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The Kir mass distribution in the reaction K+p —> Kmncp was computed using a triangle graph. A singu­
larity of the triangle diagram is manifested as a peak in the mass spectrum at a Kir mass of slightly less 
than the K*ir mass difference. A fit to the data at 3.0 GeV/c is obtained using a p-w&ve background constant 
interfering with the triangle amplitude. Some features which favor this description of the K over a resonance 
explanation are (1) the absence of the K bump in three- and four-body final states; (2) its isotropic production 
distribution; (3) the lack of KN*TT events; and (4) the decreasing magnitude of the peak with increasing 
incident energy. Two suggestions are made for further experimental analysis. Firstly, a study of the above 
reaction at energies lower than 3.0 GeV/c is predicted to show a similar K enhancement (while at higher 
incident energies a diminution is anticipated). Secondly, the K-K-K-K mass distribution in the same five-body 
final state is predicted to show an enhancement at about 1080 MeV. 

I. INTRODUCTION 

RECENTLY, some attention has been given to the 
possibility that triangle singularities can manifest 

themselves as peaks in cross sections. 1'4~6 Many 
specific suggestions have been put forward. Anisovich 
and Dakhno1 have made an impressive fit to all the 
curves of the ir~p experiment by Tripp et al.2 as well 
as to the pd experiment by Abashian, Booth, and 
Crowe3 with a triangle mechanism having a logarithmic 
singularity. Chang and Tuan4 have also considered what 
is essentially a logarithmic effect and have suggested 
looking at certain three-body final states in Kp and irp 
reactions. On the other hand, Halpern and Watson5 

emphasize that a singularity of the inverse-square-root 
type6 might be more amenable to experimental investi­
gation. They point out various possible four-body final 
states which should be looked at in this regard. 

I t is proposed here that the K, as observed by Ferro-
Luzzi et al.7 in the five-body final states of K+p collisions 
at 3.0 GtV/cy is a manifestation of a triangle singularity 
of the inverse-square-root type. 

II. CALCULATION 

In Fig. 1 is depicted the triangle graph to be com­
puted. All the reactions to be considered can be repre­
sented by 

K+p-*pmnrK. (II. 1) 

* This work was supported in part by the U. S. Office of Naval 
Research under Contract 1834(05). 
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singularity. 

7 M. Ferro-Luzzi, R. George, Y. Goldschmidt-Clermont, V. P. 
Henri, B. Jongejans, D. W. G. Leith, G. R. Lynch, F. Muller, 
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(II.2) 

Let p and p', respectively, be the four-momenta of the 
incoming and outgoing protons; k is the four-momentum 
of the incident K+, while kf and wz are those of the 
K meson and pi on resulting from the "decaying K."8 

7TI and 7T2 are four-momenta of the remaining pions. 
Define the following invariants: 

W2=-(p+k)2, 

w2= — (7Ti+7r2)2, 

V2=~(T,+ kJ. 

The masses are labeled M, MK, W, and M for the pion, 
K meson, proton, and K*, respectively; the complex 
K* mass is 

Mc=M-iI, 

where / is the K* half-width ( 7 = r / 2 ~ 2 S MeV). 
The inverse square root singularity occurs at5,6 

V=n+Me, (II.3a) 

w=2/i, (II.3b) 

v=Mc—M- (II.3c) 

This means that a peak can occur in the cross section 
near 

V>fi+M, 

w>2», (11.30 

V<M~/JL. 

I t is the condition (II.3c) (which may be referred to as 
the "difference condition") on the mass v that is the 
underlying motivation for this work. One might infer 
from it that a bump can occur in the v mass distribution 
at a value a little below the K*ir mass difference. I t is 
clearly suggestive that this mass difference is about 
750 MeV. 

The invariant matrix element T for K+p going to 
Kiririrp (excluding N*, K*, and co events)9 is thought of 

8 Any mention of the K state should not be taken to mean a 
resonant state. The expression is just used to refer to the bump 
that is observed in the Kir mass distribution. 

