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We consider a self-coupled spinor model of elementary particles having SU; @SU, symmetry. We demon-
strate that for the case of complete spontaneous breakdown of the isospin symmetry the bubble approxi-
mation gives a method for treating the meson states that is compatible with symmetries of the model in
that it gives the Goldstone bosons and Goldberger-Treiman relations exactly. We also show that by a con-
tinuation in the parameter characterizing the isospin breakdown we can transform from a solution having
isospin degeneracy to solutions in which the isospin, as well as the chiral symmetry is spontaneously broken.
Calculational techniques for our approximation are explicitly given.

N the preceding paper we consider the spontaneous
breakdown of unitary octet symmetry in a nonlinear
spinor model of elementary-particle theory.! That model
incorporated the symmetry SU;®SU;. We gave simple
arguments for the existence of various bosons. The pres-
ent paper is a more detailed study of the meson states in
such a theory using a simpler but analogous Lagrangian
which is invariant under SU.® SU..

We consider nonperturbative self-consistent solutions
having a high degree of symmetry breakdown and
identify as mesons the freely propagating collective exci-
tations of zero baryon number. In calculating the
properties of these collective excitations, we need a
simple approximation which is compatible with the
over-all self-consistency of our solutions. We want to
demonstrate that the description of the meson states as
chains of baryon-antibaryon dubbles in the lowest order
dynamical approximation in the Bethe-Salpeter equa-
tion is the appropriate method for treating the mesons
so as to maintain the over-all self-consistency of solu-
tions of our model where the fermion mass is treated in
the lowest order dynamical approximation. Nambu and
Jona-Lasinio showed this for the case of incomplete
spontaneous breakdown of SU;@SU; symmetry where
the chiral (ys) but not the unitary (isospin) symmetry
was broken.? We will demonstrate this dubble approxima-
tion for the case of more complete symmetry breakdown
where the unitary symmetry, as well as the chiral sym-
metry, suffers spontaneous breakdown. The generaliza-
tion is straightforward but not entirely trivial.

If the results of our calculations are to represent solu-
tions of our model that are generally valid beyond the
restrictions of our particular dynamical approximation,
in that higher order corrections will not alter them in a

* Supported in part by the U. S. Air Force through Air Force
Office of Scientific Research Contract AF 49(638)-1389. This
material is taken, in part, from the doctoral dissertation of N.
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IN. Byrne, C. Iddings, and E. Shrauner, preceding paper,
Phys. Rev. 139, B918 (1965). The results of the present paper are
applied in Sec. 4 of the accompanying paper, which will be
referred to as I.

2Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961);
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drastic, qualitative way, then our calculations should
preserve exactly the over-all symmetry of the model.
They should give exactly the zero-mass bosons pre-
dicted by the Goldstone theorem.? The essential point
of this theorem is that in order to conserve the current
that is associated with the symmetry of the Lagrangian
under a certain group of gauge transformations a
specific set of zero-mass boson states must accompany
the occurrence of the symmetry-breaking states in the
nonperturbative solutions. In our case the asymmetric
states are the physical baryons which do not have the
full symmetry of the Lagrangian because of the dynami-
cal masses they acquire through the nonlinear self-
interaction. We will confirm the actual presence in our
solutions of all the zero-mass bosons predicted by the
Goldstone theorem by explicit calculations, thereby
justifying our lowest order bubble approximation and
our assumption that the theorem and its proof are
relevant and applicable to our model.

Our solutions, although nonperturbative in nature,
are continuous functions of the parameters of the
problem. We will show that we can pass continuously
from one solution to an adjacent solution. In particular,
we will discuss how we can continue away from the
solution of incomplete symmetry breakdown where the
chiral, but not the unitary symmetry, is spontaneously
broken to the case of complete spontaneous breakdown
of both the chiral and the unitary symmetries. This will
allow us to solve for the meson states of our model in
the limit of a particular unitary symmetric solution and
then transform to solutions with complete symmetry
breakdown by continuation in the parameter which
characterizes the unitary symmetry breakdown, i.e.,
the baryon mass splitting. This process is equivalent to
using degenerate perturbation theory for the meson
mass splittings in terms of the baryon mass splittings.

To simplify our demonstration of the bubble approxi-
mation for the meson states and its consistency for the
case of complete spontaneous symmetry breakdown we
shall consider a model in which the basic fermion field has

3J. Goldstone, Nuovo Cimento 19, 154 (1961); J. Goldstone,
A. Salam, and S. Weinberg, Phys. Rev. 127, 965 (1961);
S. Bludman and A. Klein, sb:d. 131, 236 (1963).
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F1c. 1. (a) The baryon interaction with a weak external probe
field. The bare coupling with the external field is modified by
iterations of the strong four-fermion interaction of our model
Lagrangian Eq. (1) to form in our approximation simple chains
of closed baryon ‘“bubbles” effecting an equivalent phenomeno-
logical coupling that is mediated by exchange of a meson which
could propagate freely with a definite mass. The small cross indi-
cates the (bare) coupling to the external field. (b) The baryon-
baryon scattering at momentum transfers near that correspondmg
to the virtual exchange of a meson as effected by the iteration of
our four-fermion interaction in a chain of baryon-antibaryon
“bubbles.”

