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The effect of a single-particle perturbation on the Hartree-Fock-Bogoliubov equations is considered.
Corrections to the ground-state wave function, density matrix, and pairing tensor are obtained through third
order, thus determining the energy through fourth order. The results are applied to rotational spectra of
even-even atomic nuclei, in which the nucleons interact via pairing and quadrupole forces, and the single-
particle perturbation is the Coriolis force in a rotating frame of reference. The energy levels of the ground-
state band are obtained to order 72(741)? in the angular momentum. It is shown that the coefficient of the
I*(I+41)? term contains contributions arising from centrifugal stretching of the self-consistent quadrupole
field, and having the expected form of a rotation-vibration interaction. In addition, however, the coefficient
contains terms arising from the Coriolis unpairing effect and also terms arising from the influence of the
Coriolis force on independent quasiparticle motion. Approximate numerical estimates indicate that the
contribution from the Coriolis unpairing is far greater than from the beta vibration-rotation interaction.

I. INTRODUCTION

T is well-known that the spectra of nonspherical
atomic nuclei in the mass regions 4 ~24, 150<4
<188, 4>224 display low-lying collective rotational
bands.!* The rotational interpretation is based on
several criteria. For example, among the characteristics
are the spin sequence and parity of the levels, such as
I=0+, 24, 44, ---, for the ground-state band of
even-even nuclei; the highly enhanced E2 transition
rates with branching ratios conforming approximately
to ratios of Clebsch-Gordan coefficients; and other
multipole radiation properties. But the prime character-
istic is that energies within a band can be fitted by the
expansion

Er=(2/2) (I + 1)+ ®P (I +17+ P I+15+ - -, (1)

where I is the angular-momentum quantum number,
and g is called the moment of inertia. The higher
powers of I(I+41) are expected for any quantized
nonrigid rotating body.

Of course, one can fit almost any spectrum by choos-
ing suitable values for the parameters 9, ®, C, etc. But
the expansion (1) characterizes a set of rotational states
if the coefficient #?/29 is much larger than ® and the
higher order coefficients. This condition is generally
satisfied, except, perhaps, at the boundaries of the
regions of deformed nuclei.? As higher angular-momen-
tum members of a band are found, additional terms
must be added to Eq. (1) to obtain an exact fit, the
coefficients of these terms being much smaller than
preceding coefficients. Moreover, as additional terms
are added to Eq. (1), the experimental estimates of the
lower order coefficients are slightly modified.* Thus,

* Work performed under the auspices of the U. S. Atomic
Energy Commission.
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high-angular-momentum members of a band must be
known to get really accurate values of the lower order
coefficients, and such data are now accumulating.®$

At the present time, spins as high as =20 have been
excited. It would be desirable, therefore, to have a
theory which predicts the parameters in Eq. (1) and
also tells us at what angular momentum the expansion
(1) ceases to converge [and therefore fitting of data by
means of Eq. (1) becomes meaningless ].

In the present work, an expansion of the rotational
energy in powers of the angular momentum is devel-
oped by studying rotating solutions of the Hartree-
Fock-Bogoliubov (HFB) equations,”? which combine
Hartree-Fock averaging of two-body interactions to-
gether with superconductor pairing effects of the type
considered by Bardeen, Cooper, and Schrieffer (BCS).°
We shall focus particularly on the ® coefficient in Eq.
(1), since the problem of obtaining d has been widely
studied. First, however, related work on the problem
will be reviewed.

Phenomenological Collective Model

The collective model of Bohr and Mottelson provides
an expansion of the form (1).2° The deviations from the
I(I41) term arise from vibration-rotation interactions
between bands both in even-even and in odd nuclei,
but in the latter case there are additional contributions
due to Coriolis mixing of bands.!! In the case of even-
even spheroidal nuclei, to which we will restrict our-
selves in this paper, a perturbation calculation of the
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PERTURBATION AND NUCLEAR ROTATIONAL SPECTRA. I

vibration-rotation interaction gives the following value
for the ® coefficient of the ground-state band to lowest

order?:
174709\21 17%/99\%1
L
8 9*\9p/ Cs 8 d*\ay/ C,
The quantity Cg is the force constant for 3 vibrations,
which have an angular momentum projection on the
nuclear symmetry axis of K=0, and C, is the force
constant for vy vibrations, for which K=2 (for one-
phonon vibrations). The first term in Eq. (2) arises
from the interaction of the ground-state band with the
one-phonon B-vibrational band, and the second from
the interaction with the one-phonon ~-vibrational
band. The derivatives of the moment of inertia are
evaluated at the equilibrium distortions 8=, y=0.
It should be noted that a higher order perturbation
calculation of the vibration-rotation interaction would
give, not only the higher powers of 7(/+41), but also
additional terms to the estimate (2), as well as to the
moment of inertia, which is already slightly renormal-
ized by the lowest order treatment of the vibration-
rotation interaction. These renormalizations are ex-
pected to be small for the ground-state band, except
possibly at the boundaries of regions of deformed
nuclei.!
In Eq. (2), no assumptions have been made about the
dependence of ¢ on 8 and v. In the early version of the
collective model, the moment of inertia was given by

9=4B8? sin?(y—2w/3), 3)

where B is the vibrational mass parameter, assumed to
be the same for 8 and v modes. Using Eq. (3) and the
definition of the mass parameter

B=Cg/wg’=Cy/ (0’8", “)

where wg and w, are the frequencies of 8 and v vibra-
tions, respectively, one gets for Eq. (2)¥

o .

Equation (S) provides the correct trends and sign,
and predicts that the y-vibrational contribution to &
is smaller than the 8-vibrational one, which is consistent
with present experimental data. However, the magni-
tudes predicted by Eq. (5) are always greater than
experimental values, on the average by a factor of 2.5.

Faessler and Greiner have attempted to treat the
vibration-rotation interaction within the framework of
the phenomenological model, using assumptions (3)

12 B. L. Birbrair, L. K. Peker, and L. A. Sliv, Zh. Eksperim. i
Teor. Fiz. 36, 803 (1959) [English transl.: Soviet Phys.—JETP
9, 566 (1959)].

13 The renormalizations involve quantal zero-point corrections,
while Eq. (2) is valid even for a classical vibration-rotation
interaction.
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and (4), by a nonperturbation method and claim good
agreement with experimental energies.'415 Their energies
can be expanded in the form (1) for sufficiently low
values of I, and ostensibly can be applied to high
angular-momentum states, when perturbation theory is
not valid. Their equation for ® contains corrections to
Eq. (5), the aforementioned renormalizations which
apparently are not so small ¢z foto, as the magnitudes of
® agree fairly well with experiment, in contrast to
Eq. (5). However, the authors have inconsistently
neglected higher order vibration-rotation terms arising
from an expansion of the reciprocal moments of inertia
in powers of 8 and v, these terms possibly being of the
same order of magnitude as those taken into account.
Moreover, the validity of expanding the moments of
inertia in powers of the deformation parameters is
questionable for large values of J. Another deficiency is
neglect of anharmonic terms in the vibrational Hamil-
tonian which would give rise to contributions to Eq. (1).

There are additional conceptual difficulties with the
above, and other similar phenomenological treatments.
First of all, Egs. (3) and (4) are not correct for strongly
deformed nuclei, but only for nuclei deviating slightly
from a spherical shape, as is clear from the work of
Bohr and Mottelson.!® For strongly deformed nuclei,
one has, in general, different mass parameters Bg and
B, for B and v vibrations.!® If the equilibrium deforma-
tion parameter Bo is large, higher order terms may
become important. Moreover, the identification of the
constant Bin Eq. (3) with a vibrational mass parameter
cannot be correct when the vibrations are not adiabatic
compared to single-particle excitations, which is often
the case.'”

One can attempt to deduce the mass parameters Bg
and B, from measured reduced quadrupole transition
probabilities by using the equations'?

B(E2;0—24")y bana
3 2
= (Z—ZeR(F) Bo* % (Bywy) Y (1— 242/ (h4))?, (6a)
T
B(E2;0— 24+")g bana

3 2
=(—Zeza02) X 1 (Baws) (1 672/ (shas))?.  (6b)

™

Equation (6a) is the reduced transition probability
from the ground state to the 24 member of the y-vibra-
tional band, and Eq. (6b) refers to the corresponding
transition to the 8-vibrational band.!® These equations
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18 The factor [ (3/4w)ZeRy*J* depends on the assumption of a
uniform charge distribution, which is only approximately correct.
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include a correction for vibration-rotation band mixing
in lowest order, corresponding to Eq. (2).

One finds that the values of Bg and B, thus obtained
exceed 9o/380* [Eq. (3) is evaluated at =8¢, y=0] by
a factor of 3 to 4. Direct theoretical calculations using
a random phase approach (RPA) also yield values of Bg
and B,, which are not equal and greatly exceed 9/38¢,
especially when the vibrations are not adiabatic.'®

As a final point, it should be noted that additional
corrections to Eq. (2) are expected which are unrelated
to band mixing, even within the framework of the
phenomenological model, if all the terms of the Hamil-
tonian to a given order are included. For example, Bohr
and Mottelson omit anharmonic quartic terms in the
collective dynamic variables defined relative to the
laboratory system.!® Since the quadratic terms in the
time derivatives of these variables give rise to the term
(#2/29) (I*—I?) in the Hamiltonian expressed in col-
lective variables of the nuclear reference frame, the
quartic terms in the time derivatives would be ex-
pected to give rise to terms proportional to (/2—I3?)?
which would contribute to the ® coefficient. These
contributions, which do not arise from band mixing,
will be called “intrinsic” contributions. They cannot
be estimated without a microscopic description, unless
irrotational hydrodynamics is assumed, which might be
worthwhile for a rough estimate.

Since it is now possible to sort out the separate band-
mixing contributions to the ® and other coefficients, by
measuring branching ratios between members of the
ground-state and vibrational bands,? it is important
to have a satisfactory microscopic theory of collective
rotation and vibration to complement the deficiencies
of the phenomenological models.

Previous Microscopic Approaches

The discussions of nuclear rotation are far too
numerous to recount here. But the most successful
approaches have been based on the cranking model,
or on the time-dependent self-consistent field method,
which is essentially a self-consistent cranking model.
Beliaev first derived an expression for the moment of
inertia, including BCS pairing effects, by cranking
independent quasiparticles,”® and Griffen and Rich®
and Nilsson and Prior? showed that this formula agreed
well with experimental moments of inertia.

