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We consider the spontaneous breakdown of unitary octet symmetry in a nonlinear spinor model of ele-
mentary-particle theory. Our model is an adaptation to unitary octet symmetry of a model originated by
Nambu and Jona-Lasinio and contains SUs @SU; symmetry in the same way that their model contained
SU,@SU, symmetry. We derive an exact formula for the physical baryon mass that reduces to the usual
superconductor-type formula in the lowest order approximation. Nonperturbative solutions that leave the
physical A and 2 masses degenerate are obtained. We confirm the presence in our nonperturbative solutions
of massless pseudoscalar and scalar mesons transforming as components of F-type octets as predicted by
the Goldstone theorem. We also find massless pseudoscalar and scalar mesons that transform as components
of unitary spin decimets. We explain that only the F¥ octets are Goldstone mesons associated with the spon-
taneous breakdown of octet symmetry in our model, whereas the massless decimets are associated with the
invariance of a restricted part of our Lagrangian under a larger group and their masslessness is not a con-

sequence of symmetry breakdown in our solutions.

1. INTRODUCTION

HE idea that the strong interactions may obey
some higher symmetries than those observed to
hold exactly in nature has a strong appeal. It is also an
attractive idea to incorporate the higher symmetries
within the framework of a specific dynamical model of
elementary-particle theory in which all the observable
states are derivable from a single, or a few fundamental
fields.

Nambu and Jona-Lasinio developed such a model
based on a nonlinear self-interaction of a fundamental
fermion field.! They emphasized nonperturbative solu-
sions that involve spontaneous breakdown of the
symmetry group of the Lagrangian. We consider a non-
linear spinor model of elementary-particle theory that
is an adaptation of their model to unitary octet sym-
metry. The symmetry group of the Lagrangian in our
model includes SU3®SUs in analogy to the way Nambu
and Jona-Lasinio’s model contained SU:®SU; sym-
metry, our fundamental fermion field being a unitary
spin octet where theirs was an isospin doublet.?

The primary Lagrangian of our model is described in
Sec. 2. The unitary spin formalism required in it is in-
troduced there, and the restrictions imposed on it by
crossing and certain chiral symmetries are discussed.
Having established the notation and form of our model,
we then derive in Sec. 3 an exact formula for the dy-
namical mass of the physical baryon solutions in terms
of a spectral representation. This exact equation is

* Work supported by the U. S. Air Force through Air Force
Office of Scientific Research Contract AF 49(638)-1389. Parts of
this material appear in a doctoral dissertation of N. Byrne,
Stanford University, 1965 (unpublished).

Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961);
124, 246 (1961).

2 M. Baker and S. Glashow have also discussed an extension of
the Nambu model to SUs5, but they based their model on a funda-
mental fermion field which is a unitary triplet instead of an octet;
Phys. Rev. 128, 2462 (1962). S. Glashow, <bid. 130, 2132 (1963)
discusses certain general properties of an octet model such as ours.

shown to reduce directly to the usual lowest order
formula when simple pole approximations are assumed
for the propagators. The relationship of the lowest
order approximation to the exact formulation is thus
exhibited.

In the lowest order approximation we obtain self-
consistent, nonperturbative solutions of the baryon
mass formula. Solutions are found which fit the ob-
served baryon masses to within a few percent. It is a
feature of our solutions that the physical masses of the
A and 2 are left degenerate, and therefore they do not
generally satisfy the Gell-Mann-Okubc mass formula.

In Sec. 4 the lowest order solutions are used as a
basis for our study of the meson states of our model.
By using formulas that we have developed in the
accompanying article® we confirm the presence of mass-
less pseudoscalar and scalar mesons which transform as
components of F-type unitary spin octets in accordance
with the predictions of the Goldstone theorem. In lowest
order approximations we also obtain massless pseudo-
scalar and scalar mesons transforming as components of
unitary spin decimets. These mesons appear because
the approximation that we use in calculations for zero-
mass mesons involves only a part of our Lagrangian and
this part happens to be invariant under a larger group
(Rs®Rs) than the symmetry group of our complete
Lagrangian (SU3®SU;). In addition to explaining
these complications of spontaneous symmetry break-
down, in Sec. 4 we also discuss the search for other
meson states of small, nonvanishing masses. In Sec. 5
we discuss the effects of introducing a slight intrinsic
symmetry breakage into our model with small bare
mass terms. We also relate our results to a discussion of
spontaneous breakdown of chiral symmetries given by
Freund and Nambu.*

3 N. Byrne, C. Iddings, and E. Shrauner, following paper, Phys.
Rev. 139, B933 (1965) ; we shall hereafter refer to it as article II.

¢P. G. O. Freund and Y. Nambu, Phys. Rev. Letters 13, 221
(1964).
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BREAKDOWN OF UNITARY OCTET SYMMETRY

2. THE LAGRANGIAN AND ITS SYMMETRIES

To accommodate the isospin and hypercharge degrees
of freedom in our model, we consider a primary fermion
field ¥ which transforms as a unitary spin octet and
interacts with itself in a Lagrangian that is invariant
under the group of unitary spin transformations, SUs.
The dynamics of our model are to be determined from a
quartic Lorentz-invariant self-interaction of this pri-
mary field. Further specifications of our model La-
grangian are not dictated by general physical principles.
In order to restrict the arbitrariness of the Lagrangian,
we will later impose certain chiral symmetries on it,
although these are not required by such profound physi-
cal principles as Lorentz invariance. The model finally
arrived at in this way corresponds to a direct generaliza-
tion of Nambu and Jona-Lasinio’s model from isospin
symmetry to unitary spin symmetry.

We first consider the unitary spin couplings required
for our four-field interaction. For convenience, we will
separate the unitary spin part of the wave function as a
direct factor from the part that depends on all other
coordinates. Suppressing for now these other co-
ordinates, we write the unitary spin wave function of
our primary fermion octet field in the form of a trace-
less 3X3 tensor ¥, the lower covariant index labeling
the row and the upper contravariant index labeling the
column of the elements in a matrix array. An explicit
3X 3 representation of the octet ¥ and the generators of
the group of unitary spin transformations, as well as a
description of the behavior of our quartic couplings
according to the irreducible representations of this
group, is given in the Appendix.

For describing the unitary spin couplings in our model
it is convenient to consider couplings of four distinguish-
able unitary octets instead of a single octet quartically
self-coupled. The invariant tensor couplings of four
octets, 4, B, C, D, are those which saturate all the
tensor indices. We introduce our notation and defini-
tions for these couplings with the following example
and Table I:

A “ABﬂBC”’cD‘sD(aAaﬁB'YﬁC,g(sDa) = Spur(A D) Spur(CB)
=(4D)(CB)

=7. (2.1)

For each invariant 7; we define the corresponding in-
variant tensor 7°(J) as follows:

A“ABﬁBC'YcD‘SDT(g)ABCDa,syaE Ty
T(g)ABCDanE 5‘4658750351):1

(2.2)

and similarly, for the other 7'(/) and 7;. These nine
couplings are not all independent. Due to the restric-
tions of the tensor indices to the values 1, 2, 3, and the
tracelessness of the octets, 4%,=0, the 7; are related
by the condition

T+ T+ To— To— Ts— To— To— Tv— Ts=0. (2.3)
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TaBLE I. The invariant couplings of four unitary spin octets.

T,=(4B)(CD) T,=(ABDC) Ty= (4BCD)
Ty=(ADCB) Ts=(AC) (BD) Ty=(ACBD)
Ty=(ACDB) Ts=(ADBC) Ty= (D) (BC)

Our Lagrangian does not couple four distinguishable
octet fields. When the expressions above are transcribed
into the quartic self-couplings of our model, 4 and C
both are replaced by ¥ while B and D are both replaced
by ¢. The matrix element of an interaction Lagrangian
of our type for the scattering process B+D — A+C is
of the form

(AC|yTYYIY | BD)

=UsTuptclTup—wsTupitclup. (2.4)

The “exchange’” term here takes account of the anti-
symmetry under exchange of identical Fermi particles.
This may also be considered as the consequence of anti-
commutation relations of quantized fermion field opera-
tors. We want to take account explicitly of this (anti)
symmetrization in the construction of our Lagrangian
in order to take advantage as early as possible of the
resulting simplifications. We are therefore led to consider
the effects of the exchange of two identical fields in our
interaction. That is, we must consider the effects of
interchanging 4 «<»C and/or B<>D in the above
quartic invariants. It is, of course, not essential that we
symmetrize the Lagrangian with respect to interchange
of identical fields at this point. The exchange symmetry
would be taken into account in the correct calculation
of the matrix elements and contributions of the wrong
symmetry would drop out of the final results.

