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Functions are defined as products of a properly symmetrized function for a free electron in a magnetic 
field and of a Bloch-type function. An equation is derived for the Bloch-type function, and it is shown that 
in general the energy for a Bloch electron in a magnetic field is obtained by superimposing Landau levels on 
the energy spectrum of the crystal. The treatment is based on the symmetry of the equation for a Bloch 
electron in magnetic field. 

I. INTRODUCTION 

IN developing the effective-mass approximation the 
solution of Schrodinger's equation for a Bloch elec

tron in a magnetic field is expanded in Bloch functions 
or Kohn-Luttinger-type functions.1-8 In doing so great 
difficulties arise because the magnetic field introduces 
terms into Schrodinger's equation which in the basis of 
Bloch functions give infinite matrix elements. It was 
pointed out4 that from symmetry arguments one should 
not expect the Bloch functions to be a proper system of 
functions for expanding the solution of a Bloch electron 
in a magnetic field. The reason for this is that the 
magnetic translation group5 is not a subgroup of the 
usual translation group, and therefore the Bloch func
tions which are symmetry-adapted for the usual trans
lation group are not suitable for constructing functions 
with the proper symmetry of the magnetic translation 
group. 

In this paper symmetry adapted functions are con
structed for a Bloch electron in a magnetic field in the 
same form as Bloch functions are constructed. The latter 
consist of a product of two functions: 

\pk(r) = exp{ik-t}uk(t). (1) 

The first factor is a free-electron function, while the 
second is a periodic function with the periodicity of the 
potential energy. Function (1) is an eigenfunction of the 
translation operators 

r(R t t) = exp{(t/*)p-Rn}s (2) 

with p the momentum operator and Rn a Bravais lattice 
vector. In fact, the free-electron function itself is an 
eigenf unction of the translation operators (2), and the 
periodic function uk(r) is introduced in order that ^fc(r) 
be a solution of Schrodinger's equation. 

The same idea will be used in the second section of 
this paper for constructing functions for a Bloch elec
tron in a magnetic field. We will look for functions that 
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are symmetry adapted with respect to the magnetic 
translation group,6 and that are written as a product of 
two functions: a function that is a solution for an 
electron in a magnetic field properly symmetrized to be 
an eigenf unction of the magnetic translation operators4,7 

for a Bloch electron in a magnetic field, and a function 
that is analogous to a Bloch function. In the last section 
we derive an effective Schrodinger's equation for a Bloch 
electron in a magnetic field, and find a general picture 
for the energy spectrum. 

II. CONSTRUCTION OF THE FUNCTIONS 

First, symmetry-adapted functions are constructed 
for the magnetic translation group from the eigen-
functions for an electron in a magnetic field. To do this 
we assume that we know the solutions of the equation 

(p+(e/c)Xy 
*(r) = 3f,(t), (3) 

where e>0 and A is the vector potential in the gauge 

A = f [ H x r ] . (4) 

H is the magnetic field. We also assume that the third 
axis is chosen in the direction of the magnetic field, and 
that otherwise the coordinate system is arbitrary.8 The 
operators that commute with the Hamiltonian in (3) 
are4 

r(R) = exp{ (»/*)(P- («A)A)-R> , (5) 

where R is an arbitrary vector. For our choice of the 
coordinate system the operators r(a) and r(c) commute 
(a is a vector in the direction of the first axis, c in the 
direction of the third axis), and we can always choose the 
solutions of Eq. (3) to be also eigenfunctions of r(a) 
and r(c): 

r(a)\f/q=exp{iq'Si}\f/q 

r(c)^g=exp{tq-c}^< 
(6) 

The functions \pq are therefore specified by the two-
dimensional vector q in plane 1-3. This specification 
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follows from the symmetry of the problem. There is also 
a quantum number n that defines the Landau levels. 
The solutions of Eq. (3) are therefore fully specified by 
q and n\^n^ The eigenvalues of Eq. (3) depend only on 
n and qn (the component of q in the direction H ) : 

EnqR= ( » + i ) * « + ( ^ f l ) / ( 2 f » ) . (7) 