9 However, in the Kir distributions calculated here, the N* and 
a) events do contribute to the background interfering with the 
triangle mechanism of Fig. 1. 
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here as slowly varying (in practice as a constant), except 
for threshold behavior and for the effect induced by the 
triangle singularity of the diagram of Fig. 1. Firstly, as 
far as concerns threshold behavior it can be shown that 
in the final state created by the triangle mechanism of 
Fig. 1, the lowest partial waves are s wave between m 
and 7T2, s wave between the systems (71-1,̂ 2) and (ir^K), 
and p wave between 7r3 and K. If we retain only these 
lowest partial waves, the T martix can be written in 
the form 

r=/(w,»,F)Pi(cos^T j K) , 

where 6TK is the polar angle of pion " 3 " with respect to 
some set of coordinate axes in the KT$ center of mass. 
Although there is some ambiguity in including the full 
p-w&ve effect on / , one choice for a ^-wave factor, 
following Gell-Mann and Watson10 and Selleri,11 is 

A(qvK)z 
q*K (n.4) 

l(q7rKy+ayji2 

where qVK is the relative irK momentum in their 
center-of-mass system. A has the properties 

A* 
A-

'(1-KK 

->1 
as 
as 

qirK-

QTTK-

•o, 
(II.5) 

In practice we use an equivalent form instead of A 
(obtained by retaining only the threshold behavior of 
qKK in terms of v): 

—y 
4ua2 / 

0X6) 

The function a has the behavior (II.5). 
In our calculations a was chosen as unity. (This is 

similar to the choices made by the above-mentioned 
authors.) 

Finally, / can be written 

f=afA, (U.7) 
where 

fA = N(c+U«). (II.8) 

c is the p-w&ve background (considered here as a real 
constant); /A8 is the "singular" part of the triangle 

FIG. 1. Triangle mechanism for production of K0. Subscripts dis­
tinguish the outgoing pions and superscripts designate their 
charge. In the text, the left vertex is referred to as the "incident 
vertex/' the upper one as the "sum vertex" and the one on the 
lower right as the "difference vertex." 

10 M. Gell-Mann and K. M. Watson, Ann. Rev. Nucl. Sci. 4, 
219 (1954). 

11 F. Selleri, Phys. Letters 3, 76 (1962). 
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FIG. 2. Kir mass distributions at 3.0 GeV/c for different c values. 
r is the triangle contribution to the Kir mass spectrum and is 
denned by Eq. (1II.3); rp is phase space defined by Eq. (III.4); 
c is the p-wave background constant defined in Eq. (II.8); and 
v is the Kir mass. 

diagram; and TV is a normalization constant. Special­
izing the general result of Halpern and Watson5 to the 
diagram of Fig. 1, one obtains 

/ A - = [ ( w - 2 / 0 2 + ( 7 - M - / i ) 2 

+ (M-fji-vy+2P']~1^ (II.9) 

Using a five-body phase space, the differential cross 
section in the energy variables is 

da~\f\2qdwdvdV, (11.10) 

where / i s given by (II.7), (II.8), and (II.9), and 

q=[(w— 2jd)(v—UK—fi) 

X(V-v-w)(W-m-V)J^ (11.11) 

I t must be mentioned that only the threshold behavior 
that appears in the phase-space factor has been included. 
No significant alterations ensue if the full-momenta 
terms are retained. 

III. RESULTS 

The differential cross section dcr/dv as a function of 
the KIT mass v and the incident center-of-mass energy 
Wis 

da 

dv 
r(v,W) 

\NT\2 

dV I dwqa2\c+f^2 

v+2n _/2/x 
(III.1) 
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curves that with an appropriate choice of c an enhance­
ment in the K region can be obtained. 

Also considered is the dependence of r on the incident 
energy W. Figure 3 shows the r curves for three W 
values, corresponding to K+ lab momenta of 2.7, 3.0, 
and 3.5 GtV/c. The optimum c value is not too sensitive 
to W and for purposes of comparison the value 
c= — 0.5(/i)~1/2 is used. The energy variation apparent 
in these curves is typical of triangle graphs, the peaking 
effect disappearing with increasing energy. There are 
two specific points: at 2.7 GeV/c the v distribution is 
not dissimilar to that at 3.0 GeV/c. There is a slight 
enhancement of the peaking. I t is suggested thus 
that Kiririrp final states in K+p interactions at energies 
below 3.0 GeV/c be adequately studied in an effort to 
observe the K effect. Secondly, the peak position (at a 
v value|of|about 730 MeV) is 60% above phase space 
in the 3.0 GeV/c case whereas at 3.5 GeV/c this is 
reduced to about 25% above phase space. This result 
is consistent with data observed by the Wisconsin 
group13 where no obvious evidence of the K is found. 