Thouless and Valatin?® Valatin,?¢ and Brown?” dis-
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24§, G. Nilsson and O. Prior, Kgl. Danske Videnskab. Selskab,
Mat. Fys. Medd. 32, No. 16 (1961).

25D, J. Thouless and J. G. Valatin, Phys. Rev. Letters 5, 509
(1960).
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cussed the self-consistent cranking model, showing that
the Hartree-Fock equations contained solutions corre-
sponding to a rotating deformed average field. Pairing
correlations can be included by using the HFB equations
which are applied to the rotational problem by Prange,28
Beliaev,® Katz and Blatt,® Katz,' Thouless and
Valatin® and others.® These authors obtained addi-
tional, but apparently small, corrections to the orig-
inal Beliaev cranking formula. The approach of the
present paper is a systematic extension of this work to
obtain higher order corrections to rotational spectra.

The first attempts at obtaining the ® coefficient were
made by Grin’** Grin’ and Pavlichenkov,?> Hemmer,3¢
and Radojevi¢ et al.%

Radojevi¢ et al. proposed that the & coefficient should
be calculated from Eq. (2) by substituting the cranking
model expressions for 9, Cg, and C,.*7 Pairing effects
can be included by using Beliaev’s moment of inertia,
and the elasticity constants of the type calculated by
Kisslinger and Sorensen’® and Bes.® The moment of
inertia depends on B and vy through the deformed
single-particle potential. These authors calculated the
y-vibrational contribution to Eq. (2) by this prescrip-
tion for a few cases and obtained fair agreement with
experiment. However, no justification was given for
this procedure, which will be shown later to be approx-
imately correct for the vibration-rotation contribution
to ®.

Hemmer presented a self-contained derivation of an
I*(I41)? correction to the rotational energy, by extend-
ing the cranking model3$% In this derivation, the
equilibrium deformation of the cranked potential is
allowed to change until the centrifugal force balances
the restoring force, which arises from an incompres-
sibility constraint on the potential, of the type used by
Nilsson.# The rotational stretching of the deformation
parameter 3, corresponding to a semiclassical descrip-

2 J. G. Valatin, in Lectures in Theoretical Physics (Interscience
Publishers, Inc., New York, 1962), Vol. IV, p. 1.

2" G. E. Brown, in Lectures on the Many-Body Problem from the
First Bergen International School of Physics 1961, edited by C.
Fronsdal (W. A. Benjamin, Inc., New York, 1962), p. 164.
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31 A, Katz, Nucl. Phys. 26, 129 (1961).

2 D. J. Thouless and J. G. Valatin, Nucl. Phys. 31, 211 (1962).

3 The various authors used superficially different but, in fact
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38, 607 (1962).
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Selskab, Mat. Fys. Medd. 32, No. 9 (1960).

®D. R. Bés, Kgl. Danske Videnskab. Selskab, Mat. Fys.
Medd. 33, No. 2 (1961).

4 A similar unpublished result is alluded to in Ref. 19.
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PERTURBATION AND NUCLEAR ROTATIONAL SPECTRA. I

tion of vibration-rotation interaction, gives rise to a
contribution to the & coefficient, in addition to a pure
fourth-order Coriolis term. The work of Hemmer, while
on the right track, is limited by the use of a pure axially
symmetric harmonic-oscillator potential, and by neglect
of pairing effects.? Moreover, the relation of this
model to a Hartree-Fock approach is somewhat obscure.
In Hemmer’s model, the total energy is a sum of
single-particle energies, while in the Hartree-Fock
approach one must subtract one-half of the total
potential energy from the sum of single-particle energies
to compute the total energy. It is just this correction
which provides a restoring force against deformation
in the Hartree-Fock case, while the restoring force in
the Hemmer model arises from the ad koc incompres-
sibility constraint.

Another attempt at obtaining the ® coefficient
was made by Grin’* and Grin’ and Pavlichenkov?®® who
“cranked” the Gor’kov equations,®® which are just a
Green’s function formulation of the HFB equations.
These authors considered only a pairing interaction
with constant matrix elements and neglected long-range
components of the effective nuclear interaction. They
were therefore unable to obtain centrifugal stretching
of the average field, which is produced by the long-range
force, but instead obtained terms arising from the
Coriolis unpairing effect (to be discussed later),* and
some fourth-order Coriolis perturbation terms. Un-
fortunately, the final results were marred by rough
approximations which obscured the physical significance
of the terms.

In the present work, the long-range force will be
included so that stretching of the self-consistent field
can be included simultaneously with Coriolis unpairing.
It will be shown that the results can be written in a
simple form which brings out their physical significance.

II. SINGLE-PARTICLE PERTURBATION OF
THE HFB EQUATIONS

Let us consider the effect of a single-particle perturba-
tion on the HFB equations.®® The original Hamiltonian,
including the perturbation is assumed to have the
second-quantized form

H'=Y enatartd huVala
1 3]

41 3 Ukt mni 01’ @08m, (7)

klmn

where a,f, a; are fermion creation and annihilation
operators, respectively.

4 A sign error in Hemmer’s Eq. (4) leads to his final result for
the coefficient of the 72(74-1)? term being 9 times larger than the
correct one.

871, P. Gor’kov, Zh. Eksperim. i Teor. Fiz. 36, 1918 (1959)
[English transl.: Soviet Phys.—JETP 9, 1364 (1959)].

( “68) R. Mottelson and J. G. Valatin, Phys. Rev. Letters 5, 511
1960).

4 The perturbation of the ordinary Hartree-Fock equations

has been considered by R. McWeeny, Phys. Rev. 126, 1028 (1962).
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The first term in Eq. (7), on the right-hand side, is a
Hermitian, spherically symmetric shell-model potential.
The second term is a single-particle perturbation, which
is proportional to a parameter £, and is assumed to be
Hermitian, and either even or odd under time reversal.
That is,

h_k._z(l)= :]:hkz(l)*ok01= :Ehz[ca)okﬁz, (8)

where the top sign holds when the perturbation is
even under time reversal, and the bottom sign when it
is odd under time reversal. This convention will hold in
subsequent equations, whenever the &= symbol appears.
The symbol 6; means

f=1,
fp=—1,

k>0,
k<0.

The index —£% refers to a single-particle state which
is the time reverse of the state denoted by k. The
summations in Eq. (7), and in all the equations to
follow, refer to all the indices, positive and negative.

The last term in Eq. (7) is a residual two-nucleon
interaction, assumed to be spherically symmetric, with
matrix elements obeying the conditions

Okt,mn=—Vkt,nm=—Vk,mn=Vmnpi*.

The HFB variational wave function for Eq. (7) is
the ground state ¢ o of the linearized Hamiltonian given
by (aside from a constant which will not be needed)26

L= Z (ekr—)\(skz)dkfar‘i-% Z (Ak._zade_lT-l—H.C.)
kl k1
+Z }lkz(l)dkTGI y (93,)
kl

where ¢ is the self-consistent field, defined by*

er1= €2 Okm,inPrum, (10)

with p.. a one-particle density matrix element defined

by
Pam= (‘//Olammnhbo) ) (11)

and Ay_; is the pairing potential matrix element defined

by
(12)

—1
Ak—l=§ Z rUk—l.m—nxm—n )
mn

with X,,_ an element of the pairing tensor given by

Xm—n= (fo| a—n@m|¥0). (13)

The Hamiltonian (9a) can be diagonalized by
introducing quasiparticles 7,, 7, defined by the general
Bogoliubov canonical transformation

o= 2_ (Ure* a1’ Vioar)
&

an = Z (Vkv*akf“*' U kaak) )
k

4 In Ref. (26), the Lagrange multiplier was included in the
definition of the self-consistent field.
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so that, with a suitable choice of the Uy, and Vi, (9a)
takes the form of independent quasiparticles

GC:Z 807)0T770- (93.’)

From the definitions, it is clear that ¢ and e are
Hermitian matrices, and x and A are anti-Hermitian.
That is,

of=p,
et=¢,
xt=—-x*,
Al=— A%,

The Hamiltonian, Eq. (9), is obtained from a self-
consistent linearization of

H'=H'—\N,

where NV is the number operator N=73 1 axa; and N is a
Lagrange multiplier introduced to give the correct
expectation value # for the number of particles since
the Hamiltonian, Eq. (9a), does not commute with V.
Thus, we have

Wo|N|¢Yo)=Tro=n. (14)

The ground state of Eq. (9a) can be obtained by
guessing values of X;_;, pi;, and \, computing the e
and Ap_; finding the corresponding eigenfunction ¢,
of Eq. (9a) and computing new input values of X,
pr1, and A, the process being continued until Egs. (11)
and (13) reproduce the input values, and Eq. (14) is
satisfied. It will be assumed that this process has
already been carried out with 7P =0, so that a
complete set of zero-order wave functions, ¢@, x©,
e® A® \O® are all known. Then, %, will be
treated as a perturbation and explicit corrections to the
ground-state wave function, the matrices in question,
and the ground-state energy can be obtained in terms
of the zero-order solutions. Alternatively, the matrix
equations of the HFB theory may be treated by
perturbation theory,?® but it turns out that considerable
tedious algebra is required in higher order to bring the
results into a tractable form. The use of the linearized
Hamiltonian [Eq. (9a)] immediately gives the results
in the desired form.

The matrices ¢, A, g, %, and \ all depend on the
perturbation parameter £ and must be expanded in
powers of this parameter:

= eux C0t 2 e, (15a)
n=1
Ap1= A Obt+ 2 A ™, (15b)
n=1
A=NO+ Z AR, (15C)

n=1

In Eq. (15), it is assumed that ¢©® and A©® commute,
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and that they are in canonical form in the chosen
representation. It is convenient to choose a representa-
tion independent of £ Although it is straightforward
to consider the case when £©® and A® do not commute,
the resulting equations would be more complicated and
of little practical use. The commutation of £©® and A©
is believed to be a good approximation for nuclear
interactions.

