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Parallel Pumping of Europium and Yttrium Iron Garnets at Low Temperatures 
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The spin-wave dispersion and relaxation properties as well as magnetoelastic and elastic properties of 
europium iron garnet (EuIG) and yttrium iron garnet (YIG) are measured at low temperatures and at 
about 17 Gc/sec using the parallel-pump technique. Eu3+ ions have unusual magnetic and relaxation char­
acteristics in large exchange fields, and the effect of these ions on the spin-wave spectrum of the iron lattice 
is of interest. Also, the large effective magnetoelastic coupling constant of EuIG along [111] should have a 
marked effect on the character of the threshold curve as well as the magnon-phonon interaction notch. 
We find that the spin-wave linewidth of YIG is less than that of EuIG and that the three-magnon con­
fluence process does not account quantitatively for the ^-dependent linewidth at low temperatures. The 
exchange constant of EuIG is predicted quite well from the known magnetic properties of the Eu3+ ion and its 
expected effect on the spin-wave spectrum of the iron lattice. The large magnetoelastic coupling constant 
of EuIG along [111] makes the threshold curve quite anomalous. It shifts the longitudinal notch to higher 
k values, yielding an erroneously high exchange constant. Also, the shear-wave notch is absent, possibly be­
cause the spin-wave instability merges smoothly into the elastic-wave instability. Along,[100], the coupling 
constant of EuIG is much smaller and a normal threshold curve is obtained. For YIG, the magnetoelastic 
coupling constants derived from parallel-pump measurements are significantly higher than those obtained 
from strain-gauge measurements. This might be due to the lower temperature at which the parallel-pump 
measurements were done. For EuIG, the agreement between the two kinds of measurements was reasonably 
good. The elastic Q increases with decreasing temperature for both garnets and is larger for YIG than for 
EuIG, as expected. 

INTRODUCTION 

THE narrow magnetic-resonance linewidth found1 

for europium iron garnet (EuIG) at low tempera­
tures made it appear possible to do parallel-pumping2,3 

experiments on this material at reasonable power levels. 
Our interest in such experiments was to measure some 
of the magnetic and elastic properties of EuIG at high 
frequencies and to compare these properties of EuIG 
with those of yttrium iron garnet (YIG). In parallel-
pumping experiments, spin waves with well-defined 
wave vectors (k) are excited by applying an rf magnetic 
field of sufficient intensity parallel to the dc magnetic 
field. The experimental results are usually summarized 
by a threshold curve which shows the rf field intensity 
required to initiate the spin-wave instability as a func­
tion of the k value of the excited spin wave. Such experi­
ments yield considerable information about the mag­
netic and elastic properties of a ferromagnetic insulator. 
For example, the relaxation characteristics of spin waves 
can be studied as a function of the wave vector since k 
varies with dc magnetic field intensity. Also, spin waves 
can couple to shear and longitudinal elastic waves of 
the same frequency and wave vector.2'4 This coupling 
causes, at certain dc magnetic fields, a sudden increase 
in the rf field intensity required to initiate instability. 
Since the wave number of the elastic wave can be found 
from its velocity, these notches in the threshold curve 

* Present address: Lockheed Research Laboratories, Palo Alto, 
California. 

1 R. C. LeCraw, W. G. Nilsen, J. P. Remeika, and J. H. Van 
Vleck, Phys. Rev. Letters 11, 532 (1963). 

2 E. Schlomann, Raytheon Company, Research Division, Tech­
nical Report No. R-48, 1959 (unpublished) E. Schlomann, J. J. 
Green, and U. Milano, J. Appl. Phys. 31, 386S (1960). 

3 F. R. Morgenthaler, J. Appl. Phys. 31, 95S (1960). 
4 E. H. Turner, Phys. Rev. Letters 5, 100 (1960). 

serve to identify the wave number of the spin waves 
excited at certain dc fields from which the exchange con­
stant in the dispersion relation for spin waves can be 
determined.5-6 The height and width of the notch also 
yield information about the magnetoelastic coupling 
constant and about the elastic losses in the sample.6 

Such measurements have been reported for yttrium 
iron garnet by Olson7 down to 77°K and for lithium 
ferrite by Cornstock and Nilsen8 at room temperature. 

The present paper reports some parallel pumping 
experiments on EuIG and YIG at 4.2 and 20.4°K. At 
these low temperatures the magnetic-resonance line-
width of EuIG is quite small (less than 1 Oe) since the 
relaxation effects of the J=0 ground state of Eu3+ are 
small and the 7 = 1 state essentially is not occupied. 
Also, this ground state exhibits only an induced mag­
netic moment originating from the off-diagonal elements 
of the magnetic-moment matrix. This induced magnetic 
moment is coupled antiferromagnetically to the tetra-
hedral ions in the iron lattice so that the total magnetic 
moment of EuIG is less than that of YIG.9 Indeed, part 
of our interest in comparing EuIG and YIG is to deter­
mine the effect of an ion with an induced moment in the 
rare-earth site on the magnetic and relaxation charac­
teristics of the iron lattice. In addition, EuIG has a 
very large magnetoelastic coupling constant along 
[111], and its effect on the interaction between spin 
waves and elastic waves is of interest. 