two isotopic spin components ¥ = (p,n); and we shall
consider self-consistent solutions in which the masses of
these two components are not degenerate #, M.
This is the two-component analog of the case dis-
cussed in Sec. 3 of I where the unitary spin octet g
had different self-consistent mass solutions for different
isomultiplets.* Our Lagrangian, constructed by excatly
the same methods as are discussed in Sec. 2 of I, is

£= gy Y+3al (5= P (122 2)— (V4 A1)
+18(S+ PHATH (12— 5-2)

+in(42—V2)(3124=-x), (1)
or
©= Ty 0y Sl fre o) FEP— 2= ge-s)
—3a(V2F A4~ V) (3150 )
+#72 (12 —=-x), (1)
where
g=(+p), f=(a—p). 1)

4 Nambu and Joan-Lasinio studied the two-component model
and emphasized solutions in which m, and m, were equal. They
also considered the case of a bare-mass term of the form mo=mg1
—+mos73 in the Lagrangian, which split #, and m,. However, they
showed only that in the presence of such a bare mass the 7-meson
mass (JP=0"isovector collective state) is the same for r3=—1, 0,
1 states if terms of the order of (m293/m01)? are neglected. We shall
consider a case where the bare mass of y is zero, so that the com-
plete symmetry of the Lagrangian is retained, but in the non-
perturbative solutions the two components of ¥ acquire non-
degenerate dynamical masses m,54m,; i.e., complete breakdown
of the isospin symmetry, as well as of the chiral symmetry. For our
case the Goldstone theorem applies rigorously. We assume the
validity and relevance of its proof. See M. Baker, K. Johnson, and
B. Lee, Phys. Rev. 133, B209 (1964). The theorem does not apply
in the presence of any "bare term in the Lagrangian. A situation
similar to ours has been discussed by M. Baker and S. Glashow,
Phys. Rev. 128, 2462 (1962).
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S?%, V2, T2, A2 P?here are the same Dirac couplings that
were described in Sec. 2 of article I; 12 and =+ = represent
the analogous scalar and vector isospin couplings, re-
spectively. Equation (1) is thus the analog in this two-
component isospin model to Eq. (2.13) of I for the eight-
component unitary spin model. Equation (1) is the
most general relativistic Lagrangian with the four-
fermion interaction that is invariant under the following
groups of gauge transformations®:

Q@: ‘[/ N eiv¢ , ‘l-/ N ‘/_/e—iu (2)
®: Yoy, P et 3)
C: ¢__) eihaw-ﬁl,, ,p_._)lpeié'yw‘f, (4)

We consider solutions of the model (1) for which the
physical baryon masses have the form

)

By the method discussed in Sec. 3 of I, we obtain self-
consistent mass equations analogous to Eqgs. (3.43)

§Mp= amPAF(OJmP)+ﬁmnAF(O)m") ’
sMn= CWnnAF (O,mn) +.8mpAF<0)mp) )

m=mil4-msws=5(mptmn) 145 (mp—ma)s.

=

(6)

(=

or
Myt =8¢[mpAr(0,mp)+mulp(0,ma) ],

, (6")
Mn= Sf[mPAF(O)mP) - mﬂAF(07mﬂ)] )

Mp—
where
ez‘xp

i
[ .
(2m)* pPH-mP—1ie

Since 71 in Eq. (5) represents the spontaneous break-
down of the symmetry group © above, then by the Gold-
stone theorem there will occur stable pseudoscalar,
isovector collective modes of zero mass. These states we
call 7+, 7% mesons. Similarly, since 3 in Eq. (5) repre-
sents a spontaneous breakdown of the isospin symmetry
group ® for rotations perpendicular to the third iso-
spin axis, then, according to the theorem, there will also
occur charged scalar meson states of zero mass. We desig-
nate these mesons as ¢*. With our particular choice of
the axis of quantization the mass operator (5) is still
invariant under rotations about the =3 isospin axis, so
the existence of a massless neutral scalar meson is not
required by the theorem. The neutral scalar may turn
out to be bound, but, in general, its mass is not required
to be zero.

We consider the response of our system to a charged,

Ap(x,m)=

51f 3=01in Eq. (1), then £ is also invariant under the ordinary
vs-transformations
DY — by, §— Jerrst;

however, we shall not impose this symmetry requirement. Note
that since the scalar and pseudoscalar Dirac couplings S* and P?
do not involve the parameter %, it will have no effect on the baryon
mass in the lowest order dynamu:al approximation (due to Lorentz
invariance). Also, we shall see that it cannot have any effect on
the presence of zero-mass scalar and pseudoscalar meson states,
since their existence is implied by the nonzero baryon mass solu-
tions and the Goldstone theorem.
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INITIAL COUPLING

-,

Tl Yg % SII¢
F16. 2. Diagrammatic representa-
tion of the first-order corrections in
the bubble approximation toward the
renormalization of the vertex for
coupling of the physical baryons of
our model to a weak external probe
field 8II¢). Here SIIC) transforms
as a Lorentz pseudoscalar and as the
negative component of an isovector.
The elements of the bubble matrix
ap, bp, bp', cp are those given in
Egs. (12)-(15).

