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In connection with the problem of combining the relativistic invariance and internal symmetries, it has 
recently been shown by McGlinn and others that the mass splittings within a spin-degenerate multiplet are 
not possible via a theorem that states that, if an internal symmetry group commutes with the homogeneous 
Lorentz group, then it must commute with the translation group. Rather than considering the two subgroups 
of the inhomogeneous Lorentz group separately, if we consider the invariants of the whole group we find that 
it is not the generators M^v but rather the pseudovector w„=i€flv\aM

v'Kp(r that is related to the spin of a 
particle. We show that if the set of generators of an internal symmetry group (assumed to be simple) com­
mute with Wp, then they have to commute with every generator of the inhomogeneous Lorentz group. 
Thus, the mass splittings are not possible. A few related theorems are also derived. 

I. INTRODUCTION 

THERE have recently appeared several papers1 

concerning the possibility of combining the 
inhomogeneous Lorentz group L and an internal 
symmetry group S into a larger invariance group G 
such that the mass splittings within a multiplet of 
particles are the manifestation of an exact invariance 
under the group G. Since the particles in a multiplet 
have same spin but different masses, the group G which 
contains the groups L and S as its subgroups must be 
such that the generators of S commute with the 
generators of L that are related to spin, but do not 
commute with the generators of L that are related to 
mass. The group G must at least be larger than a direct 
product of L and S. 

However, McGlinn2 has recently shown that G in 
fact can only be a direct product of L and S under such 
conditions. Under the assumption that the group G 
has a Lie algebra3 G whose elements can be linearly 
expressed in terms of the elements of the algebras L and 
S, he has proved that, if all elements of S commute with 
the homogeneous Lorentz algebra (spin degeneracy), 
then they have to commute with the translation algebra 
(mass degeneracy). It has been further shown4-6 that, 
if only a complete set of commuting elements of 5 
commutes with the elements of L, the same conclusion 
is reached. 

That a nontrivial coupling of L and S is at least 
mathematically possible has been shown by Sudarshan.7 

* Work supported by the U. S. Atomic Energy Commission. 
1 F. Lurcat and L. Michel, Nuovo Cimento 21, 574 (1961); 

Proceedings of the Coral Gables Conference on Symmetry Principles 
at High Energy, edited by B. Kursunoglu and A. Perlmutter 
(W. J. Freeman Company, San Francisco, California, 1964); A. 
O. Barut, Nuovo Cimento 32, 234 (1964); B. Kursunoglu, Phys. 
Rev. 135, B761 (1964). 

2 W. D. McGlinn, Phys. Rev. Letters 12, 467 (1964). 
3 We shall use the same notation for a Lie group and correspond­

ing Lie algebra. 
4 F. Coester, M. Hamermesh, and W. D. McGlinn, Phys. Rev. 

135, B451 (1964). 
5 M. E. Mayer, H. J. Schnitzer, E. C. G. Sudarshan, R. Acharya, 

and M. Y. Han, Phys. Rev. 136, B888 (1964). 
6 A. Beskow and U. Ottoson, Nuovo Cimento 34, 248 (1964). 
7 E. C. G. Sudarshan, J. Math. Phys. (to be published). 

Under an assumption8 that only one element of S 
commutes with all elements of L (corresponding to the 
existence of at least one absolutely conserved quantum 
number, namely, the electric charge), he has proved 
that the algebra G is a direct sum of S and L, where L 
is a sum of L and a certain linear combination, which is 
isomorphic to L, of the elements of 5. He has further 
shown that, however, if only the unitary representations 
of G are considered, then L becomes identical with L 
a n d G = L 0 S . 

As is well known, the handling of the translation and 
the homogeneous Lorentz group separately may be 
misleading since the two invariants which can be con­
structed out of M^, namely, M^M^ and e^xJf^ilf x<r, 
have no clear physical meaning and, furthermore, are 
not invariants of L since they do not commute with p^ 
When the (proper) inhomogeneous Lorentz group is 
considered as a whole, there are in general four in­
dependent scalars9: 

where 
v^M^f, (2) 

w^h^M^p*. (3) 

Of these, the last two do not commute with p^ and only 
the first two are the well-known invariants of the group 
L which are related to the mass and spin of an elemen­
tary relativistic system. The w^s satisfy the commuta­
tion relations 

[_M^J= i^aW^— b^Wy) , (4) 

[wv,#,]=0, (5) 

[w^wj=tepvkJ&p' - (6) 

