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An intensity-correlation experiment is proposed to test the second-order coherence of laser light from a cw-
operated laser based on the Glauber formalism. The calculation utilizes the known form of the density
matrix for radiation from a randomly excited source such as a discharge tube which is equivalent to filtered
black-body radiation, and represents the laser radiation field by a coherent state. The intensity correlation
calculated exhibits the standard Hanbury Brown-Twiss term and an extra term due to intensity interference
between the Fourier components of the thermal field and the laser mode.

HE quantitative interpretation of the impressive
amount of experimental data accumulated in the

last four years in the laser field is presently not always
free from doubt. Although much of the theoretical
work! uses classical methods with little inhibition, citing
the usual argument (high field intensities equal classical
limit), some authors have attempted to formulate the
problem on its proper ground, namely on a microscopic,
quantum-mechanical level with due respect for the sta-
tistics underlying the electromagnetic field. R. Glauber?
in particular has formulated a theory of coherence which
is founded on quantum electrodynamics and gives a
framework within which to discuss the particular struc-
ture of the electromagnetic field originating in a laser
cavity, a phenomenon which is intrinsically quantum
mechanical. In particular a complete set of eigenfunc-
tions of the photon-destruction operator is introduced,
and a new definition of coherence in terms of separable
correlation functions of all orders is given. The question
arises then: To what extent is a laser, and for simplicity
we will always mean by that a single-mode system such
as a He-Ne maser, represented quantum-statistically by
a coherent state? It would require an infinite set of in-
creasingly and finally forbiddingly difficult experiments
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1 L. Mandel, Progr. Opt. 2, 183 (1963).

2R. Glauber Phys. Rev. 130 2529 (1963), 131, 2766 (1963).

to test the coherent-state aspect of a laser. Instead, we
propose a more modest test. As we know, the originally
striking, but now familiar results of the Hanbury
Brown-Twiss® experiments follow unambiguously from
the Gaussian nature of the chaotic radiation field, which
in Glauber’s terminology is only first-order coherent.
How about lasers?

In the following, an intensity-correlation experiment
is proposed utilizing the superposition of a laser source
and the light produced by a discharge tube (see Fig. 1).
The result to be expected on the basis of the assumption
that the radiation field produced by the laser is described
by a coherent state is calculated. Comparison of experi-
mental results with the theory should then allow one to
support the coherent-state nature of the laser light to
second order or dismiss it. The assumption for the
electromagnetic field produced by the discharge tube
is the standard Gaussian one, which is the only well-
established one. In the following we use the notation
introduced by Glauber.!

In the P representation, the density matrix for the
radiation field of a chaotic origin is

pn= /P({ak})l{ak}><{ak} II;Idzak
¢y

exp— [ax| %/ (ns).

1
P({ar}) =11 -
kT %

The laser is described by
pule)= [ 89 e e = Lae)x - 2

since it is assumed to be in a purely coherent state.
Superposing the radiation fields due to both sources, we
form the convolution integral to find the joint P

3 R. Hanbury Brown and R. Q. Twiss, Nature 177, 27 (1956).

4 We could also use a mixture of coherent states over various
phases. For simplicity we will confine ourselves to the simplest
assumption. The result of the calculation would remain unchanged
for the more general assumption.
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representation We propose to calculate the second-order correlation
P function, which is a measure of the intensity correla-
ioint({1}) tions at different space-time points {w:(Xst:),%;(X;,)}.

