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We consider the spontaneous breakdown of unitary octet symmetry in a nonlinear spinor model of ele­
mentary-particle theory. Our model is an adaptation to unitary octet symmetry of a model originated by 
Nambu and Jona-Lasinio and contains SUs ®SUz symmetry in the same way that their model contained 
SU2&SU2 symmetry. We derive an exact formula for the physical baryon mass that reduces to the usual 
superconductor-type formula in the lowest order approximation. Nonperturbative solutions that leave the 
physical A and 2 masses degenerate are obtained. We confirm the presence in our nonperturbative solutions 
of massless pseudoscalar and scalar mesons transforming as components of F-type octets as predicted by 
the Goldstone theorem. We also find massless pseudoscalar and scalar mesons that transform as components 
of unitary spin decimets. We explain that only the F octets are Goldstone mesons associated with the spon­
taneous breakdown of octet symmetry in our model, whereas the massless decimets are associated with the 
invariance of a restricted part of our Lagrangian under a larger group and their masslessness is not a con­
sequence of symmetry breakdown in our solutions. 

1. INTRODUCTION 

TH E idea that the strong interactions may obey 
some higher symmetries than those observed to 

hold exactly in nature has a strong appeal. I t is also an 
attractive idea to incorporate the higher symmetries 
within the framework of a specific dynamical model of 
elementary-particle theory in which all the observable 
states are derivable from a single, or a few fundamental 
fields. 

Nambu and Jona-Lasinio developed such a model 
based on a nonlinear self-interaction of a fundamental 
fermion field.1 They emphasized nonperturbative solu-
sions that involve spontaneous breakdown of the 
symmetry group of the Lagrangian. We consider a non­
linear spinor model of elementary-particle theory that 
is an adaptation of their model to unitary octet sym­
metry. The symmetry group of the Lagrangian in our 
model includes SU%<&SUz in analogy to the way Nambu 
and Jona-Lasinio's model contained SU^SUz sym­
metry, our fundamental fermion field being a unitary 
spin octet where theirs was an isospin doublet.2 

The primary Lagrangian of our model is described in 
Sec. 2. The unitary spin formalism required in it is in­
troduced there, and the restrictions imposed on it by 
crossing and certain chiral symmetries are discussed. 
Having established the notation and form of our model, 
we then derive in Sec. 3 an exact formula for the dy­
namical mass of the physical baryon solutions in terms 
of a spectral representation. This exact equation is 

* Work supported by the U. S. Air Force through Air Force 
Office of Scientific Research Contract AF 49(638)-1389. Parts of 
this material appear in a doctoral dissertation of N. Byrne, 
Stanford University, 1965 (unpublished). 

1 Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961); 
124, 246 (1961). 

2 M. Baker and S. Glashow have also discussed an extension of 
the Nambu model to SU$, but they based their model on a funda­
mental fermion field which is a unitary triplet instead of an octet; 
Phys. Rev. 12$, 2462 (1962). S.# Glashow, ibid. 130, 2132 (1963) 
discusses certain general properties of an octet model such as ours. 

shown to reduce directly to the usual lowest order 
formula when simple pole approximations are assumed 
for the propagators. The relationship of the lowest 
order approximation to the exact formulation is thus 
exhibited. 

In the lowest order approximation we obtain self-
consistent, nonperturbative solutions of the baryon 
mass formula. Solutions are found which fit the ob­
served baryon masses to within a few percent. I t is a 
feature of our solutions that the physical masses of the 
A and 2 are left degenerate, and therefore they do not 
g enerally satisfy the Gell-Mann-Okubo mass formula. 

In Sec. 4 the lowest order solutions are used as a 
basis for our study of the meson states of our model. 
By using formulas that we have developed in the 
accompanying article3 we confirm the presence of mass­
less pseudoscalar and scalar mesons which transform as 
components of F-type unitary spin octets in accordance 
with the predictions of the Goldstone theorem. In lowest 
order approximations we also obtain massless pseudo-
scalar and scalar mesons transforming as components of 
unitary spin decimets. These mesons appear because 
the approximation that we use in calculations for zero-
mass mesons involves only a part of our Lagrangian and 
this part happens to be invariant under a larger group 
(Rs0Rs) than the symmetry group of our complete 
Lagrangian (SUz®SUz). In addition to explaining 
these complications of spontaneous symmetry break­
down, in Sec. 4 we also discuss the search for other 
meson states of small, nonvanishing masses. In Sec. 5 
we discuss the effects of introducing a slight intrinsic 
symmetry breakage into our model with small bare 
mass terms. We also relate our results to a discussion of 
spontaneous breakdown of chiral symmetries given by 
Freund and Nambu.4 

3 N. Byrne, C. Iddings, and E. Shrauner, following paper, Phys. 
Rev. 139, B933 (1965); we shall hereafter refer to it as article II. 

4 P. G. O. Freund and Y. Nambu, Phys. Rev. Letters 13, 221 
(1964). 
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2. THE LAGRANGIAN AND ITS SYMMETRIES 

To accommodate the isospin and hypercharge degrees 
of freedom in our model, we consider a primary fermion 
field \f/ which transforms as a unitary spin octet and 
interacts with itself in a Lagrangian that is invariant 
under the group of unitary spin transformations, SUz. 
The dynamics of our model are to be determined from a 
quartic Lorentz-invariant self-interaction of this pri­
mary field. Further specifications of our model La­
grangian are not dictated by general physical principles. 
In order to restrict the arbitrariness of the Lagrangian, 
we will later impose certain chiral symmetries on it, 
although these are not required by such profound physi­
cal principles as Lorentz invariance. The model finally 
arrived at in this way corresponds to a direct generaliza­
tion of Nambu and Jona-Lasinio's model from isospin 
symmetry to unitary spin symmetry. 

We first consider the unitary spin couplings required 
for our four-field interaction. For convenience, we will 
separate the unitary spin part of the wave function as a 
direct factor from the part that depends on all other 
coordinates. Suppressing for now these other co­
ordinates, we write the unitary spin wave function of 
our primary fermion octet field in the form of a trace-
less 3X3 tensor \f/km the lower covariant index labeling 
the row and the upper contravariant index labeling the 
column of the elements in a matrix array. An explicit 
3X3 representation of the octet \p and the generators of 
the group of unitary spin transformations, as well as a 
description of the behavior of our quartic couplings 
according to the irreducible representations of this 
group, is given in the Appendix. 

For describing the unitary spin couplings in our model 
it is convenient to consider couplings of four distinguish­
able unitary octets instead of a single octet quartically 
self-coupled. The invariant tensor couplings of four 
octets, A, B, C, D, are those which saturate all the 
tensor indices. We introduce our notation and defini­
tions for these couplings with the following example 
and Table I : 

A«ABPBCvcD
8

D(8A
85

B
7d

C08D
a)==Spm(AD)Svur(CB) 

= (AD)(CB) 
^r9. (2.1) 

For each invariant 2^ we define the corresponding in­
variant tensor T(l) as follows: 

Aa
AB^CycD

s
DT(9)AB^a^^r, 

T(9)ABCD
apyd^8A

88
B

78
cp8D

a
 { ' } 

and similarly, for the other T(l) and Ti. These nine 
couplings are not all independent. Due to the restric­
tions of the tensor indices to the values 1, 2, 3, and the 
tracelessness of the octets, Aa

a=0y the Ti are related 
by the condition 

7*1+ n + r 9 - r2- *%- r 4 - r 6 - r 7 - r8=o. (2.3) 

TABLE I. The invariant couplings of four unitary spin octets. 

Ti= (AB) (CD) ST4= (ABDC) r 7 = (ABCD) 
?2^ (ADCB) r6= (AC) (BD) r8^ (ACBD) 
<T3=i(ACDB) r^(ADBC) <r9^(AD)(BC) 

Our Lagrangian does not couple four distinguishable 
octet fields. When the expressions above are transcribed 
into the quartic self-couplings of our model, A and C 
both are replaced by $ while B and D are both replaced 
by yp. The matrix element of an interaction Lagrangian 
of our type for the scattering process B-\-D —» A+C is 
of the form 

(AC\$Ty$lV\BD) 

= UATUBUCFUD — UATUDUCTMB. (2.4) 

The "exchange" term here takes account of the anti­
symmetry under exchange of identical Fermi particles. 
This may also be considered as the consequence of anti-
commutation relations of quantized fermion field opera­
tors. We want to take account explicitly of this (anti) 
symmetrization in the construction of our Lagrangian 
in order to take advantage as early as possible of the 
resulting simplifications. We are therefore led to consider 
the effects of the exchange of two identical fields in our 
interaction. That is, we must consider the effects of 
interchanging A^C and/or B*->D in the above 
quartic invariants. I t is, of course, not essential that we 
symmetrize the Lagrangian with respect to interchange 
of identical fields at this point. The exchange symmetry 
would be taken into account in the correct calculation 
of the matrix elements and contributions of the wrong 
symmetry would drop out of the final results. 