In this paper, we investigate the consequences of 
replacing the generators M^v of the homogeneous 
Lorentz group by the pseudovector w^ in the require­
ment of spin degeneracy of a multiplet. Keeping the 

8 U. Ottoson, A. Kihlberg, and J. Nilsson, Phys. Rev. 137, 
B658 (1965). 

9 Iu. M. Shirokov, Zh. Eksperim. i Teor. Fiz. 33, 861 (1957) 
[English transl.: Soviet Phys.—JETP 6, 664 (1958)]. 
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assumption that the algebra G is linearly closed under 
the algebras L and S, we show that, if the set of gen­
erators of S commute with w^ then they have to 
commute with every generator of L. Thus, the algebra 
G is a direct sum of the algebras L and 5 , and no mass 
splittings within spin-degenerate multiplets are possible. 
We further prove a few theorems that show that the 
same conclusion may be reached under much (math­
ematically) weaker conditions. 

II. THEOREMS 

Lemma: Let Si be any generator of an internal 
symmetry group S. If 

[ & , < ] = 0 (7) 
for all c, then 

[•* ,* , ]=0 (8) 
and 

[5 i , i f M J = E 6 ^ x # x . (9) 
x 

Proof: From the definition of ze>M, (3), the assumption 
(7) can be written as 

€aliV\lSi,M/iV']px+ e0ilv\MpV[Si,p\2=0. (70 

By hypothesis, we can write most generally, 

LSijpul= £ &iii\p\+JL. ainapMap+Y, ailikSk, (10) 
X a/3 k 

[ 5 , - , i f M J = X ) bipv\p)i+7L binrapMap+Y, biflv1cSk. ( 1 1 ) 
X a/3 k 

Substituting (10) and (11) into (70, we see that the 
assumption (7) involves a linear combination of 
bilinear products of the generators p^p,, M^Map, 
Mpvpx, Sipn, and SiMMv These bilinear products are 
elements of a tensor (enveloping) algebra of the original 
Lie algebra G and they are linearly independent by a 
theorem concerning an enveloping algebra of a Lie 
algebra.10 From the linear independence of these 
products, we see immediately that 

aillk=0 (12) 
and 

bip,k=0. (13) 

From (5), (7), and (10), we have 

[w\, [ £ t - , £ M ] ] = — i L dina^^\Wa — da\W^) = 0 ( 14 ) 

and 
0;/ia/3=O. (15) 

Likewise from (4), (7), and (11), we have 

[«>x, [SfcAf/wOH — i E 6*Mvais(5/Jxw«—5«xW/3) = 0 (16) 

10 For the definition of a tensor algebra of a Lie algebra and the 
linear independence of products of the generators see, for example, 
N. Jacobson, Lie Algebras (Interscience Publishers, Inc., New 
York, 1962), pp. 155-156. More generally, this follows from the 
Poincare-Birkhoff-Witt theorem concerning the universal envelop­
ing algebra of a Lie algebra. (N. Jacobson, ibid., pp. 156-163). 
I am grateful to Dr. F. Coester and Dr. W. D. McGlinn for their 
communications bringing the Poincar^-Birkhoff-Witt theorem 
and its relevance to my attention. 

and 
bi»vafi=0. (17) 

The result (17), namely, that [S^My, J does not contain 
Mc^'s, then yields, by the linear independence of the 
bilinear products, 

0.7*=0. (18) 

Thus, we have proved that 

Ds^]=o, (ioo 

x 

I t should be noted that this Lemma is proved for a 
fixed element Si of the algebra S. No properties of the 
group 5 have been used in the proof. From this Lemma, 
it is now easy to prove the main theorem. 

Theorem 1: Let Si be the set of generators of an 
internal symmetry group 5 . If 5 has no Abelian factor 
groups and if 

[ & , < ] = 0 (19) 
for all (7, then 

[ 5 ^ ] = 0 (20) 
and 

lSi,M^>0. (21) 
Thus, 

G=L@S. (22) 

Proof: The first part of the theorem, (20), follows 
trivially from the Lemma. Now from (100 and (110 
(in this case, the index i is not fixed), we have 

[ [5 < , 5y] J J f^ ]=0 . (23) 

Therefore, if the group 5 is such that every element Si 
can be expressed as a linear combination of commutators 
[Sy,SV], then 

ZSi9M^>0. (24) 

The groups which have the said property are shown 
to be those groups with no Abelian factor groups and 
this includes the class of semi-simple groups.11 The 
equations (100 a n ( i (HO show that, even for those 
cases in which 5?s do not commute with Af M„, they may 
still commute with p^ leading to no mass splittings. 
This supplements the McGlinn theorem.2 