5 R. C. LeCraw and L. R. Walker, J. Appl. Phys. 32, 167S 
(1961). 

6 F. R. Morgenthaler, J. Appl. Phys. 34, 1289 (1963) [Part 2). 
7 F. A. Olson, J. Appl. Phys. 34, 1281 (1963) [Part 2]. 
8 R. L. Comstock and W. G. Nilsen, Phys. Rev. 136, A442 

(1964). 
9 W. P. Wolf and J. H. Van Vleck, Phys. Rev. 118,1490 (1960). 
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EXPERIMENTAL PROCEDURE 

The experiments were done in the way described in an 
earlier paper by Comstock and Nilsen8 on the parallel 
pumping of lithium ferrite. The EuIG was taken from 
the same batch as the pure sample used in the ferromag­
netic linewidth measurements reported in Ref. 1. The 
YIG was similar in purity to that used by LeCraw and 
Spencer10 to study the relaxation of the uniform preces­
sion. The polished spheres were about 1 mm in diameter 
and, for the experiments along the [111] axis, were sup­
ported loosely by a Teflon holder at the center of a full 
wavelength reflection cavity. The spheres were free to 
rotate and align themselves with the easy [111] 
axis along the dc magnetic field. Besides ease in aligning 
samples, the [111] orientation has two advantages over 
the [100] orientation provided the magnetoelastic 
coupling constant is not too large. First, the spin waves 
can couple to longitudinal elastic waves as well as to 
shear waves,8 which makes it possible to determine k 
at one additional magnetic field intensity. Second, the 
effective magnetoelastic coupling constant along [111] 
involves both B\ and B% in different combinations for 
the shear and longitudinal notches so that both B's 
can be determined from the same threshold curve. 

For EuIG, the coupling constant B\ is very large11 

which makes the threshold curve taken along [111] 
quite anomalous (Figs. 3 and 4). For this reason, a 
threshold curve was also measured on EuIG along 
[100] where the effective magnetoelastic coupling in­
volves only Bi and is much smaller. A more normal 
threshold curve was obtained in this case (see Fig. 5). 
For this experiment, the sphere was aligned and mounted 
in the cavity so that both dc and rf magnetic fields were 
along the [100] direction of the garnet. A high pump 
frequency (cop~ 34.7 Gc/sec) was used so that the sample 
remained magnetically saturated over the dc fields 
(and, therefore, k values) of interest. At the same time, 
the high pump frequency used ensures that the longi­
tudinal- and shear-wave notches are well separated 
from each other and from the minimum of the threshold 
curve. The rf magnetic susceptibility of the parallel-
pump instability was considerably less for EuIG, but 
relaxation oscillations were easily observed in the in­
stability regions. In order to obtain high rf-field 
amplitudes without heating the sample, short (~100 
ptsec) microwave pulses were employed with low repeti­
tion rates (^30 pulses/sec). The reflected pulses were 
monitored on a wide-bandwidth oscilloscope on which 
the susceptibility and relaxation oscillations were 
observed. 

EXPERIMENTAL RESULTS 

The threshold rf magnetic field for spin-wave in­
stability in parallel-pump experiments is given by2 

10 R. C. LeCraw and E. G. Spencer, J. Phys. Soc. Japan 17, 
Suppl. B-l, 401 (1962). 

11 S. Iida, Phys. Letters 6, 165 (1963). 

min 

where o)py the pump frequency, is equal to twice the spin-
wave frequency, A#k the linewidth of the spin wave 
being pumped, and 0k the angle between k and the static 
magnetic field (H). The quantity com is defined below. 
The dispersion relation for spin waves is derived for 
EuIG in Appendix A and is given by 

&Mi+34M^M")(t-k)l 
X j#/l+—WMM10+2/3M2oVk.k) 

r(M10+M20)
2-n 

+47r(sin%) , (2) 
L Mio J J 

where Hiy the internal magnetic field, includes the 
shape demagnetizing field and the anisotropy field, 
and M20/M10= (M2o/M10) sgnM20-M10. The quantities 
p and £ are calculable constants which depend on the 
relative locations of the iron ions for # and iron and 
europium ions for 0. The gyromagnetic ratio of the iron 
sublattices is denoted by 7Fe- The resultant magnetic 
moment M is given by (Mi0+M20), where M10 is the 
resultant dc magnetic moment of the iron sublattices 
and M2o is the total dc magnetic moment of the Eu3+ 

ions which is opposite in sign to M10. For YIG, M20 is 
zero so that in this case Eq. (2) reduces to the ordinary 
spin-wave dispersion relation.2 

As can be seen from Eq. (2), the Eu3+ ions have two 
effects on the spin-wave dispersion of the iron lattice. 
First, the effective magnetic field is reduced by a factor 
of (l+M20/Mio). Second, the intrinsic exchange con­
stant JD=/*MIO+2/3M20 is increased by a factor of 
(1+2/3M2O/MMIO). For convenience in writing subse­
quent equations, we define an effective gyromagnetic 
ratio 7eff=7Fe(l+M20/Mio) and an effective exchange 
constant Dea=D/ (1+M20/M10). With these definitions, 
Eq. (2) can be written in the form 

W27 eff)2= (Hi+D^iHi+DeuV+^M sin20A), (3) 

which more closely resembles the conventional2 dis­
persion relation for spin waves. The quantity com used 
in Eq. (1) is equal to yeu4:TrM. 

Figures 1-5 show, for EuIG and YIG at 4.2 and 
20.4°K, a graph of the instability threshold normalized 
to the minimum threshold at k near zero, as a function 
of \HC— H\1/2. Here, Hc is the applied magnetic field 
for minimum threshold. For static magnetic fields 
small enough so that k>0 (H <.HC in Figs. 1-5), Eq. 
(1) shows that the excited spin waves propagate at right 
angles to H(0yt; = 7r/2). The relation between wave num­
ber and dc magnetic field for spin waves is from Eq. (3) : 

k=l(Hc-H)/DeiiJ
/2 (4) 
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FIG. 1. The parallel-pump threshold curve with H parallel to [111] for YIG at 4.2°K normalized to minimum threshold, hCTit mm=0.075 
Oe, at k near zero. For H<HC, the abscissa \He— # | 1 / 2 is proportional to the k value of excited spin wave. The notches arise from the 
interaction of spin waves with longitudinal (Hi) and shear (H2) elastic waves. The single points above the notches indicated pauses 
or hesitations in the relaxation oscillations, but the curve separates the region of no power absorption from the region where power 
is absorbed. The inset is an expanded plot of the shear-wave notch. The height and width of the longitudinal-wave notch are 0.17 and 
0.31 Oe1/2, respectively. 

so that in the region H <HC, k varies linearly with 
\HC—H\1/2. Table I shows a comparison of Hc calcu­
lated from known characteristics of EuIG and YIG and 
Hc determined experimentally in the present work. The 
good agreement between theory and experiment for 
YIG tends to support the assumption that the minimum 

threshold corresponds to k values near zero. The differ­
ence between experimental and calculated values of 
Hc for EuIG is probably due to errors in Ha

e and yett 

which were determined1 at about 11 Gc/sec rather than 
17 Gc/sec. 

