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Temperature Dependence of Microwave Phonon Attenuation* 
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Measurements of the temperature dependence of the attenuation of 9-Gc/sec phonons are presented. 
They include measurements on crystals of quartz, CdS, GaAs, Ge, Si, CaF2, AI2O3, and MgO in several 
directions and modes of polarization. The attenuation in most of the materials is proportional to Tn, where 
the average value of w=4.1±1.2 for the fast transverse waves, 4.0±1.7 for the slow transverse waves, 
4.8±1.4 for the longitudinal waves. For MgO and AI2O3 the attenuation is proportional to the frequency of 
the sound between 3 and 9 Gc/sec. An empirical correlation of the data is that the attenuation of 9-Gc/sec 
phonons is 3 dB/cm when (7y©)~0.1, where 0 = Debye temperature of the crystal. Values of the third-
order elastic constants are used to make absolute comparisons of the theory of attenuation by three-phonon 
processes with the data. The agreement is good in some cases but not in others. 

I. INTRODUCTION 

AFTER the method of generating kilomegacycle 
ultrasonic waves1,2 by the surface excitation of 

quartz was discovered, one of the first measurements 
made was the temperature dependence of the attenua­
tion of the ultrasound in the quartz itself.2-3 Since that 
time there have been several reports of attenuation 
measurements in various materials4-9 (the cited refer­
ences are representative, not exhaustive) at various 
temperatures and kilomegacycle frequencies, but these 
have not been sufficiently comprehensive to make pos­
sible a thorough intercomparison of the results for 
various materials. We report here the results of meas­
urements of the temperature dependence of attenuation 
of longitudinal and transverse 9-Gc/sec phonons in a 
variety of materials. These results reveal considerable 
correlation between the attenuation and the Debye 
temperatures of the crystals studied. This empirical 
observation may be useful in predicting the attenuation 
to be expected in other materials. 

Theories of the attenuation of ultrasound in the high-
frequency, low-temperature region have been extant 
for many years. The theory for the attenuation of 
transverse waves was given by Landau and Rumer10; 
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1 Gc/sec, 4°K<r<300°K, transverse waves.) 

10 L. Landau and G. Rumer, Phys. Z. Sowjetunion 11,18 (1937). 

the mechanism was three-phonon collisions involving 
two longitudinal thermal phonons and the transverse 
ultrasonic wave. The theory of the longitudinal-wave 
attenuation was given by Pomeranchuk.11 Because of 
the dispersion of the longitudinal velocity, interactions 
involving more than three waves were invoked to give 
allowed transitions of longitudinal ultrasound. It 
followed that the attenuation of longitudinal waves was 
predicted to be much smaller than that of transverse 
waves. It was surprising, therefore, when measure­
ments2,3 on quartz showed that the attenuation of the 
longitudinal waves was comparable in magnitude and 
temperature dependence to the attenuation of the 
transverse waves. As a consequence, the theory of the 
longitudinal wave attenuation was re-examined.6'7 

When the finite lifetime of the thermal phonons was 
taken into account, it was found that the presence of 
dispersion no longer prevented three-phonon collisions, 
and the longitudinal-wave attenuation then became 
similar to that of the transverse waves. In Sec. V we 
shall compare our experimental results on the trans­
verse- and longitudinal-wave attenuations to these 
theories. 

II. EXPERIMENTAL METHOD 

The experimental method used to measure attenua­
tion is described in some detail elsewhere.12 Basically 
we measure the change in attenuation of several acous­
tic pulse echoes as the temperature is increased from 
4°K. We do not measure the exponential envelope of 
the echo pattern, as is the practice with lower frequency 
acoustic measurements, because it is very difficult to 
obtain a truly exponential decay for X-band phonons. 
The echo pattern is modified by "beating" as a result3 

of inaccuracies of sample orientation and polishing. Our 
method is estimated to give an average error of ± 1 
dB/cm. The attenuation of 9-Gc/sec phonons is gen­
erally < 1 dB/cm at 4°K, so that we set the attenuation 
at 4°K equal to zero and record the change in attenua­
tion from this reference level. 