In a Cartesian coordinate system \pnq is given9 

^ « Q ( r ) = ^ „ exp{-ixy/2\2+iq-r}<l>n((y—qx\
2)/\), (8) 

where An is a normalization constant and \ = (hc/eH)112 

is the radius of the first cyclotron orbit. 
The equation for a Bloch electron in a magnetic field 

|-(p+(*A)A)2 

+ V(r) 
2m 

^ = E * , (9) 

and the operators that commute with the Hamiltonian 
in (9) are the magnetic translation operators6 '7: 

'(R») = exp{(»/*)(p- (e /c)A).R.} . (10) 

As was shown before,5,6 it is possible to construct a 
group of the operators (10), called the magnetic trans
lation group, and to find symmetry adapted functions 
for this group. However, for arbitrary magnetic fields no 
wave-type solutipns of the equation (9) exist, and since 
in this paper we are interested in constructing Bloch-
type functions, we will therefore deal with "rational" 
magnetic fields4'7,10: 

H - a i * a 2 2n 

hc/e N 
(u) 

where ai, a2 are unit cell vectors, H is the magnetic field 
chosen in the direction of the third unit cell vector a3, 
and n, N are integers with no common factor. When 
condition (11) is fulfilled, the magnetic translation 
group possesses a commutative subgroup4 which can be 
constructed on the vectors: 

Rjv=»iai+W2^a2+^3a3 (12) 

where ni, n^ n% are integers. I t thus follows that for 
"rational" magnetic fields solutions of Eq. (9) can be 
constructed which are also eigenfunctions of the mag
netic translation operators r(Rjv). We will construct 
such functions in the following way. Let us note that 
without requiring that the functions satisfy Eq. (9), we 
can easily find functions that are eigenfunctions of all 
the operators r(Rjy) by properly symmetrizing the 
solutions }pnq of Eq. (3) for an electron in a magnetic 
field. Such a symmetrization was already carried out 
before7,4 for functions in a Cartesian coordinate system, 
and a similar result is obtained for functions \f/nq in a 

9 M. H. Johnson, B. A. Lippmann, Phys. Rev. 7.6, 828 (1949). 
10 For the purpose of this paper, it is more convenient to have the 

"rationality" condition with the factor 2 on the right-hand side 
because then the representation of the operator v(Rjy) is 
exp{ik-RAr} [Eq. (10) in Ref. 4] . 

general coordinate system : 

CO 

0n*(r) = Z exp{ — 2irimm2}T(mNa2)4rnq(T), (13) 
m =—oo 

where 

k=q+m2(K2/N) = m1K1+m2(K2/N)+mzKz. (14) 

Here Ki, K2, and K3 are the unit cell vectors of the 
reciprocal lattice (the vector q is limited to vary in the 
two-dimensional Brillouin Zone). The coordinate system 
in which the functions \j/n q were found is now chosen to 
coincide with the directions ai, a2, a3 of the unit cell 
vectors. I t is clear that the functions <t>nk are eigen
functions of the commuting operators r(Riv): 

r(RN)ct)nk(r) = exp{ikRiv}0n*(r). (15) 

For the operators r(ai) and r(a3), relation (15) follows 
from (6), and for T^Nas) it follows from the symmetriza
tion procedure (13). 

After having functions 4>nk{*) with the transformation 
properties (15), we can now look for functions which, 
apart from having the latter transformation properties, 
will also satisfy Schrodinger's Eq. (9). The most natural 
way to do this is to look for functions which are products 
of 0nfc(r) with an unknown function wnk{t)' 

$nfc(r) = 0»fc(r)w„jb(r). (16) 

In order for $»fc(r) to be an eigenf unction of all the 
magnetic translation operators T(RJV), i.e., 

T(R^)*»fc(r) :=exp{ik-R^}^n*(r), (17) 

the functions wnk 00 have to be periodic with the periods 
ai and Na2: 

wnA(r+Ri\r) = w„&(r). (18) 

The index n is introduced in wnk{t) to show that in 
general the latter will depend on the Landau level index 
n; this dependence will arise from the requirement that 
<£WA;(r) satisfies Schrodinger's equation. 