By definition
~ [ P P@ITT 50 B T
k k G apapsnd P (w1,%2,%3,%4)
=Tr{pEu " ®1) EwT (@) Euy (43) Ey P (20} . (5)

1
=——exp— |Bj—ax|?/(n;)
w(n;) ’ ’ Expanding the E,,*)(«,) in terms of destruction opera-

1
XIL——exp= Bl /m). ) tors ax, we have

k5 w(ny,

T\ 112
B )= — — ki ; . —iwkili’ 6
The density matrix for the superposed fields is B0 ‘ %( 2 ) tnd 10 ©

oint= | P 26 4) Where the #,,*(x;) are solutions of the wave equation

Pioint / (BB} 5:) |IkI B ) and form a complete set. Substituting in Eq. (5) we find
72

Guipzuans® (01,02, 23,%8) = 20 6 —(0ry00kero@rg) 205, *#1(X0) 22, *(X2)

kikakska

X uk;"’(xs)uk4“4(X4) exp{i(wk,tl+wk2t2—~wkst3— w;“t‘;) }

/d2ﬂlj exP—laj—aK|2/<nj>f];I 2y,

X

exp— | o |2/ (meyon*an ¥ gy, (7)

7r<nj W(”k

where we have used the cyclic invariance of the trace and the defining property of the coherent states | {a;})
ar;| {e})=ai; | {a;}) ®
Trp=1. &)

as well as the normalization condition

To evaluate Eq. (7) we note that
/P(Iak[ Yar*aymd?ar=Cdim

/dZajP(laj—axl)/ IkI P(|ar|)dar ar*ars*aron= /d2ajp(!aj_aK[)/ IkIP([akI)dzak

X gy g g0y (Or1kaOkatst Okatedraks) (1 St x+ Orax+50kx0kex) . (10)

Specifying x1=xX3, f1=13; Xa=Xy, fla={4; and u1=uz=pn; pue=pus=v, we find

h2
G#"W(Z)(xlax2; tl;t2) = Z” thhwkz(nklx”kz)l:uh*ﬂ(xl)ukz*y(x?.)ukl“(xl)ukzy(XZ)
k1, k2

hz
a3 *#(X0) 2y * (Xo) U (X1) Uy’ (X2) exp{i(ti—1a) (wkl-wkz)}]'l‘%' thkz“’K<nk2>(<”K>+ fax|?)

X [ur* (x0)mr® (Xo)u g (X1)thry* (Xe) 0 ¥ #(X1) 1105 (Xo) 2 (X 1) (X2) €xp{i(f1— o) (wr—wy)} ]
h2
+‘k£' thklwx("k1>(<"K)+ | x| 2)[otry*# (1) ™ (%) 02, (X0) 21” (X2) 202, ¥ (X0) 207 (Xo) U (K1) 2y” (X2)

2

Xexp{i(ti—1Is) (wh-—wx)}:|+G4-waz(2(nx>2+4(nx) [ax |2+ |ax| Yue**(x)ur* (Xo)ur*(X1)ur’(X2) , (11)

where 3_’ denotes the fact that we do not sum over K in the Fourier expansions of the field. Completing the sums by
adding the K mode in the Fourier expansions for the chaotic field, we can rewrite Eq. (11) in terms of the first-order
correlation functions G,, WL (x4,x5) for the radiation field of random and coherent origin, respectively, to arrive
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after some algebra at
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G ® (1,202) = G VP (201) G D (02) + Gy VM (201, %2) G Vo (s02,21)
F GV (01) Gy DM (202) G D B (202) G VM (261) + G D (1) Gy D 1 (2) + Gy D001, 22) G VP (2, 201)
+Gp,.(1) L(x%xl)Guv(I)Ch(xl;x?) = [GMM(I)Ch(x1)+G#M(I) L(xl)][GW(l)Ch(x‘A’) +Gw(1) L(xZ):]

F G DN (21,29) Gy V0 (29,501) + 2 ReG o “(21,22) Gy V0 (209, 21) .

Summing over polarization indices u, » we find

(12)

Z G(2)(x1,x2) = <Itnc(%1)1coc<x2)> = [Ich(xl) +IL(x1)][[c}1(x2)+]L (x2)]
+2° G (21,22) Gy VM (209,21)+2 3 ReG oy O 1(i01,22) Gy Vo (wg,21) . (13)

Ie,1 denotes the instantaneous intensity of the light
of chaotic or laser origin. From the Hermiticity of p it

follows that
G VM (29,21) = G ™ DM (01,2) .