Finally in Fig. 4 a fit to the complete data of Ferro-

v (MeV) 

FIG. 3. Kir mass distributions with c= — 0.5 (j*)"1-'* at different 
incident energies, r, c, and v are identified in the caption of Fig. 2. 
W is the total energy in the center-of-mass system. 

where NT is a normalizing factor. With the trans­
formations 

V- (W-m) = y2[y+2fx- (W-m)~], 
w—2fx = z2(W—m—v—2/jL), 

r can be written 

(III.2) 

T(V,W)=\NT\2(W- •2M) 
7/2 

*f 
X(v-fM-fxK)ll2a2 

-2/2)1/2 

y2dy 

z2dz(l-y2-z2)l/2\c+fA
s (III.3) 

We intend, with this cross section, to fit the Kir mass 
distribution (excluding the K*) for reaction (II. 1). 
Because of the approximations made in the kinematics, 
the appropriate phase space for comparison is 

TP(v,W)= \NP\2{W-M-V-2IX)1I2(V-»-»K)II\ (HI.4) 

where Np is a normalization constant.12 

Figure 2 is a plot of v distributions for r and TP at 
a center of mass energy of 2610 MeV, corresponding to 
an incident K+ lab momentum of 3.0 GeV/c. The 
curves for r are drawn for a few c values and all, 
including TP, are normalized to 45 events at 800 MeV. 
The peaking above phase space diminishes on either 
side of the value of c= — 0.55(/z)~1/2. I t is clear from these 

12 In calculations performed here this phase space is very close 
to (less than 4% deviation from) the correct phase space. 
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FIG. 4. Comparison with experimental data at 3.0 GeV/c. The 
experimental results are those of Ferro-Luzzi et al. (Ref. 7.) The 
dashed curve is composed of 73.7% (phase space) and 26.3% 
(Breit-Wigner for the K*). The solid curve consists of 60.8% 
(triangle contribution) and 39.2% (Breit-Wigner for the K*). 
c is the ^-wave background constant defined in Eq. (II.8), and 
v is the Kir mass. 

13 A. T. Goshaw, A. R. Erwin, W. D. Walker, and A. Weinberg, 
Bull Am. Phys. Soc. 10, 90 (1965). 
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Luzzi et al.7 is made with about 60% r and 40% Breit-
Wigner for the K*. The K enhancement is adequately 
described. On the other hand, if r is replaced by a pure 
phase space term the best fit is very poor in the K region. 

IV. CONCLUSIONS 

The Kw mass spectrum in the 3.0 GeV/c experiment 
has been fitted with a p-w&ve background constant 
interfering with the "singular" part of the triangle 
graph of Fig. 1. I t is concluded that the K peaking may 
not be a resonance, but rather the dynamical effect of a 
triangle singularity. 

Although not a necessary consequence of the tri­
angle graph, the absence of an isospin § Kir enhance­
ment can be fit by a suitable choice of the parameters 
at the "difference vertex." Further, the K+/K0 production 
ratio of f is obtained with either of the two choices 

d2/ao~-\-1.7 or —0.6, 

where a% and ao are the TX isospin 2 and 0 scattering 
lengths, respectively. 

We now review some of the considerations, other than 
curve fitting, that have contributed to our interpreta­
tion of the K peaking. What alternatives are open to us 
at present? As a basis for discussion, consider that 
either the K is as we have suggested or it is a resonance. 
To choose between the two, we contrast the K with the 
K* (an undoubted resonance) in the reaction (II. 1). 
We find that if it is a resonant state, the K possesses at 
least four unusual characteristics: 

(1) The K is not observed in three- and four-body 
final states.7,14 The i£*, on the other hand, provides a 
striking contrast, being copiously produced.14 

(2) The production angular distribution for the K is 
isotropic. This is in direct opposition to K* production 
in the same final state. The K* is produced mainly at 
low momentum transfers.7 

(3) The K is not produced together with an TV*. This 
is not true for the i£*, which is predominantly produced 
in association with an iV*.7 

(4) At 3.5 GeV/c the Wisconsin group13 fails to see 
the K, while the i£* is abundantly produced. 