The functions $»fc(r) have a very simple structure, 
which is in full analogy with the Bloch functions (1): 
The first factor <?W(r) is the function for a "free" elec
tron in a magnetic field (in the Bloch functions, the first 
factor is a free-electron function), while the second factor 
wnk(r) is periodic [Eq. (18)] and plays the same role in 
the functions $„^(r) as the periodic part unk(r) plays in 
the Bloch function. 

Another interesting point about the functions <&nk(t) 
is that they are of the same form as those obtained in 
the effective mass approximation.1 This fact becomes 
obvious if we define the function <£nfc(r) in a slightly 
different way : 

$ n * = * n o ( r ) tXp{ik-t}Wnk(t) = <t>no(i:)#nk(f) • ( 1 9 ) 

I t is clear that $n& W also satisfies relation (17) because 
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0nO(r) satisfies (15) for k—0. In addition, the functions 

$nh(r)z=zxp{ik-r}wnk(r) (20) 

have the same transformation properties under the 
operations T(RN) as the Bloch functions have. Indeed, 

r(Riv)^n*(r) = exp{ik-RJV}^n*(r), (21) 

which is just a transformation that a Bloch function 
^fc(r) undergoes. We have therefore shown that a 
general solution of the Eq. (9) for a Bloch electron in a 
magnetic field can be written as a product of a solution 
<£no(r) of a free electron in a magnetic field, and of a 
function $nk(r) that has the transformation properties 
of a Bloch function. In the effective-mass approximation 
the result is very similar.1 There the function is given by 
a product of a solution (unsymmetrized) for a free 
electron in a magnetic field, and of a Bloch function for 
a given k. In the functions $n/fc(r) the Bloch function is 
replaced by the function $nk(r), which satisfies the same 
transformation relation (21) as a Bloch function \f/^ The 
similarity between the functions <&nk and the functions 
obtained in the effective-mass approximation is thus 
very close. 

To conclude this section let us find the expansion of 
$nk(*) in Bloch functions. I t should be noted that the 
wave vector k in <£nk is defined according to (14) and 
therefore varies only in a part of the Brillouin zone. 
This was caused by the fact that the commutative 
magnetic translation group was defined on the Bravais 
lattice vectors R^. Take a Bloch function \pkj for any 
wave vector ky which differs from k by a vector 
(2w/N)jK2j with 7 = 0, 1, •••, N-l. All such Bloch 
functions ^kj undergo the transformation 

T(RN)\l/kj = exp{ik-RN}\j/Kj. (22) 

I t therefore follows that the expansion of \pnk(t) in 
Bloch functions will be 

^n*W = L Clrfl 

where I is the band index and 

(23) 

•(p+(e/c)kY 

2m 
•V(r) WntfPnk --E&ntfPnh. (25) 

According to the construction of </>no [relation (13) for 
k = 0 ] , it satisfies the following equation: 

(p+(eA)A) 2 

2m 
^»o(r) = feo(w+|)0no(r). (26) 

Thus, by differentiating the product <j>ntfPnk in Eq. (25) 
and by dividing both sides of (25) by <£»o(r), the follow
ing equation is obtained for 4/nk: 

_2m 

( l / m ) ( p + ( e A ) A ) ^ 0 ( r ) 

<Ko(r) 
J Wnk=E\pnk. (27) 

Since $„& has to satisfy relation (21), and since Eq. (27) 
was derived from general symmetry considerations, we 
have to expect that the operator on the right-hand side of 
Eq. (27) will commute with all the translations r(Rjv). 
Otherwise, it would be impossible to require that the 
solutions of Eq. (27) satisfy also relation (21). In order 
to check that the operator on the right-hand side of 
Eq. (27) commutes with T(RN), we have to check that 

(p+(e/c)\)<t>no(t) 
p 

<Ko(r) 

commutes with T(RN), because it is obvious that the 
other terms of the above operator commute with T(RN). 
According to the definition of 0»fc(r) [relation (13)], we 
have 

T(RN)<j>nk(r) 

00 

== £ exp{ — 2Trimm2}T(R.N)T(mN2L^)ypnq{x) 

kj=k+(2r/N)jKi, j=0,l,---,N-l. (24) = E e x p { - 2 « W m 2 } 

Using expansion (23) and the expression (19) for $n/ f we 
can now state that a solution of the equation for a Bloch 
electron in a magnetic field for a given k can be written 
as a product of a properly symmetrized function for a 
free electron in a magnetic field $no(r), and of a sum 
over Bloch functions for different bands and for k,, given 
by (24) with a fixed k. 