(14)

Next we introduce the normalized first-order correla-
tion functions p,, VM (wy,xe), Nw P E(21,%5) by defining

GV (1,22)
[GuuP(x1)G,, D(x2) T2
Gy DL (o01,%2)

(G (x1)Gy, D U(x5) ]2

P VN1, 20) =

(15)

Ny D Lo(1,00) =

The above procedure is for unpolarized light. For
polarized light we have only one component of polariza-
tion nonvanishing, hence G,V Y(x1) =TI 1.(x1). The
second-order cross-correlation function is by construc-
tion the ensemble average of the intensities at «y, £; and
%3, I2; subtracting the product of instantaneous intensi-
ties due to the laser and chaotic sources, and working
with polarized light for both chaotic and laser radiation
as well as taking x;=xX, to maximize the effect we find
the intensity fluctuation

(Tior(X1,t1) Tot(X1,t0) y— Lot (X1) ot (X1)
= Itot(xl)ltot(xl) [[Ich(X1>Ich(xl)/1tot(xl)Itct(xl)]
X | p®(t1,89) | 24 [Ten P (x0T .V (X1)/ Ttot(X1) T t0t(X1) ]
X2 Re Trx®OL(1,1)p* Dh(ty 15)].  (16)

The first term is already present in a chaotic beam in-
tensity correlation experiment (Brown-Twiss), and is
due to interference between the different Fourier com-
ponents of the randomly produced field. The second term
expresses an interference effect between the laser field
and the various Fourier components of the chaotic
radiation field. In order to express our result in terms of
an experimentally measurable quantity, e.g., the excess
coincidence rate in the output of two photon detectors,
we have to consider the absorption of photons by an
atomic system (photoionization) and relate the rate of
absorption (=rate of emission of photoelectrons) to the
second-order correlation function of the radiation field.

This has been done by R. Glauber,’ and we follow his
treatment. In particular, he shows that under certain
approximations the probability for absorption of #
photons by # atoms, each atom absorbing one photon,
in a time interval ¢ is given by

t ¢
p"(t)z/ dtl’-'-/ dt,’
0 0

¢ ¢ n
X/ dtn”' . / dtlll H S(ljl—tj”)G(")
0 0

=1

X (rlltll et T

_rllltlll) (17)
with

1 0
S(t)=——/ S(w)e“idw;

™

(17a)
e 2
S<w>=2«<2) £ RUDM 1M1 *5(0ar)-

The factors S(¢) originate from the atomic part of the
photoionization transition probability, M ;, is the dipole
matrix element evaluated between the ground state and
final ionized (continuum) state of the jth atom, and
wpg=F;—E,/%. The sum over fwith the weighing factor
R(f) takes account of the continuum of states available
to the emitted electron for w;;>>wionization. Since the
counter consists of a large number of atoms (~102°),
exceeding by many orders of magnitude the number of
absorbed photons, we have to consider the ways in
which # photons can be absorbed by N atoms, with
N>n.

We consider, therefore, the generating function® Q(,?)

defined as
Q()\rt): <(1_)\)C> )

where 0<A<1, C is the number of photon counts in a
time interval / (which we shall later take to be the resolu-
tion time of the detecting system) and the brackets de-
note ensemble averaging. Expanding Q(\,f) in terms of
the n-photon-absorption probability $¢(f) and sum-
ming over the various ways in which » photons can be
absorbed by N atoms, as well as going to the continuum

(18)

8 R. Glauber, Quantum Optics and Electronics (Gordon and
Breach Science Publishers, Inc., New York, 1964).
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limit (V — ), we arrive at the expression

» (— >\)”

O\ = Z

/ /G(")(xl, cexayaxd)

x H V(.’)C] ’x],,)d4xj 7d4x1”;