The usual "crossing symmetry" corresponds to even­
ness or oddness of matrix elements under the exchange of 
the fields A <-> C, B —» B, D —» D in the four-field ex­
pressions in Table I. For example, for the coupling 7g 
in Eq. (2.1), this exchange gives: 

r*=(AD){CB)-*(AB)(CD)=r1. 

Proceeding in this way we get 

fi<->r*, 7V->r7, T w n , 

We are here considering the fields A, B, C, D as c num­
bers. An alternative description of this interchange is to 
leave the field labels unchanged but interchange the 
corresponding indices on the coupling tensors 2X0, 
which is equivalent to just relabeling T(l) —> T(V) in 
the same way as Ti—» TV in Eq. (2.5). Obviously the 
combinations (^idbSTg), (5r2±7v), (2*3=1= 5T8), ( ^ i ^ e ) , 
and T& diagonalize the crossing matrix. 

The matrix element Eq. (2.4) is also invariant under 
the exchange of the labels A <-> C, B<-> D; so clearly, 
the corresponding interchange of identical fields in our 
Lagrangian can have no physical effect. Under this 
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interchange, 7^ <-> T4 and TQ <-> Tg, while the other 1*i 
remain invariant. Therefore only the combinations 

(r3+ n) and (r6+ r8), but not (r3- n) nor ( n - n), 
give physical contributions from our quartic self-
interaction. In terms of the irreducible representations 
of unitary spin discussed in the Appendix to this sec­
tion, these restrictions _ are equivalent to allowing 
(DF-FD) and (XX+XX) couplings, but excluding 
contributions from (DF+FD) and (XX-XX). In-

with Y/i=YM+=='Y/r1 for /*=1, 2, 3, 4, 5. 
Considering the combined Dirac-spin and unitary-

spin dependence of our Lagrangian, we expect that there 
are 15 possible couplings of the appropriate symmetry 
which might occur in our interaction Lagrangian, each 
with an independent weight.5 To further reduce the 
arbitrariness in our model, we impose on it the restric­
tions of a chiral symmetry. 

Our model, as described so far, is invariant under the 
gauge transformations 

I : \f/->eia\f/, \j>->$e-ia, (2.7) 
and 

I I : yfr-^e^'fy, $->$e~iX-P. (2.8) 

Invariance under the group of constant phase trans­
formations I means that our model conserves fermion 
number. The transformations I I are the unitary spin 
rotations, where ^ represents the eight operators which 
act on the octet \f/ to generate these transformations 
(see Appendix). ($ is an arbitrary octet which char­
acterizes the particular rotation in unitary spin space. 
I t is a "gauge vector" in unitary spin space; hence, the 
vector notation 3t« (3. In addition to invariance under the 
above gauge transform groups, we now consider sym­
metry under chiral transformations of the types 

I I I : if,->ei8yy, $->$ei8y*, (2.9) 

IV: ^ - > ^ x - 0 7 5 ^ , $-^$eiX'97K (2.10) 

0 is a unitary octet gauge vector, as (3. Simultaneous 
transformations of the types I I and IV are equivalent to 
independent unitary spin transformations on left- and 
right-handed components of \f/: 

V: ^ - > ^ X , V L , &2->&2<r iX-', 

where 17=5+6 and ?=(3— 0, while ^L=i(^+7s)^ and 
}f/R=%(l — yz)\f/ are respectively the left-handed (l.h.) 

5 Under a Fierz transformation, three of the unitary couplings 
are even and three are odd. Of the five Dirac coupling factors, 
three are odd and two are even. 

stead of eight unitary spin couplings, our symmetriza-
tion of the Lagrangian shows that only six of them can 
appear in it. 

Next, we consider the Dirac-spin character of the 
four-field coupling. The Lorentz-invariant couplings of 
the Dirac spinors are well known. For definiteness, they 
and their behavior under crossing, which is the familiar 
Fierz transformation, are summarized in the explicit 
matrix equation: 

and right-handed (r.h.) components of if/. Similarly 
combinations of the transformations I and I I I are 
equivalent to 

VI: fL-*e*4,L, $L->$Le~iv, 

if/R^e^R, ^R-^tRe-ip, 

where v=a-j-d and p^a—8. Invariance under the group 
of transformations VI is equivalent to the conserva­
tion of the numbers of left-hand and right-hand fer-
mions separately. In order to consider the effects of 
these independent transformations on left-hand and 
right-hand field components, we analyze certain com­
binations of the Dirac spinor invariants that were ex­
hibited in Eq. (2.6) into products of left-hand and 
right-hand fields. This chirality, or handedness de­
composition, is given in Table I I . 

TABLE II. Handedness decomposition of the Dirac invariants. 

Handedness decomposition of 
Dirac spinor invariants Fierz conjugate 

S*+P*=2($R*L)($S>1>L) +2($Dt>B)($L*R) -> $(S*+P* + T*) 

S2-P2=20RIPL)$L4>R) +2 (jfate) (jfa^L) -+%(V2+A2) 

V2 +A2 =2 0R7^R) ($L7^L) +2 QLJ^L) OPRJ^R) -> 2 (S2 -P2) 

yi-A? =*2($Ryitf>R)(far/ilte) +2(fLy^pL)Qh^h) -> - ( V 2 - A 2 ) 

T2 =2 (tfRvfL) ®R<rth) +2 $L<rtR) ($L<PPR) -* (3/2) (S2 +P2) - \T2 

Under simultaneous independent transformations I 
and III , or equivalently the transformations VI, only 
the coupling combinations S2—P2, V2, and A2 remain 
invariant. Invariance of our four-field interaction under 
the transformations I I and IV, or equivalently, the in­
dependent unitary spin transformations V of left-hand 
and right-hand fields separately, requires that all the 
left-hand octets be coupled into a unitary spin invariant 
and the right-hand octets be coupled into a separate 
unitary invariant. In all the Dirac couplings in Table I I 
except (V2—A2), two left-hand and two right-hand 
fields occur. For example, in the Dirac coupling (S2+P2) 
the form is fywf/vf'wf'L' So the unitary spin coupling in 
this case must be Spur ($#$#) SpurO/a^z,), where the 

1 

4 

ri 
4 
6 
4 

[ 1 

1 
- 2 

0 
2 

- 1 

1 
0 

- 2 
0 
1 

1 
2 
0 

- 2 
- 1 

r - 4 
6 

- 4 
1 j 

\ S 2 ] 
V2 

2̂ 2 

A2 

L P 2 J 

= 

r s 2 > 

V2 

2̂ 2 

.42 

\P2\ 

= 

mm 
(^0-M^)(\f(T^)| 

( < ^ 7 5 ^ ( # y M 7 5 \ 0 
(2.6) 
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unitary spin octet parts of the ^'s are separately con­
tracted into right-hand unitary singlet and left-hand 
unitary singlet. By the same type of argument the 
Dirac spin coupling T2 is associated with the unitary 
spin coupling y6, and (V2+A2) with rh and (S2-P2) 
with TV The Dirac spin coupling (T2—A2) is of the 
homogeneous form $R\f/R$R\pR] SO it may be associated 
with any of the unitary spin couplings that are com­
patible with the requirements of crossing symmetry. 

Having analyzed the unitary spin and Dirac spin 
aspects separately we now combine these factors and 
consider the over-all crossing symmetry of our complete 
four-field interaction. Under crossing the unitary spin 
coupling Fs is invariant and 5Ti<-> STg. Therefore, ^5 
must associate in the Lagrangian with the Fierz-
antisymmetric Dirac coupling (S2+P2— T2). Similarly, 
7i must associate with (V2+A2), and 7g, with (S2—P2), 
so that they occur together in the combination 
[(S2-P2)?,-l(V2+A2)r{]. So far we have considered 
the fields as c numbers. The over-all antisymmetry of 
these combined couplings will be cancelled by the anti-
commutation symmetry of the quantized field opera­
tors, so that our operator Lagrangian is crossing 
symmetric.6 The Dirac coupling (V2—A2) is Fierz anti­
symmetric, and so it may associated with (7*1+TQ), 
(<r2+ n), (n+ n+ n+ r8), and n. 

Finally we may write the most general quartic self-
coupling of a unitary octet fermion field in an inter­
action Lagrangian that is invariant under Lorentz 
transformations and under the gauge transformations 
I, II, and IV, as 
^nt=hl(s2-P2)^-i{v2+A2)r{] 

+y(s2+P2-T2)r6+uv2-A2)ih1(r1+n) 
+fe(^+r7)+*8(ft+n+n+n)], (2-13) 

where g, /, hi, hi, hz are real coupling constants. If we 
further impose invariance under the simple 75 trans­
formations, III, then the coupling constant / in the 
interaction (2.13) must vanish. It turns out (in Sec. 3) 
that / = 0 is incompatible with self-consistent baryon 

solutions with nondegenerate masses and therefore we 
will leave / arbitrary here. As it is, the interaction 
Lagrangian (2.13) that we have finally arrived at cor­
responds exactly to a direct generalization of the 
Nambu-Jona-Lasinio model that we would have ob­
tained by replacing the isospin character of their model 
with the unitary spin character of ours. 