The notches in the threshold curves at dc magnetic 

2.8 

2.6 
0.42 

NC«H H C >H- * ( H ( r H i ) „ 2 ( H c .H z )«/2 

|H r -H | 

FIG. 2. The parallel-
pump threshold curve 
for YIG at 20.4°K, with 
H along [111]. The min­
imum threshold hCTit,mm 
is 0.31 Oe. The height 
and width of the longi­
tudinal-wave notch are 
0.24 and 0.17 Oe1/2, 
respectively. 
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FIG. 3. The parallel-
pump threshold curve 
for EuIG at 4.2°K, with 
H along [111]. The min­
imum threshold "•ct'it, rain 

is 1.3 Oe. 

fields H\ and H% correspond to interactions between 
spin waves and the longitudinal and transverse elastic 
waves, respectively. From Eq. (4) and the dispersion 
relation for the elastic waves, we know that 

KHc-HMiHc-HxWfi^vi/v., (5) 

where vi and vs are the longitudinal and shear velocities, 
respectively. This relation is well satisfied both in YIG 
parallel pumped along [111] at 4.2 and 20.4°K (Figs. 1 
and 2) and in EuIG pumped along [100] (Fig. 5) and 
serves to identify the notches as well as give some con­
fidence in the exchange constants derived from them. 

The presence of the small longitudinal notch with the 
magnetic field along [100] (Fig. 5) is probably due to 
imperfect alignment of the sphere and the large value 
of Bi. The insets in Figs. 1-5 are expanded plots of the 
shear- or longitudinal-wave notch. They show the height 
and width of the notch which are used in finding the 
elastic Q and magnetoelastic coupling constants. The 
region on the right of the shear-wave notch in Figs. 1, 2, 
and 5 (H<H2) corresponds to excitation of nearly 
pure spin waves of increasing k values. However, for 
EuIG parallel pumped along the easy axis of magneti-

FIG. 4. The parallel-
Dump threshold curve 
tor EuIG at 20.4°K, 
with H along [111]. 
The minimum threshold 
^crit, min is 5.5 Oe. 
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FIG. 5. The parallel-
pump threshold curve 
for EuIG at 4.2°K with 
H along [100]. The 
AHk->o is assumed equal 
to that found along the 
[111] direction yielding 
a minimum threshold 
^crit, min of 1.3 Oe. 

zation (Figs. 3 and 4), the absence of a shear-wave notch 
makes the nature of the waves to the right of the 
longitudinal notch uncertain. 

The threshold curves of EuIG parallel pumped along 
[111] at 4.2 and 20.4°K (Figs. 3 and 4) both appear 
anomalous for several reasons. Only one notch is found 
at each temperature whereas two are expected. The 
exchange constant derived from these notches does not 
agree with our theoretical estimate (see Appendix A). 
The shapes of the threshold curves (Figs. 3 and 4) are 
quite different from those of YIG at the same tempera­
tures (Figs. 1 and 2) and from lithium ferrite at room 
temperature.8 The notch at 20.4°K (Fig. 4) has a peculiar 
shape even though EuIG is elastically quite isotropic 
(see Table I I ) . These anomalies are undoubtedly con­
nected with the large magnetoelastic coupling constant 
of EuIG along [111]. For this reason we measured the 
threshold curve with the magnetic field along [100] 
where the coupling constant is much smaller11 and this 
yielded more consistent results (Fig. 5). The two notches 
are in the expected relative positions as mentioned 
above and yield an exchange constant in agreement 
with the theory given in Appendix A. Also, we can now 

at least partially interpret the threshold curves (Figs. 
3 and 4) taken with the magnetic field along [111]. The 
notches are probably longitudinal ones which have been 
shifted to higher k values by the spin-elastic wave in­
teraction. This effect was first predicted by Morgen-
thaler6 for the shear-wave notch. The experimentally 
observed shift is 90 Oe which makes the exchange con­
stant derived from the shifted notch erroneously high. 
The expression for the shift6 in our notation is 

# s = ( ) 
0)v \ C0i° / 

w\ 

where W is the width of the notch in units of (Hc—H)l/2; 
Qe'1 is the elastic loss factor, and hCTit is the threshold rf 
magnetic field at the notch. The internal magnetic field 
at the notch is coi°/7eff• Using data discussed below and 
summarized in Table I I , the shift is calculated to be 
97 Oe, in good agreement with the experimental value 
given above. The anomalous shape of the notch at 
20.4°K (Fig. 4) makes it difficult to determine a reliable 
width so that a significant calculation of the shift at 
this temperature cannot be made. The absence of the 

T A B L E I. Calculated and experimental magnetic fields for minimum threshold. 

EuIG YIG 
4.2 °K 20.4°K 4.2°K 20.4°K 

Saturation magnetization hrM (G) 1320a 1320a 2470a 2470a 

Anisotropy field Ha along [111] (Oe) 5046b 5022*> 165d 165d 

Gyromagnetic ratio 7eff/27r (sec"1 Oe^XlO" 6 ) 1.54° 1.54° 2.80d 2.80d 

Pump frequency (Gc/sec) 34.72 34.72 34.78 34.70 
Hc, applied field a t minimum threshold (Oe) 

calculated, [111] direction 6076 6100 5710 5695 
experimental, [111] direction 5932 5985 5703 5692 
experimental, [100] direction6 17 520 

«S. Geller, H. J. Williams, R. C. Sherwood, J. P. Remeika, and G. P. Espinosa, Phys. Rev. 131, 1080 (1963). 
b W. G. Nilsen (unpublished). 
o Reference 1. 
d G. P. Rodrigue, H. Meyer, and R. V. Jones, J. Appl. Phys. 31, 376S (1960). 
e Magnetic resonance data on EuIG along [100] at liquid-helium temperatures is not available. The pump frequency in this experiment was 32.94 

Gc/sec. From the above data, it is roughly estimated that Ki/M = -3500 Oe and K*/M = -1100 Oe for EuIG at 4.2°K. 
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TABLE II . Elastic and magnetic properties of EuIG and YIG. 

