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Within the framework of a somewhat general free-energy variational calculation we find that a solution
with an energy gap and spontaneous long-range order is favored. However, if on the basis of recent results
one disallows the gap, then Bulaevskii's solution, without spontaneous long-range order, obtains. From
Bulaevskii's coupled integral equations and the condition for maximum entropy with respect to variation
of the external field % at fixed temperature 6, we obtain a pseudophase boundary in the /, ¢ plane. The
analysis indicates that asymptotically along the boundary, (2—#%)/6 — positive constant as § — 0, and
1/ (80—6)'/2 — positive constant as § — 6o, where (A=0, 6=0,) is the intersection of the boundary with the
6 axis. Qualitatively similar behavior is displayed by the exactly soluble X-¥ model for which the pseudo-
phase boundary is also given here. The boundary curves are compared with one obtained for a finite chain

by Bonner and Fisher.

1. INTRODUCTION

HE hope of gaining some insight into the illusive
nature of approximations used to study many-
spin models has, in part, motivated a significant amount
of work on a linear chain of spins (S=3%) with nearest-
neighbor antiferromagnetic Heisenberg exchange inter-
action. Since the Hamiltonian for this system can be
simply expressed! in terms quadratic and quartic in
Fermi operators, without auxiliary conditions required
in conventional Bose-operator formulations of the ex-
change Hamiltonian, the linear chain may be regarded
formally as a many-fermion system with two-particle
interactions.

The resulting literature contains a number of carefully
derived properties of this model, viewed as a spin system,
and these known properties make the model an interest-
ing proving ground for certain conventional approxima-
tion techniques. From among the known investigations
we refer in particular to: the ground-state energy deter-
mination?; the extension® of Marshall’s theorem to show
the nondegeneracy of the ground state; a theorem?
showing the existence of a low-lying excited state and
suggesting the absence of an energy gap in the excitation
spectrum; the behavior* of certain ground-state prop-
erties as a function of an anisotropy parameter;a study®
of the excitation spectrum arising from a subset of
solutions to the secular equations; a study?® of the zero-
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temperature limit of the magnetization for an infinite
chain; numerical” calculations of the thermodynamic
behavior of finite chains; the exact zero-field determina-
tion? of the free energy, correlation functions, and other
aspects of the model in the limiting case of infinite
spin per site.

In spite of these and other significant contributions
during the last thirty-five years, tractable descriptions
of either the ground state or the thermodynamic func-
tions are not apparent. On the other hand, variational?
and perturbation techniques!® appear to be moving
closer to a consistent thermodynamic description,
although the lack of an exactly known ground state is
at least an embarrassing situation.

It is our present purpose to describe an approximate
calculation based on a free-energy variational technique
which reflects the ideas in the Valatin and Bogoliubov
formulations of superconductivity theory. The method
was recently applied!! to the simple cubic antiferro-
magnet in a magnetic field. In essence we have found
that by starting with a somewhat general trial Hamil-
tonian, quadratic in Fermi operators, the variational
method leads to the nonzero-temperature extension of
the Ruijgrok and Rodriguez paper.!? However, that
description, which is to be compared with the instability
of a plane-wave ground state to an Overhauser-type
state,!® allows an energy gap and an associated long-
range order. If on the basis of indications given by the
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exact results, we disallow the gap, then, in this context,
the “next best” solution is Bulaevskii’s,” which has a
higher ground-state energy but no spontaneous long-
range order.

From Bulaevskii’s coupled integral equations and the
condition for maximum entropy with respect to varia-
tion of the external field % at fixed temperature 6, we
obtain in the %, 6 plane a pseudophase boundary which
roughly separates a region of predominantly antiferro-
magnetic order from a region of predominantly ferro-
magnetic order. For >0, there is #o thermodynamic
discontinuity as the boundary is crossed, and at §=0 the
susceptibility is discontinuous® in accord with Jacob-
sohn’s theorem.!* Also given here is the pseudophase
boundary for the exactly soluble X-¥ model of Lieb,
Schultz, and Mattis.®>!®* Comparison is made with a
pseudophase boundary curve given by Bonner and
Fisher” for a finite antiferromagnetic chain.