Consider now the case in which we set hi—h%—0 in the 
above Lagrangian. Unlike the two-component model of 
article II, our Lagrangian now admits a larger class of 
symmetries than I, II, and IV. <£int is now invariant 
under transformations that correspond to real rotations 
in a real eight-dimensional space. Since this group R% 
has 28 generators and since such rotations may be 
separately applied to either the right- or left-handed 
components of \p there are 56 generators in the sym­
metry group of the Lagrangian, (RS)L®(RS)B» The SU3 
symmetries II and IV are included as subgroups of this 
larger group.7 We shall see the implications of this 
symmetry in Sec. 4. 

It will be a convenience to be able to write our inter­
action Lagrangian in a more concise and explicit ex­
pression than Eq. (2.13). We express the unitary spin 
invariants Ti according to their definition in Eq. (2.2), 
and then rename the combinations of the coupling 
tensors T(l) that are required in our model as 

K(2) = T(9), iT(4)=r(2)+r(7) . 
(2.14) 

The Dirac couplings we likewise label with a running 
index, k=l, 2, 3, 4, 5, corresponding to S, V, T, A, P, 
respectively: 

^ = ^ = 1 , 

T'=TT^a„. 

r 4 =r A =f)yy5, 
r6=rp=T6. (2.15) 

The coupling constants, when identified by the running 
indices of the K{i) and the r*, we express as Cik in the 
following matrix form: 

s 
o ( 
g 
f 
0 

V 
-hg+h+h) 

{hi+hz) 
hz 

(fa—kz) 

T 
0 
0 

- / 
0 

A 
(-hg-hi-hz) 

-{h+hz) 
-hz 

(hz-hz) 

P 
0 

-g 
f 
0 

Ki 
K2 

Kz 
Ki 

\\Ca\\ = 

We can then finally write the Lagrangian of our model explicitly as 

£>o = — U>aJy—H-wo^'aJ 1—[( \+m$«\r«\, 
dx / J 4L\ to 

£in«=*c«[^,rVi.I^c,r^»2,]K:(*)^OT./,7,. 

(2.16) 

(2.17) 

6 By crossing symmetry of the Lagrangian, we mean that it does not contain any terms whose matrix elements would vanish 
solely because of the symmetries under exchange of identical fields. See comments associated with Eq. (3.4). 

7 Similar symmetries for nonlinear spinor models have been considered by Marshak and Okubo, Nuovo Cimento 19, 1226 
(1961) and Ne'eman, Phys. Rev. Letters 13, 769 (1964). 
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The commutators in our Lagrangian, Eq. (2.17), are just 
the usual symmetrization on the quantized field opera­
tors \j/ and $ a n d are not to be confused with the 
crossing symmetries that we discussed above, which in­
volved only exchanges of \p with ^ and $ with 4>. We have 
included for now a bare mass m0. Of course, unless 
mo=0 our Lagrangian is not symmetric under the 
transformations III and IV. 

3. SELF-CONSISTENT SUPERCONDUCTOR 
SOLUTIONS FOR THE BARYON 

MASSES 

The dynamical equations of motion for the field opera­
tors \p(x) [and $(#)] are the Euler-Lagrange equations 
derived from the principle that the action is stationary 
under variations of <£ with respect to $(%) [and \p(x), 
respectively]. [The variations 8\p(x) and 8$(x) anti-
commute with all fermion fields.8] 

(7(3+m0)^
Lx=ic,fc{rv^[^^rv5i>KWL5Ci>x^3 
+ L^aA9T^B2T^DK(i)ABLD

aPXi}. (3.1) 

The problem is to find self-consistent solutions of the 
dynamical equations of motion for which there exist 
single-particle states that propagate freely with (physi­
cal) mass m: 

(yd+m)(\f(x)\l) = 0. (3.2) 

We assume that our procedure provides a self-consistent 
"physical" vacuum and Hilbert space in which we can 
take matrix elements. The vacuum arrived at in this 
program is neither unique nor invariant under the full 
symmetry group of the Lagrangian. Nambu pointed 
out that the transformations of this group are not proper 
operators in a single such Hilbert space, but rather they 
generate a continuum of such Hilbert spaces and are de­
fined on this extended space. We will not discuss further 
here these problems of formal field theory, although 
they will be relevant later to our consideration of 
mesonic excitations. They are discussed by Nambu and 
Jona-Lasinio.1 

To illustrate the method by which we treat the dy­
namical mass of the physical baryons, it is convenient to 
employ a simplification of our model that is unen­
cumbered by unitary spin. If these degrees of freedom 
are completely suppressed for the time being in our 
model, then the equation of motion (3.1) is correspond­
ingly reduced to a similar nonlinear field equation for 
a single field: 

(7a+w0)^(x)=iCjb{rv[^,rv]+C^rv]rV} • (3.3) 
Here k still runs over the same S2, V2, T2, A2, P2 Dirac 
couplings described in Eqs. (2.6) and Table II, with 
Cs= (g'+f), Cv= (A'-JgO, CT= ~f, CA= - (A'+igO, 

8 See G. Kallen, Handbuch der Physik, edited by S. Flugge 
(Springer Verlag, Berlin, 1956), Vol. 5; also S. S. Schweber, 
An Introduction to Relativistic Field Theory (Row Peterson and 
Company, Evanston, Illinois, 1961), Sec. 17a. 

and Cp=(f'—g').9 The reduced interaction is thus still 
invariant under exchange of identical field operators, as 
we discussed in Sec. 2. This has the consequence that 
the two terms on the right-hand side of Eq. (3.3) are 
equivalent—all of their matrix elements are equal. If 
fn,0=f==Q9 then the equation of motion (3.4) is also 
invariant under the group of chiral transformations 

\p —> eia^\p, $—>\peiay5. (3.4) 

If we also set h!=0, then Cs =— Cp —— \C v = — \CA=gf 

and our model coincides with Nambu and Jona-
Lasinio's original model. 

In the usual method of calculating the dynamical 
mass, the equation of motion is linearized by means of a 
lowest order Tamm-DancofI, or Hartree-Fock approxi­
mation.10 Applied to the dynamical field equation (3.3) 
this lowest order approximation gives 

(7d+*»o)(|iK*)|l> 

=|c*<|rrvWC^),rvW]|i>, (3.5) 
~C4{|r(^rv)|)+r^|r#|)}r^|^(x)|i). (3.6) 
Because the couplings have already been restricted 

in our interaction so that it is crossing symmetric under 
exchange of pairs of identical fields the two matrix ele­
ments on the right-hand side of Eq. (3.5) are equivalent, 
and so our self-consistency condition is that 

mo-m= 2Ck( \ T(^(x)T^(x)) \ )Tk 

= CS Sp(Sf
F(x—x, m)) (3.7) 

have nontrivial solutions for m. The last equality is due 
to the Lorentz invariance of our theory. When the 
physical mass m is considered to be generated com­
pletely by the dynamical interaction <£int and Wo is 
equal to zero in the equation of motion (3.3), then the 
mass formula (3.7) becomes the one obtained by Nambu 
and Jona-Lasinio, which they solved by introducing a 
relativistically invariant cutoff.11 

Rather than follow the usual derivation, we will 
formulate a general self-consistent mass equation which 
reduces directly to the usual mass formula (3.7) in a 
well-defined dynamical approximation.12 We assume 
that the field theory of our model satisfies the usual 
spectral conditions so that a Lehmann spectral repre-

9 The five coupling constants, Cs, Cv, CT, CA, Cp, are combina­
tions of g', f, h't which are the coefficients of the three Fierz-
antisymmetric couplings. 

10 In the language of the interaction picture and Feynman dia­
grams, the approximation (3.6) neglects the connected diagrams 
in the right-hand side of Eq. (3.5), while in the language of the 
Heisenberg picture, it consists of ignoring all but the simplest 
(lightest) intermediate states. The first interpretation describes 
what we refer to as the Hartree-Fock approximation, and the latter 
we refer to as lowest order Tamm-DancoS approximation. Here 
both of these approximation methods are equivalent in lowest 
order. 

11 Nambu and Jona-Lasinio (cf. Ref. 1) use the cutoff that we 
give in Eq. (3.46). 

12 A similar treatment has also been given by G. Pocsik, Nucl. 
Phys. 49, 286 (1964). We thank Professor Y. Nambu for bringing 
this work to our attention. 
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sentation exists for the exact propagators.13 We ex­
plicitly assume local commutation relations. 