The density and pairing matrices are likewise
expanded in powers of the perturbation parameter:

prr=prx V8t 22 pr™, (16a)
n=1
Xo1= Xt D1t 20 Xp—y™. (16b)

n=1

Since ¢©® and A® are in canonical form, ¢©® and
x© must also be in canonical form.
The zero-order part of Eq. (9a) takes the form

O =3 (@ —ND)g,tay
k

+3 2. (A Qata ' +Hee), (17a)
P

which can be diagonalized by the quasiparticle trans-
formation

apt= Ut 4+0:Viery,

(18)
a_=—0.V3art4 U, KO~ o
where
pkk(0)=V 22%(1—6191,;(0)/1210) 5 (1921.)
U2=1-Vg, (19b)
Xote @ =UrVib=—30: O/ Ey,, (19¢)
Ev=(Jea® | Ak @2, (19d)

By substituting Eq. (18) into Eq. (17a), we achieve
an independent quasiparticle form,

HO=3" Frpla. (17b)
&

Substituting Eq. (18) into the full Hamiltonian, Eq.
(9a), and using the expansions, Eq. (15), we obtain
(apart from a constant which will not concern us)

= Z ElcakTak—l_"}Cpert ) (9b)
k

where the perturbation may be written as

:}CpertE Z H11(”)+ Z (Hzo(n)+H.C.), (208.)
n=1 n=1
HyW= 3 Au™ata,
ki

HZO(n)E Z Bkl(n)akTa_lT .
kl

(20b)

(20c)



PERTURBATION AND NUCLEAR ROTATIONAL SPECTRA. I

and where

AW =8,10, (UUF Vi V1)
+ (™ —=ND8 ) [ULU— (£)"Vi V]

— A ML UV i+ () U V], (21a)
B ™ =81/, 90,(UV U, V4)
F (ex —ND8.) 0, U Vit (£)"UiVi]
F A WU — ()" ViVi], (21b)

where the top sign of the (&) factors holds when the
single-particle perturbation is even under time reversal,
and the bottom sign holds when it is odd under time
reversal, corresponding to Eq. (8). Equations (21)
involve use of the properties

Pt ™ = () "o ™ 0u81= (=) "pus 081,
X = — () Xy ™*0,0,= (L) "X 70,01,
e 1™ = () e ™ 060:= () "eubi1,
AW = — ()" Ap 1 0= (£)"A_u™"0:0;.

(22)

A straightforward proof of Eq. (22) can easily be
obtained by perturbing the matrix equations and will
not be given here.

The A and B matrices have the following properties:

Au™=Ay™",
A W= ()4 ™"040,=(£)"A 1 ™0:0:,
B_jiW=—By",

By = (£)"Bg™*0x0,= — () "B_1_+""0,0;.

(23)

We now proceed to treat 3Cpey by ordinary Rayleigh-
Schrodinger perturbation theory.t” The unperturbed
ground-state, denoted by |0) is defined by

a;|0)=0. (24)

The perturbation will admix 2, 4, 6,- - -, etc., quasi-
particle states, so that the ground state of the Hamil-
tonian [Eq. (9)] may be written in the form

1
Yo= (bo—i—% > b(k—l)ozk’foz_{f—i——;4 > b(k—Im—n)
kL

klmn
Xagla_ftanta_f+ - ) 10) . (25)

The mixing amplitudes may be expanded in powers of £:

bo=1+4bo@+by® - -,
b(k—1)=bD (k—1)+bP (k—1)

+o@k—D+---, (26)

b(E—Im—n)=b®(k—Ilm—n)
+o®(k—Im—n)+---.

The mixing amplitudes for 2 and 4 quasiparticle states

47 A. Dalgarno, in Quantum Theory, I. Elements, edited by D. R.
Bates (Academic Press Inc., New York, 1961), p. 171.
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have the property
b(k—1)= (0] a—wr|¥o)=—b(—Ik),
b(k—lm—n)E (0[a_nama_zak [l//()) (27&)

=—b(k—1—nm)=—b(—lkm—n)
=b(—lk—nm).

In addition, the following properties can be proven
from the perturbation formulas for the mixing ampli-
tudes and Eqgs. (22):

b (k—1)=(=)"+(F)"0:0:b ™" (—kl) ,
b (—Im—mn) = (2£)"0x010.,0,0*(—kl—mn).

Using the perturbed o, Eq. (25), one can calculate
nth order corrections to g and x from Eq. (11) and Eq.
(13), which therefore depend on &™), A™ and A,

The nth-order correction to &€ and A are obtained from
Eq. (10) and Eq. (12):

1™ =2 Vks,impm;™ (e, A0

(27b)

im
8("_1),A("_1); e ;)\(n)’)\(n—l). . ) , (283,)
At M=% Vit jmmXjm ™ (2™ A
im
gD A(—Do ... ;)\(n)’)\(n—l)’. <) (28]3)

Using Eq. (14), the nth order correction to \ is ob-
tained from

Trg(n)zz pier ™ (s(’”,A(”); gD A(m=D) ... ;
k

}\(n)’)\(n—l), ces ) =0,
since A is chosen to satisfy Tre® =#.

n>1, (28c)

Let us abbreviate certain occupation amplitudes
which occur frequently as follows:

fet= UV iU V)0,
fu @ =[ULV i+ (£)"U, V.06,

gt =UUFViVy,
ga®"=UU—(F)"V, V).

Energy denominators for two-quasiparticle excita-
tions will be denoted by

Applying standard nth-order formulas for Rayleigh-
Schrodinger perturbation corrections to the wave func-
tion,?” and using Eq. (11) and Eq. (13), the nth-order
correction to the density matrix and pairing tensor have
the form

pr™ =Ry ™ —Ep e ™ (fraP")?

(29)

F A [ gD, (3la)
Xt ™ = X 1™ — B[ e fg &gy P
+Ar ™ (g™, (31b)

where Ry ™ and X, depend on knowing ¢ and
x 1D and lower orders. From Egs. (28) it is clear that
one may write linear integral equations for elements of
o™ and x™ or alternatively for e™ and A™. Choosing
the latter procedure, for example, one gets the coupled
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integral equations Alternatively, one may write uncoupled integral equa-

tions for the elements of A and B. Using Egs. (21) and

e =2 Vs, 1iR;i™ — 22 Eij ™ Opi,
i i

X (ei™ (£ &™)+ 8™ f:F"g;s "),
Ap M =3%3" Up_1,jiXjms™—5 2 Eii " Opt,5—4
- o

25

(32)

X (e f:E7 g P Ay (g5, FIm)2)

the identity
(Fu @) +(gun®")?=1,

the integral equations (32) may be written

B = (81 —A™8kp) i@+ fra D" 3 Ops, LRy ™+ BntbtsiP =A™ Ei 2 (f1: ™) 2]+ g1 " > Vi ys
i i

XX i @ity —NM8i) Ei ™ ;875" J= 20 Eij™ (Vki, 1 i ®" f5: "+ 301, ign " g5 ") By ™
7

A = @il —=N™80) g1 T+ get " 3 Vg, 5l Rjs ™+ (Bniktys D —N™85) B2 (f;™)2 ]
i

(33)

—3 " T Ui X 5™ Gl O — N850 By £, g5,
27

=2 B (Okitjf 51" g P — 3 Op,5-i 11" g5 B ™ .
i

Note that tne R™ and X depend on A, which is
obtained from Eq. (28c).

Expressions for ¢, x™, and A are given through
#=23 in terms of A and B in Appendix A, since these
may be of use in other applications.

The nth-order correction to the eigenvalues of the
linearized Hamiltonian [Eq. (9)] can be obtained from
the standard perturbation formulas.?” However, the real
interest lies in the expectation value of the Hamiltonian
[Eq. (7)] using the state, Eq. (25). This expectation
value can be expanded in powers of the perturbation
parameter £ as follows:

E'= (Yo H' |Wo) = E@'4-A2824 A58
F A ARE A

[ Note added in proof. The A, in Eq. (34) must not be
confused with the A’s defined by Eq. (21a).]
We now use the fact that

OE'/9t=(Yo| 0H'/ 0E|¢0),
which is a trivial consequence of the variational
principle.
(E'/08)=2A 5+ 3438+ 4A48+ - - -ndnE?
+- - =Tre(6h®/0£), (35)
where h® is the matrix corresponding to the single-

particle perturbation defined by Eq. (8). Since oh®W /gt
is independent of £ by definition, we have from Eq. (35)

ohW
A, =n1gt Trg("‘”
& Py

(34)

=p1g=n Trg™—Dh®,  (36)

Thus, the nth-order correction to the expectation value
of Eq. (7) is immediately obtained from the (n—1)th-
order correction to the density matrix.

Suppose now that the single-particle perturbation h®

arises from a constraint imposed during the variation,
with £ a Lagrange multiplier, expressed by

Tre(oh®/98)=X, (37

where X is a given constant. The true energy is the ex-
pectation value of H=H'—3 1; huVaita; given by

E=FE'—Treh®=EO— 4,224,
—34480— - —(n—1)4,". (38)

It is desirable to express Eq. (38) as an expansion in
powers of X. Equations (35) and (37) define X as an ex-
pansion in powers of &, which can be inverted to give, to
third order in X,

F=341X—54,4473X2
+1[(9/4) 4524575 —A4As X34+ . (39)

Substituting Eq. (39) into Eq. (38), we have to fourth
order in X

E=E©®— %A 2_1X2+%A 3A s 3X3
—16[(9/4) 4524575~ 44457 ]X - - . (40)
III. APPLICATION TO NUCLEAR
ROTATIONAL SPECTRA

As was pointed out by Thouless and Valatin2s and
Valatin,? the time-dependent HFB equations may con-
tain solutions corresponding to a uniformly rotating de-
formed average field (and a corresponding rotating
density distribution). These solutions exist when the
average single-particle field calculated from the time-
independent HFB theory is already nonspherical. The
above authors transformed the time-dependent HFB
equations to a frame of reference rotating with the self-
consistent field and then studied the time-independent
solutions perturbed by the Coriolis force.

However, more general solutions can be obtained by
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studying time-dependent equations in the rotating
frame, since one can then describe intrinsic shape oscilla-
tions (such as 8 and v oscillations) simultaneously with
rotation. In lowest order, the case considered by
Thouless and Valatin, the rotations, being decoupled
from the vibrations, are adequately described by the
perturbed time-independent theory. In higher order,
however, there is a coupling between the rotational and
vibrational modes which is more generally described by
the fully time-dependent theory. Nevertheless, one can
consider the effect of a Coriolis force on the time-
independent HFB equations in higher order. This semi-
classical description of the vibration-rotation inter-
action, whereby ‘each nucleon in the rotating frame is
subject to a static average field, additionally deformed
by rotation, rather than a fluctuating (time-dependent)
field, is expected to be valid in the adiabatic limit, when
the frequency of the collective fluctuations is small com-
pared to single-particle frequencies. In this paper, the
mathematically simpler adiabatic case will be considered
in detail.