The usual “crossing symmetry’’ corresponds to even-
ness or oddness of matrix elements under the exchange of
the fields A <> C, B— B, D — D in the four-field ex-
pressions in Table I. For example, for the coupling T
in Eq. (2.1), this exchange gives:

Ty=(AD)(CB) — (AB)(CD)=T;.
Proceeding in this way we get
T14> Ty, To<>T7, T3> T,

(2.5)
T4<—> Tﬁ, T5—> T5.

We are here considering the fields 4, B, C, D as ¢ num-
bers. An alternative description of this interchange is to
leave the field labels unchanged but interchange the
corresponding indices on the coupling tensors 7'(),
which is equivalent to just relabeling 7(J) — T(7') in
the same way as 7;— 71 in Eq. (2.5). Obviously the
combinations (T Ty), (TetT4), (T3 Ts), (TatTe),
and 7 diagonalize the crossing matrix.

The matrix element Eq. (2.4) is also invariant under
the exchange of the labels 4 <> C, B<> D; so clearly,
the corresponding interchange of identical fields in our
Lagrangian can have no physical effect. Under this
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interchange, 73> 74 and 75 <> T3, while the other 7;
remain invariant. Therefore only the combinations
(Ts+ T4) and (Ts+ Ts), but not (73— Ts) nor (Ts— Ts),
give physical contributions from our quartic self-
interaction. In terms of the irreducible representations
of unitary spin discussed in the Appendix to this sec-
tion, these restrictions are equivalent to allowing
(DF—FD) and (XX+XX) couplings, but excluding
contributions from (DF-+FD) and (XX—XX). In-

t 1 1 1 1) (%
(4 =2 0 2 -4 |
2l 0 —2 0 6| |T¢
g 2 0 —2 —4| |4

1 -1 1 -1 1) |P

with y,=v,f=v,"1for u=1, 2, 3, 4, 5.

Considering the combined Dirac-spin and unitary-
spin dependence of our Lagrangian, we expect that there
are 15 possible couplings of the appropriate symmetry
which might occur in our interaction Lagrangian, each
with an independent weight.> To further reduce the
arbitrariness in our model, we impose on it the restric-
tions of a chiral symmetry.

Our model, as described so far, is invariant under the
gauge transformations

Loyoany, Jodei,

II:

(2.7)
and

L N 2 S (2.8)

Invariance under the group of constant phase trans-
formations I means that our model conserves fermion
number. The transformations II are the unitary spin
rotations, where X represents the eight operators which
act on the octet ¢ to generate these transformations
(see Appendix). @ is an arbitrary octet which char-
acterizes the particular rotation in unitary spin space.
It is a “gauge vector” in unitary spin space; hence, the
vector notation &+ §. In addition to invariance under the
above gauge transform groups, we now consider sym-
metry under chiral transformations of the types

III: Y — e, §— Jeid?s, (2.9)

TV: e f— et 07, (2.10)

0 is a unitary octet gauge vector, as §. Simultaneous
transformations of the types IT and IV are equivalent to

independent unitary spin transformations on left- and
right-handed components of ¢:

V: ¢L_)eix~n¢L, J,R__H[_/Re—i)\-n’
1//R—>e”"51//13, J,R_H/',Re—n\-s’

where n=8-0 and £=3—0, while y,=%(14v5)¢ and
Yr=%(1—vs)¢ are respectively the left-handed (Lh.)

(2.11)

8 Under a Fierz transformation, three of the unitary couplings
are even and three are odd. Of the five Dirac coupling factors,
three are odd and two are even.
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stead of eight unitary spin couplings, our symmetriza-
tion of the Lagrangian shows that only six of them can
appear in it.

Next, we consider the Dirac-spin character of the
four-field coupling. The Lorentz-invariant couplings of
the Dirac spinors are well known. For definiteness, they
and their behavior under crossing, which is the familiar
Fierz transformation, are summarized in the explicit
matrix equation:

Sz W) W)
& W) )
=| 7 |=| Goud)Foa)t |, (2.6)
A2 iviysl) Pivvsy)
p? W) ysd)

and right-handed (r.h.) components of y. Similarly
combinations of the transformations I and III are
equivalent to

VI: yr—eyn, Yr—Pre?,

Yr— €Pr, Yr— Yre T,

(2.12)

where v=a+-6 and p=a— 4. Invariance under the group
of transformations VI is equivalent to the conserva-
tion of the numbers of left-hand and right-hand fer-
mions separately. In order to consider the effects of
these independent transformations on left-hand and
right-hand field components, we analyze certain com-
binations of the Dirac spinor invariants that were ex-
hibited in Eq. (2.6) into products of left-hand and
right-hand fields. This chirality, or handedness de-
composition, is given in Table II.

TasLE II. Handedness decomposition of the Dirac invariants.

Handedness decomposition of

Dirac spinor invariants Fierz conjugate

S24-P2=2(YrYL) (YRYL) +2(YL¥r) (PL¥r) — §(S2+P2+4-T2)

S2—P2=2(YryL) (Y14R) +2 ($er) (PrYL) - 3(V2+49

V24-A2 =2 (Prvudr) (PLypdr) +2 (Frypbr) Frypdr) — 2(S2—P?)

V2—A2=2(Prypdr) (FrYudR) +2 (Prypbr) Yrypbr) — —(V2—A2)
T?=2(JroyL) (YroyL) +2(PLoYr) (Yroyr) — (3/2)(S2+P2) —3T?

Under simultaneous independent transformations I
and III, or equivalently the transformations VI, only
the coupling combinations 52— P2, V2, and 4?2 remain
invariant. Invariance of our four-field interaction under
the transformations II and IV, or equivalently, the in-
dependent unitary spin transformations V of left-hand
and right-hand fields separately, requires that all the
left-hand octets be coupled into a unitary spin invariant
and the right-hand octets be coupled into a separate
unitary invariant. In all the Dirac couplings in Table IT
except (V2—A42), two left-hand and two right-hand
fields occur. For example, in the Dirac coupling (S2-P2)
the form is Yr¥r¥r¥r. So the unitary spin coupling in
this case must be Spur(Yz¥z) Spur(¥rz¥r), where the
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unitary spin octet parts of the y’s are separately con-
tracted into right-hand unitary singlet and left-hand
unitary singlet. By the same type of argument the
Dirac spin coupling 72 is associated with the unitary
spin coupling 75, and (V24 A42) with T4, and (S2— P?)
with 75. The Dirac spin coupling (V2—A42) is of the
homogeneous form Yy r¥r¥r; so it may be associated
with any of the unitary spin couplings that are com-
patible with the requirements of crossing symmetry.

Having analyzed the unitary spin and Dirac spin
aspects separately we now combine these factors and
consider the over-all crossing symmetry of our complete
four-field interaction. Under crossing the unitary spin
coupling 75 is invariant and 77<> 7y. Therefore, 75
must associate in the Lagrangian with the Fierz-
antisymmetric Dirac coupling (S?-+P2— T2). Similarly,
7'y must associate with (V24 A42), and Ty, with (S2— P?),
so that they occur together in the combination
[(S2—P2) Ty—1 (V24 A2 T1]. So far we have considered
the fields as ¢ numbers. The over-all antisymmetry of
these combined couplings will be cancelled by the anti-
commutation symmetry of the quantized field opera-
tors, so that our operator Lagrangian is crossing
symmetric.® The Dirac coupling (V2—A4?) is Fierz anti-
symmetric, and so it may associated with (71+ 7%),
(TetT7), (Ts+ Tt To+ Ts), and Ts.

Finally we may write the most general quartic self-
coupling of a unitary octet fermion field in an inter-
action Lagrangian that is invariant under Lorentz
transformations and under the gauge transformations
I, II, and IV, as

= hg[(S?= P T~} (V349 73]
(St P T Tk b (Vi AN T2 75)

Fheo( TotTr)+hs( Ts+Tot T+ To)], (2.13)

where g, f, 41, ks, ks are real coupling constants. If we

further impose invariance under the simple 75 trans-

formations, III, then the coupling constant f in the

interaction (2.13) must vanish. It turns out (in Sec. 3)
that f=0 is incompatible with self-consistent baryon

S v
0 (—%(g‘f_—,—hr‘)“ha)
hths
[Call = §‘ s
0 (ha— 1)
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solutions with nondegenerate masses and therefore we
will leave f arbitrary here. As it is, the interaction
Lagrangian (2.13) that we have finally arrived at cor-
responds exactly to a direct generalization of the
Nambu-Jona-Lasinio model that we would have ob-
tained by replacing the isospin character of their model
with the unitary spin character of ours.