From the dynamical equation of motion (3.3) we 
form the anticommutator of both sides with the field 
operator $(y): 

(7a+«0){^),^)}=ic*{(rv(*)[^),rvW] 
+ L^)yT^(x)2T^(xM(y)}. (3.8) 

Taking the vacuum expectation value of the left-hand 
side of Eq. (3.8), expressing this in the Lehmann spec­
tral representation, and putting xo=yo, we get 

/»00 

= —i(yd+mo)S'(x—y, m) \ x0~y0= —i J dfj,2 

Jo 

X[(m0-/x)pi(M2)+P2(At2)]m53(x-y)| (3.9) 

The right-hand side is reduced in this Lorentz frame 
by the canonical (anti) commutation relations to 

iCk{(TWx)\#(x),TWx)l 
+lKx),T^(x)-]Y^{x))My)} I *o-*0 
=icJb74([#W,rvW]+r*c^w,^)]) 

Xr*fi8(x-y)U„0. (3.10) 

We take the vacuum expectation value of Eq. (3.10), 
replacing (|[j?>rV\]|) by (\T[$,T\l/~]\), combine with 
Eq. (3.8), and cancel a factor y^83(x—y) from both 
sides. We then obtain 

/»oo 

/ ^ M 2 [ ( W 0 - M ) P I ( M 2 ) + P 2 ( M 2 ) ] 
J 0 

= Ch{(\T($(x)TWx))\) 

+ Tk(\Tt(x)$(x)\)}Tk. (3.11) 

Since our couplings have already been symmetrized 
under exchange (crossing) of identical field operators, 
the right-hand side here condenses as in Eq. (3.7) into a 
single term: 

2Ck(\T$(x)T^(x))\)Tk=Cs Sp(S'F(x-x, m)) (3.12) 

= 4Cs ^ 2 [ - M P I ( M 2 ) + P 2 ( / X 2 ) ] A ^ ( X - ^ M
2 ) . (3.13) 

Jo 

The last two equalities here depend on Lorentz-
invariance. Using Eq. (3.13) in the right-hand side of 
Eq. (3.11) and the normalization condition,13 

/•oo 

1 = / 4 U V M 2 ) , (3.14) 
J 0 

13 H. Lehmann, Nuovo Cimento 11, 342 (1954). 

Eq. (3.11) can be rewritten as 

/.CO 

mo—m=— / ^ M 2 [ ( ^ ~ M ) P I ( M 2 ) + P 2 ( M 2 ) ] 
Jo 

/•CO 

+4Ca d^Z-nPl(^)+P2(^AF(x-x,^). (3.15) 
Jo 

The assumption of the existence of single-particle 
states which propagate freely with physical mass m is 
now expressed as the assumption that the spectral 
weight function pi(/u2) has an isolated delta function 
at ix—m, 

PI(M2) = ^ 2 5 ( W - M ) + ^(M-MO)^I(M2) ; (3.16) 

and that there exist self-consistent solutions of Eq. 
(3.15) with such a pi(/x2). In Eq. (3.16) /i0 is the thresh­
old of the continuous spectrum, 0<m</x 0 . 

If S'F(X—%, tn) is approximated by a single pole by 
setting <Ti(fjL2) = 0 and Z^=\ in Eq. (3.16), then since 
P I ( M 2 ) > P 2 ( M 2 ) > 0 for any /x as a consequence of the posi­
tive definiteness condition in our Hilbert space,14 Eq. 
(3.15) reduces directly to the self-consistent mass 
formula (3.7) obtained by the usual approximation. 

When we consider the model with unitary spin the 
mass operator becomes a matrix in unitary spin space, 
as we seek solutions for which the physical baryon 
masses are not all degenerate. The physical mass opera­
tor is diagonal between eigenstates of hypercharge F, 
total isospin T, and its third component Tz* We label 
the eight combinations (T,Tz,Y) that correspond to 
the physical baryons by the index I which takes values 
p, n, 2~", S°, S+ , 2°, S", A, and define projection operators 
(P(/) for the corresponding states so that 

$(?(n)\/s)=$A
a(?

aPAB(n)iPBp=nn, etc., (3.17) 

where n and n are the respective neutron components of 
the octet field operators \p and $. These projection opera­
tors are normalized so as to preserve the normalization 
of the states: 

(P"^(0<P'%(/') = 5M'<P"V(/), (3.18) 
also, 

CPa^a(0CPV(O = «K' and l = (P«^a(/). (3.19) 

They also satisfy 

<Pafiay(t) = Vaypy(l) = 0. (3.20) 

In terms of these projection operators the mass opera­
tor in our theory can be written 

ma^8 = (Pa^s(l)mi, (3.21) 

where mi is the numerical value of the physical mass. 
For the solutions that we seek, in which m is degener-

14 For calculating numerical results, we will later introduce a 
cutoff procedure. Such a procedure is, of course, not consistent 
with the assumption of local anticommutation relations. 
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ate in the eigenvalue Tz, it is convenient to work with 
combinations that correspond to these isomultiplets, 
which we label by L for the four combinations (I,Y): 
L—NjE, 2 , A. The mass operator is then 

m°evi=P"t>yt(L)mL, (3.22) 

where mN=mn=Mp7 mz=/m^=m^-=m^, etc., and 

P(N) = (P(n)+(P(p) 

P(Z)-(P(S+) + 6>(S-) + ^ (Z 0 ) , etc. 

Because of Eqs. (3.18), (3.19), and (3.20) we now have 

($P(N)\l/) = pp+nn, etc., (3.24) 

P«WL)P**to(L') = bLvP^L), (3.25) 

P°epa(L) = WL, (3.26) 

where WL is the multiplicity over which ML is degener­
ate, WN=Wz=2, Wz=3, PTA=1. 

The baryon propagator in our theory is likewise a 
matrix operator in unitary spin space. I t shares the 
same degeneracies and diagonalization in this space as 
the mass operator. They are related through 

(\Tf"7(x)F>(y) | )=-iS'F(x-y)"eyi 

= -iP«Pyi(L)S'F(x-y, L), (3.27) 

where Sf
F{x—y, L) is the usual propagator function for 

The R(J) satisfy conditions similar to those of P(L): 

R*fi„(J) = l, (3.33) 

RaPay(J) = Raf*yfi(J) = 0. (3.34) 

The masses are related by 

mL~/mo=GjLbMj. (3.35) 

We now have all the machinery we need to describe 
the breakdown of unitary spin symmetry in our model. 
We can proceed with the formulation of the dynamical 
mass equation in exact correspondence with the de­
velopment in the simplified model. Starting with the full 
dynamical equation of motion (3.1), we arrive at the 

a single fermion with the Lehmann spectral weights 
Lpi a n d Lp 2 . 

I t will also be convenient to analyze the mass opera­
tor in terms of definite irreducible representations of the 
unitary octet symmetry group, as was done for the 
couplings in Sec. 2. The states we seek are not eigen-
states of the full unitary spin symmetry group and do 
not transform as basis elements of an irreducible repre­
sentation. But they do constitute definite eigenstates 
of total isospin and hypercharge, both of which are still 
separately conserved. The mass, and likewise the 
propagator, has definite unitary spin transformation 
properties, and although it does not transform as an 
irreducible representation, it can be reduced to definite 
combinations of irreducible components: 

(m- wo)<ys= dmLP^y8(L) = dMjR^y8(J), (3.28) 

where / labels the irreducible representation, J=E, D, 
F, t.u The operators R(J) are related to the P(L) by 
the Clebsch-Gordan coefficients GJL-

R(J) = GJLP(L), 

P(L) = G~hjR(J). 

Due to the normalization for the P(L), given by Eqs. 
(3.25) and (3.26), G is not an orthogonal matrix in the 
usual manner, but rather 

G~1
Lj=GjLWL{riQ sum on L). (3.30) 

expression corresponding to Eq. (3.11) above 

Jo 

=CM (i nrc(x)T Y«D (*)> i )K(fi*™%yi 

+ T*(\TffiB(x)$yc(x)|>tf(i)rac*W> . (3.36) 

Generalizing Eqs. (3.12) and (3.13) in accordance with 
Eq. (3.27) for the propagator, we bring Eq. (3.36) into 

15 In each of these irreducible components m and S'F transform 
only as the (unique) T=Y—0 elements, i.e., they are diagonal 
between eigenstates of total isospin and hypercharge. T= F = 0 
ejements occur in E, D, F, and t representations, but not in X nor 
X; thus / in Eq. (3.27) needs only to run over four values. 

\\GJL\\ = 

\\G~ •LJ = ' 

(N) 
1/V8 
1 / V 5 
1/2 
(3/40)1'2 

l / \£ 
l / \2 
3/2\5 
1/2V2 

(S) 
1A/8 

- 1 / V 5 
1/2 

-(3/40)1 '2 

- 1 / V 5 
- 1 / V 5 

3/V5 
- V \ / 5 

(S) 
1/V8 
VV5 
0 
l/2(30)1'2 

- 1 
1 
0 
0 

(A) 
W 8 -1 

-1/V5 
0 
3C3/40)1'2, 

-(3/10)1 '2 " 
-(3/10)1 '2 

(3/40)1'2 

3C3/40)1'2. 