In addition, it is assumed that the rotation is suffici-
ently slow so that the Coriolis force may be treated as a
perturbation. This means that the angular velocity is
much less than the critical value required to bring about
the Mottelson-Valatin phase transition,* since near the
critical point the pairing potential A undergoes a large
change and the expansion [Eq. (15b)] is probably not
valid.

Finally, it is assumed, for the sake of simplicity, that
the zero-order deformed field £© is cylindrically sym-
metric, say about the z axis. It is then necessary to only
consider rotation about an axis perpendicular to the z
axis, say the x axis.®® The perturbation theory of the
previous section then applies to the Coriolis perturbation

haV=—Qju", (41)

where Q is the angular velocity of the rotating frame and
corresponds to the perturbation parameter —¢ of the
previous section, and ji® is a matrix element of the x
component of the angular-momentum operator.

As noted by Beliaev,? our treatment of the Coriolis
force is equivalent to minimizing the expectation value
of the Hamiltonian [Eq. (7)] with %,V =0, subject to
the constraint that the angular momentum have a given
value. This constraint is necessary since the linearized
Hamiltonian [Eq. (9)] is not spherically symmetric and
therefore violates the condition of conservation of angu-
lar momentum. The Lagrange multiplier is thus Q.
Corresponding to Eq. (37), it may be written

Wol % Jufatar| o) =Trej*=R, (42)

where the prescribed value of the angular momentum is

48 The rotation induces, as will be seen, a small nonaxial
deformation. Nevertheless, it is not necessary to consider rotation
about the z axis since the expectation value of the z component
of the angular momentum vanishes for the ground state band.
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R=a[I(I41)7"2 Since the energy cannot depend on
the sense of rotation for the ground state of an even-
even nucleus, odd powers of @ and R vanish in the ex-
pansions corresponding to Egs. (34) and (40). The
energy, Eq. (40), may be written in the form

E=R?/(29)+®R4/ b+ - -, (43)
where, according to Eq. (36),
g=01 TreMje (44)
and
®=—31Q 3kt~ Trp@®j=. (45)

It is interesting to note from Egs. (39) and (40) that
R and Q are related by the Hamilton-like equation

0E/dR=9Q.

The angular momentum operators are odd under time
reversal, i.e., the lower sign is chosen in Eq. (8), and in
the equations in Appendix A. It is clear from (Ald),
(A3d), and Eq. (29) that corrections to \ corresponding
to odd powers of Q@ vanish for the odd time-reversal
case. From Egs. (Alc) and (21), one obtains for the
moment of inertia, given by Eq. (44), the expression

9=k2l | 76212 (fe) Y E— @' 2 e 51 (fui)?/ Ema
)
-t % AV i frigrit/Er. (46)
7

The first term on the right-hand side in Eq. (46) is
the original Beliaev cranking-model moment.?? The
other terms come from the first-order change in the
self-consistent field and the pairing potential and have
been previously derived by equivalent methods.27—382
The €™ and Ar_; @ satisfy the integral equations given
by Eq. (32) for the odd time-reversal case, with

R =Qj;(fi7)*/ Ess,
Xii® =Qf5 f5igiit/ Ei.

One may go on and write similar expressions for the
® coefficient, valid for a general two-nucleon interac-
tion. However, the physical meaning of the results is
much clearer if a simplified interaction is chosen for
which the integral equations can be solved in closed
form.

(47)

Pairing and Quadrupole Force

The formalism presented in the previous two sections
applies to identical interacting fermions. However, the
case of interacting neutrons and protons can be included
if the single-particle states are made to depend on iso-
topic spin, and if two Lagrange multipliers \, and A,
are introduced to give the correct expectation values
n, and n, for the numbers of neutrons and protons,
respectively. However, it is not really necessary to use
the isotopic spin formalism since the linearized Hamil-
tonian [Eq. (9)] breaks up into a part acting only in
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the neutron space and a part acting in the proton space
3e=3C,+3C,,

where the neutron Hamiltonian, for example, has the
form

3Cn= Z (eknln_knaknln)aknvraln

kn,ln

—I_% Z (Akn—lnakn.ra~ln1-+H'C')+ Z hknln(l)aknTalh M

kn,ln kaln

Neutron single-particle states are denoted by the
index k, and proton single-particle states by k&,. The
Hamiltonian C, is obtained by interchanging # and p
subscripts. The trial wave function is a product of a
neutron state and a proton state:

Yo=v%onbop -

The density matrix breaks up into a neutron subspace
o»and a proton subspace g,, and similarly for the pairing
tensor. The self-consistent field for neutrons e, is
given by

€tntn= Eintat 2 Oknin, tninPinint 2= Oknip tninPipip  (48)

indn 1pip

and the proton self-consistent field ¢, is obtained by in-
terchange of # and p subscripts. The pairing potential
for neutrons A, is given by

Atp1,=5 2= Okueta,in—inXinin » (49)

inin

and A, is obtained by interchanging » and p subscripts.
It is assumed that the contribution of the neutron-
proton interaction to the pairing potentials is negligible,
so that the formalism is applicable only to heavy nuclei.
For light nuclei, neutron-proton pairing becomes im-
portant and some basic modification of the HFB theory,
such as the one proposed by Brémond and Valatin, is
needed.*

The total angular momentum, for example, is given by

R="Tro.j."+Tres,", (50)
where the density matrices satisfy
Tron=1mx, 51)
Trop,=np.

The two-body interaction considered in this section
will be a sum of a quadrupole and a pairing force.5:%

49 B, Brémond and J. G. Valatin, Nucl. Phys. 41, 640 (1963).

% M. Baranger, Phys. Rev. 120, 957 (1960).

51 The quadrupole force is only one term in a multipole expan-
sion of the two-body force. The other multipoles may also be
included, and the equations will reduce to a finite set of inhomo-
geneous linear equations, provided that one restricts oneself to a
finite number of multipoles with separable radial parts. The
pairing force simulates effects of very high short-range multipoles.
It is hoped that the quadrupole component is the most important
long-range term in the expansion.
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The quadrupole force Vg, has the form
2
Vo=—«f@r)f(ry) 2 Yo" (0i0) Vo (6;¢;), (52a)
p—2

where the YV, are spherical harmonics of order 2.
Three positive strength parameters k,, &p, ks, for neu-
tron-neutron, proton-proton, and neutron-proton inter-
actions, respectively, will be used for Eq. (52a). The
separable radial part f(7;)f(r;) is chosen so as to reduce
the integral Egs. (32) to the exactly soluble degenerate
kernel case. Since the exact form of f(r) does not appear
to be important for collective nuclear properties, a
convenient and popular choice is f(r) =72

The pairing force is best defined by its matrix
elements.5

Viin benln” ™ = = Gl 1,8 10, 00,07 — i, 01—y »
Vigig, gty = = Gl iy, 01,0001y 1,005~k »

with all other matrix elements vanishing, and G,,
G,>0. The pairing force is operative only between
nucleons scattering among single-particle states lying
in an arbitrarily defined neighborhood of the Fermi sur-
face. The magnitudes of G, and G, depend on how this
“pairing neighborhood” is defined. The factors ¢, are
therefore defined by

(52b)

¢:=0 (4 outside the pairing neighborhood),
¢;=1 (7 inside the pairing neighborhood) .

This cutoff is necessary to insure solution of the in-
tegral equations (49) for A, @ and A,©.

In addition to the choice of the model force, the fol-
lowing approximations are also made:

(1) The contributions of the long-range quadrupole
force to the pairing potentials A, and A, is neglected on
the grounds that these are incoherent and largely cancel
out. Moreover, the empirically motivated choice of G,
and G, already takes some of this contribution into
account.

(2) The exchange contributions of the quadrupole
force to the self-consistent fields e, and e, are neglected,
since such contributions are expected to be small for a
long-range force.

An additional approximation usually made is the
neglect of the contribution of the pairing force to the
self-consistent field, these contributions being of order
G/2A times the contribution of the quadrupole force or
about 8% in the rare-earth region. However, as one goes
to higher orders of perturbation theory, the error slowly
accumulates. As no mathematical difficulties thereby
occur, the contribution of the pairing force to the self-
consistent field will be included. Since this contribution
may involve some spurious self-energy effects, it can
always be dropped afterwards if desired. On the other
hand, approximations (1) and (2) above are absolutely
necessary to insure mathematical tractability.

In the equations to follow, the density matrix, pairing
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tensor, self-consistent field, and pairing potential for
neutrons will be given. The corresponding quantities
for protons can be obtained by interchanging #» and p
labels.

For the self-consistent solution of the pairing plus
quadrupole problem with =0, the reader is referred to
Ref. 50.

From Egs. (48) and (52) and the approximations, the
mth-order perturbation-theory correction to the neutron
self-consistent field is

2
Z Zanln(“)[KnQu(M)* (”)+Kanu(m)* (P)]

= Gn81S kel 1ap—trin™ 5 (532)
where gr,;,® is a matrix element of f(r)V®. The
quantity Q,*(n) is the mth-order perturbation cor-
rection to the mass quadrupole moment of the neutrons

0, (1) =Tron ™ €u® = 3 prata™qrien®, (53b)

kaln

€k, (™ =—
o

and Q,(p) is the mass quadrupole moment for pro-
tons. The first sum in Eq. (53a) comes from the quadru-
pole force, and the last term is the usually neglected con-
tribution from the pairing force.

The Q,™ vanish for odd m for a perturbation which
s odd under time reversal. This is plausible since the
quadrupole moments of an even-even nucleus cannot
depend on the sign of Q. A direct proof of this is easily
obtained from Eq. (22) and the property of the tensor
operators,

q_l_k(u):(_)#qlk(—n)*glgkzqkl(n)glgk_ (54)

In fact, it is easily shown that the direct contribu-
tion of a general velocity-independent two-body inter-
action to & vanishes for odd m in the case of a per-
turbation odd under time reversal. Thus, for such an
interaction, only exchange terms contribute to the
second term on the right-hand side of the moment-of-
inertia formula, Eq. (46).

The mth-order correction to the neutron pairing po-
tential, using Egs. (49) and (52b), is

App1, ™ = =081, 1,1y Ok, A ™ (55a)
where
An(m) = %Gn Z (inei,,x,-,,_,-n(m . (551))

Thus, the pairing potentials are ‘“diagonal,” and
depend only on “diagonal” elements of the pairing
tensors.