Consider now the case in which we set s2=h3=01in the
above Lagrangian. Unlike the two-component model of
article II, our Lagrangian now admits a larger class of
symmetries than I, II, and IV. £, is now invariant
under transformations that correspond to real rotations
in a real eight-dimensional space. Since this group Rs
has 28 generators and since such rotations may be
separately applied to either the right- or left-handed
components of ¢ there are 56 generators in the sym-
metry group of the Lagrangian, (Rs).® (Rs)r. The SU;
symmetries IT and IV are included as subgroups of this
larger group.” We shall see the implications of this
symmetry in Sec. 4.

It will be a convenience to be able to write our inter-
action Lagrangian in a more concise and explicit ex-
pression than Eq. (2.13). We express the unitary spin
invariants 77 according to their definition in Eq. (2.2),
and then rename the combinations of the coupling
tensors 7'(}) that are required in our model as

K)=T1(1), KQ)=T(),
K(2)=T0©), K@)=T2)+T1T).
The Dirac couplings we likewise label with a running
index, k=1, 2, 3, 4, 5, corresponding to S, V, T, 4, P,
respectively:
M=T%=1,
IM=TV=1y,,

3 7=
B=TT=0,,

(2.14)

M=T"=iv,s,

[5=TP=r;. (2.15)

The coupling constants, when identified by the running
indices of the K(¢) and the I'*, we express as Cy in the
following matrix form:

We can then finally write the Lagrangian of our model explicitly as

L= Lo+ Lins,

1 e 1 vy -
Lo= —{W‘m (’Y +mm&”a>:|-—[ <*——'y+mo¢“»> ,tl/”a:l )
4 ox 4 dx

T A P
0 (—%g—'hr“hs) 0 K1
0 — (ht-1s) —g| K2
.__.f ,__h3 f [(3- (216)
0 (hs—hs) 0K,
(2.17)

Lint=3Cir[P2a, TP [P0, T2 K (1) ABCD 455

¢ By crossing symmetry of the Lagrangian, we mean that it does not contain any terms whose matrix elements would vanish
solely because of the symmetries under exchange of identical fields. See comments associated with Eq. (3.4). .
7 Similar symmetries for nonlinear spinor models have been considered by Marshak and Okubo, Nuovo Cimento 19, 1226

(1961) and Ne’eman, Phys. Rev. Letters 13, 769 (1964).
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The commutators in our Lagrangian, Eq. (2.17), are just
the usual symmetrization on the quantized field opera-
tors ¥ and ¢ and are not to be confused with the
crossing symmetries that we discussed above, which in-
volved only exchanges of ¢ with ¢ and ¢ with . We have
included for now a bare mass mo. Of course, unless
mo=0 our Lagrangian is not symmetric under the
transformations ITI and TV.

3. SELF-CONSISTENT SUPERCONDUCTOR
SOLUTIONS FOR THE BARYON
MASSES

The dynamical equations of motion for the field opera-
tors Y(x) [and ¥(x)] are the Euler-Lagrange equations
derived from the principle that the action is stationary
under variations of £ with respect to ¥(x) [and y¥(x),
respectively |. [The variations &(x) and &f(x) anti-
commute with all fermion fields.?]

(va+mo)p = 1Ca{ TP 70, % p JK (1) FP Py gys
+[Pa, TP T D K () P PP 0pn} . (3.1)

The problem is to find self-consistent solutions of the
dynamical equations of motion for which there exist
single-particle states that propagate freely with (physi-
cal) mass m:

(ya+m)(|¥(x)[1)=0. (3.2)

We assume that our procedure provides a self-consistent
“physical” vacuum and Hilbert space in which we can
take matrix elements. The vacuum arrived at in this
program is neither unique nor invariant under the full
symmetry group of the Lagrangian. Nambu pointed
out that the transformations of this group are not proper
operators in a single such Hilbert space, but rather they
generate a continuum of such Hilbert spaces and are de-
fined on this extended space. We will not discuss further
here these problems of formal field theory, although
they will be relevant later to our consideration of
mesonic excitations. They are discussed by Nambu and
Jona-Lasinio.!

To illustrate the method by which we treat the dy-
namical mass of the physical baryons, it is convenient to
employ a simplification of our model that is unen-
cumbered by unitary spin. If these degrees of freedom
are completely suppressed for the time being in our
model, then the equation of motion (3.1) is correspond-
ingly reduced to a similar nonlinear field equation for
a single field:

(vo+moy () =1C{ TP, TR I[P, T ITHY) . (3.3)

Here £ still runs over the same S2, V2, 72, 42, P? Dirac
couplings described in Egs. (2.6) and Table II, with
Cs=(+ /), Cv==~3%g),Cr=—f,Ca=—('+3¢),

8See G. Killén, Handbuch der Physik, edited by S. Fliigge
(Springer Verlag, Berlin, 1956), Vol. 5; also S. S. Schweber,
An Introduction to Relativistic Field Theory (Row Peterson and
Company, Evanston, Illinois, 1961), Sec. 17a.
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and Cp=(f"—g).? The reduced interaction is thus still
invariant under exchange of identical field operators, as
we discussed in Sec. 2. This has the consequence that
the two terms on the right-hand side of Eq. (3.3) are
equivalent—all of their matrix elements are equal. If
mo= f'=0, then the equation of motion (3.4) is also
invariant under the group of chiral transformations

T T (3.9

Ifwealsoset /=0, then Cg=—Cp=—3Cy=—31Ca=g¢
and our model coincides with Nambu and Jona-
Lasinio’s original model.

In the usual method of calculating the dynamical
mass, the equation of motion is linearized by means of a
lowest order Tamm-Dancoff, or Hartree-Fock approxi-
mation.’® Applied to the dynamical field equation (3.3)
this lowest order approximation gives

(ro-+mo)([4()|1) )
=30 TTH @, I, (.5)

~Cl{|TETR) AT T N () 1) (3.6)

Because the couplings have already been restricted
in our interaction so that it is crossing symmetric under
exchange of pairs of identical fields the two matrix ele-
ments on the right-hand side of Eq. (3.5) are equivalent,
and so our self-consistency condition is that

mo—m=2C(| T@(x) T (x)) | )T*
=Cg Sp(S'r(x—2x, m)) (3.7)

have nontrivial solutions for . The last equality is due
to the Lorentz invariance of our theory. When the
physical mass m is considered to be generated com-
pletely by the dynamical interaction £in and my is
equal to zero in the equation of motion (3.3), then the
mass formula (3.7) becomes the one obtained by Nambu
and Jona-Lasinio, which they solved by introducing a
relativistically invariant cutoff.!!

Rather than follow the usual derivation, we will
formulate a general self-consistent mass equation which
reduces directly to the usual mass formula (3.7) in a
well-defined dynamical approximation.!? We assume
that the field theory of our model satisfies the usual
spectral conditions so that a Lehmann spectral repre-

9 The five coupling constants, Cg, Cv, Cr, C4, Cp, are combina-
tions of ¢/, f’, /', which are the coefficients of the three Fierz-
antisymmetric couplings.

10 Tn the language of the interaction picture and Feynman dia-
grams, the approximation (3.6) neglects the connected diagrams
in the right-hand side of Eq. (3.5), while in the language of the
Heisenberg picture, it consists of ignoring all but the simplest
(lightest) intermediate states. The first interpretation describes
what we refer to as the Hartree-Fock approximation, and the latter
we refer to as lowest order Tamm-Dancoff approximation. Here
both of these approximation methods are equivalent in lowest
order.

it Nambu and Jona-Lasinio (cf. Ref. 1) use the cutoff that we
give in Eq. (3.46).

2 A similar treatment has also been given by G. Pocsik, Nucl.
Phys. 49, 286 (1964). We thank Professor Y. Nambu for bringing
this work to our attention.
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sentation exists for the exact propagators.’* We ex-
plicitly assume local commutation relations.