LI 3 
(E) 
(D) 
(F) 
(0 

(3.31) 

(3.32) 
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a form corresponding to Eq. (3.15) above for our self-
consistent mass formula16: 

(tno-mL)PHNn,(L) 

= -P™w(L) [ ^ 2 [ ( ^ - M ) L P I ( M 2 ) + L P 2 ( M 2 ) ] 
Jo 

+iPsyDC(L')Cu f dft-^M+VptW] 
Jo 

XAF(x-x, ^ ^ ( t O ^ ^ r r * • (3-37) 

On the right-hand side of the mass formula (3.37) we 
have, due to Eq. (3.29): 

P^DC{L')CisK(i)HNCD^ 

= G-HuR^Dc(J)CisK{t)I'NC%„; (3.38) 

and by Eqs. (2.14) and (2.16) this becomes 

e - H f e l ^ H W - 2 « w / i H V F ) ] - (3-39) 
If we now use the orthogonality conditions (3.25) and 
the Clebsch-Gordan transformation (3.29) and multi­
ply both sides of Eq. (3.37) by Pvr,

NH(L), we get 

mo—ML -f 
Jo 

^ [ ( ^ - M ^ P I C ^ H W M 2 ) ] 

/.CO 

Jo 
+±L(g+f)8L'L-2fG-h>FGFL-] dp2 

Jo 

X [ - M L PI (M 2 )+ L P 2 ( M 2 ) ] A ^ ( X - ^ M2) . (3.40) 

The index F on G refers here to the single representation, 
and is not summed over. The exact mass formula (3.38) 
cannot be solved further without assuming further in­
formation about the mass spectra, i.e., the Lpi(p2Ys. 
The lowest order dynamical approximation, 

LPi(p2) = ZL
28(mL-p)+L(Ti(p2) -> b(mL-ii), (3.41) 

which we discussed above gives 

mL-mo=4Z(g+f)8LLr-2fG-1
L>FGFL'2 

XniL'AF(x—x, mu), (no sum on F) (3.42) 

in which AF(0,niL>) is assumed to be appropriately 
tempered to give finite results.17 The difference in the 
form of the general mass Eq. (3.40) and the lowest 
order dynamical approximation Eq. (3.42) is only in 
the generality of the spectral weight functions, pi and 
P2, and not in the unitary spin structure of the equations. 

It is immediately obvious from our mass formulas 

16 Again, as in the simplified model, we have made use of the 
crossing symmetry of the interaction Lagrangian. See remarks 
after Eq. (3.11). Also as in the case of the simplified model, only 
the scalar Dirac coupling contributes because of the Lorentz 
invariance of S'F and m. 

17 See Ref. 11 above, and Eq. (3.46) below. 

(3.40) or (3.42) that solutions of the type we seek are 
incompatible with the simple 75 symmetry that would 
obtain by setting w 0 = / = 0 . This would result in four 
uncoupled mass equations which are all identical and 
could have only degenerate mass solutions as long as 
only a single cutoff were used throughout.18 

Writing the matrix equation (3.42) in detail as four 
coupled equations with the help of Eq. (3.31), we have 

i(mN—mo)==gmNAF(0,mN)+fmEAF(Oym^), 

l(mz—Mo)^gmzAF(0,Mz)+fMNAF(0,MN), 

i(mx~m0) = (g+f)mxAF(0}mx), 

1(*»A—*»o) = (g+f)mAAF(0,mA). 

(3.43) 

The last two of these equations have nontrivial solu­
tions for which 

W S = ^ A , (3.44) 

which in terms of Eq. (3.35) is equivalent to 

8MD=(^/^)8M27. (3.45) 

The degeneracy of the 2J and A mass equations (3.43) 
leaves us with only three equations instead of four. If 
we now solve these equations by explicitly introducing a 
relativistically invariant cutoff then, for the case with 
mo=0, there are three parameters in our mass formulas 
that are at our disposal: the coupling parameters, g and 
/ , and the cutoff, K. Using Nambu and Jona-Lasinio's 
cutoff procedure, we replace mLAF(0,mL> in Eqs. 
(3.42) by 

mAF(0,m) • 
mv 

8TT 

m2 / K2\~\ 

K2 \ m2/ J 

fm\ 

Hr)- (3.46) 

All our equations (3.42) can then be written in terms of 
the dimensionless mass parameters 2L=^L//C and 
F(ZL). Recombining them somewhat, we then have 

zz/Ffa) = ( ^+ 2 S )CFM+ J P( 2 S ) ] - 1 , (3.47) 

= (g+f)K2, (3.48) 

(z„-zz)ZF(zN)-Ffa)lri= (g-f)K2. (3.49) 

Equation (3.47) is an implicit formula for the cutoff 
parameter K in terms of the self-consistent mass solu­
tions WL. Having solved (3.47) for K, Eqs. (3.48) and 
(3.49) are then explicit formulas for the coupling 
parameters. 

Although the condition m^—m^ imposed by our model 
does not conform exactly with nature, such a baryon 
spectrum is still not entirely unreasonable, considering 
the simplicity of our model. Subject to this condition, 

18 Of course, if one were to introduce a separate cutoff parameter 
for each mass parameter determined, then nondegenerate mass 
solutions could still be obtained. 
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FIG. 1. Two specific graphical solutions of our self-consistent 
mass equations [(3.47)-(3.49)]: (a) displays the specific solution 
which is the best fit to the real baryon mass spectrum. This solu­
tion is described in Eqs. (3.50) to (3.52). (b) displays the specific 
solution which is the best fit to the real baryon mass spectrum, 
subject to the Gell-Mann-Qkubo relation, as described in Eqs. 
(3.53) to (3.55). A graphical solution method is as follows: First, 
we plot the dimensionless function 2TT2/K2 F{Z)} described in Eq. 
(3.46) against its dimensionless argument z. Second, we determine 
the cutoff K by finding the scale this curve must have in order that 
the three points, ZN, 2g, $S, lie on it. The points are related by the 
self-consistency equations (3.50) [for the solution shown in (a) 3 
and (3.54) [for the solution shown in (b)]. Equation (3.47) 
requires that the line from the origin 0 to the point {z%,F (z^lir2 / K2} 
must pass through the point {ifeg+zjv), \[F(z%)-\-F{zx)~]2Tr2/K2}y 
which is the median between points {zw, F (zv)2ir2/K2} and 
{zN, F(^)27r2A2}.#The form of the graph of F(z)2i2/K2 versus z 
allows these conditions to be met uniquely as shown in (a), for 
the conditions (3.50), and in (b) for the conditions (3.54). In 
the case shown in (a) we find | ( S J V + 2 W ) = 0 . 3 3 ; whence 
JC= J(Jfefy+Mg)/0.33 = 2.94ilfav. In the case shown in (b) we find 
2(2jv+sg)= 3s=1.33, whence K—1.33Mav. In each case, putting 
these it's into Eqs. (3.48) and (3.49) gives Eqs. (3.51) and (3.52) 
and, respectively, (3.55). Note that the solution shown in (a) is in 
a steep section of the curve, so that it is not sensitive to the cutoff 
becoming large, while the solution shown in (b) does not have this 
property. 

the most meaningful physical quantities to which we can 
fit our mass solutions are: the average of the eight real 
baryon masses, Mav; the splitting between the average 
S and N masses, M%~MN, and the average mass of the 
quartet of baryons of zero hyperchange, \{?>M^~\-MK). 
Our self-consistency condition is then that Eqs. 

(3.47)-(3.49) have solutions with 

Z2*B=w2=i(3M2+MA) = 1173 M e V 

(*g—ZN)K=M^—MN^M'E— i f iv-=376 MeV 

-1(3MZ+MA) = 1127 MeV, 

(3.50) 

where ws, wg, MN are the parameters of our model and 
M?, M%,MN are the numerical values of the correspond­
ing real physical masses to which the mi are now equated. 
These solutions are illustrated in Fig. 1(a), where the 
abscissas, JSS, z%, ZN, related by Eqs. (3.50) and the 
ordinates F(zn), F(z%), F(zN), related by Eq. (3.47), 
(3.49), are fitted with a curve of F(z) versus z. The values 
of the coupling parameters determined by Eqs. (3.48) 
and (3.49) for this solution are 

( * y 2 7 r % + / ) - d . 3 8 , 

(KV27r2)(g-/)~2.29. 

The cutoff in this case is 

*=2.94Afav. 

(3.51) 

(3.52) 

I t is also of interest to see what fit our model can give 
to the Gell-Mann-Okubo mass formula. For our pur­
poses the Gell-Mann-Okubo mass formula is expressi­
ble as 5M27=0. This condition, plus the condition 
ms= WA, restricts the baryon mass spectrum to the form 

ws = niA=\ (WJV+m%) . (3.53) 

If for our self-consistency condition we fit the param­
eters of our model to the real masses with the condition 
(3.53) so that 

mx=MA=i(mN+m^) = Mav 

then the solutions (illustrated in Fig. lb) are 

(/cV27T2)fe+/) = 4.8, 

( , V 2 7 r 2 ) f e - / ) = - 1 0 , (3.55) 

K = 0.75Mav. 