1 1 1 . J. Pomeranchuk, J. Phys. (USSR) 6, 237 (1942). 
12 M. Pomerantz, Trans. IEEE Sonics Ultrasonics SU-11, 68 

(1964). 
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The transducers used were ferromagnetic films evapo­
rated on the ends of the samples. The samples were 
single crystals, oriented along symmetry axes to about 
±0.5°. The lengths of the samples were typically 1 cm 
and the areas were of order 6 mm2. The end surfaces 
were polished to a flatness of less than one wavelength 
of He light. The temperature was varied above 4°K by 
starting with the liquid He just below the microwave 
cavity, but thermally connected to the cavity (and 
sample) by a cold finger. The cavity was heated via a 
resistor attached to it. The temperature could thus be 
varied slowly or equilibriated by adjusting the current 
in the heater resistor. The temperature was measured 
by a Au-Co thermocouple attached near the sample. 
The accuracy of the temperature measurement was 
±2°K. 

III. EXPERIMENTAL RESULTS 

The measured attenuations (relative to the attenua­
tion at 4°K, which is taken equal to zero) as functions 
of temperature for fast transverse, slow transverse, and 
longitudinal waves are plotted in Figs. 1, 2, and 3, re­
spectively. We define "fast" transverse as the transverse 
wave which has the highest velocity along the given 
axis. Along the (100) and (111) axes of cubic crystals 
the two transverse waves are degenerate and both are 
thus classified as "fast" waves.13 In the (110) direction 
of cubic crystals there are usually two distinct trans-
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FIG. 1. Attenuation of fast transverse 9-Gc/sec phonons 
versus temperature. 

13 This definition leads to the situation that the slowest trans­
verse wave in MgO, that along the [111] axis, is classified as a 
"fast" wave because it is the fastest (being the only one) along 
the [111] direction. 
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FIG. 2. Attenuation of slow transverse 9-Gc/sec phonons 
versus temperature. 

verse wave velocities, given by vi= (cu/p)1/2 and 
fl2=[(£ii-- cu)/2p']1/2, where p=density and c%j are 
elastic constants. For all the cubic crystals reported 
here, except CaF2, the ratio 2cu/{en—C12) is greater 
than unity. Thus the waves whose velocities are given 
by vi are the "fast" waves for Ge, Si, GaAs, and MgO. 
For CaF2 the wave whose velocity is given by v2 is in­
cluded as a "fast" wave. In some cases the attenuation 
of waves along different directions in the same crystals 
[e.g., fast transverse waves in the (100) and (110) 
directions] are equal (within experimental error). For 
reasons of clarity only one curve was drawn for both 
directions. The key on each graph indicates those 
curves that represent two directions. We now discuss 
some of the features of the experimental results. 

(i) Fast transverse waves. The fact that most of the 
log-log plots of the data are straight lines means that 
the attenuations are proportional to Tn, where n is the 
slope of the lines. For AI2O3 the slope is not constant, 
and average values were used in computations. The 
average slope of all the curves for fast transverse waves 
is 

WFast=4.1, 

and the standard deviation from the average is 

<7Fast- (L (n-nFaaty/Ny2= 1.2, 

where N= the number of values of n. The experimental 
error in determining n is estimated to be db 1 for a given 
curve. This result for the temperature dependence is in 
reasonable agreement with the theory of Landau and 
Rumer,10 which predicts that the attenuation of trans-
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FIG. 3. Attenuation of longitudinal 9-Gc/sec phonons 
versus temperature. 

verse waves is proportional to TA when cor>l, where 
co is the acoustic frequency, and r is the relaxation time 
of the thermal phonons that scatter the acoustic wave. 

The early attenuation measurements for quartz2,3 

showed that the microwave phonons were strongly 
attenuated at temperatures much above 40°K. Our 
results show that this is not typical of most materials. 
In fact, in some materials (e.g., Si, MgO, and A1203), 
the attenuation of 9-Gc/sec phonons is not excessively 
high at temperatures well above the liquid nitrogen 
boiling point. 

(ii) Slow transverse waves. The log-log plots are 
straight lines. The average slope is ^siow=4.0 and the 
average deviation a-=1.7. Similar to fast transverse 
waves, an average temperature dependence T4 is found. 
The deviations from the average, however, are greater 
in the case of the slow transverse waves. 