From the dynamical equation of motion (3.3) we
form the anticommutator of both sides with the field
operator ¥(y):

(vo+mao) (e (), $ ()} =1Cu{ (T () [P (), T () ]
+[P(2), PR () T () F ()} . (3.8)

Taking the vacuum expectation value of the left-hand
side of Eq. (3.8), expressing this in the Lehmann spec-
tral representation, and putting xo=1y,, we get

<[ ('Ya‘}‘m()){‘/‘(x);kz(y)} l )l z9=y0
= — it mo)S (5, m)| sg-o= —i / du?

X [(mo—w)p1(u®)+pa(i?) Jivad*(X—¥) | sy—yo -

The right-hand side is reduced in this Lorentz frame
by the canonical (anti) commutation relations to

FC{ (TR (@) (), T ()]
+ (), T () JT5 () B ()} | 2010
=3Cuva([ (@), T () ]+ Ty () $(x) ])
XT*53(X~y) | sgmo-

(3.9)

(3.10)

We take the vacuum expectation value of Eq. (3.10),

replacing (|[%,T¥]|) by (|T[#,T¥]|), combine with
Eq. (3.8), and cancel a factor v46*(x—y) from both
sides. We then obtain

/ du?[ (mo—p)p1(u?)~+pa(u?)]

=Ci{{| T@() THp(x)) | )

+TX| Ty(x)d(x) [ )}T*. (3.11)
Since our couplings have already been symmetrized
under exchange (crossing) of identical field operators,
the right-hand side here condenses as in Eq. (3.7) into a
single term:

20| T@) TH() | )= Cs Sp(Ss(a—m, m))  (3.12)
—4Cs / auL—upru)+pa(u?) 1 (r—2, 1), (3.13)

The last two equalities here depend on Lorentz-
invariance. Using Eq. (3.13) in the right-hand side of
Eq. (3.11) and the normalization condition,?

1=/ du?pi(u?), (3.14)

13 H, Lehmann, Nuovo Cimento 11, 342 (1954).
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Eq. (3.11) can be rewritten as

Mo—m=— / du?[(m—w)p1(u?)~+-pa(u?) ]

e f AT upr(u?)Foa(u?) JAr(r—, 1?) . (3.15)
0

The assumption of the existence of single-particle
states which propagate freely with physical mass m is
now expressed as the assumption that the spectral
weight function pi(u?) has an isolated delta function
at u=m,

p1(u?)=Zsd(m—p)+0(u—mo)os(w?);  (3.16)

and that there exist self-consistent solutions of Eq.
(3.15) with such a p1(u?). In Eq. (3.16) o is the thresh-
old of the continuous spectrum, 0<m < u,.

If S'p(x—x, m) is approximated by a single pole by
setting ¢1(u?)=0 and Zy=1 in Eq. (3.16), then since
01(u2) > p2(u?) >0 for any u as a consequence of the posi-
tive definiteness condition in our Hilbert space,'* Eq.
(3.15) reduces directly to the self-consistent mass
formula (3.7) obtained by the usual approximation.

When we consider the model with unitary spin the
mass operator becomes a matrix in unitary spin space,
as we seek solutions for which the physical baryon
masses are not all degenerate. The physical mass opera-
tor is diagonal between eigenstates of hypercharge V¥,
total isospin 7', and its third component T'z. We label
the eight combinations (7',77,Y) that correspond to
the physical baryons by the index ! which takes values
P, n, B, B0, 2, 20 3, A, and define projection operators
®(?) for the corresponding states so that

WO)Y) =940 4p(n)YBs=7in, etc., (3.17)

where 7 and 7 are the respective neutron components of
the octet field operators ¢ and . These projection opera-
tors are normalized so as to preserve the normalization
of the states:

®B5(1) P07, (1) = 61,07, (1), (3.18)
also,
®8,5()ga(V) =01 and 1=08g,()). (3.19)
They also satisfy
O (1) = P*7(1)=0. (3.20)

In terms of these projection operators the mass opera-
tor in our theory can be written

(3.21)

where m; is the numerical value of the physical mass.
For the solutions that we seek, in which  is degener-

m*Byy= @y s(Dmu,

4 For calculating numerical results, we will later introduce a
cutoff procedure. Such a procedure is, of course, not consistent
with the assumption of local anticommutation relations.
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ate in the eigenvalue 7'z, it is convenient to work with
combinations that correspond to these isomultiplets,
which we label by L for the four combinations (Z,Y):
L=N, E, 2, A. The mass operator is then

m*Ey5=PB5(L)my, (3.22)

where my=m,=mp, mz=ms*=msz-=msy, etc., and
P(N)=0®(n)+C(p)
P(2)=0EH)+®E)+E(2"), etc.

Because of Egs. (3.18), (3.19), and (3.20) we now have

(3.23)

WP(NW)=pp+in, etc.,  (3.24)
Pebys(L)Pgu(L)) =611 P*yu(L),  (3.25)
Pebg(L)=W7,, (3.26)

where W, is the multiplicity over which my, is degener-
ate, Wy=Wz=2, Ws=3, Wx=1.

The baryon propagator in our theory is likewise a
matrix operator in unitary spin space. It shares the
same degeneracies and diagonalization in this space as
the mass operator. They are related through

(| Ty (@)dPa(y) | )= —5S"r(x—3) s

=—3P0(L)S'p(x—y, L), (3.27)
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a single fermion with the Lehmann spectral weights
Lpy and Zp,.

It will also be convenient to analyze the mass opera-
tor in terms of definite irreducible representations of the
unitary octet symmetry group, as was done for the
couplings in Sec. 2. The states we seek are not eigen-
states of the full unitary spin symmetry group and do
not transform as basis elements of an irreducible repre-
sentation. But they do constitute definite eigenstates
of total isospin and hypercharge, both of which are still
separately conserved. The mass, and likewise the
propagator, has definite unitary spin transformation
properties, and although it does not transform as an
irreducible representation, it can be reduced to definite
combinations of irreducible components:

(m—mo)D‘ﬂw: 6mLP"‘f’.,5(L) = BMJR“BW(J) , (328)

where J labels the irreducible representation, J=E, D,
F, .15 The operators R(J) are related to the P(L) by
the Clebsch-Gordan coefficients Gz
R(J)=GyP(L),
P(L) = G—ILJR(]) .
Due to the normalization for the P(L), given by Egs.

(3.25) and (3.26), G is not an orthogonal matrix in the
usual manner, but rather

(3.29)

where S'p(x—7y, L) is the usual propagator function for G lLy=GsWr(no sum on L). (3.30)
(V) (£) ) (A) L/J
[ 1/v/8 1/4/8  1/4/8 1/4/8 1 (£)
Gzl = —1/24/5 —1/24/5 1/4/5 —1/4/5 (D) 3.31
TET —1/2 1/2 0 0 (F) (3:31)
(—(3/40)t2 —(3/40) /2 1/2(30)12  3(3/40)'2) (1)
( 1/v2 -—1/\\;5 —1 —(3/10)1/2 )
P V2 —1/4/5 1 —(3/10)12
Sl B TON B N7 0 (3/40)172 (3:32)
L 122 —1/\/5 0 3(3/40)172)

The R(J) satisfy conditions similar to those of P(L):

ReBgo(J)=1, (3.33)
RB . (J)=RF,5(J)=0. (3.34)

The masses are related by
mr—mo=GrroMy. (3.35)

We now have all the machinery we need to describe
the breakdown of unitary spin symmetry in our model.
We can proceed with the formulation of the dynamical
mass equation in exact correspondence with the de-
velopment in the simplified model. Starting with the full
dynamical equation of motion (3.1), we arrive at the

expression corresponding to Eq. (3.11) above
PEN, (L) / dp?[[(mo— ) p1(u?) +Zp2(u?) ]
0

=Cal{| T@c(@) T p(x)) | YK (1) NP5
+ 4| TYPu() o () DK (1) 75N 50} -

Generalizing Eqgs. (3.12) and (3.13) in accordance with
Eq. (3.27) for the propagator, we bring Eq. (3.36) into

(3.36)

16 Tn each of these irreducible components 7 and S’ transform
only as the (unique) 7’=Y=0 elements, i.e., they are diagonal
between eigenstates of total isospin and hypercharge. 7=Y=0
elements occur in E, D, F, and ¢ representations, but not in X nor
X ; thus J in Eq. (3.27) needs only to run over four values.
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a form corresponding to Eq. (3.15) above for our self-
consistent mass formula!®:

(mo—mr)PEYN (L)

— — PEY(I) / AL ) opa(u)+ el

+4P%po(L)Cis / [ —u p1(u?) Y p2(u?) ]
0

X Ap(a—x, W) K@)V ys. (3.37)

On the right-hand side of the mass formula (3.37) we
have, due to Eq. (3.29):

Porpo(L)CisK ()TN Py

= G_IL'JRMDC(])CisK(i)HNCDW*/E; (3-38)
and by Eqgs. (2.14) and (2.16) this becomes
G o[ (g+ IRV (J)—20rs fRTN,(F)].  (3.39)

If we now use the orthogonality conditions (3.25) and
the Clebsch-Gordan transformation (3.29) and multi-
ply both sides of Eq. (3.37) by Pyu(L), we get

o= — f AT m— 1) 1)+ P

+4[(g+f)5L'L— sz—lL'FGFL]/ dp.2
0

X[=uZ p1(u?)+ pa(u?) JAr(x—2, u?).