2. FREE-ENERGY EXTREMUM EQUATIONS

For N spins (S=3%) the Hamiltonian for an antiferro-
magnetic chain with periodic boundary conditions is

N
3¢=27 2 (S;*Spat+hS), Swia=8y),

f=1

where here 2=guH/(2J) and the remaining notation is
consistent with Ref. 11. It is convenient to express the
spin operators with reference to the rotated sublattice
coordinates described!! in detail previously; then

N
se=2J ¥ GA=)(SHASpat+Sp175)
f=1
— 57 (S S S a8 )
+y* = DS 7S st +vhS 14-000),

where O(0) denotes terms which give no contribution for
all ensembles here considered. For y=0 the transformed
sublattice coordinate systems have antiparallel z axes;
whereas for y=1 the z axes are parallel. Application of
the well-known!-® canonical transformation

f—1
Spr=C;" explir 2_ C;'C;],
=1
S=(SM)",
which relates the spin operators associated with site f
to Fermi operators C, and C,' associated with sites
r=1,2, ---, f—1, f [Note: exp(irC;/C;)=1-2C/C;
= —25,7], enables one to write

N
s=2J > [3(1—+)(C/Cra"+CraCy)
f=1
—3vUCAC 1+ Cra'CH+ 2y = 1)(C/Ci~35
X (Cf+1TCf+1“%)‘f"yh(CfTCf”‘%)]‘l'O(O) .

14 B, A, Jacobsohn (private communication).
15 S, Katsura, Phys. Rev. 127, 1508 (1962).
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Upon introducing an arbitrary trial Hamiltonian 3C,,
where 3¢=3Co4-(3C—3Co), one can perform variations of
the trial free energy

F=F+{3C—3Co)o=(3)o— TSy,

which is known to be an upper bound to the exact
free energy. As in Ref. 11, Fo, So, and ( ), are, respec-
tively, the free energy, entropy, and thermal average
identified with the canonical density

exp(—3Co/kpT)/Tr exp(—3Co/ksT).

In this calculation we take for 3¢, the quadratic-
Fermi-operator form

3Co= Zs,t [CsTA stCe
+3(Cs'B.«Cif +Hermitian conjugate)],

where the real matrices 4 and B are, respectively, sym-
metric and antisymmetric. The choice of the above form
was partly determined by the fact that it may be simply
diagonalized and expressed as a free-fermion Hamil-
tonian for which Fy, Sy, and ( ), are relatively easy to
calculate. For a clear exposition of the diagonalization
of 3¢y we refer the reader to Appendix A of the cited
paper® by Lieb, Schultz, and Mattis; here we give only
the essentials.

The diagonalization is accomplished with the canoni-
cal transformation to Fermi operators a;' and ay:

Cif =Y w(brar’ +¥rar) ,
Ci=2 r(drartvmai’),

where ¢ and ¥, are real and satisfy the orthonormality
conditions

2 i(PrsretVis¥re) = st
2 x(WrsPretdrafre) =0.

One further introduces the real quantities 7, and 7,
defined by
¢Ics: %(Tks—I’nks) y

Yie=3(Ths— Ms) 5
so that the orthonormality conditions become
3 2 e(TheTrsHMRenrs) = Bis
7 2 k(TreTrs— Meenes) =0,
which imply that
2ok TheThs™ Dk MetNks= Ots -

In terms of these quantities the diagonalization of 3¢,
is found to be equivalent to solving the system

(A—=B)(A+B)x(k)= ex’x(k)
(A+B)x(k)= em(k),

where the column vectors (k) and n(k) are the kth
columns of the 7 and » matrices, respectively; and ¢
is the spectrum of the diagonalized 3C,. Although =(k)
and n(k) are still arbitrary, since 4 and B are yet

(1
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unspecified, we can now write
(CifCe)o= <C3TC3>0= 8::—{CsCi)o
=380—1 2 r(TriMket-Meeris) (1—2m1)
(CHCH)=(CsCrlo=—(Cs'Cit)o
=41 2 k(Tremre— rerrs) (1—2m1)
1—2my=tanh(e/2k5T). @3)

With the thermodynamic form of Wick’s theorem,!6
the ensemble average of 3C is

(30)o/2NT = (1—y)X1—7%
+ (2v2—1) (02— h?+X12) — 3 hyo,
o= 2(%-— <CfTCf>0) )
7= {C'C 1o,
X:=(Cs'Crs1')o.