EuIG 
4.2°K 20.4°K 

YIG 
4.2°K 20.4°K 

Density (gm/cm)3 

Elastic constant CnXlO-11 (dyn/cm2) 
Elastic constant C44X10-11 (dyn/cm2) 
Elastic constant ci2XlO_11 (dyn/cm2) 
Elastic anisotropy 2cu/(cu—Cu) 
Shear velocity ys(100)dXlO-5 (cm/sec) 
Shear velocity ^s(110)dX10-6 (cm/sec) 
Longitudinal velocity ^(110)dX10~5 (cm/sec) 
Longitudinal notch (Hc- Hi)1'2 (Oe)1/2 

Shear notch (Hc-H2)
ll2(Oe1l2) 

Ratio [ # c - # 2 / # c - # i ] 1 / 2 

Ratio vi/vs 
Exchange constant (shear notch) DX109 (Oe cm2) 
Exchange constant (longitudinal notch) DX109 (Oe cm) 
Magnetoelastic coupling constant (erg/cm3 X10-6) 

parallel pump values! I ^ f i — E ) 

strain-gauge v a l u ^ i y 2 ( £ ^ £ 2 ) 

parallel p u m p ^ 1 

strain gaugej 7^ 

Flastir O v iQ-Jlangitudinal notch Elastic (Je X1U < g h e a r n o t c h e 

6.31* 
25.2° 
7.60° 

10.70° 
1.048° 
3.47° 
3.39° 
6.36° 

16.75e 

30.40e 

1.81 
1.83 
5.3 
5.6 

6.31* 
25.2° 
7.60° 

10.70° 
1.048° 
3.47° 
3.39° 
6.36° 

1.83 

104 

96f (78°K) 
272 
45 

227f (78°K) 
22f (78°K) 

4.2 
2.8 

0.5 

5.17* 
26.9b 

7.64* 
10.77b 

0.947b 

3.84 
3.94 
7.15 
9.15 

19.25 
1.97 
1.86 
4.6 
4.2 

18 
15 

4.3e (78°K) 
1.8* (78°K) 

7.2 
41 

2.3* (78°K) 
8.2* (78°K) 

7.5 
13 

5.17* 
26.9b 

7.64b 

10.77b 

0.947b 

3.84 
3.94 
7.15 

10.1 
19.1 

1.89 
1.86 
4.5 
4.5 

11 
8.5 

4.3* (78°K) 
1.8* (78°K) 

5.2 
23 

2.3* (78°K) 
8.2* (78°K) 

1.4 
2.8 

a G. P. Espinosa, J. Chem. Phys. 34, 2344 (1962). b A. E. Clark and R. E. Strakna J. Appl. Phys. 32, 1172 (1961). We assume that these constants are independent of temperature. 
0 The velocity measurements of EuIG werefkindly carried out for us by T. B. Bateman of Bell Telephone Laboratories. The elastic constants were derived 

from the velocity using standard formulas given, for example, in W. P. Mason, Physical Acoustics and the Properties of Solids (D. Van Nostrand Company, 
Inc., New York, 1958). 

d Propagation in the (110) direction and particle displacement in the direction indicated. 
e From the threshold curve taken along the hard [100] axis. 
f See Ref. 11. The measurements were made at 78°K. 
e See Ref. 19. The measurements were made at 78°K. 

shear-wave notch along [111] is discussed at the end 
of the next section. 

In the region where HC<H, the k values are so small 
that the plane-wave analysis2 used in finding Eq. (1) 
probably is not valid. A combination of Eqs. (1) and (2) 
does not predict the curves in Figs. 1-5, and the sudden 
increase in hCTit as H is increased above Hc is probably 
due to surface effects rather than to variation in sin20&-
The origin of the peculiar shape of the threshold curve 
at H>HC for EuIG at 4.2°K (Fig. 3) is not known. 

DISCUSSION 

Spin-Wave Linewidth 

The spin-wave linewidth for minimum threshold 
(AHjc^o) was determined using Eq. (1) and assuming 
0=7r/2. The minimum threshold (/zCrit,min) was found 
by calibrating the cavity with the YIG sphere for which 
this quantity was known.12 For EuIG parallel pumped 
along [111], AHk^0 was 0.075 and 0.32 Oe at 4.2 and 
20.4°K, respectively, compared to 0.015 and 0.062 Oe, 
respectively, for YIG. We assume that AHk^o for EuIG 
pumped along [100] at 4.2°K is the same as along [111], 
namely, 0.075 Oe. These linewidths are not likely to be 
the intrinsic values for pure EuIG or YIG at these low 

temperatures but are more likely determined by small 
amounts of impurity. 

In the region where nearly pure spin waves are excited 
(usually away from the notches), the threshold curves 
show the dependence of spin-wave linewidth (AHk) on 
wave number. Sparks et alP have calculated the con­
tribution of the three-magnon confluence process to 
AHk. They find for dk=Tr/2 and assuming kBT^>^o)p 

X[l+icop/47effZ)eff^2] and Jcop;»4Yeff£>eff&2 that 

d AHk (three-magnon)/ dk = \JIB%^BT/¥~\ 

X[47rM/Teff2icopDeff], 

where fxs is the Bohr magneton. The calculated and 
observed results are given in Table I I I . For YIG, the 

TABLE III . Spin-wave linewidth for YIG and EuIG at 
4.2 and 20.4°K along [111]. 