The index F on G refers here to the single representation,
and is not summed over. The exact mass formula (3.38)
cannot be solved further without assuming further in-
formation about the mass spectra, i.e., the Zp,(u?)’s.
The lowest order dynamical approximation,

Zpi(u?) = Z 26(mr—p)+Lo1(p?) — d(mr—u),
which we discussed above gives

mr—mo=4[(g+ )00 —2fG 1 5Grr]
XmpAp(x—x, mz), (nosumonF) (3.42)

(3.40)

(3.41)

in which Ap(0,mz/) is assumed to be appropriately
tempered to give finite results.!” The difference in the
form of the general mass Eq. (3.40) and the lowest
order dynamical approximation Eq. (3.42) is only in
the generality of the spectral weight functions, p; and
p2, and not in the unitary spin structure of the equations.

It is immediately obvious from our mass formulas

16 Again, as in the simplified model, we have made use of the
crossing symmetry of the interaction Lagrangian. See remarks
after Eq. (3.11). Also as in the case of the simplified model, only
the scalar Dirac coupling contributes because of the Lorentz
invariance of S’z and m.

17 See Ref. 11 above, and Eq. (3.46) below.
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(3.40) or (3.42) that solutions of the type we seek are
incompatible with the simple vs symmetry that would
obtain by setting mo= f=0. This would result in four
uncoupled mass equations which are all identical and
could have only degenerate mass solutions as long as
only a single cutoff were used throughout.®

Writing the matrix equation (3.42) in detail as four
coupled equations with the help of Eq. (3.31), we have

1(my—mo) = gmyAr(0,my)~+ frzAp(0,mz) ,
1(mz—mo)= gmzAr(0,mz)+ fmyAr(0,my),
1(mz—mo)=(g+ f)m=Ar(0,mz),
1(ma—mo)=(g+ f)malr(0,ms) .

The last two of these equations have nontrivial solu-
tions for which

(3.43)

mz=my, (3.44)
which in terms of Eq. (3.35) is equivalent to
SMp=(V2/V3)6My;. (3.45)

The degeneracy of the £ and A mass equations (3.43)
leaves us with only three equations instead of four. If
we now solve these equations by explicitly introducing a
relativistically invariant cutoff then, for the case with
mo=0, there are three parameters in our mass formulas
that are at our disposal: the coupling parameters, g and
£, and the cutoff, x. Using Nambu and Jona-Lasinio’s
cutoff procedure, we replace mpAr(0,mz) in Egs.
(3.42) by

mic? m? K2
mAr(0,m) — —2[1—— 1n(1—|———>]

8 K2 m?

Il

%K3F<ﬁ) . (3.46)

K

All our equations (3.42) can then be written in terms of
the dimensionless mass parameters zz=m./k and
F(z1). Recombining them somewhat, we then have

z3/F(z3)= (an+22)[F(an) +F(z=) 17, (3.47)
=(g+ /), (3.48)
(zw—2z)[F(an)—F(22) 7' = (g— /x> (3.49)

Equation (3.47) is an implicit formula for the cutoff
parameter « in terms of the self-consistent mass solu-
tions mz. Having solved (3.47) for «, Egs. (3.48) and
(3.49) are then explicit formulas for the coupling
parameters.

Although the condition ms=m imposed by our model
does not conform exactly with nature, such a baryon
spectrum is still not entirely unreasonable, considering
the simplicity of our model. Subject to this condition,

18 Of course, if one were to introduce a separate cutoff parameter
for each mass parameter determined, then nondegenerate mass
solutions could still be obtained.
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F16. 1. Two specific graphical solutions of our self-consistent
mass equations [(3.47)-(3.49)]: (a) displays the specific solution
which is the best fit to the real baryon mass spectrum. This solu-
tion is described in Eqgs. (3.50) to (3.52). (b) displays the specific
solution which is the best fit to the real baryon mass spectrum,
subject to the Gell-Mann-Okubo relation, as described in Eqs.
(3.53) to (3.55). A graphical solution method is as follows: First,
we plot the dimensionless function 272/k? F(z), described in Eq.
(3.46) against its dimensionless argument z. Second, we determine
the cutoff « by finding the scale this curve must have in order that
the three points, 2w, 2z, 23, lie on it. The points are related by the
self-consistency equations (3.50) [for the solution shown in (a)]
and (3.54) [for the solution shown in (b)]. Equation (3.47)
requires that the line from the orlgm 0 to the point {zz,F (35)27%/x?}
must pass through the point {3 (z»«—l—zN), 3[F (Z"‘)+F(ZN);27F2/K2},
which is the median between points {zm, F(zx%)272/«?} and
{zn, F(2n)27%/«®}. The form of the graph of I‘(z)21r2/:<2 versus z
allows these conditions to be met uniquely as shown in (a), for
the conditions (3.50), and in (b) for the conditions (3.54). In
the case shown in (a) we find }(zxy+2g)=0.33; whence
x=3%(My-+Mz)/0.33=2.94},,. In the case shown in (b) we find
z(zN-{—z»-)—-zz 1.33, whence k=1.33M,y. In each case, putting
these «’s into Eqgs. (3 48) and (3.49) gives Eqs. (3.51) and (3 52)
and, respectively, (3.55). Note that the solution shown in (a) is in
a steep section of the curve, so that it is not sensitive to the cutoff
becoming large, while the solution shown in (b) does not have this
property.

the most meaningful physical quantities to which we can
fit our mass solutions are: the average of the eight real
baryon masses, M,v; the splitting between the average
& and N masses, M z— My, and the average mass of the
quartet of baryons of zero hyperchange, $(3M s+ M ).
Our self-consistency condition is then that Egs.
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(3.47)-(3.49) have solutions with
ZEKE'WLEZ%(3M2+MA)= 1173 MeV
(zz—zn)k=mz—my=Mz—My=376 MeV

3 (et o= (mz+my)=2M .y
—1(BMs+My)=1127 MeV,

(3.50)

where ms, mz, my are the parameters of our model and
Mz, Mz, M y are the numerical values of the correspond-
ing real physical masses to which the m; are now equated.
These solutions are illustrated in Fig. 1(a), where the
abscissas, zs, 2z, 2y, related by Egs. (3.50) and the
ordinates F(zs), F(zz), F(zn), related by Eq. (3.47),
(3.49), are fitted with a curve of F(z) versus z. The values
of the coupling parameters determined by Egs. (3.48)
and (3.49) for this solution are

(/27%)(g+ f)~1.38,

(3.51)
(x%/2m?)(g— f)=~2.29.
The cutoff in this case is
k=2.94M,,. (3.52)

It is also of interest to see what fit our model can give
to the Gell-Mann—Okubo mass formula. For our pur-
poses the Gell-Mann-Okubo mass formula is expressi-
ble as éMy=0. This condition, plus the condition
mz=ma, restricts the baryon mass spectrum to the form

(3.53)

If for our self-consistency condition we fit the param-
eters of our model to the real masses with the condition
(3.53) so that

mz=mpr=3(my-+mz).

mz=mps=3%(my+mg)=M,,

(3.54)
mg—my=Mz—My,
then the solutions (illustrated in Fig. 1b) are
(k*/2m°)(g+f) =48,
(*/22%)(g— f)=—10, (3.55)

k=0.75M ..

So our model does have solutions which satisfy the Gell-
Mann-Okubo mass formula, of which this is the most
nearly realistic. However, we note that it would have
been futile to impose this condition by setting equal to
zero the strength parameter of the 27-type coupling in
our interaction Lagrangian, (g f)=0. Since the singlet
and D-type octet coupling coefficient is required by the
symmetry to be the same as that for the 27-type cou-
pling, setting (g4 f)=0 would allow solutions whose
masses transform only as pure F-type unitary spin
octet. Such a spectrum has negative masses: either my or
mg is negative, and ms=my=0.