Now the matrices 4 and B will be chosen to be
translationally invariant, i.e., the commutator

I:A7P:|-= [B,Pj_:o )

@)

where

where

where
(0 1
01

1
01
1 0

L J

is the N X N permutation matrix satisfying
PN=]; PN-r=p-r; Pr=p-r,

The symbol P denotes the transpose of P. The above
choice of 4 and B enables one to write

N
A=Z AlPl,

1=1
and
N
B=73_ B,Pt,

1=1

where the real coefficients 4; and B; satisfy Ay_1=A4y;
By_1=—B;; and By=0. The diagonalization of 3C, is
greatly simplified since

Pv(k)=e*v(k),

and
Piv(k)=e"t*v(k)
with
ek
(%) 1 e;’fk
V(R)=—"|e**
\/N e(N—1)ik

16 A, Alekseev, Usp. Fiz. Nauk 73, 41 (1961) [English transl.:
Soviet Phys.—Usp. 4, 23 (1961)].
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for k=2wm/N, m=0, 1, ---, £(3N—1),31N; N even;

and a lattice spacing implicitly unity. It is now easy to
verify that the solutions to (1) are

o= (2/N)!? cos[tk—3(6(k))—im],

1= (2/N)V? cos[tk+5(o(k))— 17 ]

and

with the relative phase ¢(k) determined from

sing(k)= (3>_; B, sinkl)/ e
or 4)
cosp(k)=(3"1 A coskl)/ex.

Substitution into (2) gives

(CtCo)o=308se—(1/2N) 2k cos[(1—s)k]
Xcosp(k)(1—2nz) ,
(CHCHY o=+ (1/2N)2 i sin[ (t—s)k Jsing(k)(1—2ny) ,

from which follow immediately the relations

c=N"1 Zk COS¢(k)(1—2nk) ,
hi=—(2N)=1 3" cosk cosp(k)(1—2n;), (5)
Xi=—(2N)1 3", sink sing(k)(1—2n;) ,

where 7y is defined by (3).

We want to vary the trial free energy F with respect
to v, #x, A1, and B;. Conveniently (3), (4), and the free-
fermion entropy S, (expressed in terms of the average
occupation numbers 7;) enable one to perform the
equivalent variation of F with respect to v, #x, and ¢ (k).
This leads to the extremum equations

v=3ho/[o?—2m(1+42h1)—2X:(1-2X,)],  (6)

cosp (k)= £r/wr, sing(k)=Aw/wk,

ek=a(<3C>o/N)/ank=2ka, (7)

where we have introduced

&= —[v2+(2v2—1)2h] cosk— (2y*— 1o+ hy,
Ap=[(A—yH)+(2y*—1)2X] sink,

and

wr=(&/| &) (21212

Comparing (4) with (7) we see that the latter are
satisfied for
Ao==2J[(2v*—1)o—hv],
Ar=—2J[v*+(2v*—1)2h4],
Bi=27[(1— 72+ (2y*— 1)2X.],
A1=Bl=0, fOl‘ l>1;

exr=2Jwy.
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For computational convenience we now take the
thermodynamic limit of N — ; so that Egs. (5) become

T

r
dk—— tanh(wk/20) y

2 J_»  wi

o=

1 rr &k
2= —— dk cosk— tanh(wk/ZB) ’ (8)
20 J Wk
1 " Ay
2Ky = —— dk sink— tanh(w;/26) ,
2 J _x Wk

where 0=3k5T/J.

The problem confronting us at this point may be
summarized as follows: with & and A given in terms
of v, o, k1, X1, and £, solve the coupled equation (6) and
(8) to obtain y(A,0), a(k,0), hi(h,0), and Xy(%,6). Then
(3C)o, F, and other thermodynamic quantities may be
expressed as functions of % and 6.

3. SOLUTIONS FOR h=0=0
When /=0 (zero external field), we can find a solution
with
v=0 )
and
h1=0.
The spectrum becomes
wp=[0?+(1—2Xy)? sin?% |1/
with o and X; determined from

T
o=—

1
dk— tanh(w:/26);

2w J_x  wk

—(1—2xy) ™ sin%
2X1=———/ dk

2w _r W

tanh(we/26).

At zero temperature the integrals reduce to linear com-
binations of complete elliptic integrals K (k) and E(x)
with
(1—x2)/k2=0?/(1—2Xy)2.