So our model does have solutions which satisfy the Gell-
Mann-Okubo mass formula, of which this is the most 
nearly realistic. However, we note that it would have 
been futile to impose this condition by setting equal to 
zero the strength parameter of the 27-type coupling in 
our interaction Lagrangian, (g+f) = 0. Since the singlet 
and D-type octet coupling coefficient is required by the 
symmetry to be the same as that for the 27-type cou­
pling, setting ( g + / ) = 0 would allow solutions whose 
masses transform only as pure jF-type unitary spin 
octet. Such a spectrum has negative masses: either WIN or 
wg is negative, and m-2=mA=0. 

The general solutions of Eqs. (3.47)-(3.49) for var­
ious mass splittings and coupling constants external 
conditions are represented in Fig. 2. 

The baryon mass solutions that we have considered 
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determined only the coupling parameters g and / , and 
the cutoff parameters K. The symmetries that we have 
imposed on our model in Sec. 2 still allow three other 
arbitrary parameters in our model: the coupling param­
eters, hi, A2, and hz. To say anything about these 
parameters we must consider vector or axial-vector 
states.19 We include a brief treatment of these states in 
the following section, so that all the parameters of our 
model are ultimately fixed. 

4. THE MESON STATES 

In the accompanying article3 we have exhibited the 
techniques by which models of this type may be treated 
self-consistently in lowest order dynamical approxima­
tion for the case of mass-splitting spontaneous symmetry 
breakdown. The model considered in the other article is 
a simpler analog of the one we consider here, the basic 
fermion field there being an isotopic doublet instead of 
a unitary octet. However, all the techniques of our 
dynamical approximation, and even the specific equa­
tions, may be taken over with only trivial substitutions 
from the isospin case to the unitary spin case. 

In article I I we have shown that the description of the 
meson states as simple chains of baryon-antibaryon 
bubbles is compatible with the lowest order dynamical 
approximation for the fermion masses. The compati­
bility of this treatment of the meson states with respect 
to the symmetries of our model has been shown there by 
confirming with explicit calculations the occurrence of 

19 These parameters would also be determined by self-consistency 
conditions on the baryon mass solutions only if there were mass 
contributions which transformed as Lorentz vectors. This would 
represent a spontaneous breakdown of the Lorentz invariance of 
our model, and is not of interest to us at present. 

( g + f ) * 2 

(b) 

the zero-mass Goldstone mesons20 and the Goldberger-
Treiman relations21 that are predicted on more general 
grounds. Also, in article I I we have shown that it is 
possible to vary continuously away from the solution 
of incomplete symmetry breakdown where the chiral 
symmetry, IV, but not the unitary spin symmetry, I I , 
is spontaneously broken, to solutions of more complete 
spontaneous breakdown of both the chiral and the uni­
tary symmetries. This allows us to solve for the meson 
states of our model with a particular choice of param­
eters which gives unitary spin degeneracy and then we 
can go to solutions having part or all the unitary spin 
degeneracy removed by continuation in the parameter 
which characterizes the unitary symmetry breakdown, 
i.e., the baryon mass splitting. That is, we can then 
treat the mass splittings of the mesons by perturbation 
theory and assume that they differ only nonqualita-
tively from the case of unitary spin degeneracy. 

What meson states do we expect in our model? First, 
according to a theorem of Goldstone,20 there will be 
spinless, massless mesons. The essential point of this 
theorem is that in order to conserve the current that is 
the generator of a certain group of gauge transforma­
tions under which the Lagrangian is symmetric, a 
specific set of zero-mass bosons must accompany the 
occurrence of symmetry-breaking, nonperturbative solu­
tions. Each Goldstone meson will transform with the 
unitary spin quantum numbers of one of the generators 
of the spontaneously broken symmetry group. 

20 J. Goldstone, Nuovo Cimento 19, 154 (1961); J. Goldstone, 
A. Salam, and S. Weinberg, Phys. Rev. 127, 965 (1962); S. Blud-
man and A. Klein, ibid. 131, 236 (1963). 

21 M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1478 
(1958); Y. Nambu, Phys. Rev. Letters 4, 380 (1960). 

1.0 

0.8 

0.6 

n0.4 

0.2 

FIG. 2. Mapping of the general solutions of the mass Eqs. (3.43) using the cutoff procedure represented in Eq. (3.46). The mass 
variables in (3.48) have been parameterized here according to zn^x+y+u, z% = x-y+u, z% = x-u. In (a) are shown curves of \y/x\ 
versus (y/x)/(u/x)2 for various fixed values of the parameter x. The cutoff parameter K and the coupling parameters g a n d / a r e i m -
plicit variables in the display in (a). In (b) the dependence of the coupling and cutoff parameters g, / , and K IS shown for various 
values of the mass parameters x and y. The parameter u is an implicit variable in (b). The main point here is to exhibit the unique 
determination of the parameters g,f, K of our model in terms of the numerical values of the mass parameters x, y, u (or equivalently, 
ZN, zv, zs). The solution described in Eqs. (3.50) to (3.52), which represents the best fit to the real baryon mass spectrum, is designated 
on these curves by the points A. The solution described in Eqs. (3.53) to (3.55), which represents the best fit to the real baryon mass 
spectrum, subject to the Gell-Mann-Okubo relations, is designated on these curves by the points B. 
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According to the Goldstone theorem, then, there will 
occur in our model massless pseudoscalar mesons that 
are associated with the spontaneous breakdown of the 
chiral symmetry, IV, and the nonzero baryon masses. 
This octet is analogous to the isospin triplet of massless 
pions in the simple isospin model considered in article II. 

There should also occur massless scalar mesons that 
transform as components of a unitary spin F-type octet. 
The scalar octet of Goldstone mesons are those associ­
ated with the spontaneous breakdown of the unitary 
spin symmetry, II. However, we are presently interested 
in solutions for which the unitary spin symmetry is 
broken only with respect to strangeness changing trans­
formations, but is not broken with respect to the trans­
formations of the isospin subgroup. For these solutions 
[cf. Eqs. (3.50)] only the four components of the 
scalar meson octet which have nonzero strangeness, the 
K- and R-like, Y= ± 1 isodoublets, are required by the 
Goldstone theorem to be present with zero mass. For 
the baryon mass solutions discussed in Sec. 2, which 
were split according to hypercharge, but not within 
isomultiplets, the Goldstone theorem says nothing about 
the four zero-strangeness scalar mesons, as to whether 
they exist or whether they are massless. However, we 
have shown in article II that as we pass among solu­
tions, continuously reducing the baryon mass splittings 
to zero, all the components of the scalar meson octet 
will be present with zero mass in the limiting solu­
tion where each unitary multiplet, baryonic and 
mesonic, has been reduced to degeneracy. 

As mentioned in Sec. 2, if h2—hz=0 our Lagrangian 
is invariant under Rs, a larger group of transformations 
than SUz. This group has 28 generators. Ne'eman22 has 
also considered a model involving the extension of the 
SUz octet symmetry into Rs symmetry, and has pointed 
out that the SUz content of the generators of the Rs 
algebra is 

28=8010010. (4.1) 

We can now understand why it is that when fe=^3=0 
the remainder of £int is invariant under Rs. Clearly, 
under equivalence transformations by members of Rs 
symmetric eight-by-eight matrices go into symmetric 
matrices and antisymmetric matrices go into anti­
symmetric matrices. If the couplings E2, D2, t2 are 
written in terms of eight-by-eight matrices we see that 
they must all be symmetric and the couplings F2 and 
(XX-j-XX) must be antisymmetric. The two sets of 
couplings {F2

yXX,XX} and {E2,D2,t2} transform into 
themselves under Rg. When h2=fo~0 we see by Eqs. 
(A.5) of the Appendix that the Lagrangian then has just 
the unitary spin composition 

A (F2+XX+XX)+B(E2+D2+t2) 

22 Y . Ne'eman, Phys. Rev. Letters 13, 769 (1964). We observe 
with Ne'eman that the 28 generators represented in Eq. (4.1) 
correspond to the antisymmetric (generator-like) part of the reduc­
tion of 8®8 in SU3. 

TABLE III. Couplings of external fields of definite unitary spin 
character to the baryons of our model. The third column lists the 
subsidiary conditions satisfied by the external fields. All indices 
shown in the table run over the values 1, 2, 3. e f̂fp is the antisym­
metric three-index tensor. For each unitary spin channel the 
Dirac-matrix part of the coupling, T, may be S} P, V, T, or A 
[cf. Eq. (2.6)], 

Unitary 
spin Subsidiary condition 

channel Coupling to external field on external field 

Singlet dSE^vifrpTxpPcr) 
F-octet 8£F=na» ( f ^ J M r - W W a ) 
P-octet 8«fiD=i?a/j(f»«IV^+^IV'*«) i?%=0 
Decimet 8£x=ria^ey<rp ( ^ J V ^ ) va^y symmetric in a, /3,7 
Tensor d^t^v^ysi^aT^^) va^as = 0; rja^yS sym­

metric in a, )8 and 
symmetric in 7, 8 

and is invariant under (RS)L®(R8)R> It is also clear 
from this table that when either A2^0 or hz^O there is 
no Rs invariance. Only if h2=hz—0 does the Goldstone 
theorem predict 28 massless pseudoscalar mesons, an 
F-octet, a 10, and a 10. In this case the theorem also 
predicts massless scalar mesons which are the com­
ponents of nonzero strangeness of an F-octet, a 10, and 
a 10. In the limiting solution with degenerate baryon 
masses all 28 scalar mesons would be present with zero 
mass. 