J=1

(19)

where

V(@) =o(r )8 —1")S('—1)

and ¢(r) is the number of atoms per unit volume. The
integrals are taken over the counter volumes, and from
0 to ¢ along the time axis. By filtering the radiation field
we can achieve S(w)=const over the frequency range of
the field and, therefore, S(¢’—¢)=s6(t'—¢). To find
the second moment of the photon-counting distribution,
we differentiate Eqgs. (18) and (19) twice with respect
to N and set A=0 to arrive at

4[‘ ‘ ./ G(2)(x]_/,x2/,x2”’x1//)

counter volume
resolution time

(19a)

(€(Cc-1)=

2

) H d“x/d“xj”

2
XTI Vi
=1

=s'2//d4x1’d4x2’0(2)(xl’,xz’,xg’,xl’), (20)

where we assumed the atoms to be distributed uniformly
and lumped o(#")=0(r')=a into the new sensitivity
parameter s’ =sa.

Noting that

(C)y= / / GO () 1)V (ot ) dAxy 4y

= f GO (et oy )t (21)

counter volume
resolution time

and substituting for G® (xy,xs’,xs",21") from Eq. (16),
we find

(€)—(C)= <c>2[

ch>2

2 Re/ dtl/ dt2>\(f1,t2)P*(t1,f2)J (22)

(ComNCE)
TR2<C>2

Note that (C)={C)+(C™) and (C®), (CT) are the
photon mean numbers for the chaotic and laser fields,
respectively. The spatial integrations over counter
volume are trivial since assuming a plane-wave repre-
sentation for the field, the intensity is constant over the
surface of the two counters placed perpendicular to the
propagation direction of the field and the remaining
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integration in the z direction just averages the intensity
over a thin layer of atoms. To get counts per unit time,
we divide by T'z%

The variance of the photon-counting distribution is

then given by
<c2>—<c>2=<c>+1“i"—l<cch>2[1+4<cl“>x] (23)
2Tx (cy 7

where the remaining time integrals in Eq. (22) are
elementary recalling that the first-order correlation func-
tion p(#1,t5) is related to the Fourier transform of the
spectral profile via

1 ]
—_ f g(w)e—iw(tl~t2)dw
2 J _

and we calculate for square pulse, Gaussian and
Lorentzian lineshape. The forms of g(w) are

gw)=2m/2T' w,—T'<w<w+T (square pulse)
=0 otherwise

g(w)="2x/7' 2T exp— (w—w,)?/T? (Gaussian)

g(w)=2T/[(w—w)*+T?]

glw)=2mé(w—w,)

p(tlat2) (24)

(24a)
(Lorentzian)
(Laser).

k is ¥, 1/V2, 2 for the square pulse, Gaussian, and

Lorentzian, respectively. The coherence time is defined
by r%on=1/T, and we have assumed the same T for the
various lineshapes, s0 that 7len=2T7%0n=T%cn2(2m)!/2
where the superscripts /, s, g correspond to Lorentzian,
square, and Gaussian lineshape, respectively. Tz is the
resolution time of the detecting system. The expression
Eq. (23) for the variance contains the familiar Poisson
distribution for the photoelectrons (first term) as well as
the Hapbury Brown-Twiss correlation term for the
chaotic field and a new term which arises from intensity
interference of the various Fourier components of the
chaotic field with the laser field. This term is the crucial
one to detect in the proposed experiment testing the
coherent-state nature of the laser field to second order.

In the above form Eq. (23) is applicable to the recent
measurements of J. Armstrong and A. Smith® on the
intensity correlation of the light produced by a GaAs
laser below and above lasing threshold, under the
assumption that the radiation is described by the
superposition of a coherent, amplitude stabilized part
(above threshold) and a noise field corresponding to
black-body radiation.

The suggested experiment tests the coherent-state
nature of a laser beam to second order by exploiting the
known density matrix for a chaotic field. Higher order
coherence can be tested in measurements based on non-
linear effects of higher than second order, and this topic
will be taken up in a future publication.

Useful conversations with Dr. W. R. Heller and Dr.
T. R. Koehler are acknowledged.

& J. Armstrong and A. Smith, Phys. Rev. Letters 14, 68 (1965).