Ttnmnd mntn8hnma™ f mntn_fknln+

2z

B779

The density matrices and pairing tensors depend on
the five unknown Q,(#), the five Q.(p), An, Ap, Ao, and
\p. Substitution of g., @, s, and X, into Egs. (53b) and
(55b), together with the conditions [Eq. (51)], gives 14
inhomogeneous linear equations for the 14 unknowns
in each order of perturbation theory. Thus, the linear
integral equations reduce to the degenerate kernal case
due to the choice of a simple interaction together with
some plausible approximations. When the perturbation
is odd under time reversal, a further simplification occurs
since the Q,™, A™ and A can all be made to vanish
for odd m, and the linear equations need only to be
solved in even orders of perturbation theory.

The 9 and B Coefficients with Pairing and
Quadrupole Forces

The derivation of the moment of inertia 4 and the ®
coefficient in the presence of the pairing and quadrupole
force will be considered now. The first-order corrections
to the quadrupole moments Q, () and Q,*(p) vanish
by previous arguments, as do A\, and A,®. From Egs.
(Alc) and (29), it is clear that X, &, @ =X, 4, =0,
so that from Eq. (55), A,P=A,®=0. The only cor-
rection to the self-consistent field e,?, £, come from
the last term in Eq. (53a). Thus, from Egs. (Alc) and
(21), the first-order correction to, say, the neutron
density matrix is

pknln(l) = ijﬂlnz(fkﬂln—)2(Eknln)_1<1 +¢knln_)_1 b
where

(56)

D1, E= Gl nl 10 Sen1a )Y Bt (57a)
and pr,, " is obtained by interchanging » and p
labels in Egs. (56) and (57).
The moment of inertia [Eq. (46) ] may be written

9=9,+9,, (58a)

where 9, is the neutron contribution and 4, the proton
contribution and
In= Iczl: l jknlnxl ? i fknln_l ? (Eknln)*l (1+¢knln—)_1 .

The moment of inertia [Eq. (58)] differs from the
original Beliaev value by an amount of the order of
G/2A of the Beliaev value.

Next, let us compute the & coefficient [Eq. (45)]. It
is first necessary to solve a set of inhomogeneous equa-
tions in second order.

From Egs. (A2d), (21), (53), and (55), the neutron
density matrix is given in second order by

J knmn] mn lnf mnkn—g mn ln+f lnkn+

(58b)

Pratn @ = (1— ¢knzn+)_1[92

mn

EknlnEmnln

+Q2 Z

EintnErnmn

mn

J knan mnlnf Icmrm_f lnmn_gknln_ (f knln+)2 2
+02 3 l 2 Geatn® (Qu®" (1) 04" (1))
mn EknmnEmnln Ekn In =2
An(Q)fknkn+gknkn—0kn (fknkn+)2
FOuntnl tOtnhn :I , (59a)
2Ey, kn
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where
Tientn= Jrata® = €11, V= fr1,*(1-G101,7) 77, (60)
and the “diagonal” elements of the neutron pairing tensor are
‘ ]kn mni menkn_gmnkn+gknkn_ ‘ ]knmnl 2 (fmnkm_)2fknkn+
Xpten P =02 37 e e D3 (1= Yotn)
mn EknEk,,m" mn (Ek'n mn) 2
fknkn+gknkn—
(1= Ghutn) Gk @ (n Q0 (1) + 10500 D ()
kn
(gknkn_—) 20/€n fknkn+ ~
ko™ (1_¢knkn+)_lA"(2)+ gknkn_(1_¢knkn+)—1>\7l @ ) (ng)
kn kn
where ( ) ( .
Gnlknl 1 (Ghntn)? Gl ratn (frnta™)?\ ™
Yenln= (1_ ) . (57b)
Ekn In Ekn In

In Eq. (59b), the assumption of cylindrical symmetry of the zero order single-particle potential has been used.
The single-particle states are eigenfunctions of the z projection of the angular momentum, with corresponding
quantum number K. According to the Wigner-Eckhardt theorem applied to the K quantum number, gx*’ vanishes
unless u=0.

Substitution of Egs. (59a) and (59b) into the definitions of Q,®@ (%), Q.P(p), Ar®, A,P, given by Egs. (53b)
and (55b), and use of the number conservation conditions [Eq. (51)], leads to the desired inhomogeneous equa-
tions for these quantities and the chemical potentials A, X,®. Let us define certain coefficients of these linear
cquations as follows:

Zun=2cun= 2 | @Gt |2 (ot E,) (1= bt

kaln

32 @ruten® (Frta D)2 (Br) (1= )72,

n

52 =% 2 Qoakn® fntnt Grntn O (B 1 (1— )72,
kn

a"Ei_Gn ; fknkn+gknkn_0kn(Ekn)_l(1—¢knkn+ 1 b

il

[

G (61a)
bnE—‘; 2 (ka2 (Er) 7 (1= or )2,
bn
Gn
Cn= " 2= $a(8ratn )2 (Ery) 7 (A= repe, ™) 2,
¥
09, Qnken (#)Jkn anmnlnfknln—'-gkn mn+fmnln~
= 4’(" Z (1 - ¢knlﬂ+)_1
8Qu* (m) Enlnmn By Emat,
quokn (")]knmnj mnlngknln—fknmn—_flnmn_
+2Kn Z (1_—¢knln+)~1 b
kalpmn EknmnEm"ln
il i it o o)
99n $tnl Thninl 2 ftnkn Ghntn” Ghinkn Ok k| 2 Jrontn ™) Fontont Ok
EZ Z (1—¢knkn+)_1_ 2 Z (1_7knkn b
0A, knln EknEknl,. kanln (Eknl,.)2
99, | Tknta] 2 taten™ Gt Fronten™ | Tenta] 2(fntn™) 2Ghnkn™
=23 (A=dpp, )2 2 (A=)t
6>\,. knln Ek,,Ek,,l,. knln (Eknln)2

The corresponding proton contributions =Z,,, - 89,/9Q,*(p), etc., are obtained by substituting the labels
# in place of # in Eq. (61). The quantities, Eq. (61b), are partial derivatives of the moment of inertia, Eq. (58b),
which depends on the A’s, N’s, and Q,’s through the single-particle states. The derivative 89,/8Q,*(n), for ex-
ample, is defined with the other Q,’s, A’s, and N’s being held constant, and the same is true for the other derivatives.
The derivatives are evaluated at the equilibrium values Q,@, A®, and A\, Since the equilibrium shape is axial

0129 (n)= Q12 (p)=0.
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The recognition that the right-hand sides of Egs. (61b) correspond to the derivatives comes easily by differenti-
ating the general moment of inertia formula given by Eq. (44) and from the known dependence of the density matrix
on the Q,, A, and .

The linear equations for the second order changes in the quadrupole moments, gap parameters, and Lagrange
multipliers break up into subsets corresponding to u=0, 41, &2, when the Wigner-Eckhardt theorem is applied to
the K quantum number.

For u=0, the equations are

Q@) (1—knZon) —Qo® (p)knp Zion —AnPs, M@y =02 (1/2kn)[ 990/ 0Q0(n)]

—Qo® ("’)"MJ Eﬂp +Qo® (p) (L —xp 201:») —Ap®s, =2y =Q¥(1/2p)[89/3Q0 ®»1

_QOG) (#)3¢nGrsn —Qo® (p)3knpGnsn +An® (1—cn) —APan =0 (Gn/4) (891/9An)

—Qo® (1)3knpGpsp  —Qu® (9)3x5Gpsp F2,® (1 —cp) =P, =0Gp/4) (09/0A,)

— Qo (n)knon —Qo® (P)knpon —An®20,/Gr —Aa®2b,/Gr =302(89n/Nn)

—Qo® (M)knpop —Qo® (p)rpop —A,®2a,/Gp =N ®2b,/Gp= 502 (39 5/ ONp), (62 )
a

where Qo® has been taken to be real.
The solutions for A,® and A\,® will be given in terms of the changes in the quadrupole moments

b"dgn/dAn—z(dnan_bnsn)(’(n @ (n)+Kn (2)( ))9_2
A, =107G,, @ AT , (632)
an2+ bn (1 - Cn)

a0 gn/aAn+ (1 - Cn)a gn/a)\n"' 2[ansn+ (1 - Cn)‘rnj (KﬂQ0(2) (1’L) +KM)Q0 @ (P))Q_z
i @ 4bn(1—ca)
dd, 99, N, 99  INn an

e (64)
dA, 0A, 0A, N, 9A, bn

An®=—102G

,  (63b)

where

The quantity 0\,/dA, is obtained from the next-to-last of Eqs. (62a), with the Qo (and the number of particles)
held constant, and the right-hand side set equal to zero. The quantities A,® and A,® are obtained from the above by
interchange of neutron and proton labels. The quadrupole moments are given by

0o (n)=10* [Copd—%ﬂw(l—-%)d;i; )] / [c(mcorxnpﬂ(1—%) (1—%)] , (652)

where the derivatives are defined by

dd, 99, iag,. dA, , 39, O\,
= T T .
dQo(n) 9Qo(n) 94, 3Qu(n) 0N, 8Qo(n)

That is, when taking the derivatives only the other Q, are held constant, but A, and \, are allowed to vary. From
Eqgs. (63) with the right-hand side set equal to zero,

9An 1 Gutn (@non—bnsn) Mn 1 Guknl@nSat (1—cn)an]

(66)

=— =—— . (67)
300(m) 2 a+ba(1—cn) ~ 80u(n) 2 an+ba(l—cn)
The quantity Co, is defined by
Gn Sn (anan—bnsn)'i'an[ansn“l" (1—67,)0'"]
Con=tn—Kn2Zon+Kn>— . (68a)
@240, (1—¢y)
The proton moment Q,‘®(p) is obtained by interchanging # and p labels in Eqgs. (65)-(68).
For u=1, &2, the linear equations are
Qu® () (1= knZun) = Qu® (P)knpZun=*(1/262)[ 092/ 9Qu(n)* 1, (62b)

—Qu P (M)knpZupt Qu® (P) (L —kpZpp) = Q2(1/ 2x,)[39 5/ 9Qu(p)*].
From (61b) and the time-reversal properties of the matrix element (8) and (54), it is easy to show that
992/3Q41(n)*=939,/30Q.1(p)*=0, (69)
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so that for u==1, (62b) become homogeneous with the trivial solutions

Q1P (n)=0u.?(p)=0.

(70a)

Equation (70a) is necessary if the rotating reference frame is to coincide with the principal axes of the density

distribution.'?
For u=2, Eq. (62b) yields, analogously to (65a),

0:® ()= 192[C 99, <1
2 n)= 2 +kn

"00u0e)*
where

C2n= C_gn = Kn—Kn222n . (68b)

The equation for Q2 (p) is obtained by interchange of
n and p labels.