EuIG YIG 
4.2°K 20.4°K 4.2°K 20.4°K 

Linewidth for minimum 0.075 0.32 0.015 0.062 
threshold AHk-»o (Oe) 

dAHk/dkXIO9 (Oe cm) expt 270 1300 39 82 
(210)a 

dAHk (3-magnon)/d&X109 14 68 7.1 35 
(Oe cm) calc 

a Parallel pumped along [100] (see Fig. 5). 
12 E. G. Spencer, R. C. LeCraw, and R. C. Linares, Jr., Phys. 

Rev. 123, 1937 (1961). 
13 M. Sparks, R. Loudon, and C. Kittel, Phys. Rev. 122, 791 

(1961). 
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spin-wave linewidth is proportional to k as predicted by 
theory, and the slope of AHk versus k increases with 
increasing temperature but not at a sufficient rate to 
be proportional to T. Also, the magnitude of dAHk/dk 
found for YIG is larger than predicted for the three-
magnon confluent process, suggesting that other k-
dependent processes may be important in determining 
AHk. For EuIG parallel-pumped along [111], the 
magnetoelastic interaction obscures much of the pure 
spin-wave linewidth, and only a crude estimate of 
dAHk/dk can be made. The temperature dependence 
of dAHk/dk is close to that predicted by theory but the 
magnitude is much too high. This might indicate that 
the pumped waves are largely elastic rather than mag­
netic since the absent shear-wave notch should be in 
this part of the threshold curve. The theory of the three-
magnon confluence process also predicts that AHk will 
fall off from its linear dependence on k when k becomes 
large enough so that the assumption JCO^>>4YZ)&2 is no 
longer valid. Such behavior is observed for EuIG at 
20.4°K (see Fig. 4) but not for YIG at either tempera­
ture. Much closer agreement between theory and experi­
ment is found at room temperature for both YIG10 and 
lithium ferrite.8 

Exchange Field 

The exchange constant for spin-wave dispersion [Eq. 
(2)] can be evaluated since the wave numbers at the 
longitudinal and shear notches are known. For YIG at a 
pump frequency of 34.7 Gc/sec, D is about 4.5X10 - 9 

Oe cm2 at both 4.2 and 20.4°K (see Table II) . The shift 
in shear-wave notch predicted by Morgenthaler6 should 
be small and is not included in the determination of D. 
Using the parallel-pump technique but a lower pump 
frequency (11.38 Gc/sec), LeCraw and Walker5 found 
Z)=4.9X10 - 9 Oe cm2 for YIG at our low temperatures. 
Also, specific-heat measurements14,16 yield 4.5X10~9 

Oe cm2 for D, in excellent agreement with the parallel-
pump measurements. The close agreement between 
exchange constants determined at two different pump 
frequencies and from specific-heat measurements is 
further evidence for the k2 form of the exchange term 
in Eq. (2) and gives one some confidence in the parallel-
pump method of determining D in cases where the mag­
netoelastic coupling is small. The parallel-pump meas­
urement of D is reliable to within about 5%. 

The exchange constant for YIG can also be found 
from the molecular-field coefficients (J's) using the 
relation16,17 

5 
D = (5/cd-8/0a-3/dd)a2, 

\6yh 

where a= 12.38 A is the lattice constant. Using the 

values of / given by Douglass16 (/ad=4.8X10~~15 ergs, 
Jdd==2.1X10~u ergs, and / a o = l . l X 1 0 - 1 6 ergs), we find 
2.3X10~9 Oe cm2 for D. This low value of D supports 
the contention of Smart,18 in connection with the 
specific-heat measurements, that the above values of 
Jdd and Jaa derived from a molecular-field analysis are 
too large. A similar discrepancy between calculated and 
measured values of D exists with lithium ferrite.8 

The intrinsic exchange constant for EuIG 
Z > = M M I O + 2 0 M 2 O was found to be 5.5X10"9 Oe cm2, 
which is slightly larger than the value for YIG. This in­
crease in the value of D is due to the positive value of the 
term 2/3M2o in Eq. (2). In Appendix A, we estimate using 
molecular-field theory the ratio Z^EUIG/^YIG to be 1.18, 
yielding Z)EuiG = 5.3X10~9 Oe cm2 in improbably good 
agreement with the experimental value given above. 
The ratio of effective exchange constants is 2.23 so that 
£ eff=10.0X10-9Oecm2 . 

Magnetoelastic Coupling Constant 

Morgenthaler6 has derived the expression for the 
width of the shear-wave notch for the dc magnetic field 
along [10Cf]. In our notation, the width in units of 
(Hc—H)in is given by 

W=B< 
47TC01°7eff 

L2c44CoTO(2coi°+a>m) 

- i l /2 

J ' 

14 S. S. Shinozaki, Phys. Rev. 122, 388 (1961). 
15 J. E. Kunzler, L. R. Walker, and J. K. Gait, Phys. Rev. 119, 

1609 (1960). 
16 R. L. Douglass, Phys. Rev. 120, 1612 (1960). 
17 H. Meyer and A. B. Harris, J. Appl. Phys. 31, 495 (1960). 

where cu is one of the elastic stiffness constants (see 
Table II) and coi°/yeff is the internal magnetic field at 
the spin-elastic-wave crossover. For the magnetic field 
along [111], Comstock and Nilsen8 have shown that 
the effective magnetoelastic coupling constant changes 
in the above expression from B% to \{2Bi-\-B<z). For the 
longitudinal-wave notch, we show in Appendix B that 
the effective coupling constant is |VZ(Z?i-—B%) and cu 
replaces cu. In this section we compare the magneto­
elastic coupling constants obtained from parallel-pump 
measurements with those derived from strain-gauge 
measurements which have been made on EuIG11 and 
YIG19 down to 78°K. 