The general solutions of Eqs. (3.47)-(3.49) for var-
ious mass splittings and coupling constants external
conditions are represented in Fig. 2.

The baryon mass solutions that we have considered
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Fi6. 2. Mapping of the general solutions of the mass Egs. (3.43) using the cutoff procedure represented in Eq. (3.46). The mass
variables in (3.48) have been parameterized here according to sy =x+y~+u, zz=2—y-+u, zz=x—u. In (a) are shown curves of |y/x|
versus (y/x)/ (u/%)? for various fixed values of the parameter . The cutoff parameter « and the coupling parameters g and f are im-
plicit variables in the display in (a). In (b) the dependence of the coupling and cutoff parameters g, f, and « is shown for various
values of the mass parameters x and y. The parameter # is an implicit variable in (b). The main point here is to exhibit the unique
determination of the parameters g, 7, x of our model in terms of the numerical values of the mass parameters x, y, % (or equivalently,
2, 2z, 23). The solution described in Egs. (3.50) to (3.52), which represents the best fit to the real baryon mass spectrum, is designated
on these curves by the points A. The solution described in Egs. (3.53) to (3.55), which represents the best fit to the real baryon mass
spectrum, subject to the Gell-Mann-Okubo relations, is designated on these curves by the points B.

determined only the coupling parameters g and f, and
the cutoff parameters k. The symmetries that we have
imposed on our model in Sec. 2 still allow three other
arbitrary parameters in our model: the coupling param-
eters, k1, k2, and hs. To say anything about these
parameters we must consider vector or axial-vector
states.!® We include a brief treatment of these states in
the following section, so that all the parameters of our
model are ultimately fixed.

4. THE MESON STATES

In the accompanying article® we have exhibited the
techniques by which models of this type may be treated
self-consistently in lowest order dynamical approxima-
tion for the case of mass-splitting spontaneous symmetry
breakdown. The model considered in the other article is
a simpler analog of the one we consider here, the basic
fermion field there being an isotopic doublet instead of
a unitary octet. However, all the techniques of our
dynamical approximation, and even the specific equa-
tions, may be taken over with only trivial substitutions
from the isospin case to the unitary spin case.

In article IT we have shown that the description of the
meson states as simple chains of baryon-antibaryon
bubbles is compatible with the lowest order dynamical
approximation for the fermion masses. The compati-
bility of this treatment of the meson states with respect
to the symmetries of our model has been shown there by
confirming with explicit calculations the occurrence of

19 These parameters would also be determined by self-consistency
conditions on the baryon mass solutions only if there were mass
contributions which transformed as Lorentz vectors. This would
represent a spontaneous breakdown of the Lorentz invariance of
our model, and is not of interest to us at present.

the zero-mass Goldstone mesons?® and the Goldberger-
Treiman relations?! that are predicted on more general
grounds. Also, in article II we have shown that it is
possible to vary continuously away from the solution
of incomplete symmetry breakdown where the chiral
symmetry, IV, but not the unitary spin symmetry, II,
is spontaneously broken, to solutions of more complete
spontaneous breakdown of both the chiral and the uni-
tary symmetries. This allows us to solve for the meson
states of our model with a particular choice of param-
eters which gives unitary spin degeneracy and then we
can go to solutions having part or all the unitary spin
degeneracy removed by continuation in the parameter
which characterizes the unitary symmetry breakdown,
i.e., the baryon mass splitting. That is, we can then
treat the mass splittings of the mesons by perturbation
theory and assume that they differ only nonqualita-
tively from the case of unitary spin degeneracy.

What meson states do we expect in our model? First,
according to a theorem of Goldstone,? there will be
spinless, massless mesons. The essential point of this
theorem is that in order to conserve the current that is
the generator of a certain group of gauge transforma-
tions under which the Lagrangian is symmetric, a
specific set of zero-mass bosons must accompany the
occurrence of symmetry-breaking, nonperturbative solu-
tions. Each Goldstone meson will transform with the
unitary spin quantum numbers of one of the generators
of the spontaneously broken symmetry group.

2 J, Goldstone, Nuovo Cimento 19, 154 (1961); J. Goldstone,
A. Salam, and S. Weinberg, Phys. Rev. 127, 965 (1962); S. Blud-
man and A. Klein, ¢bid. 131, 236 (1963).

22 M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1478
(1958); Y. Nambu, Phys. Rev. Letters 4, 380 (1960).
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According to the Goldstone theorem, then, there will
occur in our model massless pseudoscalar mesons that
are associated with the spontaneous breakdown of the
chiral symmetry, IV, and the nonzero baryon masses.
This octet is analogous to the isospin triplet of massless
pions in the simple isospin model considered in article II.

There should also occur massless scalar mesons that
transform as components of a unitary spin F-type octet.
The scalar octet of Goldstone mesons are those associ-
ated with the spontaneous breakdown of the unitary
spin symmetry, IT. However, we are presently interested
in solutions for which the unitary spin symmetry is
broken only with respect to strangeness changing trans-
formations, but is not broken with respect to the trans-
formations of the isospin subgroup. For these solutions
[cf. Egs. (3.50)] only the four components of the
scalar meson octet which have nonzero strangeness, the
K- and K-like, ¥ ==-1 isodoublets, are required by the
Goldstone theorem to be present with zero mass. For
the baryon mass solutions discussed in Sec. 2, which
were split according to hypercharge, but not within
isomultiplets, the Goldstone theorem says nothing about
the four zero-strangeness scalar mesons, as to whether
they exist or whether they are massless. However, we
have shown in article IT that as we pass among solu-
tions, continuously reducing the baryon mass splittings
to zero, all the components of the scalar meson octet
will be present with zero mass in the limiting solu-
tion where each unitary multiplet, baryonic and
mesonic, has been reduced to degeneracy.

As mentioned in Sec. 2, if sy=/h3=0 our Lagrangian
is invarjant under Rs, a larger group of transformations
than SU;. This group has 28 generators. Ne’eman?? has
also considered a model involving the extension of the
SUj octet symmetry into Rs symmetry, and has pointed
out that the SUj; content of the generators of the Rg
algebra is

28=8@®10®10. 4.1

We can now understand why it is that when &y=/%3=0
the remainder of £i,4 is invariant under Rs. Clearly,
under equivalence transformations by members of Rs
symmetric eight-by-eight matrices go into symmetric
matrices and antisymmetric matrices go into anti-
symmetric matrices. If the couplings E2?, D?, {? are
written in terms of eight-by-eight matrices we see that
they must all be symmetric and the couplings F? and
(XX+XX) must be antisymmetric. The two sets of
couplings {F2,XX,XX} and {F2,D%?} transform into
themselves under Rg. When As=%3;=0 we see by Egs.
(A.5) of the Appendix that the Lagrangian then has just
the unitary spin composition

A(F+XX+XX)+ B(F2+D2*12)

2Y. Ne’eman, Phys. Rev. Letters 13, 769 (1964). We observe
with Ne’eman that the 28 generators represented in Eq. (4.1)
correspond to the antisymmetric (generator-like) part of the reduc-
tion of 8®8 in SU;.
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TasLE III. Couplings of external fields of definite unitary spin
character to the baryons of our model. The third column lists the
subsidiary conditions satisfied by the external fields. All indices
shown in the table run over the values 1, 2, 3. €0, is the antisym-
metric three-index tensor. For each unitary spin channel the
Dirac-matrix part of the coupling, T, may be S, P, V, T, or 4
[cf. Eq. (2.6){

Unitary

spin Subsidiary condition
channel  Coupling to external field on external field
Singlet  8Lp=7",T¥",)
F-octet  8Lr=n%l Ty ;—¢P;TY",)
D-octet  8Lp=n% @ TYF:+¥ATY ") 77°=0

1287 symmetricin o, 8, v

7%a5=0; n°6y; sym-
metric in «, 8 and
symmetric in v, §

Decimet
Tensor

8Lx= "luﬁ’ye‘rn (‘I’mr‘l”nﬁ)
8L1=n05(J"el'¥’)

and is invariant under (Rs).® (Rs)r. It is also clear
from this table that when either %370 or 430 there is
no Rg invariance. Only if 4= /%3;=0 does the Goldstone
theorem predict 28 massless pseudoscalar mesons, an
F-octet, a 10, and a 10. In this case the theorem also
predicts massless scalar mesons which are the com-
ponents of nonzero strangeness of an F-octet, a 10, and
a 10. In the limiting solution with degenerate baryon
masses all 28 scalar mesons would be present with zero
mass.