ToY*qYs S

WHERE
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EFFECT OF A SINGLE BUBBLE ITERATION
r¢y5> r_ys(-g)Ox TiysS T =7iy, 3 M e,, (g?)
=icp(q?)
r,iy,‘y5> UV#Vs"Q‘ Ty S = Y eqYs S (q2)
-

= qi‘b,',(qz)

n>’5>f.)’5(-g) O mrarsdl) =riygy ST Mbe(q?)

=ibp(q2)

T*i7#75> T-iYuYsh x T,y qrs8ll) = royeqys SH(-)qp(qz)
| W— /

vV
=-10,0p(q?)

LA SI-? =Ur+iy5u8rl(') AND TyYeqYs SH"’:any.qysuSH('i

pseudoscalar, external field 6II which acts only in first
order. The most general coupling allowed by Lorentz
invariance is

8Lp ) = VW1 iy TIO )
FWYr vy, (s0). (7)

We want to calculate the phenomenological matrix
element of the vertex for scattering of a physical baryon
of our model from state 1 to state 2 by this external
field:

2|6Lp™ | 1) =dtor [ VE(g®)ivs
+WE(@Dy- qys Ju611 . (8)

Here V#(g?) and W%(g?) are the phenomenological form
factors we get by the renormalization of the couplings
(7) with the bare strength parameters V° and W°. In
renormalizing such couplings we will consider only the
class of diagrams shown in Fig. 1(a). We shall define the
bubble-amplitude matrix B(g?) as that matrix which
gives the effect of adding one more closed baryon loop
to a chain of IV loops.

oo™

The phenomenological form factors V2(g?) and W%(¢2),
as in Eq. (8), include in our approximation the sum of
the effects of all possible lengths of simple chains of
closed baryon bubbles, as shown in Fig. 1,

(VVVZ)Q - [B(g?)]N(;i)) - [1—3@2)]—1(;;) .
(10)

)

plg?)=
o ¢*(2m)*

h)
/ d'p Sp[5Sr(p+359)iv-qvst—3Sr(p—39)v-qvsti ],

The derivative couplings are included in Eq. (7)
(W0#£0), since the chain graphs of Fig. 1 will induce
such terms in the renormalized vertex (8), even if only
the direct coupling term was present in the original
interaction; thus, they must be accounted for by the
bubble matrix B(¢?).

In the bubble approximation to the inhomogeneous
Bethe-Salpeter equation for the &I vertex, as dia-
grammed in Fig. 1, the direct coupling of Eq. (7) is
modified by a single iteration of the Lagrangian (1’) in
which the baryon pair interacts at the closure of the
first bubble through the axial-vector coupling term
h/2A%x-x, or through the pseudoscalar coupling term
—g/2P%-x, of the Lagrangian (1’). Likewise, the gradi-
ent coupling in (7) can be modified by the baryon pair
interacting through either of these two terms of the
Lagrangian. The (four) possible ways in which a single
iteration of the Lagrangian acts in the first-order bubble
corrections to the couplings (7) is illustrated in Fig. 2.
Thus, the effect of a single bubble correction is that the
direct coupling,
A aysudll ), becomes #r [ iyscp(g?)

+v- qysbr'(¢?) JusI
and the gradient coupling
fryy-qysudIll) | becomes dri[#ysbp(g?)
+7v-qvsar(g?) JusI,
where ap, bp, bp’, cp are the elements of the bubble
matrix

c(g®) 5%
5@~ () ) (1)

ACORICY)

for the case of pseudoscalar coupling.
(12)
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—2i(ih)
b (¢%)= / d'p Sp[3Sr(p+39)iv- qrr3Sr(p—3Qivers], (13)
¢*(2m)*
—2i(ig)
bo(¢t) == [ SpL1Ss(p+harer S (6—dhv-gvns], (1)
(2m)
—2i(ig)
erg) == [0t oIS Hahvr A e p—hers ], (15)
T
where 1 1
S )=2i[—(1—f— ) F2(1—13) :I 16
#(p 5 Ta/iyp-l—m,, 3( mivp—i—mn (16)
and
74=2"12(7,t47,)
and Sp indicates the spur of any Dirac and/or isospin matrices which fall under this sign.
The matrix elements (12)-(15) reduce to forms depending on just a single integral,
ap(q®)=—q *(mptma)*h[1(¢*)—1(0)],
be'(¢%) = (h/g)(1/q")br(¢*) = — g *(my+-ma)h[1(g*)—1(0)], (17)
cp(q)=—gl(¢”),
where
1) =— / @S [ : } (1)
q)= 1Y Vs Y
(2m)" i (p+30+my (p—t))+ma
and .
Hg=0)=— Jers] ——t——TJomtm (19)
=0)= MptFmn)”
! (2m)* vptmy, —ivptmad
= —8[mpAr(0,m,) FmalAp(0,m0,) ] (1 ym2) L. (20)

The integral 1(¢?) is a function only of the square of the
four-momentum ¢, by Lorentz invariance; so we can
evaluate the integral I(¢?=0) by setting ¢ identically
equal to zero. In this case the integrand may be separ-
ated into partial fractions, as in Eq. (19), and I(¢?=0)
turns out to be given by the self-consistent mass equa-
tion (6'),

I(¢?=0)=—¢g". (21)

Reduction of the matrix elements (12)-(15) to the
simple dependence on the single integral 7(¢?) is accom-
plished by using the identity

iy-q=[iv(p+39)+m]
+L—iv(p—39)+ma]— (mptm.)  (22)

in the numerators of the integrands, and taking advan-
tage of the Lorentz invariance of our model and the
convention of symmetric integration.® These relations