In this order of perturbation theory, the change in the
moments Q2(#) and Qa(p) are independent of changes in
the A’s and the N’s, which are coupled only to Qo(»)
and Qo(p). Thus 89./3Qx(n)* is the derivative holding
only the Q_y’s and Qq’s constant.

For u=—2, Eq. (62b) just yields

02 (n) =P (n)*,
0@ (p) =02 (p)*.

One can choose a representation with real matrix ele-

(65¢)

Q2@ (n)= —92[021»

Let us now discuss the physical significance of the results
given by Eqgs. (63) and (65). The quantities C,, and Cyp
are adiabatic vibrational force constants defined in the
following way. Collective vibrational states may be de-
scribed by means of the rigorously quantal random
phase approximation (RPA)% or else by means of the
ostensibly semiclassical time-dependent HFB equa-
tions.’? Both methods give exactly the same dispersion
equations for the frequencies of collective excitations.
The energy in the time-dependent method for a given
normal mode of vibration has the schematic form (for a
multipole-multipole 1nteract10n) in terms of normal co-
ordinates, Q,:

E,=}B(w)|dQu(0)/dt]|*+3C(w) [Qu() |,

where Q,(¢) is a linear combination of oscillating multi-
pole moments; B(w) is a mass parameter and C(w) is a
force constant, and both, in general, depend upon the
frequency of oscillation, w.?

The energy in the time-dependent method can be re-
garded as a collective-model Hamiltonian, which, when
(second-) quantized gives the RPA Hamiltonian. If the
frequency w is small compared to quasiparticle excita-

82 The time-dependent equations are just an average of the
Heisenberg equations of motion of the RPA theory taken with
respect to a time-dependent state vector.

)/ [ (=200-2)]

(65b)

a9,

d;j(ji) Knp(lh%)sz(p)*]/ [CZ”CZ"_K"”z(I_%)<1—%)]'

ments so that

Q2P () =02 (n),
Q2P (p)=0:2(p),

which, together with (70a) guarantees that the rotating
reference frame coincides with the principal axes of the
density distribution.t®

Assuming that (70b) holds, the derivatives of the
moments of inertia with respect to the Qs’s are real, and
it is best to introduce the derivative d9/dQs by

3(d9/dQ2)=(99/90Q2)q_5,00=(89/00_2)0s,0o- (71)

In the derivatives 99/9Qs, Q_» and Q, are held con-
stant, while in d9/dQ,, it is assumed that Q_,=(Q,, and
only Qo is held constant, so that (65b) may be written

(70b)

(65b")

tion energies, one may use the adiabatic approximation
and set w=0 in B(w) and C(w).

For the case of v vibrations of deformed nuclei, for
example, the collective potential energy when k,,=0 is
then given by

V=3Can(|8Qa(n) |4 60—2(n) | 2)
+3C25(1602(p) [+ [60-2(2)[?),  (72a)
where 8Qs(n) is a small displacement from the equili-
brium quadrupole moment.
In the limit when all the interactions have the same
strength k,=kp=knp=«, the potential energy takes the
form

V=5(CaontCop—r)(| 602(n)4-5Q2(p) |2
+18Q—2(n)+60_2(p)|?). (72b)

For the problem considered here, one has an effective
potential energy given by

=3 Z elmlaQu(”)P""% > GMJMQM(P) l 2

+2 e/mpaQu(”)sQu(?); (72¢)

where
Cun=Cun—knpkp (1= k5 7'Cyp)

ey.np= —Knp(l_Kn—lcyn*Kp_—IC“p) .

(72d)
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Equation (72c) reduces to Eq. (72a) or Eq. (72b) in the
appropriate limits.

The centrifugal stretching given by Egs. (65) cor-
responds exactly to the “classical” result, well known in
the theory of molecules,? obtained by adding the rota-
tional kinetic energy (with a quadrupole moment-
dependent moment of inertia) to (72c) and minimizing
the result with respect to the quadrupole moments. The
results (63) for the changes in the gap parameters are
obtained analogously, although perhaps these quantities
are not genuine vibrational coordinates. It is quite
plausible that the classical centrifugal stretching should
have been obtained, since the HFB procedure for the
case of the quadrupole force is equivalent to minimizing
the expectation value of the Hamiltonian (7), which in-
cludes the angular momentum constraint with respect
to the quadrupole moments and gap parameters, which
closely resembles the classical procedure.

In a previous semiphenomenological attempt to cal-
culate vibration-rotation coefficients, somewhat differ-
ent force constants were arbitrarily used.’” The elas-
ticity constants used in Ref. 37 were first defined by
Kisslinger and Sorensen®® as the response of the nucleus
to an external deforming force. Within the framework of
the HFB method, the external deforming force can cor-
respond to the constraint that the mass quadrupole
moments have prescribed values. One can then treat by
the methods previously described the perturbation

—Z Eﬂ(“)QAM(")—Z EP(M)@M(P) ’

where .
Q#(”)—_— Z qknln(”)aknTaln'

knln

The perturbation increment in energy in lowest order
has the form (72c), but Cuu, Cpp, and Cu., have a dif-
ferent dependence on Cya, Cyp than given by (72d). In
the case when x,,=0, for example, the neutron elasticity
constant as defined by Kisslinger and Sorensen is

.

Cun
1—Cn/kn ’

which is greater than the value given by (72), unless
Co.=0, but this can only happen if the RPA dispersion
equations have the solution w=0, which means that the
vibrational mode is on the bound of instability.5

In fact, as the strength parameters kn, kp, £np are in-
creased, the denominators of Eqs. (65) tend to zero, cor-
responding to instability of the RPA solution, and the
whole treatment breaks down. Thus, there is a paradox
here. Although, as previously noted, our treatment of
the Coriolis perturbation is expected to be valid when

€, (K.S.) =

8 G. Herzberg, Spectra of Diatomic Molecules (D. van Nostrand
Inc., New York, 1959), p.103.

54 Another difference in the treatment of Ref. 37 is that it is-

based on' the work of Ref. 39 in which the Kisslinger-Sorensen
approach was applied to the case of interacting neutrons and
protons, but with the potential energy corresponding to Eq. (72)
differing slightly from the present work.

ROTATIONAL SPECTRA. 1 B 783
the collective vibrations are adiabatic, the perturbation
theory breaks down if they are too adiabatic. The inti-
mate connection between the RPA and the present
HFB treatment is due to the fact that the determinant of
Egs. (62) is essentially the adiabatic limit of the deter-
minant of the homogeneous equations of the RPA
theory.55:56

It is of interest to consider the sign of A,® [Eq.
(63a) ], which consists of positive and negative contribu-
tions. According to (61a), @, and s, are sums of positive
and negative contributions which largely cancel out,
except for b, and ¢, which are sums of positive terms.
Thus A,® is roughly given by

Q dd,/dA,
A =—G——.
4 1—c¢,

With the aid of the gap equation (12), it is easy to
establish the inequality (1—c¢.)>0, so that the gap
parameters A, and A, are expected to decrease as
a consequence of the Coriolis perturbation, since
d9./dA,<0, in analogy with the pair-destroying effect
of a magnetic field on a superconductor.
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Fi1c. 1. Theoretical values of —®a/ (#2/29)* and — ®g/ (#2/29)*
in the rare-earth region. The experimental points refer to the

. total ® as obtained from the ground-state rotational band, using

at least the first three members. The vertical scale is semilog
because of the great differences in magnitude of the points plotted.

5 D. R. Bés, Nucl. Phys. 49, 544 (1963).

% In Ref. 55, the change in the expectation value of the particle
number due to deviation of the wave function from the BCS form
was not kept at zero as was done in the present work. In fact there
is no need for such a correction in the lowest RPA, where rotation-
vibration coupling is neglected. Thus Eq. (62a) has two additional
rows and columns arising from the neutron and proton number
corrections, for which there is no counterpart in Ref. 55.



B 784 EUGENE R. MARSHALEK

From Egs. (A3c) and (21), 3rd-order corrections to the density matrix are given by
Jknjnm]mlfkn_fmn_fml—fkl_ Jkn]nmjmlfkn_fmn—fml_fkl_
(I4-ri)on®=—0° 2. @Y
mn EpnEmiErn bl B EomEm
Jkanmelgkn+fnm_flm—glcl+ Jkan m]mlf n——fmn__gml+gkl+
+o' % +@ T -
mn EynEn mE-ml mn EknEn mEni
Jknjnmjmlgkn+gnm+fml—fkl— ]kn]nmjmlfnk—gn m+gml+flk~
+o' % +o %
mn EnEnE nm EynExnEn
]kn]nm]mlfkn_gnm+fml_gkl+0n0l ]kn]nm]mlfkn_gnm+fml~gkl+0ngl
+o Y +o %
mn ExnExmEm mn EknEnlEml
Jknjnmjmlgkn+fnm_gml+flk—om0k Jkn]n melgkn+fn m—gml+flk_0m0k
+2 % +o %
mn EklEnmEnl mn EklEnmEkm
oy [ (erm®@—AD810) fomt+ D@8 miom™ W mi f 1o~ gri™
n ElcmEml
Jeml (€mi®—=AD8 ) frmt 4 Arn @8 migum 1 fom gui™
EkmEml
[(elcm(2)—>\(2)6krn)glsm—_ Ak-—m(2)6mkfkm+]]mlfml——fkl_~
m EklEml
Jiml (€mt®@—=AD8m0) gmi— At @8 mifmi™ 1 f i s~
EpnBr
[(ekm(2)_>\(2)610m)fmk++Am—k(2)6mkgkm—___l]mlgml+flk—
m BB
TimL (€mi®—=AD8 1) fui™+ At P8 i mi™ 1grom™ [t

-y , (73)
" EyuEm

where the summation indices either all refer to neutron or all to proton single-particle states, and correspondingly
\ is either N, or X, depending on whether px;® is a neutron or proton density matrix element.

Since €x‘® and A ® are given completely by Egs. (53a), (55a), (63), and (65), the ® coefficient can be evalu-
ated from the definition (45). After permuting indices and doing a little algebra, one obtains

®= (Bﬁ+ (B’Y+ (BA+ ®r+ ®Bcoriolis - (743,)
The contribution ®g arises from the centrifugal stretching of the Qo(#) and Qy(p) moments and is given by
dd, \? Knp?\ Knp® dg, \? Knp?\ Knp? d9, ddg
o K S A v G G ol e
7t \dQo(n) KnKp. Kn dQu(p) KnKp Kp dQo(n) dQo(p)
g=—— .