To find a meson of a specified unitary spin character,
we consider the response of our system to an external
probe field having the appropriate unitary spin trans-
formation properties, and look for freely propagating
collective excitations. This is the method used in article
1T for finding mesons of given isotopic spin (I'=0, or 1).
The interactions between these external fields and the
field are shown in Table III. The baryon propagator
used for computing the bubble matrix (cf. IT) simplifies
considerably when the baryon masses are all degenerate
(and equal to m). In this case the general form, Eq.
(3.27), reduces to

(| Ty, (PP |)
= (8260, — 56y 6%5) [ — 35" r(x—7y, m)].

Using the interaction Lagrangian (2.13) with the 75
written in terms of four Kronecker §’s [see Eq. (2.2)],
the propagator 4.2, and the couplings of Table III, it is
straightforward to compute the bubble matrix elements
for each type of meson. The analogous calculation has
been thoroughly explained in article II. Here the kine-
matics and Dirac algebra are the same as in the simpli-
fied model of article IT; the only difference comes from
the unitary spin couplings 7; in the interaction
Lagrangian that replace the corresponding isospin
factors in the simplified model. Because the calculations
for the bubble approximation are essentially the same in
the SUs and the SU; models, we shall avoid tedious
repetition and simply summarize our results for the
meson states in the SU3 model.

(4.2)



1 refer to the SU, model discussed in article IT and have been included here to facilitate comparison with the explicit treatment of meson states given there.

=0and T
Unitary
spin
Spin and
parity

TABZI:E IV. Coupling parameters to be substituted into the Egs. (4.3) to (4.10) for determining the possible presence of meson states in the various channels. The columns labeled
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For the J2=0"meson channels, the relevant part of
the Lagrangian can be written as

£(07)=RWvs¥)*+QWivsvb)?, (4.3)

where R and Q are coupling parameters given in Table
IV for each unitary spin channel. In the bubble approxi-
mation the pseudoscalar meson masses are determined
as solutions ¢2= —u? of the equation

[1=2RI(g*) 1+ @m*Q/¢*)(I (¢")—1(0)) ]
+(16ROm*/¢*)[1(¢*)—1(0) F=0. (44)

I(¢?) is a function of ¢? which depends only on the dy-
namics of the bubble approximation, the degenerate
baryon mass 7 and not on unitary spin factors. This
function also appears in the same way in the calcula-
tion of the mesons in the SU; model of article IT and is
described there in Eq. (18). Since an equation of the
same form as Eq. (4.4) determines the masses of the
JF=0" mesons in the SU; model, we have included for
comparison R and Q for the SU; model in Table IV.

For the J?=07 states the relevant part of the inter-
action Lagrangian is

L£(0M)=RW)*+QWva)* (4.5)

The scalar meson masses are determined as ¢*= —u?
solutions of
1—2RJ(¢%)=0. (4.6)

J(g?) is a function of ¢* depending only on the dynamics
of the bubble approximation, and is defined in Eq.
(47) of II. The vector and axial-vector states follow
analogously:

08(1—) ZR(\Z'YM”Z"I‘Q’%(‘;UM‘I/)Z: (47)
49m?
{ 1—%1{21@2) W) —I(O))] }

x{1—% [1@2)—%"?(1@2)—1(0»]}

16RO 1(g)~1(0)F=0 (48)
q

and

L) =R@Pivavsh)*+Q5(ow)?, (4.9)
[1—$RT(¢")1[1—307(¢")]=0. (4.10)

First we consider the massless mesons. Using the
baryon mass equation (3.43), we find

I(g=0)=—8Ap(0,m)=—2/(g+f)  (411)
J(g*=0)=28(3/0m)Ar(0,;m)=2/(g—f), (4.12)

which are analogous to Egs. (21) and (49) of IT and are
derived in exactly the same manner. From Table IV
and Egs. (4.4) and (4.6) we see that there are massless
F-type octets of JP=0" and J¥=0+ mesons. We also
see from Table IV that there will be massless deciments
of JP=0% and J¥=0" mesons. Since the meson states
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are self-conjugate both the 10 and 10 channels have
zero-mass JP=0% and similarly J?=0~ meson states.
Why do these mesons occur? They are Goldstone bosons
only if se=h3;=0, as discussed above. They occur here
because the % terms don’t contribute to the approximate
boson mass equations when ¢?>=0 [cf. Egs. (4.4),
(4.6), and Table IV]. But since the 10 and 10 are Gold-
stone bosons for certain choices of %, they must appear
as solutions of these equations for all . They are there-
fore a result of our lowest order dynamical approxima-
tion rather than any exact symmetry. Presumably, in a
better approximation, they would not have zero mass if
either /4 or /3 were not zero.

Next, we shall look for solutions of the Egs. (4.3)—(4.9)
with small mesonic masses, u*<m?, and ignore other
(possible) collective states. In this approximation we
shall take I(¢®)~I(0)+4¢*I'(0) and J (¢*)=~J (0)+¢>J'(0),
where with the use of Eq. (73) of article IT

0@ 1O+
d¢? amr

This is the analog of Eq. (63) of II. It shows that in this
approximation the mesons are determined by the
coupling parameters f, g, k1, ke, 3.2 In order to consider
mesons of higher mass we would have to know more than
just the values and slopes of the functions I and J at
¢*>=0. These details depend on the dynamics and the
cutoff procedure and would lead us beyond results that
are primarily due to the symmetry structure of the
model. Once we specify /1, 4o, and %3 we can use Table
IV and Egs. (4.4)-(4.10) to find if any low-mass state
is present in any given channel.

For example, we consider the case for which /1= /%3;=0,
and Ay=—0.1m~2% is determined so as to givea J¥=1~
F-type octet of mass p=3%m. It is interesting to note in
this case that except for the massless mesons discussed
above, none of the remaining channels shows a meson of
low mass. We have summarized the results for this case
in Table V. As in the SUs model, the use of local four-
fermion couplings in the bubble approximation re-

—J'(0)=1I'(0)= (4.13)

g’=0

TaBLE V. Results of a search for the existence of meson states
of small mass for the simplified case in which we have arbitrarily
set the parameters of our Lagrangian %, and /%; equal to zero.
Z denotes a meson of zero mass; U indicates that the presence of a
small-mass meson is not found with the power-series expansion
technique; % means that the mass of vector meson octet has been
set equal to one-half the (degenerate) baryon mass, just as the
baryon masses alsowere given their value(s) as external conditions.
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2 Alternatively, we can take the cutoff «x, baryon mass m, and
h1, ks, hs as the independent parameters of Egs. (4.10), (4.11),
and (3.46).
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stricts us to mesons of spin 0 and 1. The results in Table
V are therefore complete and there are no other meson
states to consider in this approximation. There are, of
course, many other ways to complete the model in
which the %3, %, ks are chosen by other criteria.

5. SUMMARY AND CONCLUSIONS

In a specific dynamical model we have investigated
several of the recent proposals concerning higher sym-
metries. We have assumed the most general four-fermion
interaction Lagrangian that is invariant under crossing
and chiral unitary transformations on a fundamental
octet field . We have obtained lowest order solutions
which fit the observed physical baryon masses to
within ~6%, although they do not satisfy the Gell-
Mann—-Okubo mass formula.

Freund and Nambu* have indicated that spontaneous
breakdown of the chiral octet symmetry which is present
in our model must lead to the Gell-Mann-Okubo mass
relations. Our solutions involve mixings of the octet
currents with 10, 10, and 27 type currents which are not
small compared to the baryon mass differences, as was
assumed for the solutions considered by Freund and
Nambu. Specificially, the analogous situation for the
SU, model of article IT is the mixing of the 7'=0 and
T=1 channels, and Eq. (46) of IT shows that this mix-
ing is proportional to the mass splittings. When the
mixing of the octets with 10’s, 10’s, and 27’s in the meson
channels is as important as in our solutions then there
are more form factors that must be considered in the
generalized Goldberger-Treiman relations than were
used by Freund and Nambu. In our case then there are
too many free parameters to obtain mass and coupling
constant relations by their method.