6 See J. M. Jauch and F. Rohrlich, The Theory of Photons and
Elecirons (Addison-Wesley Publishing Company, Inc., Reading,

Massachusetts, 1955). The appendices discuss the evaluation of
integrals of the type we are concerned with here. In particular, we

take 1 i
- = 4
f R v 7y f e v

LA S )
f #p s G- Fm

We wish to thank Professor J. D. Bjorken for calling our attention
to the usefulness of Eq. (22).

and

are derived by considering the formal expressions for
the covariant integrals of our model without evaluating
these integrals, which are, in fact, divergent. The rela-
tions derived this way are not strictly correct in an
arbitrary Lorentz frame when a simple cutoff procedure
is used. The convention that we have adopted for the
reduction of the relations among the (divergent) in-
tegrals of our model corresponds to the adoption of
particular subtractions in the dispersion integrals of
Nambu and Jona-Lasinio. [ See Eq. (13) of Ref. 2.7 We
hope to convince the reader that fixing the subtractions
according to our convention sustains the self-consistency
of our solutions.”

In the case of the pseudoscalar coupling (7) and (8)
the matrix which enters Eq. (10) for the total correc-
tion in our bubble approximation is

(1—ar(g?))
br(q?)

br(g?)

1—BP ) Hl=—— ,
[1-Be(g?)] i) @

AP(lf)(
where
Ap(g?)=det[1—Bp(g®) J=1—cp(¢?)

follows immediately from Egs. (17) and (21) for the
matrix elements. Using the matrix (23) in Eq. (10),

7Cur subtraction method is consistent with that used in
quantum electrodynamics, although there covariance complica-
tions are minimized by taking the limit of no cutoff.
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we find that the direct pseudoscalar coupling (V°,W°)
=(1,0), renormalizes into

Q2|gryivsy| 1>=7Z27'+l [;[I__(_q"’)——I(O)]

. (mp+mn)h
1Y5— veqys(#1. (24)
9’8

| (m,,—l—mn)zh]
T
9’8

The first term on the left-hand side of this expression
has a singularity at ¢?=0 corresponding to a =~ meson
of zero mass. The other terms (proportional to /) have
nothing to do with the fact that these Goldstone bosons
must occur.?

The renormalization of the gradient coupling (V°,W0)
=(0,1) in Eq. (10) gives

Qlryy-qvsy | 1) =1ar [y qvs— (mp+my)ivsJus.  (25)

This is more clearly understood by considering that the
gradient coupling in the pseudoscalar case is equivalent
to a direct coupling to a longitudinal axial vector, the
gradient of the pseudoscalar test field, ¢,611¢) = 64,2,
Thus, the same bubble matrix applies, giving

QlPryivirsy | 1064 ,2 0 =tor i [iv,vs
+((mpt+mn)/ ¢ quvs Jur184 .2, (26)

which is the matrix element of a conserved axial current,
the “induced pseudoscalar” gradient coupling being
just that required for the Goldberger-Treiman relation.’

All that is said of one charged meson state applies
directly to the state of opposite charge, because our
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solutions, as well as our Lagrangian, are symmetric
under rotations about the T’ isospin axis. This sym-
metry is manifest in our bubble approximation in that
Sp(r47-)=Sp(r47—) in the basic bubble elements
(12)-(15), so they are identical for the positive and
negative channels.

Next, we consider the neutral pseudoscalar meson
channel. The T'=1, T3=0 mode, 7% may mix with the
T=T3=0 mode, 7, in our solution because the physical
baryon mass, Eq. (5), does not commute with the total
isospin T (although T3 is still conserved in the single-
baryon states). The most general coupling of the neutral
pseudoscalar channel to the baryons of our model is

6£P<0) = VOI;T;;i'Ys!ﬁBH (0) +X0¢T3’l:’y,,,’)/5lpa,,(6n (0))
+W%iysp S H+ Y %ivyyspd,.(6H) ,

where 8II® is an external, neutral pseudoscalar test
field having isospin 7'=1 and 6H is a similar isoscalar
test field. The full bubble matrix that corresponds to
Eq. (11) is a 4X4 matrix in this case. To avoid the
complications of a four-channel problem we anticipate
the masslessness predicted by the Goldstone theorem
and treat the coupling of the #° and 5 modes only at
¢.=0, where the gradient couplings vanish. In the
neutral pseudoscalar channel the baryon pair which
interacts at one end of the bubble through the isovector
part —3gP?x-x of the Lagrangian (1) can interact at
the other end of the bubble through the term —3 fP?12.
So the “bubble’ in the g,=0 case is a 2)X2 matrix which
mixes the 7=1 and 7'=0 modes. For the matrix ele-
ments we have

@7

—2i(ig) — 1
c(7%¢%) = /d"S LSr(p+21)vsrsiSr(p—3q)iyss] — /d4 4|: } :I (28)
(7%¢?) ) p SpL3Sr(p+39)vs7s5Sr(p—39)ivsTs — (2m)s 4 tmr
and similarly
—2i(if) )
)= [0 SoL8S o+ 3o dinel = ATTAROm) - 8 0m)] (31)
T n=
and
—2i(ig) )
b(0m,q%) = 2" d*p Sp[3Sr(p+3m)vsms3:Sr(p—39)ivs], (32)
I
7)) 4g[AF(o)mp) - AF(O:m")] ’ (33)
=
and matrix at ¢?=0 are
b'(ﬂ, 7701 q2=0)= (f/g)b(ﬂ'o; s 9220) . (34) A=1
The eigenvalues of the neutral pseudoscalar bubble a2+8  of (M my (35)
8 The &/q? factors are due to our use of a longitudinal projection A= } ) .
operator on the axial-vector coupling. A careful treatment that a?— (2 a2—62\mp Mn,

avoids them is given by N. Byrne, thesis, Stanford University,
1965 (unpublished).