894 COn COzv
ConCop— K”p2<1 - "—‘) (1——)

Kn Kp

—oy

-y

(74b)

The contribution ®, arises from the centrifugal stretching of the Q2(#)=Q_s(n) and Qs(p) = Q_2(p) moments and

is given by
d9, \? ol 2 dg 2 np np? dg, dd
Goaa) L=+ I o) Lo (=) o s 20
7t \dQs(n) Knkp/  Kn dQz(p) Kakp/  Kp dQ2(n) dQ:(p)

1694 C2n C2p
Can2p—Knp2(1 —-——) (1———)

Kn Kp

(74c)

4
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The contribution B, arises from the decrease in A and the corresponding change in X for fixed nuclear deformation
and particle number. The term ®, arises from the change in the \, for fixed particle number and fixed A, due to the
effect of the Coriolis perturbation on the individual quasiparticle structure:

W Gn ba(d9a/dA,)?
A= —— — ————— -corresponding proton term, (744d)
9416 @n2+by(1—cn)
G (99,/0N0)?
®r=+— — ——— }-corresponding proton term. (74e)

g9* 16 bn

The contribution ®coriolis arises from the effect of the Coriolis perturbation on the individual quasiparticle
structure, independent of changes in the quadrupole field, pairing potentials, and Lagrange multipliers:

h4 () ]kanym]mlJlkgkn+fnm—flm_glk+

®Bcoriolis= ——
34 klmn EkmEmnEml

(1= uit) 1o — S0

h4 Jkn]nm]ml-rlkfkn~gn m+fl m_glk+0m0n
EkmEknEml

g% lkmn

7t ]kn]nmel]lkfkn_fmn—fml_fkl—

X (1= gent) M —

294 kimn

EknE mnE ml
where

(74f)

(1— prim)+corresponding proton contributions,

(gem )2 Eri =4 f ot gem gt (fi ) " Bt

l‘klmEGn

(75)

$kS me

1=Gr(fim™)Exm

The symbol > ™ means that all the summation indices
refer to neutron single-particle states. For each neutron
term in (74f), there is a corresponding proton term.
Equation (74f) includes contributions due to changes in
the self-consistent field associated with the pairing force
because of the use of the matrix elements J; instead
of ji® and because of the terms ¢im™ and prim. These
are corrections proportional to 3GA™, but it is clear
that these corrections accumulate in higher order.

Further discussion of Eq. (74) will be deferred until
the last section.

IV. APPROXIMATE CALCULATIONS

The quantities ®g and &, [Eqgs. (74b) and (74c)]
have the form of a vibration-rotation interaction, with
®p corresponding to the mixing of the ground-state
band with the B-vibrational band, and ®, corresponding
to the mixing with the y-vibrational band. For the case
Knp=Kn=Kp=k, and Q,=Q,.(n)+Q.(p), one obtains

#w (d9/dQo)?

894 Cont-Cop—t ~
# (d9/dQy)?

" 1694 ContCap—r

(76a)

(76b)

which agrees with the collective-model result (2), if one
defines new variables B and v by Qoxp cosy,
and Qs (2)~Y28siny, so that Cgo CoutCop—rk, and
Cy« Bo%(C2n+Cap—rk). For the case when the spatial
dependence of the spherical part of the self-consistent
field is given by the harmonic oscillator V=2%mwy?,
and the Q, are mass quadrupole moments, one has

Qo=muw’'B cosy, etc. If one further argues that the
strength of the quadrupole force should be chosen so
that the shape of the ellipsoidal self-consistent field
coincides with the shape of the average density distribu-
tion, one obtains®”

k= (4m/5)(mwo®/ (Lr?)) . ("

Furthermore, if the quadrupole-quadrupole force acts
between all pairs of nucleons, the mean-square radius
pernucleonis given by (3_7%2)/A4 = £R?, with Ry~1.241/3
X10713 cm. Then the mass quadrupole moments are
given by Qo= (3/4m) A Ry?8 cosy, Qo= (2)~1/2(3/4w) AR*B
Xsiny as for a uniform charge distribution. The force
constants for 8 and v vibration are then given by

Mewo?

ARy®

3 2 4
C§= (;AR(?) (CO”+COP_'_3- ) y (788,)

2

2) . (78b)

Mwo

3 2 4
C1= (—ARoz) (C2n+02p—'_—
4 3 AR

0

It is easy to obtain approximate estimates of ®g cor-
responding to (78a) based on already available calcula-
tions. Nilsson and Prior had calculated the moment of
inertia using Eqgs. (58) (with ¢« ~=0) for three values of
B for each nucleus in the rare-earth region,? from which
data it is possible to estimate the derivative d9/dg. It is
interesting to note that if one fits their calculated data
with the expansion

9= AB*+BE+CB*, (79)

% B. Mottelson, in Proceedings of the International School of
Physics, “Enrico Fermi,” XV Course, edited by G. Racah
(Academic Press Inc., New York, 1962), p. 51.
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one finds that the successive terms are all of about the
same order of magnitude, suggesting that such an ex-
pansion converges poorly, if at all, for typical equili-
brium values of 8 in the rare-earth region. This result
conflicts with a common assumption used in many ex-
ploitations of the phenomenological collective model,
that (79) or its leading term is valid for strongly de-
formed nuclei.'*% Of course, one may define a new col-
lective coordinate so that ¢ depends on it quadratically,
but this is not what is usually done. In the present cal-
culations, an expansion about the equilibrium value 8y,

dd 1d%g
9= 9ot—(B—Bo)+-—(B—F0)*,

ag 2 dp?
was used instead, which, of course, is not valid in the
neighborhood of 3=0, when 9=0.

Calculations of Cg, previously made by the author,
based on a cranking model method, can be used to esti-
mate Bg.1® These values of Cg differed from (78a) in two
ways. First, there were some additional terms arising
from the somewhat ad /hoc incompressibility constraint
imposed on the deformed single-particle potential as
postulated by Nilsson.*! These terms tend to inflate Cg
by an increment of the order of By, or about 30%.
Second, the calculations of Ref. 19 neglected the last
term in (68a), which is needed to make the spurious state
arising from particle number nonconservation or-
thogonal to the physical states. The work of Bés sug-
gests that this omission has the (strong) effect of de-
creasing Cg and thus to some extent cancelling the first
deviation.5® Thus the values of Cg calculated in Ref. 19
should serve at least to give an order-of-magnitude esti-
mate for Bg.

For comparison with experiment, it is probably most
meaningful to compute ®B/(%#2%/29)*, since the theoretical
expression for ® is obviously very sensitive to small
errors in d, and therefore to the (~209%,) uncertainties
in the parameters such as A,, A,, and B, which go into
the theoretical calculation of d.

The results for ®g/(%#2/29)* are shown in Fig. 1. The
theoretical values generally account for only 1-29, of
the total experimental value except at the end of the
rare-earth region where it is 129,. This result strongly
conflicts with the viewpoint of Ref. 5 and Ref. 58, where
high-spin rotational energies were fitted by means of
the phenomenological model using the beta vibration-
rotation interaction exclusively. Actually, the values of
Cp at the beginning of the rare-earth region are probably
too large, and B, therefore, too small, since the calcula-
tions of Ref. 19 could not reproduce the low-lying beta
vibrational level in Sm!52 This might be due to the in-
compressibility constraint, or the estimate of « given by
Eq. (77) may be too small. However, in the middle of
the rare-earth region, the second 0+ states lie near the

%8 R. M. Diamond, F. S. Stephens, and W. J. Swiatecki, Phys.
Letters 11, 315 (1964).
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F16. 2. Theoretical values of (80/29)d9/dB. The quantity g, is
the equilibrium deformation, and dg/dg is evaluated at B=p,.
If it were the case that g <2, then (8,/29)dd/dB=1.

energy gap and can best be described as two-quasiparticle
excitations. It is then not surprising that ®g should be
small. According to recent Coulomb excitation data the
beta vibration-rotation interaction accounts for about
139 of the observed ® in Sm!%2 and 189, in Sm!%,
which is much greater than the present theoretical esti-
mates but still much smaller than had generally been
believed.?! One of the chief reasons that the importance
of the beta vibration-rotation mixing has been exagger-
ated is due to the assumption that g « 82, It is shown in
Fig. 2 that the present calculated values of dg/dB are
generally only about 25% of the value obtained from
the g« 82 assumption.

Similar estimates of ®, were not made since no cal-
culations of ¢ as a function vy are available. However,
estimates of ®, using a formula similar to (76b) were
performed for a few cases in Ref. 37. The calculated &,
were of the order of magnitude of the experimental .,
which amount to only 5-159, of the total experi-
mental ®.20

The term ®\ [Eq. (74e)], in contrast to ®s and &,
has a positive sign. It was evaluated for a typical rare-
earth nucleus, using Nilsson single-particle states and
found to be rather negligible, amounting in magnitude
to about 0.59, of ®a. The difference between ®y and
®a is due to the fact that d9/IN&Kdd/dA. At any rate,
® is difficult to interpret physically and may very well
be a spurious result of number nonconservation.

The negative contribution ®a could easily be evalu-
ated as follows. Nilsson and Prior calculated the change
in 9, and 9, due to a 209, change in A, and A,, re-
spectively.?* Thus the derivatives d9,/dA, and d9,/dA,
could be approximated by the ratio of the finite differ-
ences. It would have been more accurate if 9 had been
calculated for three values of A, but a check in one case
indicated that 4 is a reasonably linear function of A in
the neighborhood of interest. The sums a,, b, ¢» [Eq.
(61a)] and the corresponding proton quantities were
easily evaluated (with ¢pt=0) using values of A, A
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already available to the author and corresponding very
closely to those employed by Nilsson and Prior. In fact,
with ¢rt=0, we have the identity 1—c¢,=b,, and
@xKb, (and similarly for protons). From (64), this im-
plies d9/dA=ad/dA.

The calculated values of ®a/(#%/29)* are shown in
Fig. 1 and vary from about 149, of the experimental
®/(h*/29)* at the beginning of the rare-earth region to
almost a factor 2 larger in Hf'78. The qualitative pre-
diction of Fig. 1is that ®a/®g~ 15-60. With a more pre-
cise calculation and small adjustment of A, and A,, one
probably could make ®a agree with the total experi-
mental ®, at least in the middle of the region. But the
validity of such a procedure depends on ®coriolis
[Eq. (741)].