III. EQUATION FOR $nk 

In this section we derive an equation for \pnk. Let us 
put <&nk from relation (19) into Schrodinger's equation 
(9): 

Xexp -A-RjV|r(wiVa2)r(RjV)^ng(r) 

i e 
= X! exp{ — 2-irimm2} exp j - -A • RAr 

w=-oo [ft C 

Xr((w+»2)iVa2)r(»iai+W3a3)^nfl(r). 

Since ^wg(*) satisfies Eq. (6), we finally have 

r(R^)0 n O(r) = exp | - -A.R^[0 B o(r) . (28) 
: C 
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Thus 

( p + (e/c)A)*wo(r) [ p + (e/c)X+ («A)A(R*)] exp{ (*/*)(*A)A(r+R*)• R*}0no(r) 
T (RAT) -~ p ~ _ - p 

0,o (r) exp{(i/*)(«A)A(r+Rjv)-R^}*»o(r) 

The last equality follows from the relation 

pexp - -A-RATU„o(r ) 
[he J 

iie 1 r e 
- exp | - -A-Rjv | p—A(Riv. 

[he J L c 
Wo(r). (30) 

We have therefore proved that the operator on the 
right-hand side of Eq. (27) is invariant under all the 
translations T(RN). The functions $nk(r) can thus be 
chosen in the form (20), and the equation for wnk(r) 
will be 

r(v+m2 

L 2m 
fF(r)+fo(»+|) 

( l /«)(p+(*A)A)*„o(r) 

<£™o(r) 

X ( p + ^ k ) \wnk(r) = Ewnk(r). (31) 

Equation (31) can be considered as an effective 
Hamiltonian equation for the problem of a Bloch 
electron in a magnetic field. As we see, this Hamiltonian 
depends on the Landau level n and in addition contains 
the whole Bloch Hamiltonian. I t therefore follows that 
in general the energy levels and the functions of Eq. (31) 
will depend on both the energy-band index of the crystal 
/ and the Landau level index n: E=Ein(k), w — wink-
This result is a general expression of the effective-mass 
approximation. In particular, when the last term in 
Eq. (31) can be neglected (it is not clear at this stage 
under what conditions this can be done), the energy 
and the functions will be as follows: 

£j„(ky) = €z(ky) + feo ( » + £ ) , 

wz„ky=^ifcy(r). 

(32) 

(33) 

Here €z(ky) is the energy of a Bloch electron in band I 
with the wave vector ky. The function <f>nk will thus be a 
product of a free-electron function in a magnetic field 

(p+(e/c)A)(j)no(r) 

<£«o(i") 
(29) 

0wO and a Bloch function ^z&y(r): 

5zn*(r) = 0no(r)^i*iO')- (34) 

I t is clear that such a simple form of the spectrum (32), 
when the energy of a Bloch electron in a magnetic field is 
given by a sum of a Bloch energy for a fixed k ; and an 
energy of a Landau level n is very idealized and, in 
general, we will have to take into account the perturba
tion that is introduced by the last term in Eq. (31). The 
development of a perturbation procedure for Eq. (31) 
is a subject for a future publication. Here we will note 
that the functions wink satisfy relation (18), and there
fore Eq. (31) has to be investigated only in a finite 
region: ai, Ara2, a3. This is a very great advantage, be
cause there is no need to carry out integrations over the 
whole space, when a perturbation theory is developed. 
As was mentioned in the introduction such integrations 
lead to infinite matrix elements and to serious com
plications. 

In conclusion we find that in general a solution of 
Schrodinger's equation for a Bloch electron in a mag
netic field (9) can be written as follows: 

^lnk(0) = (f)no(r)\plnk(r) , (35) 

where <£no(r) is a solution of the equation for a free 
electron in a magnetic field (13), and \pink(r) is a Bloch-
type function that satisfies Eq. (27). The index I 
specifies an energy band of the crystal, the index n-a 
Landau level and k follows from the symmetry of the 
problem. 
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