9See P. G. O. Freund and Y. Nambu, Phys. Rev. Letters 13,
221 (1964) ; which contains further references.

So, there is a triplet of pseudoscalar meson states with
mass zero, as predicted by the theorem. The neutral
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component does not have definite isospin because in the
solutions we are considering the baryon mass (5) breaks
the isospin symmetry ® as well as the chiral symmetry
C. We shall assume, however, that this isospin break-
down is small enough so that we need not calculate here
the coupling for the #° separately, but instead can use
the same coupling as the charged pions in an approxi-
mate charge independence. There may also be some
other value of ¢? for which the n mode propagates as a
free particle, i.e., another root of det[1— B(¢?)]=0. We
shall ignore it for now.

Following the method of Nambu and Jona-Lasinio,
we can also obtain the effective coupling constants for
the phenomenological interactions of the mesons of our
model with the baryons. The scattering amplitude near
the pole corresponding to the virtual exchange of, say,
a 7t meson, is

(=9
F=r_yst-

(36)
1—cr(g?)

T+Y5

and in the neighborhood of the pole [1—cp(g?)] is
just?®

1—cp(¢?) = 1—cp(q*= —ur?)

—(¢*+ua")der(¢®)/dg* ]z (37)
SO
(—g)
T s T+Y5
— (A der(q)/ A ot
=Gproys(1/(P+ua2))m475Grp, (38)

AND SHRAUNER

and, thus, the phenomenological coupling constant is
g
2

2
[der(g®)/dg* ]qrma?=0
-1

[dI(g%)/dg* Jormmpa’=0
We shall defer evaluation of Gp? until we have treated
also the zero-mass scalar mesons of our model.!!

The Goldstone theorem also predicts a pair of
charged scalar mesons, corresponding to the spontaneous
breakdown of the isospin symmetry ® by the isovector
component of the baryon mass ms;. We will confirm the
presence of these zero-mass scalar states in our theory.
We will also confirm that the phenomenological matrix
element of the charged components of the longitudinal
vector, isovector vertex is that of a conserved current,
conforming to a “generalized Goldberger-Treiman rela-
tion” in its induced gradient term. The same techniques
apply here as were used in treating the pseudoscalar
mesons and the charged components of the longitudinal
axial-vector current.

The bare coupling of our baryon system to a charged,
scalar, test field 6¢ is

8850 =VWrhde O+ Wryiv,a.(567), (40)

and the phenomenological matrix element of this vertex
that we want to calculate is

2|65 1)=aeri [VE(@)+WE(g?)y- ¢ Jurdp ™. (41)
In the charged scalar (or longitudinal vector) case the
bubble corrections are accomplished by the strong inter-
actions of baryon pairs through the two terms 24V?z- <
and % fS%z- < of the Lagrangian (1). The elements of the
bubble matrix in this case are

—1/I'(0).  (39)

—2i(—1)
05(92):*;222 ™ / @*p SpL3Sr(p+39)7-v- 3Sr(p—39) 74741, (42)
—2i(— )
850 = [0 S0y S tms) 3)
b<2>="2i(f)/d4 SL3S(p+0)r_4S(p—3e)mer-a]
sig (2n)t p OpLzor(pT29)T—39r(p—2¢9) 747 ¢, (40)
_Zi(f) 1 1 1 1
sy = [ #9 SOSHrtR0ASe(p1)n ] @)

Diagrams analogous to those of Fig. 4 for the pseudoscalar case can also be used to illustrate the single-bubble
process which these matrix elements describe. These matrix elements also reduce to a simple dependence on a

single integral:

as(q®)=q > (my—mn)*h[J (¢*)—J(0)1,

bs(g)=(— f/m)q*'(¢®) = —i(mp—ma) f[J(¢©)—T(0)],

es(q®)=f7(q,

(46)

10 A careful treatment of the baryon-baryon scattering requires the use of the full matrix B. See the reference given in footnote 8.
1 Tn general, the equivalent meson nucleon coupling constants must be obtained by summing nucleon-nucleon scattering graphs
and comparing the results with perturbation theory for one meson exchange, cf. Fig. 1b. For the case of 1~ mesons for example, both

the vy, and o,,9, couplings can be uniquely determined.
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where
sy [apsp[ —— ——] )
nd (2m)1 @y (p+39)+my) Gy(p—39)+mn)
J(0)= o / dp Spl: ! jl(mn—mp)“‘
(2m)* wyp+my, ypt+m,
=8[mpAr(0,mp) — maAp(0,m) (mp—ma)t. (48)