(Hi) Longitudinal waves. Again, the linear log-log 
plots show that the attenuation is proportional to Tn. 
The average, nLong=4.8, with a standard deviation of 
0" Long = 1 . 4 . 

(iv) Frequency dependence. Comparing our results for 
the transverse and longitudinal waves in MgO and the 
longitudinal wave in c axis A1203 with measurements 
made6 at 3 Gc/sec, we find that the attenuation at 9 
Gc/sec is approximately three times larger. The attenu­
ation has thus increased linearly with frequency for 
these materials in this temperature range. This agrees 
with the theories involving three-phonon processes6'7'10 

which predict that the attenuation will be proportional 
tow. 

IV. CORRELATION OF ATTENUATIONS WITH THE 
DEBYE TEMPERATURES OF THE CRYSTALS 

One of the motivations of this work was to attempt to 
find a simple means of predicting the attenuation be­
havior of various crystals. The increase of attenuation 
with increasing temperature is caused by scattering 
of the microwave phonons by thermally excited pho­
nons. The attenuation will thus be related to the state 
of thermal excitation of the lattice. In the Debye 
theory,14 the number of thermally excited phonons is 
proportional to (T/©)3, where © is the Debye tempera­
ture. The important parameter in determining the 
thermal excitation is not the temperature, but the ratio 
of the temperature to the Debye temperature. We thus 
have redrawn the data with (T/&) as the abscissa 
instead of temperature.15 Thus Figs. 1, 2, and 3 go over 
into Figs. 4, 5, and 6, respectively. 

It is now pertinent to inquire whether a significant 
correlation of the data is achieved by plotting attenua­
tion versus (T/&) instead of attenuation versus T. In 
particular, one wonders if a: is a universal function of 
(T/@), as is the specific heat. We examine this by con­
sidering the variation of the temperatures and (T/&) 
at which a = 3 dB/cm, the "3-dB points." If a is corre­
lated with ( r / 0 ) , the values of ( r / 0 ) a t a = 3 dB/cm 
should be grouped more closely than are the values of 
T at a: = 3 dB/cm. 

0.2 0.3 

FIG. 4. Attenuation of fast transverse 9-Gc/sec phonons 
versus (278) . 

14 J. M. Ziman, Electrons and Phonons (Oxford University 
Press, New York, 1960). 

15 Values of 0 were obtained from American Institute of Physics 
Handbook, edited by D. E. Gray (McGraw-Hill Book Company, 
Inc., New York, 1963), 2nd ed., or calculated using the elastic 
constants of the materials. 
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FIG. 5. Attenuation of slow transverse 9-Gc/sec phonons 
versus (27O). 

(i) Fast transverse waves. For fast transverse waves, 
the temperatures of the 3-dB/cm point vary from 21 °K 
(CdS) to 94°K (AI2O3), i.e., by a factor of more than 4. 
The values of (T/®) at the 3-dB/cm point vary from 
0.057 [MgO in (111) direction] to 0.135 (GaAs), which 
is a range of a factor of 2.5. Thus it appears that there 
is some correlation between the onset of appreciable 
attenuation and the ratio (T/®). 

This correlation can be examined statistically. Thus, 
the average temperature of the 3-dB/cm points for fast 
transverse waves is TrFast=61°K. The standard devia­
tion from this average is aT Fast = 23°K. A measure of 
the spread of_3 dB/cm on a temperature scale is the 
ratio a? Fast/?Fast: 

&T F a s t / ^ F a s t — O J ? . (l) 

The average value of (T/®) at the 3-dB/cm points 
is found to be (T/®)wast=0.11 with a standard devia­
tion of (T(Z70)Fast=0.02. The distribution has a frac­
tional spread of 

O " ( r / 0 ) F a s t / ( ^ / @ ) F a s t : = : O . 1 8 . (2) 

Equations (1) and (2) show that at a = 3 dB/cm the 
values of (T/®) are more closely grouped about their 
average value than the values of T are grouped about 
their average. Thus, attenuation is correlated more 
with (77 0 ) than with T. 