All the baryon and meson states which can occur in
our model are determined in terms of a few parameters
(g,/,h1,k,hs). We have shown that solutions in the
lowest order dynamical approximation are completely
described with two functions, I(¢%) and J(g?), in addi-
tion to these parameters. If we confine ourselves to low-
mass meson states, we need know only the slope and
value at ¢2=0 of these two functions. The parameters of
our model can be chosen so as to give the vector meson
octet with the mean mass which is observed.

The occurrence of the zero-mass mesons is a conse-
quence of the spontaneous breakdown of exact sym-
metries. If these symmetries were not exact in the origi-
nal Lagrangian, but were slightly broken by a small
asymmetric bare mass of the form of Eq. (3.22), then
these meson states might no longer occur in our model
with zero physical masses. Using techniques similar to
those of Nambu and Jona-Lasinio we can show that a
unitary singlet component of bare fermion mass amount-
ing to only a few (~2-4)MeV results in a mean mass for
the pseudoscalar meson octet that is about that observed
in nature. We have remarked above that the mean mass
of the pseudoscalar octet is associated with the break-
down of the chiral symmetry, IV, and the mass of the
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scalar octet is associated with the breakdown of the
unitary spin symmetry, II. By analogy with calcula-
tions for the simplified model of article II, we estimate
that the introduction of splittings in the bare fermion
mass results in nonzero masses for the scalar mesons
ws? that are related to the pseudoscalar meson masses

wp? by

us®  m (5mo> (g+ f)

ue?  om\mo/ \g—f/’
where m and m, are the mean physical and bare masses,
respectively, of the baryons and 6m and dm, are repre-
sentative of the corresponding mass-splittings. If the
chiral symmetry breakdown is mainly spontaneous,
m/me>>1, but the unitary spin breakdown is mainly
intrinsic, so that m/me>>ém/dm,, then the scalar meson
masses could turn out to be much larger than those of
the pseudoscalar mesons.

When the pseudoscalar and scalar meson masses are
nonzero then the bubble approximation by which the
mass is determined will involve the coupling coeffici-
ents % in the Lagrangian Eq. (2.13). As noted above, this

(5.1)

50 A
D =
VZ 4/
EO+A>
= - —_ ,
¥ < el "
24
2 2 -
L /6

Similar matrix representations of the pseudoscalar and
vector_meson octets can be obtained by substituting
(m,K,K,n) or (p,K*K*w), respectively, for (Z,V,E,A)

M 1 0 0 —i 0
Mn=11 0 0f, =12 0 0f,
w 0 0 w 0 0
0 0 —3 0 0 0
=10 O 0], N=1|0 1,
Lz 0 0 W 1

The two diagonal matrices A\; and Ag are, respectively,
proportional to the third component of isospin /5 and
hypercharge V.

The Irreducible Tensorial Representation of
Unitary Spin

When the transformations of SUj are represented by
3% 3 matrices (unitary and unimodular), as in (A2), the
tensorial representatives of unitary octet symmetry are
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part of the Lagrangian does not have the Rs symmetry
which the f,g terms do. Therefore when the bare mass
terms are added to the Lagrangian the relative shifts
of the octets and 10’s will depend on the choice of
parameters and details of the dynamics. It is quite
possible that in this case the decimet mass becomes very
much larger than the octet mass. The bare masses might
represent the approximate effects of some weak cou-
plings of the fundamental field to other fields which do
not have the symmetries of our Lagrangian.?

Note added in proof. We are grateful to Jan Pisat for
calling our attention to errors in Eqgs. (A4) and (AS)
as they appeared in the preprint form of this article.
These changes do not affect the conclusions of our work.

APPENDIX
A 3X3 Working Representation of Unitary Spin

In practical calculations it is convenient to have in
mind a definite representation of the unitary spin func-
tions that occur in our model. An explicit example of a
3X3 working representation of the unitary spin octets,

¥ and ¢, is:

C 20 K = - 9
(&*7) * =
) - 3 K =
¥= z <_6+\76‘> ) (A1)
i i 2K
p n *\—/g

in the ¥ matrix. A corresponding 3X3 matrix repre-
sentation of the eight operators & which generate the
unitary spin transformations of SU3 on these ¥’s, is

1 0 0 00 1
N=|0 —1 0|, N=[0 0 0f,

0 0 0 10 0

(A2)

0 0 0 1100

M=1]0 0 —i|, X=—|0 1 0
V3
0 i o 00 —2

the direct tensor products of the octet representatives
A™(k, m=1, 2, 3). The irreducible tensorial representa-
tives of unitary octet symmetry are the direct tensor
products which have definite symmetries under permu-
tations among the covariant or contravariant indices,
and are traceless under contraction of any covariant

% This idea was suggested by Nambu and Jona-Lasinio. Cf,
Ref. 1.



B 932 BYRNE,
index with a contravariant index, 4%+ A"+ -=0.%
Symmetrizing and contracting in all possible ways the
direct tensor product of the pair of octets 4*,B#;, this

IDDINGS,
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prescription reduces the product into the irreducible
tensorial representatives of 1, 8, 8/, 10, 10, 27 dimen-
sions, respectively:

E=(1/8"1%)(4B)=(1/8"2)(A°.B"),
D= (3/10)1*(A B+ BpA %) —(2/15)"1*(A B)6%,
Feg=(1/6"2)(A°pB%— B4 %),
Xob —(1/4)(A2, BBy A% B8, F A8, Bx— AP B2,)
=< —(1/12)[(473BB,— AP, B7;)6%F(A73B*— A%, B%;) b,
X"‘ﬁya — (A4 B — A%, By) 805 (A 7y B o~ AP,By)6%],
196,5= (1/4)(A*yBPs+ A 3B+ APy B+ AP, B*y) 4 (1/40) (A B) (5,65 5— 6%0%,)
—(1/20)[(A°s B+ AP B5)3%+ (A 7sB*+ A% B75)6°,
+ (47, B~+A%B,)58+ (A°y B+ A8,B,)6%].

(A3)

The over-all normalization convention here is the same
as that used by Neville (cf. Ref. 25).

The invariant couplings of four unitary spin octets
can be formed by fully contracting pairs of the irreduci-
ble tensors given in Eq. (A3). For example, to contract
two t-type temsors, (£%8,5) (1%P0)T = 18, 4t07p, = 12,
When the octets combined in the first quadratic tensor
are AB, and those in the other factor are (CD)!, then
the quartic invariants are of the form (4B)(CD) and
(ABCD). In terms of the couplings 73, that we have al-
ready discussed in Sec. 2, the invariants that couple
irreducible quadratic tensor representations of unitary
octet symmetry, Eq. (A3), are

L?=(1/8)T1y,
D2= (3/10)(To+ To+ T3+ To)— (2/5) T4,
F2=(1/6)(— To— Tr+ T3+ T4)
DF=(1/24/5)(Ts— T1— T+ T4),
FD=(1/27/5)(— To+ T1— T35+ T),
XX=1(—T1—27s+27%)
+5(Ts+T)+3(Tot+T7),
XX =1(— 71— 270+ 27Ts)
+5(Ts+T)+3(T2+ 7)),
2= (—9/40) 71+ (1/2)(T's-+ T5)
A/ Tot Tot Ts+To).

25 See M. Hamermesh, Group Theory and Iis Applications to
Physical Problems (Addison-Wesley Publishing Company, Inc.,
Reading, Massachusetts, 1962), Chap. 10; see also D. E. Neville,
Phys. Rev. 132, 844 (1963), where the reduction of the tensorial
couplings according to irreducible representations of SU; are

thoroughly treated in terms of the same prescription that we have
summarily described above.

(A4)

The notation DF refers to the coupling of the first two
octets, A and B, into a D-type octet representation and
the last two octets, C and D, into an F-type octet repre-
sentation. In addition to the pure couplings, D? and F2,
the mixed couplings DF and FD also occur because the
symmetric and antisymmetric octets D and F trans-
form similarly under SUj;. The inverses of these equa-
tions are:

T,=8F2,
Ty=E2+D*— Fr4-— (XX 4-XX)

Ty= B+ D+ P24+ (X X+ X X)
16 5
Tyt Ti= S,

16

5
Tyt Tr=—E+-D*—3F?, (AS5)
33

2 4
T+ Ts= —5E2—§D2+2t2 ,

73— Ts=—(+/5)(DF+FD),
Ty— T1=(/5)(DF—FD),

Te_ Tsz '—2(XX—'XX) .