Explicitly

2

o=—(1—x*) 2K (k)

™

and

2
2% =~[((1 =) /K)K (k) — (E(x) /%) ],

with the value of ¥ which minimizes the energy deter-

mined from
(2/m)[K(k)—E(x)]/xk=1. ©)

But these are just the equations previously obtained
and solved by Ruijgrok and Rodriguez!? who were
working in the unrotated system. They found &=0.951
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for the solution of (9) from which
(3C)o/ 2N T +1=K*(7) /12— 0.68

compared to the exact value =—0.69. Note that ¢>0;
consequently the solution displays an energy gap and a
corresponding long-range order. As formerly discussed
by the present authors,!? the gap and the order persist
for nonzero < feriticar above which they both vanish.
Now there are indications from recent work?®:® that the
gap may not be present in an exact solution for 2=0.
If on that basis one disallows the nontrivial solution
>0, then there remains the trivial solution with ¢=0
at =0 for all 6>0. The spectrum becomes

W= I(1~2X1> sinkl
with
(1—2x) sink:l

20

™

2 pwl2
2Xy=—— / dk(sink) tanh[
0

At =0, X;=—1/7 and
wip=(142/x7)|sink|, (6=0),

which is similar to the spectrum obtained by des
Cloizeaux and Pearson.® The corresponding ground-
state energy is

(3C)o/ 2N T+ —0.66.

Now the latter energy corresponds to the value found by
Bulaevskii® who was working with the unrotated coordi-
nates and so obtained a §=0 spectrum= (1+42/7) cosk.
Both forms lead to the same free energy and thermo-
dynamic behavior for £=0. [In this respect it is interest-
ing to note that H'= —% Zf=1N(C’f1'Cf+1_|_ CH_ITCJ') and
H"=43 23 ;1"(CfCrpa"™+CraCy), with  Cyya=Cy,
lead to the same free energy in the thermodynamic limit
even though they have single-particle spectra e’ = — cosk
and ¢’ = |sink|, respectively. ] ’

An alternative way of viewing the above result is
found by noting that we may select a trial Hamiltonian'?

N N
Ho=A40 2 afla;+A41 2 (affartapatay)
7= =1

N
+D, 22 (—1)7astay,
=1

by replacing 4 by A4 D in Sec. 2, where
rl 3
—1

—1

L

17 This Hamiltonian is diagonalized in % space. by the canonical
transformation given by Ruijgrok and Rodriguez (Ref. 12).



ANTIFERROMAGNETIC LINEAR CHAIN

and B=0; 4,=0,/>1. Now 4 commutes with P? rather
than P, and for D,#0, 3Cy “tempts” the system with
long-range antiferromagnetic order which is “accepted”
by the system in the variational approximation. How-
ever, the variational method is merely a method for
suggesting how to split 3¢ for perturbation purposes.
That spurious results are possible is not surprising nor
a reason to abandon these Hartree-Fock techniques
which may be viewed as motivation for a careful
analysis.

4. PSEUDOPHASE BOUNDARY

We noted that Bulaevskii’s solution (for =0 and
v=1) is equivalent to the above trivial solution for
2=0 and y=0. In the following we will not consider
v a variational parameter but will take y=1 for 220,
so that our coupled Egs. (8), for the trivial case
(Ar=X1=0; wy= &), reduce to Bulaevskii’s Eqgs. (13)
and (14). In terms of a convenient notation these
equations are written

1—h+0w=S,(w,il), 60l=1+S51(w,), (10)
where
1 T
Sm(w,l)=2—/ dk(cosk)™ ni(w,l) ,
wJo
and

w= (]1—0')/0, I= (1+2hl)/0: nk(wyl) = (ew—l cosk+ 1)—1 .

On the basis of the physical argument!® that in-
creasing the field % from zero to =2 should gradually
reduce antiferromagnetic short-range order and produce
ferromagnetic order for 61 and ~=2, we expect the
locus of entropy maxima to roughly indicate the separa-
tion, in the 4,0 plane, of regions of predominantly
antiferromagnetic order from regions of predominantly
ferromagnetic order.