For YIG, Bi and B2 have the same sign19 and CU>CAA, 
so that the above analysis predicts that the longitudinal 
notch should be narrower than the shear notch. This is 
found to be the case for YIG at both 4.2 and 20.4°K, as 
can be seen in Figs. 1 and 2. The effective magnetoelastic 
coupling constants derived from the width of the two 
notches are given in Table I I . Also, since the effective 
coupling constants are different for the longitudinal and 
shear notch, the individual coupling constants Bi and 
B2 can be determined. These are also given in Table I I 
for YIG at 4.2 and 20.4°K together with the strain-
gauge measurements at 78 °K. Our parallel-pump 
values are somewhat larger than the coupling constants 

18 J. S. Smart, in Magnetism, edited by G. T. Rado and H. Suhl 
(Academic Press Inc., New York, 1963), Vol. III . 

19 S. Iida and R. Blair (to be published). 
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derived from the strain-gauge measurements,19 but this 
difference might reflect higher values of Bi and B% at 
the lower temperatures at which the parallel-pump 
experiments were done. Indeed, the measured coupling 
constants increase with decreasing temperature as 
expected. At room temperature, the agreement between 
B% derived from parallel-pump and strain-gauge meas­
urements is much better. Courtney and Clarricoats 
found Z?2=7-32X106 erg cm2 a t a pump frequency of 
9.2 Gc/sec and Olsen found £ 2 = 4 . 7 X 1 0 6 erg cm3 a t 
23.2 Gc/sec whereas the strain-gauge measurements19 

yielded B%= 5.5X 106 erg cm3. 
Both Bi and B% can also be determined for EuIG at 

4.2°K since the effective magnetoelastic coupling con­
stant is different for the longitudinal-wave notch with 
H along [111] and the shear-wave notch with H along 
[100]. The values found for Bx and B2 are given in Table 
I I together with Iida's strain-gauge measurements11 

made at 78°K. For EuIG, the agreement between par-
allelpump and strain- gauge measurements is reasonably 
good. The magnetoelastic coupling constants were not 
determined for EuIG at 20.4°K since the longitudinal 
notch with its odd shape is not likely to yield a reliable 
width and no other notch was found to allow the indi­
vidual JB'S to be determined. 

Elastic Q 

The height of (5^Crit)max of the shear-wave notch is 
a measure of the elastic losses of the sample at half the 
pump frequency. The expression for Qe was first derived 
by Morgenthaler6 and in our notation is20 

(Merit) max \ &m ' 

The measured values of (5^crit)max are shown in Figs. 
1-5, and the calculated values of Qe are given in Table 
I I . For both EuIG and YIG, the elastic losses are lower 
at the lower temperature, and EuIG has a lower Qe 

than YIG. Olson7 has measured Qe for YIG at 78 °K 
by the same technique as used here. He found 
Qe = 1.8 X104 at a>p/2 =11.6 Gc/sec. Assuming Qe"1 varies 
linearly with frequency, a Qe of 1.2X104 is predicted 
for YIG at cop/2 = 17.6 Gc/sec, in reasonable agreement 
with our measurements at 20.4°C. 

Absence of Shear Notch Along [111] for EuIG 

There are three possible reasons why no shear-wave 
notch is observed for EuIG parallel pumped along [111] 
at 4.2 and 20.4°K. First, the notch may be shifted to 
higher k values than can be parallel pumped. Second, the 
notch may have such a large width as to be unrecogniz­
able. Third, the spin-wave instability may merge 
smoothly into the elastic-wave instability.21 

20 E. W. Courtney and P. J. B. Clarricoats, J. Electron. Control 
16, 1 (1964). 

21R. L. Comstock, J. Appl. Phys. 35, 2427 (1964). 

Concerning the first possible reason, the shift [Eq. 
(5)] depends on hCTit at the notch (about 1.5 times 
larger for the shear than the longitudinal notch), Qe of 
the notch (about the same for the two notches), and W2 

(the width of the shear notch squared). For B{S>B%y W
2 

increases by a factor 2cu/cu~6.6 so that the shift for 
the shear notch should be about 1.5X6.6X90=900 
Oe and the shear notch should be located at about 
(F c -F 2 ) 1 / 2 =[(30 .40) 2 +900] 1 / 2 =43. This part of the 
threshold curve was parallel pumped (see Figs. 3 and 
4), but no evidence of the shear-wave notch was found. 
The width of the shear notch should be about (6.6)1/2 

= 2.6 times the width of the longitudinal notch, or about 
8 Oe1/2 at 4.2°K. A notch with this width should easily 
be observed. 

The criteria for the spin-wave instability to merge 
smoothly into elastic-wave instability is given by 
Comstock21 as 

0)mO)pCuMs/2yefi
2BeH

2QeAHko< 1 , 

where BeH-=l(2B1+B2)^196X10Q erg cm3 from the 
data on the other notches in EuIG. The left side of the 
equality equals 7.4 for the shear notch at 4.2°K, pre­
dicting that the shear-wave notch should be normal con­
trary to observation. This last calculation is the least 
reliable of the three given above since it depends on the 
absolute magnitude of the quantities given in the in­
equality. In contrast, the shift and linewidth are known 
for the longitudinal notch and only the ratio need be 
estimated which depends only on cn/cu* Also, the left 
side of the above inequality tends to be smaller for the 
two shear-wave notches which are absent and larger for 
the notches which are observed. Nevertheless, the cause 
for the absence of the shear-wave notch in EuIG along 
[111] is not definitely known. 