Taken together these features give to the K resonance, 
if indeed it is a resonance, a most peculiar nature. 
However, all these discords to the resonance conception 
for the K become consistent details when the triangle 
mechanism is considered to be responsible for the 
peaking: 

(1) Our triangle mechanism requires at least five 
particles in the final state. This can be seen in the follow­
ing way. Firstly, in order that the K shall be a mani­
festation of the K*ir mass difference, the Kir mass must 

14 G. R. Lynch, M. Ferro-Luzzi, R. George, Y. Goldschmidt-
Clermont, V. P. Henri, B. Jongejans, D. W. G. Leith, F. Muller, 
and J. M. Perreau, Phys. Rev. Letters 9, 359 (1964); M. Ferro-
Luzzi, R. George, Y. Goldschmidt-Clermont, V. P. Henri, B. 
Jongejans, D. W. G. Leith, G. R. Lynch, F. Muller, and J. M. 
Perreau (to be published). 

appear at the "difference vertex." Secondly, at around 
3 GeV/c all of the incident energy cannot go into the 
triangle. This means that there must be an extra out­
going particle whose purpose it is to carry off some of 
the incoming energy. (This role is served by the out­
going proton in Fig. 1.) Thus, two particles are needed 
at the "difference vertex"; two are of course required 
at the "sum vertex"; and one more is needed to carry 
off some of the incident energy. Required then is a 
minimum of five particles. 

(2) The triangle diagram is independent of the 
momentum transfer to the K state. Thus this mechanism 
is consistent with the observed isotropic "production" 
distribution. 

(3) As far as concerns the non-existence of N*KIT 
states, it is clear from an observation of Fig. 1 that there 
is no allowance made for irp interaction in the final 
state: The two pions at the sum vertex are "produced" 
separately from the proton. Generally speaking, then, 
with this mechanism, the number of Tp combinations in 
the iV* range that appear together with a K should be 
dictated by phase space alone. That this is in fact the 
case can be seen from the graphs of Fig. 2 of Ref. 7. 

(4) The fourth point has been previously discussed. 
I t has been shown that the K effect as calculated here 
tends to disappear with increasing incident energy. As 
was previously remarked, this is consistent with the 
results of Goshaw et al.13 

Another, perhaps critical prediction can be made. I t is 
proposed that the four-meson mass (V) distributions 
should be studied with particular emphasis placed on the 
region 1020 M e V < F < 1120 MeV. According to pre­
liminary computations, involving a simple extension of 
formula (11.10), a noticeable enhancement above phase 
space may be observed at approximately 1080 MeV. 

Finally, we comment on two points. Firstly, as has 
already been expressed by Halpern and Watson,5 the 
triangle effect is distinct from a resonance in that it is 
observed as a "peak" and not a "band." By this is 
meant that a Dalitz-type plot of, say, M(Kw) versus 
M(KTnrir) should exhibit a cluster at a point rather 
than along a line. Specifically, we expect an enhance­
ment simultaneously at M(Kir)c^.725 MeV and 
M(X7T7r7r)^1080 MeV. Similarly, one might look at 
such a plot with one of the axes being the mass of the 
two spectator pions, M(TTT)—that is, those pions not 
involved in formation of the K. From relation (II.3b), 
one expects to observe an effect for M(wir) just above 
threshold. However, it should be remembered that in 
looking at the differential cross section as a function of 
M (7T7r), the effect might be masked as a result of the 
falling phase space.4,5 

Secondly, it is perhaps in order to say a few words 
about the influence of the iT* spin on the triangle 
graph.15 For simplicity, consider the matrix element, 

15 A further study of this problem will appear in a forthcoming 
paper. The author would like to express his thanks to Professor 
C. Goebel for emphasizing this point. 
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apart from the propagators and an implied integration 
over dAk, to be 

where A is a 4-vector related to the incident state and 
the outgoing proton, p is the 4-momentum of the 
outgoing K state, and k is the 4-momentum of the 
internal pion at the i£* —> KTVTT vertex. Using the 
method of Feynman parametrization and symmetric 
integration (note that the integral over the internal 
loop is convergent), the amplitude can be shown to be 

envapApppTaqpI, 

where q is the 4-momentum of the two spectator pions, 
and / is essentially the scalar triangle graph. In the 
center-of-mass system of the K, this becomes 