The contribution ®coriolis has not yet been evaluated,
since this involves a great deal of tedious computation.
It is the only term in ® whose sign cannot be determined
in advance. If it turns out to be positive in certain cases,
it might cancel some of the excess of 4. On the other
hand, if it is large and negative at the beginning of the
rare-earth region, it might explain the large values of ®
in Sm!2 which the other terms apparently cannot.
Thus GBcoriolis plays a crucial role in testing the model.

A computer program is now being drafted to calculate
all of the terms in ® given by Eq. (74), and more exactly
than the present estimates. The results will be reported
in a later paper.

V. CONCLUSIONS

The contributions ®g and ®&, have been interpreted
as arising from band mixing, and it seems likely that
®coriolis and ®Ba are the “intrinsic” contributions dis-
cussed in the Introduction. However, strictly within the
framework of the HFB theory, one cannot say which
contributions arise from band mixing and which are
intrinsic, since the angular momentum has been treated
as a ¢ number, and all one gets is the total energy with
both kinds of contributions treated on the same footing.
It may even be the case that ®a, as well as ®g, cor-
respond to mixing with the 0+ excitations, since in the
time-dependent self-consistent field description of vibra-
tions, A becomes formally a dynamic variable on a par
with the quadrupole moments, but coupled to them.
Both A and Q oscillations are needed to give rise to 3
oscillations. Unfortunately, the HFB wave functions,
which are not eigenfunctions of the angular momentum,
are not suitable for calculating branching ratios. One
can project out eigenfunctions of the angular momentum
from these, but this requires considerable labor.*
What one really desires is a microscopic method for
deriving a collective-model Hamiltonian in terms of
angular momentum operators. Some progress in this
direction has recently been made.®

5 R. E. Peierls and D. J. Thouless, Nucl. Phys. 38, 154 (1962).
% A. K. Kerman and A. Klein, Phys. Rev. 132, 1326 (1963).
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Finally, it should be pointed out how the theory pre-
sented here can be extended to describe rotational bands
in odd-4 nuclei and bands based on excited states of
even-even nuclei. The expansion corresponding to Eq.
(1) for odd-A4 nuclei can be obtained from the expansion
of the generalized quasiparticle energy &, given
by Eq. (92') in powers of Q. In fact, §,(?) and the
rotational energy for even-even nuclei could have been
obtained simultaneously by perturbing the matrix
equations for the HFB theory, but this turns out to be
somewhat cumbersome. Alternatively, the perturbation
of the one-quasiparticle eigenstates of the Hamiltonian
(9a) could be considered to obtain &,(2), which is
straightforward since the self-consistency problem has
already been solved for the vacuum state. Since the
Hamiltonian (9a) corresponds to a set of independent
generalized quasiparticles given by Eq. (9a’), the ex-
pansion (1) for rotational bands based on 2, 4, etc.,
quasiparticle states can be obtained by expanding in
powers of @ the combinations &,(Q)+ 8,(Q), &.,()
+ 8, ()~ 8,/ (2)+ &,/ (Q), etc. Since the quasiparticle
energies are excitation energies, one gets in this manner
the differences in moments of inertia between the
ground-state and excited-state bands.

A complication is that some of the two-quasiparticle
states are strongly admixed into 8 and vy vibrations. In
order to get the 9 and ® parameters for rotational bands
based on collective states, one could use the fully time-
dependent HFB theory as previously discussed, and
thus the adiabatic approximation would be avoided.
Alternatively, the Hamiltonian (7) could be treated by
the RPA method.% This would not only give excited-
state parameters but should provide corrections to the
ground-state value of 9 and ® parameters obtained
here. Some of the semiclassical aspects of the HFB
theory can then be avoided by using the constraint of a
fixed value of the angular momentum operators J? and
Jtinstead of J. At any rate, the HFB solutions obtained
here can serve as a useful basis for the RPA treatment,
and work is now in progress by the author to obtain the
parameters for 8 and v bands.5! Of particular interest is
the ® coefficient for the excited bands which often differs
considerably from that of the ground-state band, which
cannot be explained by a phenomenological approach.

The perturbation treatment described in this paper
could be continued to high order to obtain a full ex-
pansion of the form of Eq. (1). However, this would be
very tedious. The higher order terms beginning with
I3(I41)% include effects of anharmonicity in the collec-
tive potential energy, but the static treatment given in
this paper is expected to neglect anharmonic kinetic
energy effects. However, such effects could, in principle,
be included by employing the fully time-dependent
(RPA) method.

1 Some work along these lines has also been done recently by
I. M. Pavlichenkov, Nucl. Phys. 55, 225 (1964).
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It is questionable whether it is worthwhile to consider
such higher-order corrections at all. Empirically, the ex-
pansion (1) does not seem to converge byeond I~10, 12.
In that case, exact diagonalizations of the HFB equa-
tions in the rotating reference frame would be needed to
avoid the Taylor series expansion for very high angular-
momentum states, and that is indeed a formidable task.
Assuming that such diagonalizations could be per-
formed, would it be meaningful? The answer might
very well be negative for two reasons. The first reason
is that the time-dependent HFB theory, while providing
some of the previously mentioned anharmonic effects,
neglects certain other, possibly equally important an-
harmonicities, namely those provided by the ‘“higher
RPA.”82 To include all the anharmonic terms would
necessitate highly complex corrections to the Hartree-
Fock theory.5?

The second difficulty is connected with the sharp
rotational phase transition from a superfluid to a nor-
mal state at high angular momenta predicted by Mottel-
son and Valatin.** Recent work suggests that this effect,
if it really is a mathematical property of the HFB equa-
tions (and this has not rigorously been shown), is a
spurious result of the particle number nonconservation,
at least in atomic nuclei where the number of particles
is not very large.5® In that case, the HFB equations
could not be trusted for high angular-momentum states
when A=0.
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APPENDIX A

The X are not listed. These can be obtained from
the corresponding px—i(™ by replacing fiu* by gr* and

EUGENE R. MARSHALEK

g by — fu® where these factors explicitly appear in
the following formulas.

First order:

beM=0, (Ala)
bV (k—1)=—BuM/Eu, (Alb)
™ =—Bu® fru*/E, (Alc)

A =3 (furt)?/Ee]
k
X2 (B V4HAD fiu) fut/Er.  (Ald)
k
Note that the right-hand side of (A1d) is independent
of A according to Eq. (21b).
Second order:

bo(2) = —'}j Z lBkl(I) I 2/(Ekl)2 ) (Aza)
kL

Eup® (k—1)=3 BimWA_1-n™/Egm
+Z Akm<l)Bml(1)/Eml_Bkl(2). (AZb)

In this order, four-quasiparticle states are also ad-
mixed but do not contribute to ¢® or x®. The ampli-
tudes are

Bu®B ™
b (k—Im—n) =—————
EklEmn
Bml(l)Blm(l) Bk—m(l)B-nl(D
.

EmlEkn EkmEnl

(A2¢)

The appearance of two-quasiparticle rather than four-
quasiparticle energy denominators in (A2c) is a conse-
quence of the identity

(EklEmn)_]': (Eklmn)_l (Emn-_l'i_Ekl_l) )

Akn VB frit Bim A 1™ fiit

Bin VB Mg Bu® fiut

F2 +2

m EyiEm Eynr m

) (A2d)

EkmEml Ekl

A® =3 (fu")/ BT H{—2 2| Bu® | *gr/ (Ext)*— 2 2 Aa®@Bue® furt/ (ExEa)
k kl kil

€ J, Da. Providencia, Nucl. Phys. 61, 87 (1965).
6 M. Rho and J. O. Rasmussen, Phys. Rev. 135, B1295 (1964).

+Zk: Bex®4AD fu) ft/Er} . (A2e)
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Third order: :
Aen®OBu®By®* _ By®*By®
D@ = 1 , (A3a)
klm (Ex)*Em K (Bt
Bkl(l)‘an(l)‘z Bkm(l)Bnm(l)*Bnl(l) Akm(I)A mn(l)Bnl(l) Alcm(])an(l)A—l—-n(l)
Eub® (k=D =} = +
mn (Emn)2 mn EkmEnl mn EmlEnl mn EmnEml
Akm(l)an(l)A—l—n(l) Bkm(l)A—n—m(l)A—l—n(l) Akm(Z)B-ml(l)
-2 > F22
mn EknEnm mn EknEkm m Eml
Bkm(l)A-——l—m(2) Akm(l)Bml(Z) Bkm(z)A—l—m(l)
+> +2 2 Bu®. (A3b)
m Eim m E. m Eyn

The third-order corrections to the four- and six-quasiparticle amplitudes do not contribute to ¢ and x® and
will not be given here.

Bkm(l)Bnm(l)*Bnl(l)flcfh Bkm(l)Bnm(l)*Bnl(l)fkli Akm(l)an(l)BZn(l)*gkl:F
=+ +
mn EkmEmnEnl mn EklEkmEnl mn EknEmnEnl

Bkm(l)Bnm(I)*Anl(l)gkl:F Bkm(l)A——n—m(l)Bln(1)*gkl:F -Bkm(l)A—n—m(l)Bln(l)*gkl:F

mn EkmEnmEml mn EkmEknEnl mn EkmEnlEml
Akm(l)A mn(l)Bnl(l)fkli Bkm(l)A—n—m(l)A—l—n(l)fkli Akm(l)an(I)A—l——n(l)fkli
mn EklEnlEml mn ElclEkmEkn mn EklEmnEml
Apm DB VA1, D fio Bim® BV g ¥ Bin M B1n® g™ Apm®B ™ friE
"Z Jrz f Z f
mn EyE pnEkn m EymEm m EynE m EjE
BimWA_1_n® fri® Akm OB @ fr® BinP 41 n® fr Bua® fut
1 1
T T
m EvExm m EyE m EuEim Ey
(fuh)2 7! BB 5t B e D frat BB i B e D fit
)\(3)= Z —-2
R O kim EEymE kim EvExiEym
AP BB P (gt T gmm ) AP A1 DB i D fi® A PBin WA n® frrt
+cet2 23
klm (Ekm)2Elm klm EkEszkm klm EkElm-Ekl
Bu® B, ™* (gaF £ gi™) - A @By O f* Au®By® fu
—2 2

3 E.? ki EvEy; ki EyEy

, (A30)

(Bie®HAD fin®) furE
k E;

:| . (A3d)