The same methods as those used for handling the
integral I(¢?) in Egs. (18)—(20) apply here to J(g?).
The self-consistent mass equation (6') gives

J(g=0)=f
corresponding to Eq. (21) for I(¢?=0). Again we have
As(g?)=det[1—Bs(¢*) J=1—cs(¢®),  (50)

and the bubble denominator matrix follows the same
way as in Eq. (23) for the pseudoscalar case. Applying
the matrix [1— Bg(¢?) 1™ to the column vector (V°,W?)
=(1,0) we get the effect of the full strong-interaction
corrections in the bubble approximation to a direct
coupled, charged scalar probe

1
JLJ(0)—J(g%]
(mp—mn)zh:] (mp—ma)h
+ _ 28 Ui .
¢*f ¢/ "

This expression clearly indicates that there is a pole at
¢*=0 in the charged scalar channel of zero baryon
number.!? The positive and negative channels are the
same throughout our treatment, and the two stable
meson states implied by these poles we call ¢=.

We get the renormalized gradient coupling in the
scalar channel by applying [1— Bs(¢®) ] to the column
vector (VO,W°)=(0,1)

(2 |¢T+’Y g | 1) =dsry [ (mp—mn)it+y-qJur. (52)

The gradient coupling to a scalar probe is equivalent to
the direct coupling to a longitudinal vector probe, which
may be taken as the gradient of the scalar probe field,
8V, £ =09,(6¢). The bubble matrix for these two
cases is readily seen to be the same, and we get

QPraiyap [1)5V 2
= o [iyu— ((mp—mn)/¢*)qu Jur8V, 2 (S3)

which is the familiar form of a conserved current matrix.
The induced scalar gradient coupling term here is just
that which conforms with a generalized Goldberger-
Treiman relation.®

(49)

<2|¢T+¢11>=a27+{[

(D)

2 The /¢® terms do not represent ¢~ mesons. The situation is
analogous to that discussed in Ref. 8.

These charged, massless scalar mesons, which are pre-
dicted by the Goldstone theorem, are not the scalar
meson states that Nambu and Jona-Lasinio found in
their calculation. They found scalar states of baryon-
antibaryon systems of zero binding, i.e., instead of zero
mass they found scalar collective modes of mass 2m.
This difference is due to the different self-consistency
conditions which we imposed in obtaining our solution.
They considered nonperturbative solutions for which the
isovector component mj3; of the baryon mass (5) was
Z€ero.

What about the neutral scalar mesons? As we dis-
cussed above, the isospin symmetry breakdown, as
represented in the baryon mass expression (5), must be
accompanied by the charged, massless scalar mesons,
but the Goldstone theorem does not require the presence
of the neutral scalar mesons of zero mass. However, as
mp and m., are allowed to become degenerate the spon-
taneous breakdown of the isospin symmetry is removed,
and the theorem no longer requires any massless scalar
mesons. How is this symmetric limit approached? Do
the charged Goldstone mesons uncouple, or vanish, or
do they remain coupled while the isospin symmetry is
restored by the occurrence of a zero-mass neutral
scalar meson to complete the isomultiplet? It turns out
that the latter is the case, and so we shall demonstrate
this interesting effect rather than trying to find the
neutral’s mass and coupling in the more general non-
symmetric solution.

We consider the neutral scalar meson channel. The
T=1, T3=0 mode, ¢° may mix with the T'=T73=0
mode, o, in our solution. The most general coupling of
the neutral scalar channel to the baryons of our model is

5050 = VoPraf oD+ XoPrai 0,(569)
+Woyez+ Yo‘inu‘/;aM(az) , (54)

where 6¢® is an external scalar test field having isospin
T=1 and 62 is the isoscalar test field that is like a
classical field of the ¢ mesons.

As we are interested in a massless meson, we avoid
the complications of a four-channel problem by
going directly to treat the coupling of the neutral
scalar channel at zero momentum transfer ¢,=0,
so that the gradient couplings need not be con-
sidered. In the neutral scalar channel the baryon pair
which interacts at one end of the bubble through the
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isovector part %fS%t-x of the Lagrangian (1’) can in- 2X2 matrix which mixes the =1, T3=0 ¢% mode with
teract at the other end of the bubble through the iso- the T'=T3=0 ¢ mode, in direct analogy with Eq. (27)
scalar term 3gS?12 So the bubble in the ¢,=0 case isa in the pseudoscalar case. The matrix elements are

—2if / 2% 1 1
0’ N = d4p Spl'iS +l 1q ( —1 /d" S l: ! ]
) S A I FTTY A Kewewe i rwng

(2m)*
9 9
dmp Mn
and )
— 41
ooy ss | 4 SRS IASH 4] (o 0= (0 (56)
and
B(o0,4%) =— f/d“PS [3Sr(p+39)7s3Sr(p—3 )]——*‘U{—?—Em Ar(0;m )]——a—[m Ar(0 )]}
¢5,0,9 (27r>4 PLZOF 2q)T3aOF 29 =0 6mp p=F\Y,p om, nAF\Y,Mn

=b(¢%0,0)=b'(0,¢"0)(f/g). (57)

As we approach the limit #,—> m,, in which the isospin symmetry ® is no longer broken, we get

(¢’ ¢*=0) =fa(<r, ¢*=0) ——— 8f—[m,Ap(0,m,)]
g mormn (58)

b(¢" ,0)=(f/ 1) (3,¢",0) ——— 0.