^oA-p/cXp27r/, 

APPROXIMATELY 600 strange-particle events1 

were found in an exposure of the Brookhaven 
20-in. hydrogen bubble chamber to a ir+ beam at the 
AGS. There were 30 000 pictures taken at an incident 
7r+ momentum of 2.35 BeV/c, fifteen thousand at 2.62 
BeV/c, and thirty thousand at 2.90 BeV/c. The reac­
tions which were studied2 are shown in Table I. 

SCANNING, MEASURING, AND 
CLASSIFICATION TECHNIQUE 

The film was scanned for all interactions in which a 
kink appeared in a track and/or one or more V's 

* This work is supported by the U. S. Atomic Energy Com­
mission. 

f Present address: University of Chicago, Chicago, Illinois. 
1 N. Gelfand and D. Berley, post deadline paper, American 

Physical Society, Washington meeting, 1963 (unpublished). 
2 Other studies of strange-particle production in ir+-p interac­

tions are C. Baltay, H. Courant, W. J. Fickinger, E. C. Fowler, 
H. L. Kraybill, J. Sandweiss, J. R. Sanford, D. L. Stonehill, and 
H. D. Taft, Rev. Mod. Phys. 33, 374 (1961); F. Grard and G. A. 
Smith, Phys. Rev. 127, 607 (1962); F. Crawford, F. Grard, and 
G. A. Smith, ibid. 128, 368 (1962); H. W. Foelsche, H. L. 
Kraybill, and J. R. Sanford, Bull. Am. Phys. Soc. 8, 342 (1963); 
S. S. Yamamoto, L. Bertanza, G. C. Moneti, D. C. Rahm, and 
I. O. Skillicorn, Phys. Rev. 134, B383 (1964). 

where A is a 3-vector (perhaps the momentum of one 
of the protons); and p# and p2ff are, respectively, the 
3-momentum of the outgoing K meson and the 3-
momentum of the two spectator pions. Hence, the effect 
of the K* spin can be included with a kinematical factor 
(a function of the external invariants) multiplying the 
scalar triangle graph. A further treatment will appear 
elsewhere.15 In our actual calculations we have taken 
account of the scalar graph / and the momentum factor 
p#. Their effects are included in our expression for the 
amplitude (II.7). 
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1 appeared. To each track an ionization number was 
l assigned which designated whether the bubble density 
3 was light, medium, or heavy. From the ionization 
t number and measured momentum alone, a w and K 
I could be distinguished up to a momentum of 500 MeV/c 

and a T and proton could be distinguished up to 1 BeV/c. 
The details of this technique are described elsewhere.3 

Each of the events was digitized and processed through 
track reconstruction and kinematic fitting programs 
which tested for likely interpretations. 

i After imposing the conditions that the x2 probability 
3 for a hypothesis be greater than 5 % and that the 

ionization code number be consistent with the momen­
tum and mass, a logic program cataloged the events. 
The identification of an event was said to be ambiguous 
when it fit two or more hypotheses and one was not 
more than three times more likely than any other. 

j Otherwise the identification was considered unambig­
uous and the most likely hypothesis was assumed to be 

d 
3 C. Alff, D. Berley, D. Colley, N. Gelfand, U. Nauenberg, D. 

; Miller, J. Schultz, J. Steinberger, T. H. Tan, H. Brugger, P. 
d Kramer, and R. Piano, Phys. Rev. Letters 9, 322 (1962). N, 

Gelfand, thesis, Columbia University (unpublished). 
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Strange particles produced in interactions of positive pions with protons have been studied with the 
Brookhaven 20-in. bubble chamber, which was exposed to ir+ beams of 2.35, 2.62, and 2.90 BeV/c. Cross 
sections are presented and the production of resonances is discussed. The outstanding feature of the multi-
particle final states is that they are dominated by K-ir, K-K, and Y-w resonances. The isotopic spin of the<p is 
confirmed to be zero and no evidence is found for a cp decay into three pions. 