CONCLUSIONS 

Both the ^-independent and ^-dependent parts of the 
spin-wave linewidth of YIG are less than that of EuIG 
at low temperatures. Also, the three-magnon confluence 
process13 does not account quantitatively for the k-
dependent linewidth at low temperatures. The exchange 
constant for YIG measured by the parallel-pump 
technique agrees well with specific-heat measurements 
but is about twice that predicted from molecular-field 
theory. The exchange constant of EuIG is predicted 
quite accurately by considering the induced moment of 
the Eu3+ ions and its effect on the spin-wave spectrum 
of the iron lattice and estimating the relative parameters 
using molecular-field theory. The large magnetoelastic 
coupling constant of EuIG parallel pumped along [111] 
makes the threshold curve quite anomalous. The longi­
tudinal notch is shifted to significantly higher k values 
yielding an erroneously high exchange constant. Also, 
the shear-wave notch is absent, possibly because the 
spin-wave instability merges smoothly into the elastic-
wave instability. Along [100], the magnetoelastic 



A 480 N I L S E N , C O M S T O C K , A N D W A L K E R 

coupling constant of EuIG is much smaller, and a 
normal threshold curve is observed. The magnetoelastic 
coupling constants derived from parallel-pump meas­
urements agree well for EuIG and are somewhat higher 
for YIG than the strain-gauge measurements. The origin 
of the discrepancy for YIG is not known but it should 
be noted that the parallel-pump measurements were 
made at 4.2 and 20.4°K and the strain-gauge measure­
ments were made only down to 78 °K. The elastic Q 
increases with decreasing temperature for both garnets 
and is larger for YIG than for EuIG, as expected. 
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APPENDIX A: CONTRIBUTION OF THE Eu3+ 
IONS TO THE SPIN-WAVE EXCHANGE 

STIFFNESS OF EuIG 

Wolf and Van Vleck9,22,23 have discussed the magnetic 
moment and ferromagnetic resonance of EuIG. A 
straightforward extension of their ideas may be made to 
the spin-wave spectrum. 

The iron sublattices are supposed tightly coupled 
together to form a single sublattice of magnetization 
Mi. The energy density of this lattice consists of a 
magnetic part — H0»Mi in the internal dc magnetic 
field Ho and an exchange part, which may be expressed 
as — |XMi-Mi—J/zMi-V2Mi, where X and /z are 
positive. The ratio /x/X, which has the dimensions 
(length)2, is proportional to the mean squared displace­
ment between interacting iron ions, these squared dis­
placements being weighted by the strengths of the cor­
responding exchange interactions. 

The Eu3+ ion has special properties which allow its 
effect on the resonance spectrum to be calculated in a 
simpler way than that of other rare-earth ions. (See, 
for example, the treatment of Tb impurities in Ref. 24.) 
One knows that the free ion has a / = 0 ground state and 
that as a consequence such properties as a magnetic 
moment and an anisotropy energy which it possesses in 
EuIG, must arise from admixtures into the ground 
state of higher / states. The interaction responsible for 
this is that of the ion with the dc magnetic field and the 
exchange field of the iron. Because the energy separation 
of the excited / manifolds from the 7 = 0 state and the 
crystal field splittings of the excited J states are all 
large compared to microwave frequencies, the admix­
ture effects are sensibly frequency-independent. The 
energy arising from the presence of the Eu3 + in EuIG 
may then be taken to be a frequency-independent func­
tional of the internal dc magnetic field and the exchange 

22 W. P. Wolf, J. Phys. Soc. Japan 15, 2104 (1960). 
23 J. H. Van Vleck, Phys. Rev. 123, 58 (1961). 
24 J. F. Dillon, Jr., and L. R. Walker, Phys. Rev. 124, 1401 

(1961). 

field of the iron ions. Since the latter is proportional to 
Mi, the energy of the whole system may be expressed 
in terms of Mi. In a phenomenological treatment we 
sum over the inequivalent rare-earth sites, and the 
energy functional is consistent with the lattice sym­
metry. We therefore consider the various contributions 
to the total energy and show that this is now the energy 
density for a lattice of moment Mi whose parameters 
are modified from those of the simple iron lattice. 

Wolf and Van Vleck9 showed that the interaction, 
2 (H e x +H 0 ) • S+Ho-L, of the Eu8+ ion with the internal 
dc magnetic field and the exchange field H e x = a M i of 
the iron-europium interaction, produces a magnetic 
moment M2 on the europium proportional to Ho+2aMi. 
We may now write 

M 2 = x ( H o + 2 a M ! ) , 

where since % is supposed frequency-independent the 
relation holds for time-varying quantities generally. 
The energy density E\ associated with this interaction is 

£ i = - l x ( H o + 2 o M 1 ) . ( H 0 + 2 a M i ) , -
= - i x H o - H o - 2 a X M 1 . H o - 2 a 2 x M 1 - M i . 

This term applies to the uniform part of the magnetiza­
tion. The part E2 due to nonuniform terms may be 
written 

£ 2 = - / 5 / a - i x ( H o + 2 o M i ) - V2(H0+2aM!) , 
= - /3 x (Ho+2aM 1 ) -V 2 Mi. 

ft/a, like /*/X, is connected with the weighted mean-
squared separation of interacting iron and europium 
ions. 

The anisotropy energy £3 is simply an unspecified 
functional of Mi having cubic symmetry. I t is therefore 
no different from any familiar anisotropy term. Con­
fining ourselves to easy or hard directions, we may re­
place it by a fictitious magnetic field H a parallel to Ho, 
which it will be convenient to suppose acts on the total 
rf moment m i + m 2 of the system. Thus, 

E 3 = —H a - (mi+m 2 ) 

= -H0-m1(l+2ax). 

Finally, the rf dipolar energy density £ 4 is given by 
the usual expression, which for a spatial dependence 
eik'T is just — [47r(k 'mi+m 2 ) 2 ] / (k 'k) . Thus, we have 

j E 4 = _ [ 4 7 r ( k . m i ) 2 / ( k . k ) ] ( l + 2 a x ) 2 . 

The total energy of the system is now given by 

E = - H o - M 1 - | X M 1 . M 1 - J / x M 1 - V 2 M i 

^ | x H 0 . H o - 2 a x M i - H o - 2 x a 2 M i . M i 

- f e [ H 0 + 2 a M i ] - V 2 M i + { - H a . m i ( l + 2 a x ) 
- 4 7 r [ ( m i . k ) 2 / ( k . k ) ] ( l + 2 a x ) 2 } , 

where the last two terms are connected with rf energy 
alone. Introducing the dc moments Mio and M2o of the 
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iron and europium sublattices we must have 

M2o = x(H 0 +2aMio) . 