To find a meson of a specified unitary spin character, 
we consider the response of our system to an external 
probe field having the appropriate unitary spin trans­
formation properties, and look for freely propagating 
collective excitations. This is the method used in article 
II for finding mesons of given isotopic spin (T=0, or 1). 
The interactions between these external fields and the \f/ 
field are shown in Table III. The baryon propagator 
used for computing the bubble matrix (cf. II) simplifies 
considerably when the baryon masses are all degenerate 
(and equal to m). In this case the general form, Eq. 
(3.27), reduces to 

<|r^7( ,̂Cv)|> 
= (5 a 5^ 7 - | 5 a

7 5^) [ - | 5V(x-y , w)] . (4.2) 

Using the interaction Lagrangian (2.13) with the 7* 
written in terms of four Kronecker 8ys [see Eq. (2.2)], 
the propagator 4.2, and the couplings of Table III, it is 
straightforward to compute the bubble matrix elements 
for each type of meson. The analogous calculation has 
been thoroughly explained in article II. Here the kine­
matics and Dirac algebra are the same as in the simpli­
fied model of article II; the only difference comes from 
the unitary spin couplings Ti in the interaction 
Lagrangian that replace the corresponding isospin 
factors in the simplified model. Because the calculations 
for the bubble approximation are essentially the same in 
the SU2 and the SUz models, we shall avoid tedious 
repetition and simply summarize our results for the 
meson states in the SUz model. 
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For the 7P=0~" meson channels, the relevant part of 
the Lagrangian can be written as 

£ ( o - ) = R i h r t Y + Q t t i y s y ^ Y , (4.3) 

where R and Q are coupling parameters given in Table 
IV for each unitary spin channel. In the bubble approxi­
mation the pseudoscalar meson masses are determined 
as solutions q2= — /x2 of the equation 

+ (l6RQtn*/q%I(q*)-I(0)y=0. (4.4) 

I(q2) is a function of q2 which depends only on the dy­
namics of the bubble approximation, the degenerate 
baryon mass m and not on unitary spin factors. This 
function also appears in the same way in the calcula­
tion of the mesons in the SU2 model of article I I and is 
described there in Eq. (18). Since an equation of the 
same form as Eq. (4.4) determines the masses of the 
Jp=0~ mesons in the SU2 model, we have included for 
comparison R and Q for the SU2 model in Table IV. 

For the 7 P = 0 + states the relevant part of the inter­
action Lagrangian is 

£(0+) = R(M)2+Q(ty^)2. (4.5) 

The scalar meson masses are determined as q2=—jjL2 

solutions of 
l-2RJ(q2) = 0. (4.6) 

J(q2) is a function of q2 depending only on the dynamics 
of the bubble approximation, and is denned in Eq. 
(47) of I I . The vector and axial-vector states follow 
analogously: 

(4.7) 

r im2 

2I(q2) (I(q>)~I(0)) ]) 
x{i-fc[ 8w2 

and 

7(92) ( I (g2)- / (0) ) 

+ 16RQ—[/(g2)-/(0)]2=0 

£(1+) = Rttiy^y+QW*^)* 
[i-ii?/(?

2)][i-§e/(?2)]=o. 

(4.8) 

(4.9) 

(4.10) 

First we consider the massless mesons. Using the 
baryon mass equation (3.43), we find 

7 ( ^ = 0 ) = - 8 A J p ( 0 , w ) = - 2 / ( g + / ) (4.11) 

J(q2=0) = 8 (d/dm)AF(0,m) = 2 / ( g - / ) , (4.12) 

which are analogous to Eqs. (21) and (49) of I I and are 
derived in exactly the same manner. From Table IV 
and Eqs. (4.4) and (4.6) we see that there are massless 
F-type octets of 7 P = 0 ~ and J p = 0 + mesons. We also 
see from Table IV that there will be massless deciments 
of J p = 0 + and Jp=0~ mesons. Since the meson states 
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are self-conjugate both the 10 and 10 channels have 
zero-mass / p = 0 + and similarly Jp=0~~ meson states. 
Why do these mesons occur? They are Goldstone bosons 
only if h2~hz—0, as discussed above. They occur here 
because the h terms don't contribute to the approximate 
boson mass equations when q2—0 [cf. Eqs. (4.4), 
(4.6), and Table IV]. But since the 10 and 10 are Gold-
stone bosons for certain choices of h, they must appear 
as solutions of these equations for all h. They are there­
fore a result of our lowest order dynamical approxima­
tion rather than any exact symmetry. Presumably, in a 
better approximation, they would not have zero mass if 
either hi or h% were not zero. 

Next, we shall look for solutions of the Eqs. (4.3)-(4.9) 
with small mesonic masses, \x2<^m2, and ignore other 
(possible) collective states. In this approximation we 
shall tskeI(q2)c^I(0)+q2r(0) axidJ(q2)c^(0)+q2J'(0), 
where with the use of Eq. (73) of article II 

- / ' ( 0 ) = 7'(0) = 
dl(q») 

dg2 
a'-o 

/(0)+/(0) 

4m2 (4.13) 

This is the analog of Eq. (63) of II. It shows that in this 
approximation the mesons are determined by the 
coupling parameters /, g, hi, h2, hz23 In order to consider 
mesons of higher mass we would have to know more than 
just the values and slopes of the functions / and / at 
q2=0. These details depend on the dynamics and the 
cutoff procedure and would lead us beyond results that 
are primarily due to the symmetry structure of the 
model. Once we specify hi, fe, and hz we can use Table 
IV and Eqs. (4.4)-(4.10) to find if any low-mass state 
is present in any given channel. 

For example, we consider the case for which hi=hz=0, 
and h2=—0 Am~2 is determined so as to give a JP:= 1~~ 
.F-type octet of mass \i—\m. It is interesting to note in 
this case that except for the massless mesons discussed 
above, none of the remaining channels shows a meson of 
low mass. We have summarized the results for this case 
in Table V. As in the SU2 model, the use of local four-
fermion couplings in the bubble approximation re-

TABLE V. Results of a search for the existence of meson states 
of small mass for the simplified case in which we have arbitrarily 
set the parameters of our Lagrangian hi and fa equal to zero. 
Z denotes a meson of zero mass; U indicates that the presence of a 
small-mass meson is not found with the power-series expansion 
technique; \ means that the mass of vector meson octet has been 
set equal to one-half the (degenerate) baryon mass, just as the 
baryon masses also were given their value (s) as external conditions. 

\ U n i t a r y 
\ s p i n 

Spin a n d \ 
p a r i t y \ 

0-
0+ 

1-
1+ 

F 

Z 

z 1 
2 

u 

E 

u 
u 
u 
u 

D 

U 
U 

u 
u 

X 

z 
z 
u 
u 

t 

u 
u 
u 
u 

r=o 
u 
u 
u 
u 

r = i 
z 
z 1 
2 

u 
23 Alternatively, we can take the cutoff tc, baryon mass m, and 

hi, fa, fa as the independent parameters of Eqs. (4.10), (4.11), 
and (3.46). 

stricts us to mesons of spin 0 and 1. The results in Table 
V are therefore complete and there are no other meson 
states to consider in this approximation. There are, of 
course, many other ways to complete the model in 
which the hi, h2, hz are chosen by other criteria. 

5. SUMMARY AND CONCLUSIONS 

In a specific dynamical model we have investigated 
several of the recent proposals concerning higher sym­
metries. We have assumed the most general four-fermion 
interaction Lagrangian that is invariant under crossing 
and chiral unitary transformations on a fundamental 
octet field \p. We have obtained lowest order solutions 
which fit the observed physical baryon masses to 
within ~ 6 % , although they do not satisfy the Gell-
Mann-Okubo mass formula. 

Freund and Nambu4 have indicated that spontaneous 
breakdown of the chiral octet symmetry which is present 
in our model must lead to the Gell-Mann-Okubo mass 
relations. Our solutions involve mixings of the octet 
currents with 10, 10, and 27 type currents which are not 
small compared to the baryon mass differences, as was 
assumed for the solutions considered by Freund and 
Nambu. Specificially, the analogous situation for the 
SU2 model of article II is the mixing of the T=0 and 
T= 1 channels, and Eq. (46) of II shows that this mix­
ing is proportional to the mass splittings. When the 
mixing of the octets with 10's, 10's, and 27's in the meson 
channels is as important as in our solutions then there 
are more form factors that must be considered in the 
generalized Goldberger-Treiman relations than were 
used by Freund and Nambu. In our case then there are 
too many free parameters to obtain mass and coupling 
constant relations by their method. 

