d){d\Vn<»\b)\* 

" K. D. Bowers and J. Owen, Rept. Progr. Phys. 63, 304 (1955). 

Z~\{a\J.\G)(c\Vn~\b)\* 
= 4 E r f . (30) 

Hence from (29) and (30), 

Z,»~\(o\J+\d)<d\V1r\b)\*+\(o\J-.\d)(d\VS>\b)\* 

T,m>\{o\J++J-\d)(d\Vnm\b)\* 
= 8.5E«i • (31) 
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If one assumes as an approximation that only the 
lowest excited state contributes appreciably to the 
sums in Eq. (31) one requires that 

\(a\J+\d)\>+\(a\J-\d)\>=S.S\(a\J++J-\d)\> 

or 

<a|/+|<*)=-r<a|J_|i>, 

The crystal field in LaF3 has rhombic symmetry so 
that the states all comprise admixtures of the form 

a | ± | ) + / 3 | ± | ) + 7 | ± | ) + 8 | = F | ) + e | = F | > . (33) 

It is possible to choose coefficients in expression (33) 
to satisfy either condition (32). We conclude therefore 
that it is possible for cross relaxation to the forbidden 
hyperfine lines to be responsible for the H3 term, but 
this could be proved only by an experiment on a sample 
enriched in even-even isotopes. 

It is interesting to note that the mechanism we 
envisage for relaxation can only occur if 

\(a\J+\d)\ = \(a\J-\d)\. 

If one of these matrix elements is much bigger than the 
other, only one of the diagonal relaxation processes in 
Fig. 7 is rapid, say b. The saturation of transitions a 
which occurs when even isotopes cross relax then pro­
duces a dynamic nuclear polarization similar to that 
described by Abragam.15 Throughout this polarization 
process each relaxation transition b maintains the 
Boltzmann distribution between the two states it con­
nects; so when the saturating pulse is turned off and 
the system is left to relax, it does so at rate TiaT1. This 
is no faster than the relaxation rates of the even iso­
topes so that cross relaxation will not appreciably 
shorten the relaxation time. If both transition proba­
bilities b and c are comparable no nuclear polarization 
is set up and the system relaxes with a rate 

15 A. Abragam, Phys. Rev. 98, 1729 (1955). 

The fact that the term in II coth(8/2kT) depends 
upon the concentration C suggests that it is due either 
to pairs (or larger clusters) of neodymium ions to which 
isolated ions rapidly cross relax, or to a process in 
which the cross relaxation itself is the bottleneck in the 
relaxation of isolated ions. The coth(5/2&r) dependence 
eliminates the latter possibility because cross-relaxation 
processes are temperature-independent. However, the 
relaxation rate of isolated ions (of which there are C 
per unit volume) by cross relaxation to pairs (of which 
there are C2 per unit volume) ought to vary as C and 
not as C2. The reason for this discrepancy is not 
understood. 

VI. CONCLUSIONS 

The theory of relaxation by the direct process de­
veloped by Van Vleck, and later by Orbach, is based on 
a model which assumes that the paramagnetic ion is 
situated in a simple electrostatic potential due to the 
surrounding ionic charges. Such a simple model appears 
to describe the situation in the rare-earth group rather 
well. The two crystals which we have measured are 
probably as close to ionic crystals as it will be possible 
to find among hosts for paramagnetic impurity ions, so' 
they are well suited to test the theory. Both crystals 
give very clear confirmation of the relaxation rate 
oc55 coth(8/2kT) predicted by the theory. 

In addition, the results for LaF3 show the important 
role that can be played by ions with hyperfine structure. 
At sufficiently low values of the external field (which 
for LaF3 turns out to be about 2.2 kOe) ions with hyper­
fine structure may relax at a rate oc 53 coth(8/2kT). Ions 
without hyperfine structure can relax by cross relaxa­
tion to those with hyperfine structure. 
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