(ii) Slow transverse waves. The same analysis as in (i) 
above, when repeated for the slow transverse waves, 
gives the_values: Tsiow=49°K, o-(r)Siow = 22°K and 
o'(Jr)siow/T,siow = 0.45. Considering the attenuation as a 
function of (T/®) gives .(r/@)siow=0.09, o-(jr/e)siow 
= 0.04, and a(T/®)siow/{T/®)siow=0A4:. I t appears 

that for slow transverse waves the correlation with 
temperature is as good as it is with (T/®). 

The slow wave attenuation when plotted versus 
(T/®) is peculiar in that there seem to be two groups 
of curves, one for the hard insulators (MgO, AI2O3, 
CaF2, and quartz) and one for the group of semi­
conductors Ge, Si, and GaAs. We have at present no 
explanation for this grouping of the materials or for the 
particularly weak temperature dependences of the 
semiconductors. 

(ii) Longitudinal waves. Analysis of the data gives 
the values ?Long=610K, a-Long=23°K, and VT Long/ 
TTLong = 0.38. In terms of (T/@), the average is 
(^/O)Long=0.09, the standard deviation is 0-(2ve)Long 
= 0.016, which gives a fractional spread of a(T/®) Long/ 
(r/@)Long=0.18. The values for the longitudinal waves 
are remarkably similar to those of the fast transverse 
waves. The relative grouping of 3-dB/cm points when 
considered in terms of (T/®) indicates a correlation of 
longitudinal wave attenuation with the Debye tempera­
tures of the crystals. 

The conclusion that we draw from this discussion is 
that the attenuations of fast transverse and longitudinal 
waves in a variety of crystalline materials and directions 
can usefully be related to the Debye temperatures of 
the crystals. The attenuation of 9-Gc/sec longitudinal 
and fast transverse phonons is 3 dB/cm when the tem­
perature r ~ 0 . 1 @. 

V. COMPARISON OF THEORY AND OBSERVED 
ATTENUATION 

In Sec. I l l we indicated that the attenuations of 
both longitudinal and transverse waves were propor-

.015 .025 .04 .06 .08 OJ 
{J/6) 

0.2 0.3 

FIG. 6. Attenuation of longitudinal 9-Gc/sec phonons 
versus (270) . " 
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tional to Tn, where the average value of ^ ^ 4 . For 
MgO and A1203, we noted a linear dependence of at­
tenuation on the frequency. These observations are in 
general agreement with the three-phonon theories of 
attenuation6-7-10 which predict that the attenuation 
will be proportional to uT4. In this section we shall use 
measured values of third-order elastic constants to cal­
culate the attenuation of transverse and longitudinal 
waves by three-phonon processes. This provides an 
absolute comparison of the theories and experiment. 
Mason and Bateman16 have previously used measured 
third-order elastic constants to calculate the attenuation 
of ultrasound of frequency < 500 Mc/sec in Ge and Si. 
Their theory, a modification of Akhieser's17 theory, 
presumably does not apply under the conditions of our 
experiments, cor>l . (See Note 1, added in proof.) 

(i) Transverse waves. Landau and Rumer10 derived the 
following formula for the attenuation of the energy of 
transverse waves in an isotropic medium under the con­
ditions that cor> 1: 

at= (TrW/mPhWW[\- (Vt/ViY^T*, (3) 

where 7 = ratio of an appropriate third-order elastic 
constant to a second-order elastic constant; Vi and Vt 

are the longitudinal and transverse wave velocities, re­
spectively; co = acoustic circular frequency; p = density; 
T=absolute temperature; r = thermal phonon relaxa­
tion time. This equation does not apply exactly to 
crystalline solids; in these the third-order elastic-
constant tensor is more complicated than for an iso­
tropic medium. Furthermore, in an arbitrary direction 
one cannot describe the waves as purely longitudinal 
or transverse modes. Calculations18 indicate that the 
isotropic (pure mode) approximation may not lead to 
great error for real crystals. A practical problem is the 
determination of the third-order elastic constants of the 
material. These are not known with accuracy for many 
crystals, but recently improved values for some mate­
rials have become available. 