So, in the symmetric limit #, —> 4, the T'=1 and T'=0 isospin modes uncouple. Furthermore Eq. (58) represents
the emergence of a stable ¢° meson because in the symmetric limit m, — m, the self-consistent mass equations

(6”) become
g1 =8Ar(0,mn) (59)

d
[1=8—{ma.Ar(0mn)], (60)
My

whereby ¢(¢° ¢?=0)=1 in Eq. (58) and we get a pole in the ¢° channel. So in the symmetric limit #, — m, we have
a complete isospin triplet of scalar mesons of zero mass, free of any coupling with the 7’=0, ¢ channel. In the general
case where mp7#m, the ¢° channel may have a stable state of nonzero mass.
The phenomenological coupling constant for these massless scalar mesons is given by the analog of Eq. (39)
for the pseudoscalar mesons ;
2

T Les)/ A i [T(qD)/ g% 0

We can consider these coupling constants for the massless scalar and pseudoscalar mesons simultaneously by
writing [from Egs. (18) and (47)]

I'(0) 44 d dmyma=t(4p°—q?)
= ) il ]
¢*=0

=1/7(0). (61)

J(0))  (2m)* dg’LL(p+q/2)*+mp* [ (p—q/2)*+m.*]
Ap(0,mp)— Ap(0,m,,) 2 r dAp(0,my) dAp(0,m,)

- |- m e, ] (62)

W2 — M2 mn:l:mpl_ dmp? dmn

so in the limit m, — m,

AAr(0,m.,) 9Ap(0,my) 9 \?

(gt=0) ——» —6 J(g=0)—— 6 +4mn2( ) A (Om). (63)
mp->mn amn mp=>mn amn amn2
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Assuming that the higher the derivative with respect to
mn of the (divergent) integral Ap(0,m,), the more con-
vergent is the resultant integral, we might ignore the
second term in the expression (63) for J/(0). In that case
it becomes apparent that the renormalized phenomeno-
logical coupling constants of the massless scalar and
pseudoscalar mesons in our model remain more-or-less
equal in the limit #,=m,, in which the isospin sym-
metry ® is no longer broken:

dAp(O,mn) —1
Gszf_v_c;pb[c—m—-—] . (64)

dmy?

In our self-consistent program the masses m, and m,
are regarded as given external conditions in terms of
which the coupling parameters f and g are determined
through the mass equations (6"). But the case when m,
is exactly equal to m, is exceptional, because, instead of
the two mass equations (6), the only equation that one
derives for the degenerate baryon mass is Eq. (59).
This determines g but says nothing about f. This is the
type of degenerate mass solution considered by Nambu
and Jona-Lasinio, in which no zero-mass scalar mesons
occur. On the other hand, if the degenerate-mass limit
(60) of the second of the self-consistent mass equations
(6") is imposed as a condition to fix f, then the isotriplet
of massless scalar mesons is present in the theory, even
in the case m,=m,.

If we impose the condition (60) to determine f
in the degenerate-mass case, then the limiting process
mp—> My can be reversed and all the results of our solu-
tions can be continuously varied from the degenerate-
mass, isospin conserving case to the case of nondegener-
ate baryon masses in which the isospin symmetry ® of
our model suffers spontaneous breakdown. Imposing
this condition (60) in the degenerate-mass case just
selects the correct zero-order solutions, as in degenerate
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perturbation theory, from which continuous variations
to the case of broken isospin symmetry may be made by
means of power-series expansions in the perturbation
parameter (ms/mi1)= (mp—m,)/(mp+m,). We shall
make use of this in our consideration of the spin-one
mesons, where we shall determine only the gross qualita-
tive properties of these states in the degenerate-mass
limit with the condition (60) imposed on the zeroth-
order solution, and assume that the fine-structure
splittings of these states can be obtained from expansions
in powers of (m3/my).?

Whereas it was a great convenience that we could
anticipate the poles for the spinless mesons at just that
value of momentum transfer ¢=0 which simplified our
calculations, in the spin-one cases we can anticipate no
particular convenience of this sort. We must include
the ¢g-proportional gradient coupling terms throughout.

In the case of the transverse vector isovector current
we consider the response of our system to a weak per-
turbation by a charged external probe field §¥V,7

8Ly O =V%r iy pdV, T
+W0‘/;7'+0'w'll/6v(5 VHT(‘)) ) (65)

and the phenomenological matrix element of this vertex
that we want to calculate is

@2[oLy [ 1) =t [VE(g")iva
+WR(@Yiowg, Jusd V7. (66)

The superscript 7" stands for the transversality of the
probe field V7). Each of these couplings is modified
by the strong interactions of the baryon pairs through
the terms —3/4V?%-x and —§B7% -« of the Lagrangian
(1) to form successive closed bubbles of a chain as
shown in Fig. 1. The matrix elements which account for
the mixing of the two coupling terms in Eq. (66) in
adding a single bubble to the chain are

c V(gz) =30 0 =3[ 0p— (QI‘QV/qz)]CIW= 1(5,“,6,“,—(13) ) (67)
—2i(in) '
cv(g)+3as(g?)= m / d*p Sp[3Sr(p+39)1um—5Sr(p—39Q) 177+ 16w, (68)
m
—2i(in) ,
brlg) = [ 4y LA (o h0hrir ASn(p—0)imatars Tow, (69)
3(2m)*
—2i(i8/3)
bv'(¢?)= d*p Sp[5Sr(p+39)04aea™3Sr(p—39) 137+ 10w, (70)
3¢%(27)*
—24(i8/3)
av(g)=———"— / d*p Sp[5Sr(p+39)0ualdar—5Sr(p—%9)0.8967+ 10w » (71)
3g2(2m)*