We have the relation 2ax^M 2 0 /Mio , since 2a:Mio^>H0. 
Clearly M2o and Mio lie in the same line. We continue 
to write them as vectors to emphasize that they may 
be (and, in fact, are) antiparallel; that is, M20/M10 
means (M20/M10) sgnM2o*Mio. Similarly H0 can be 
dropped from the coefficient of V2Mi and E can finally 
be taken to be 

E = - H 0 - M i ( l + M 2 o / M i o ) - ( i X + 2 o ? x ) M i . M i 

- ( ^+^ (M 2 0 /M 1 o)M 1 . VMi-JxHo-Ho 

- ( H a . m 1 ( l + M 2 o / M 1 0 ) - 4 7 r - ^ ^ ( l + M 2 o / M 1 o ) 2 ) . 

This is now the energy density for a single lattice in an 
internal dc magnetic field H 0( l+M 2o/Mio) and anisot-
ropy field H a ( l+M 2 o /Mio) ; it has a dc exchange con­
stant X+4a2x and a stiffness parameter J11+2/3M20/M10. 
Formally, the factor (I+M20/M10)2 in the rf dipolar 
energy can be considered as modifying s in^, where 6k 

is the angle between the spin-wave propagation and the 
magnetization, to (I+M20/M10) smdK. The lattice 
still has the gyromagnetic ratio 7Fe, and its spin-wave 
frequencies will satisfy the usual formula 

(—)={(Ho+Ha)(l+M20/M10) 
VTFe/ 

+M1 0(M+2^(M2 0 /M1 0))(k.k)} 

X{(Ho+H a)( l+M2o/M1 0)+M1o(M+2^(M2o/M1o)) 

X (k.k)+47rM10 sin20,(l + M lo/M2o)2} , 

or, alternatively, 

f co 12 f MMio+2/3M20 ] 
= H*+ k-k 

l7Fe(l + M2o/M10)J t l+(M2 0 /Mio) J 
f MM10+2/3M 20 

X Bi+ k.k+47r(Mio+M20) sin% , 
I l+(M2 0 /Mio) J 

where H ; = H 0 + H a , in which form the effective gyro-
magnetic ratio Teff=7Fe(l+M20/Mio) for ferromagnetic 
resonance is more clearly shown. We associate the in­
trinsic exchange constant D with the quantity 

D=vM10+2l3M2(h 

since the term (1+M 2 0 /Mi 0 ) just changes the effective 
applied field. The ratio of D for EuIG to that for YIG 
is thus 1+2/?M 2 O/MMIO. To make an estimate of the new 
D we use some admittedly naive ideas from molecular-
field theory. In YIG we know that D is proportional16 

to 5Jad—8Jaa—3Jdd, where the J's are molecular-field 
parameters. The mean square displacements (ra<?)7 

(raa
2), (rdd2) are in the ratio 5:12:6, and it follows that 

JU/X is proportional to 

5Jad~12(iJaa)-6(iJdd) 
= 2.94, 

J ad '3*' « a 2'*' dd 

using the values of / quoted by Douglass.16 The rare-
earth-ion interaction is thought to be primarily with 
the tetrahedral ions. There are 6 such tetrahedral neigh­
bors, 4 with mean square distance 6 and 2 with the value 
4 in the units used above. This gives (3/a proportional 
to 5.33. The value aMw is given by Wolf and Van Vleck 
as 24°K. From molecular-field theory XMio= ( 3 / 5 + 1 ) 
X ( l / g ) r c = 2 3 4 ° K . M20/M10 is 0.47. Combining these 
values we have 

^ E U I G / ^ Y I G = [ 1 + 2 X 0 . 4 7 X 5 . 3 3 / 2 . 9 4 X 2 4 O / 2 3 4 ° ] 

= 1.18. 

The experimental value is 1.21. The excellent agreement 
must be considered to be largely fortuitous since one's 
faith in the values of the J's is very limited. In particu­
lar the ratio of Jaa, J dd to J a& is probably considerably 
overestimated in the molecular-field theory. A decrease 
in this ratio would raise the number 2.94 and thus lower 
the predicted value of .DEUIG/J^YIG. However, it is re­
assuring to find that the sign and magnitude of the 
change in D are correctly estimated. 

APPENDIX B: MAGNETOELASTIC COUPLING 
TO LONGITUDINAL ELASTIC WAVES 

The magnetoelastic energy for the case of static 
magnetization along the [111] axis in a cubic ferromag-
net is given in Ref. 8. The equations of motion for this 
case are derived for longitudinal waves in the present 
appendix. The relevant energy is8 

Ume=^/3(B1-B2)[axaz(exx-eyy)']J (Bl) 

where a = M / M and e%j is the ij component of the strain. 
The equations of motion follow from doc/dt= (y/M)u 
XVaUme and pRx= d2Ume/dxdexx+d2Ume/dydeXy 
-\-d2Ume/dxdexz, resulting in the following equations 
of motion for d/dy=d/dz=0: 

Mx= — (0)H+0)S COS0)pt)My , 

My= (ooH+o)m+o)s coso)pt)Mx+yBeadRx/dx, (B2) 

pRx=cnd
2Rx/dx2+ (Beii/M)dMx/dx, 

where J3eff= (v5/3)(J3i— B2). The volume dipolar field, 
parallel-pumping field, dc field, and elastic restoring 
force are included as in the case of shear waves.6,21 The 
above equations are the same as those for shear waves 
given in Ref. 21 except J5eff replaces B2 and cu replaces 
C44. All of the previous analysis for the determination 
of coupling constants, elastic Q, and field shift done for 
the shear waves can therefore be carried over to longi­
tudinal waves with the above replacements. 