The appropriate anharmonic elastic constant19 for 
transverse waves propagating in the [100] direction is 
7= (cn+£i2+4c44+4ci66)/2cii. The thermodynamic 
definition of CUQ is used here in order to agree with 
McSkimin and Andreatch,20 whose measurements of the 
third-order elastic constants for Ge and Si we shall use. 
The attenuation data for Ge and Si were compared to 
the theory by solving Eq, (3) for the temperature at 
which the at tenuation=3 dB/cm, which is denoted by 
TV The calculated and observed values of Tz for the 

16 W. P. Mason and T. B. Bateman, J. Acoust. Soc. Am. 36, 
644 (1964). 

17 A. Akhieser, J. Phys. (USSR) 1, 277 (1939). 
18 R. Orbach, thesis, University of California, 1960, pp. 126 and 

151(a) (unpublished). 
19 This has been determined by N. Shiren (unpublished) by 

comparison of the Landau-Rumer expression for the energy and 
the definitions of the ajk. 

20 H. J. McSkimin and P. Andreatch, Jr., J. Appl. Phys. 35, 
3312 (1964). 

TABLE I. Comparison of three-phonon theory of attenuation 
with experiment: transverse waves. 

Material 

Ge 
Si 

Axis 

1—
11

—
1 

0 
0 

0 
0 

1 
11 

1 

Ma 

2.8 
2.1 

r3(°K) 
(calc.) 

64 
137 

r3(°K) 
(exptl.) 

40 
74 

a Values of y from Ref. 20. 

shear waves in the [100] directions of Ge and Si are 
listed in Table I. I t is seen that the theoretical values 
are higher than the experimental values by as much as 
about a factor of 2. The origin of this discrepancy may 
lie in the fact that the anisotropics of the longitudinal 
velocity and the anharmonic constants have been 
neglected. 

(ii) Longitudinal waves. An expression for the attenu­
ation of longitudinal waves by three-phonon col linear 
interactions has been given by several authors.6,7,21 We 
use the formula derived by Shiren,21 

ai=Tr"y2k^T4/120pVf¥, (4) 

where 7 = (3cn+cni)/cn for the (100) direction and 

y=iS(cn+cu+2cu)+6cu&+3ciu/2+ciu/22/ 

(^11+^12+2^44) 

for the [110] direction (thermodynamic definitions of 
the third-order moduli are used). The other symbols 
are defined below Eq. (3). Values of ajk for Ge and Si 
have been measured by McSkimin and Andreatch.20 

Values of 7 for several materials have been measured 
by Shiren.21 

We solve Eq. (4) for T3, the temperature at which the 
attenuation = 3 dB/cm. The values of T3 computed 
using the measured values of 7 are compared with ex­
periment in Table II . I t may be noted that the agree­
ment is reasonably good for most of the cubic cases but 
is poor for the trigonal materials (quartz and AI2O3), 
in which the small value of the anharmonic constant 
leads to a predicted value of Tz that is much higher 
than the observed value. The theory also predicts more 
anisotropy of T% than is observed. 

The better agreement of theory and experiment for 
longitudinal waves in Ge and Si, compared to the only 
rough agreement for the transverse waves, may be re­
lated to the fact that anisotropy of the third-order 
elastic constants will be less important for the longi­
tudinal waves. The thermal and acoustic waves are 
nearly collinear for the longitudinal case. In the trans­
verse case the longitudinal thermal waves that interact 
with the acoustic wave are moving in an approximately 
annular cone with axis along the direction of propaga­
tion of the acoustic wave. Anisotropy will thus be more 

21 N. S. Shiren, Progress Report No. 4 on Contract DA 36-039 
AMC-02280(E), U. S. Army Electronics Research Laboratory, 
Fort Monmouth, New Jersey (unpublished), and private 
communications. 
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TABLE II. Comparison of three-phonon theory of attenuation 
with experiment: longitudinal waves. 

Material 

M g O 

Geb 

CaF2
a 

Sib 

a-Quartza 

Al203
a 

Axis 

[100] 
[110] 
[111] 

[100] 
[110] 
[100] 
[110] 

[100] 
[110] 

(*) 

GO 

M 
8.7±0.9 
3.5±0.4 
0.4_o.2+04 

2.5 
5.7 
6_3+

6 

10_5+10 

2.0 
4.6 

<0.2 

< 1 
< 1 

r3(°K) 
(calc.) 

44±2 
77±4 

230+90-70 

36 
27 
34+13-io 
2449"7 

76 
48 

>130 

>175 
>180 

r3(°K) 
(exptl.) 