We will refer to the maximum entropy locus as a
pseudophase boundary, since there is #o discontinuity
in the thermodynamic quantities as the boundary is
crossed for §>0. Recall that we are taking the

entropy= —kg 2% [ 1% Inmp+(1—n) In(1—n4) J;

so that by implicit differentiation we obtain, with the
coupled Egs. (10), the condition for maximum entropy:

w/l=Ty/[To— (ToTo—T1?)], (11)
where the function 7', of w and / is defined by

1 T
0T n(w,l)=2— / dk(cosk)™n(w,))[1—ni(w,l)].

We have solved the three coupled Egs. (10) and (11)
with the IBM-7090 computer. The resulting pseudo-
phase boundary is shown in Fig. 1 [which also includes

18 C. Domb, Advan. Phys. 9, 149 (1960); in particular see pp.
166-168.
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Fi1c. 1. Loci of entropy maxima for the X-¥ model and for the
Bulaevskii variational approximant (““~A.C.”) to the antiferro-
magnetic linear chain; (h=guH/2J;0=kT/2J).

the corresponding boundary for the X-¥ model in a
magnetic field (see our Appendix A)]. We note that
both curves!® fall off linearly in 6 for 6K1; ie.,
2—k~(1.254+0.10)¢ for the Heisenberg chain, and
1—h~(1.3140.10)6 for the X-¥ model.

Perturbation analysis shows that for 4<1 the curves
satisfy h==Zconst(p—6)'/? for @ slightly less than 6,,
where 6,220.584 for the Heisenberg chain, and 6,220.316
for the X-¥ model. The 2=0 end point of the pseudo-
phase boundary is determined from (11) which yields

(N1=Ng)+3[(1—M2)*/(14+N1)]
/= +O(h?),
A—M)[1+N/(1+N1)]
where

2 pwl2 Io r
M, (ly)=— / dk[tanh(— cosk)] ,
w™Jo 2
2 /2 lO r
N.(lp)=- / dk(cosk)[tanh(— cosk):| .
mJo 2

Figure 2 shows a copy of Bonner and Fisher’s locus
of maximum entropy for an 8-spin isotropic antiferro-
magnetic chain. They claim that the solid portion of
their curve should differ by no more than a few percent
from the exact limiting curve (for N — ). If that is

¥ Dr. R. B. Griffiths pointed out that each curve also corre-
sponds to the locus of magnetization maxima for 4>0 and that
the intersection with the 6 axis locates the 2=0 susceptibility
maxima at §=~0,.
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Fic. 2. Locus of entropy maxima for an 8-spin antiferromagnetic
chain [from Fig. 8 of J. C. Bonner and M. E. Fisher, Proc. Phys.
Soc. (London) 80, 508 (1962); the axes have been relabeled to
coincide with the present notation].

0

correct, then for intermediate and small % the compari-
son is encouraging; however, it is difficult to draw con-
clusions for A=2. The difficulty is enhanced by the
existence of multiple entropy maxima at =0 for finite
chains which, as Bonner and Fisher note, violate the
third law of thermodynamics; whereas the free-particle
form of the entropy used in the present approximation
manifestly satisfies the third law.
It is easy to verify that the susceptibility

30/ 0h=[1—(1—T3)/((14+To)(1—Ts)+T12)]

reduces, for /=0, to Bulaevskii’s 2x [his Eq. (29)],
since for #=0, T1=0. The X-¥ model susceptibility is
given in Appendix A. For 2=0, (d0/3%)e,=20.326 for the
Heisenberg chain and £20.723 for the X-¥ model.
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APPENDIX A

For the X-¥ model,?® which results from discarding
the Ising term in the Heisenberg Hamiltonian, one has

N
3e=27 X [h(Cs'Cs—3%)—3(CACr1+Cra'Cy)].
=1

Diagonalization is simply accomplished by Fourier
transforming C,' and C; to obtain

3¢/2NJ=(1/N)> i [(h—cosk)Ci'Cr—3h].

In the thermodynamic limit N —c, the maximum
entropy is achieved when

w/l=T1/Ty, (A1)
where T'(w,l) are given in Sec. 4; however we now have
w=h/0,
and
I=1/6.

As /— 0 the limiting form of (A1) is
1/l=[(N1—Ns)/(1—M2)]+0(#?),

where N.(ly) and M ,.(ly) are also the same as in Sec. 4.
For this model the susceptibility is?

30/ 0h=T,. (A2)
20 For h=0 Eq. (A2) reduces to the zero-field susceptibility

shown in Fig. 13 of S. Katsura and S. Inawashiro, J. Math. Phys.
5, 1091 (1964).