We now prove that the conclusion G=L@S may be 
obtained under much (mathematically) weaker assump­
tions. I t will be shown that it is sufficient to assume 
that a complete set of the Cartan subalgebra commutes 
with Wp and still further that, provided only unitary 
representations of G are considered, only one member of 
the Cartan subalgebra commutes with Wp. To this end, 
we first derive the following theorem: 

Theorem 2: Let the Lie algebra S be simple and Hi 
be a member of the Cartan subalgebra. If 

Dffi,w,]=0 (25) 

11 See remarks following Theorem 1 in Ref. 5. 



M A S S S P L I T T I N G S W I T H I N S P I N - D E G E N E R A T E M U L T I P L E T S B 691 

for all <r, then 
[JTi,A,]=0 (26) 

and 
[HuM^O. (27) 

Proof: For a simple Lie algebra 5, there exists a 
Cartan-Weyl basis #*, E« such that 

[ff,,ffm]=0, (28) 

[ff i ,£j=fi(a)£«, (29) 

[£«,£-«] = £ r,(a)ffi, (30) 
z 

[Ea,E{] = Na(&*-fi\ ri(a)+n(p)^0. (31) 

The proof here follows closely those of Refs. 5 and 7. 
From the Lemma, we have 

[ F j ^ J - 0 , (32) 

[ H i ^ i H E & W x . (33) 
X 

Let us write 

|3 m X 

H-E^^Af^ . (34) 

Since 
[Hi , [£« ,#J ]=r i (a ) [£ a , ^ ] , (35) 

it follows that 

L ^a<r /3{^ l (a ) — ^ l ( / 3 ) } £ ^ + Z ) ri{a)ca<rmHm 

ft m 

txv X 

— £ ^«(TM^IM»'X}^X=0. (36) 

For those Ea
}$ for which ri(a)^0, comparing coeffi­

cients, we obtain 

[ E a , ^ ] = E ^ ^ { n ( a ) - n 0 5 ) } ^ . (37) 

If, on the other hand, ri(a) = 0 for some Eaj we can find 
ft and 7 such that ri(p)=—ri(y)9*0, and using (31), 
we have 

N(>ylEa,P*l= [Efi9 [ £ „ * , ] ] + HEM J , E7J. (38) 

Using (37) for [ E ^ J and [E^pJ], since fi(/3)^0 and 
*l(7)^0 by construction, we can deduce a general 
expression 

[£«,£,] = 23 c a ^{r i (a) - f i ( j8)}^ 

+E^*8{f i (a )}f f« . (39) 
m 

Considering the Jacobi identity 

IJ?I, lE^M^n&ZE^M^+Z h^LEajpxl, (40) 
x 

together with the expression (39) and the expansion of 
[Ea,Mpv'] similar to (34), we can deduce that generally 

[E«,Jkf^] = i : daM,ffi{ri(a)-n(fi)}Efi 

+E S{r!(a)}Fm. (41) 
m 

Now, from the identity 

[[Ea,E_«], J k U = £ nW[F z ,M M J , (42) 

we can then deduce that 

V x = 0 . (43) 

Corollary 1: Let the Lie algebra S be simple and Hi be 
the complete set of the Cartan subalgebra. If 

lHhw0~]=§ (44) 
for all cr, then 

[ F i , ^ ] = 0 , [ H i ^ J ^ O (45) 
and 

[£« ,&]=0, [£„,if J = 0 . (46) 
Thus, 

G=L©S. (47) 

Proof: The first part (45) follows trivially from the 
Theorem 2, The second part, (46), follows from the 
first part by the Theorem 2 of Ref. 5 (also Refs. 4 and 6). 

This corollary, of course, covers the Theorem 1 
above, but it serves to show that the assumption (19) 
may be replaced by the assumption (44). 

As mentioned earlier in the Introduction, if only one 
element of 5 commutes with all elements of L, then 
G==JL©5, provided one restricts oneself to only unitary 
representations of G. Since no generality is lost by 
taking the one element to be Hi, Theorem 2 directly 
leads to Corollary 2. 

Corollary 2: Let the Lie algebra 6* be simple and Hi 
be a member of the Cartan subalgebra. If 

[ i l i , < ] = 0 (48) 
for all <r, then 

G=L@S, (49) 

provided only unitary representations of G are con­
sidered.7 

The results of this work, along with those of other 
authors mentioned above, show extreme difficulties 
encountered in an attempt to combine the space-time 
and internal properties of the membersj)f an internal 
multiplet. 
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