45 
62 
70 

43 
44 
43 
40 

62 
62 

30 

103 
100 

• Values of y obtained from Ref. 21. 
*> Values of y obtained from Ref. 20. 

important for the transverse attenuation and some 
deviations from the (isotropic) Landau-Rumer theory 
may be expected. 

VI. CONCLUSION 

The attenuations of longitudinal and transverse 
(both slow and fast) 9-Gc/sec phonons have been meas­
ured as a function of temperature. The attenuations in 
a variety of crystals are proportional to Tn, where the 
average value of w ^ 4 . The temperatures at which the 
attenuation becomes appreciable (say 3 dB/cm) varies 
over a range from about 20 to 100 °K. For longitudinal 
and fast transverse waves we note an empirical correla­
tion between attenuation and the Debye temperature 
of the material: the attenuation is 3 dB/cm when 
( r / © ) « 0 . 1 , for 9-Gc/sec phonons. 

This provides a simple empirical rule for guessing the 
temperature at which a material will become lossy. 
Thus, for example, this rule predicts that in diamond, 
for which @ = 2000°K, the attenuation will be 3 dB/cm 
at 0.1 © = 200 °K. At room temperature the attenuation 
in diamond is predicted to have a value of about 15 
dB/cm, at 9 Gc/sec. 

Comparison of the theories of ultrasonic attenuation 
in the low-temperature, high-frequency range, (cor>l), 
with the experiments shows agreement within a factor 
of 2 for the transverse waves. The agreement between 
theory and experiment for the longitudinal waves is 
good for several cubic materials but is poor for the 
trigonal materials studied. I t would be desirable to have 
accurate values of the third-order elastic constants of 
more materials so that the origin of the discrepancies 
may become clearer. 

Note added in proof. 1. In Sec. I l l we applied the 
theory of three-phonon collisions but did not discuss 
whether the regime of applicability cor>l was realized 
at the temperatures of interest (r~O.10). The thermal-
phonon lifetime r is limited by (1) normal processes, (2) 
umklapp processes. (1) The normal-process scattering 
of thermal phonons by each other is dominated by the 
same three-phonon processes that we have calculated 
for ultrasonic waves in Sec. I I I . This scattering is pro­
portional to co, and since the mean free path L of o)— 
6X1010 sec""1 phonons is of order L ~ 1 cm at ( r /0) - 0 . 1 , 
the mean free path for normal collisions of the highest 
frequency thermal phonons (w^lO13 sec-1) will be 
L>10~ 3 cm. Thus, for normal collisions T=L/V> 10~3 

cm/106 cm/sec—10 -9 sec. Thus cor^>l, for normal-
process scattering. (2) The umklapp scattering relaxa­
tion time TU can be estimated from the thermal con­
ductivity K—%cv2ru where c= specific heat and v—sound 
velocity. From Debye theory, at ( r /0 ) = O.l, c«0.2J /cc 
°K for a typical crystal; then rw~10/c/fl2~ 10-11A:. Thus 
corw>l for materials with K>\ W/cm deg at T—O.ld. 
Thermal conductivity data at low temperatures are 
available14,15 for AI2O3, a quartz, diamond, Si, and Ge. 
In all of these cases K> 1 W/cm deg at 7"=0.10, so that 
O)TU>1. K may be approximately a universal function14 

of (T/6) at low temperatures so that the condition 
O)TU> 1 may be satisfied for most materials at T/Q=0A, 
for co^lO11 sec-1. Conversely, the observation that 
a^cor 4 indicates that cor>l , and hence gives some 
measure of the lifetime of the thermal phonons with 
which the ultrasound is interacting. 

Note added in proof. 2. Preliminary measurements of 
the attenuation of transverse waves in the (100) direc­
tion in diamond have been made. The attenuation 
seems to be lower than in any material reported above, 
in agreement with the suggestion made in the conclusion. 

In addition, some preliminary measurements in YIG 
and Ga substituted YIG show quite low attenuation for 
shear waves along the (110) directions. The attenuation 
is less than would be predicted from the rule that 
a=3 dB/cm at T—0.16. Low acoustic attenuation in 
garnets has previously been observed by Spencer et al.9 

The results of our continuing study will be reported 
later. 
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