All the baryon and meson states which can occur in 
our model are determined in terms of a few parameters 
(gJMMM)- We have shown that solutions in the 
lowest order dynamical approximation are completely 
described with two functions, I(q2) and J(q2), in addi­
tion to these parameters. If we confine ourselves to low-
mass meson states, we need know only the slope and 
value at q2=0 of these two functions. The parameters of 
our model can be chosen so as to give the vector meson 
octet with the mean mass which is observed. 

The occurrence of the zero-mass mesons is a conse­
quence of the spontaneous breakdown of exact sym­
metries. If these symmetries were not exact in the origi­
nal Lagrangian, but were slightly broken by a small 
asymmetric bare mass of the form of Eq. (3.22), then 
these meson states might no longer occur in our model 
with zero physical masses. Using techniques similar to 
those of Nambu and Jona-Lasinio we can show that a 
unitary singlet component of bare f ermion mass amount­
ing to only a few (^2-4)MeV results in a mean mass for 
the pseudoscalar meson octet that is about that observed 
in nature. We have remarked above that the mean mass 
of the pseudoscalar octet is associated with the break­
down of the chiral symmetry, IV, and the mass of the 

file:///Unitary
file:///spin
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scalar octet is associated with the breakdown of the 
unitary spin symmetry, II. By analogy with calcula­
tions for the simplified model of article II, we estimate 
that the introduction of splittings in the bare fermion 
mass results in nonzero masses for the scalar mesons 
Us2 that are related to the pseudoscalar meson masses 

2 by MP 
us2 m /dm0\/g+f\ 

^ Mo J\g—f J 
(5.1) 

where m and mo are the mean physical and bare masses, 
respectively, of the baryons and dm and 8mo are repre­
sentative of the corresponding mass-splittings. If the 
chiral symmetry breakdown is mainly spontaneous, 
m/m^-l, but the unitary spin breakdown is mainly 
intrinsic, so that m/'m£z>bm/ hmo, then the scalar meson 
masses could turn out to be much larger than those of 
the pseudoscalar mesons. 

When the pseudoscalar and scalar meson masses are 
nonzero then the bubble approximation by which the 
mass is determined will involve the coupling coeffici­
ents h in the Lagrangian Eq. (2.13). As noted above, this 

part of the Lagrangian does not have the R8 symmetry 
which the f,g terms do. Therefore when the bare mass 
terms are added to the Lagrangian the relative shifts 
of the octets and 10's will depend on the choice of 
parameters and details of the dynamics. I t is quite 
possible that in this case the decimet mass becomes very 
much larger than the octet mass. The bare masses might 
represent the approximate effects of some weak cou­
plings of the fundamental field to other fields which do 
not have the symmetries of our Lagrangian.24 

Note added in proof. We are grateful to Jan Pisiit for 
calling our attention to errors in Eqs. (A4) and (A5) 
as they appeared in the preprint form of this article. 
These changes do not affect the conclusions of our work. 

APPENDIX 

A 3X3 Working Representation of Unitary Spin 

In practical calculations it is convenient to have in 
mind a definite representation of the unitary spin func­
tions that occur in our model. An explicit example of a 
3X3 working representation of the unitary spin octets, 
\j/ and $, is: 

* = 

r/2° A \ 

\ \2 -v/6/ 

H~ 2° 

P 

n 

2A 

\ /6-

* = 

\F+ * "> §+ W y/J 

2- ( S° l N l 
\ v2 V6/ 

p n 

*HH-
Pr 

h-l 

2A 

V6 

(Al) 

Similar matrix representations of the pseudoscalar and in the \(/ matrix. A corresponding 3X3 matrix repre-
vector_ meson octets _can be obtained by substituting sentation of the eight operators X which generate the 
(ir,K,K,r)) or (p,K*,K*,oo), respectively, for (X,N,S,A) unitary spin transformations of $U% on these ^ ' s , is 

Xi= 

Xs= 

f° l °1 
1 0 0 

,0 0 0. 

0 0 -

0 0 

A 0 

> 

i~ 

0 

0. 

x 2 = 

, X6 = 

ro -i ô  

i 0 0 

.0 0 

rO 0 0̂  

0 0 1 

.0 1 0. 

0. 

7 A3— 

x 7 = 

rl 0 0̂  

0 - 1 0 

.0 0 0. 

r0 0 (h 

0 0 ~i\ 

S) i 0J 

, X4 = 

, X 8 = -

rO 0 h 

0 0 0 

.1 

1 

5 

0 0. 

1 0 

0 1 

.0 0 

? 

0i 

0 

- 2 > 

(A2) 

The two diagonal matrices X3 and Xs are, respectively, 
proportional to the third component of isospin J3 and 
hypercharge Y. 

The Irreducible Tensorial Representation of 
Unitary Spin 

When the transformations of SUz are represented by 
3X3 matrices (unitary and unimodular), as in (A2), the 
tensorial representatives of unitary octet symmetry are 

the direct tensor products of the octet representatives 
Amk(k, m= 1,2,3). The irreducible tensorial representa­
tives of unitary octet symmetry are the direct tensor 
products which have definite symmetries under permu­
tations among the covariant or contravariant indices, 
and are traceless under contraction of any covariant 

24 This idea was suggested by Nambu and Jona-Lasinio. Cf, 
Ref. 1. 
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index with a contravariant index, A"k' • -Am
a- • • =0.25 prescription reduces the product into the irreducible 

Symmetrizing and contracting in all possible ways the tensorial representatives of 1, 8, 8', 10, 10, 27 dimen-
direct tensor product of the pair of octets A"yB

l}s, this sions, respectively: 

E=(l/81i*)(AB) = (W*)(A%B»,), 

D^=(3/lOyii(A^B\+B"0A\)-(2/15yi2(AB)Sa
0, 

F"0= (WXA'pB^-B'pA*.), 

Xty,] f-(l/4:)(A\Bes±A«sBfi
y=FA^B«s-Af>sB%) 

[ = }-(l/l2)l(A'^.~A^B',)da
7W(A'^B«.-A«,B',)dfy 

X<*\J I -(A'vB«.-A:B'y)8i'i±(A'yBti.-Af'.B'7)8«,], 
t«eyS = (1/4) (A "yB^+A a

sB^+A^B"s+A^Bay)+(1/40) (AB)(8%8^- b<-&,) 
- (l/20)[(i4 »,J3 VM' ,B ' , )««yf (A °SB\+A ",B',)^ 

+ (A \B\+A«,B°y)df>s+ (A 'yBH.+Ai>.B'7)8«t'}. 

The over-all normalization convention here is the same 
as that used by Neville (cf. Ref. 25). 

The invariant couplings of four unitary spin octets 
can be formed by fully contracting pairs of the irreduci­
ble tensors given in Eq. (A3). For example, to contract 
two <-type tensors, (ta»yi) (f ^ = *°V5V< = P-
When the octets combined in the first quadratic tensor 
are AB, and those in the other factor are (CD)f, then 
the quartic invariants are of the form (AB)(CD) and 
(ABCD). In terms of the couplings Ti, that we have al­
ready discussed in Sec. 2, the invariants that couple 
irreducible quadratic tensor representations of unitary 
octet symmetry, Eq. (A3), are 

£ 2 =( l / 8 ) r l T ) 

D 2 = (3/io)(<r2+ r 7 + r , + r o - (2/5)2*1, 

F 2 = (i/6)(- 7*2- 2-V+ n + r4), 

DF=(i/2V5)(r2- r 7 - r 3 + r o , 

FD= ( i /2v
/5)(- r 2 + r7- r 3 + 2*0, 

XX=K-2V-22*9+2r6) (A4) 

ZZ=i(-2J
1-22J9+2r8) 

/*= (-9/40)2*i+(l/2)(2«+2*8) 
+( i /5 ) (2 j

2 +r 7 +2-3+2-4) . 
25 See M. Hamermesh, Group Theory and Its Applications to 

Physical Problems (Addison-Wesley Publishing Company, Inc., 
Reading, Massachusetts, 1962), Chap. 10; see also D. E. Neville, 
Phys. Rev. 132, 844 (1963), where the reduction of the tensorial 
couplings according to irreducible representations of SUz are 
thoroughly treated in terms of the same prescription that we have 
summarily described above. 

The notation DF refers to the coupling of the first two 
octets, A and B, into a Z?-type octet representation and 
the last two octets, C and D, into an F-type octet repre­
sentation. In addition to the pure couplings, D2 and F2, 
the mixed couplings DF and FD also occur because the 
symmetric and antisymmetric octets D and F trans­
form similarly under SU*. The inverses of these equa­
tions are: 

r i = 8 £ 2 , 

?9=E2+D2-F2+t2-(XX+XX), 

rb=E2+D2+F2+t2+(XX+XX), 

16 5 
r3+r4=—E2+-D2+3F2

} 

3 3 

16 5 
r2+r7=—E2+-D2-3F2, (AS) 

3 3 

2 4 
7*6+r8-—E2—D2+2t2 , 

3 3 

r9-rt=-(V5)(DF+FD), 

r2-r7=(V5)(DF-FD), 

<rQ-rs=-2(xx-xx). 