13 These arguments are not affected significantly by the cutoff procedure used as long as our philosophy that all the physically
meaningful relationships are to be obtained before the application of an ad koc cutoff or subtraction scheme. These arguments should
be re-examined if more complicated approximations were to be used for the baryon self-energy and the meson states than our

single-bubble approximation.

4 We continue to consider the charged isovector channel to avoid the problems of the mixing of the isoscalar and isovector
modes in the neutral channel, as was considered above in the case of the #° and  pseudoscalar states.
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where as(q?) in Egs. (67) and (68) is the longitudinal element calculated in Egs. (42) and (46), and 6,7
= (8,w—qugq~2) is the transverse-vector projection operator.

As in the previous cases these (divergent) elements of the transverse vector bubble matrix can be reduced [by
exploiting the Lorentz invariance of our model, the convention of symmetric integration, and the self-consistency
conditions (6')] to the (divergent) integrals J(¢?) and I(g?) defined above in Eqs. (18) and (47). We get

cv(g?)=(=1/3){31(¢*)+T(¢*) =g *(mp—ma) 'L =T (¢*) I}
bv(g*)=(—3¢*h/B)bv'(¢*) = h(mp+ma) g +1(¢%) ] (72)
av(g?) = (—B/N{31(¢*)+2J(¢*)—2q*(mp—ma)’[ [~ — T (¢*) ]} .
With these same techniques it is easy also to prove the identity
1(@*)+(mpt-ma)*q g7 +1(¢%) 1= — T (¢*)+(mp—ma) g [ [ =T (¢*) ], (73)
with the help of which the matrix elements (72) may be expressed purely in terms of the integral I(¢?):

cv(g)=(—h/3{21(g*)— (myptma)’q g7 +1(¢*) ]} ,
bv(gt)=(—3¢h/B)bv' (¢*) = h(mp+m.) g +1(¢*)], (74)
av(g®) = (—B/N{L () —2(mp+ma)*q g +1(¢) 1} -
The condition that we have a vector meson of mass uy in the bubble approximation, according to Eq. (10),
is that
0=Ay(¢*)=det[1—By(¢*)] (75)
have a solution at ;u./‘": —¢2. Using the expressions (74) for the matrix elements, this characteristic equation for the
vector meson mass 18

0=det[1—By(¢?],
=1+(1/3){21(¢*) = (mptmn)*q[g '+ 1(g*) 134 (8/9){L (¢*) = 2 (mptmn)*q ' [g7 +1(¢*) T}
+(1B8/27){21(¢*) = (mptmn)*q[g~'+1(¢%) LI (¢*) — 2(mp+ma) gL'+ 1(¢*) 1}
+ 1B/ 9) (mp+mn) gL' +1(g") . (76)

As it stands, this equation is rather intractable. Recall also that the coupling parameter % is, as yet, an undeter-
mined parameter of our model.

To make a start toward finding what vector meson mass solutions, ¢>= —puy?, Eq. (76) has, we will consider the
limiting case of (m,—m,) very small, and assume also that the vector meson mass is small enough so that

Hg)~I1(0)+¢*[dI(¢*)/dg* Jormo=—g "+ ¢°I". (7
For this case the identity (73) yields in lowest approximation
I'~(g7'— f1)/4m.?, (78)

and in this approximation the eigenvalue equation (76) becomes
. [1+(/z/3)(f‘1—3g"l)][1—(6/9)(3g‘1_2f*‘)]12
My =—q

' (g7 = J L= hBf-14/9+20+6/3]

For convenience, let us introduce a relativistic cutoff k2= 100m.,2 of the type described in Eq. (46) of I in which
case g'1>0.5m,? and f'=~8.8m,? and Eq. (79) then determines the coupling parameter /4 in terms of uy2 We
take uy?=2%m,2 The value obtained by this procedure is #~~0.15#,72. We can now use this value of % to see what
mass is predicted for the axial-vector mesons.

For the axial-vector isovector mesons we study the response of our baryon system to a charged, external, trans-
verse axial-vector probe field 64 ,7. The perturbation due to such a probe is

M. (79)

LA = VO‘ZT+Z.'YM75\[’5A MT+ iWO'ZT-I—G'uv’YS‘//aV(aA uT) s (80)
for which we want to calculate the renormalized matrix element
2[6La [ 1) =1or [ VE(@))ivuys+WE(g)owgrysui 64,7 . (81)

The transverse axial-vector coupling mixes with the tensor coupling

(=B/6)T?=+x=(—B/6) 3o weidoweh=(—B/6)bouysoidomysed (82)
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in the same way as the vector coupling does in the bubble matrix. The elements of the bubble matrix are

—2i(h)
ca(g)+3a,(¢d) = (2m)t /d4P Sp3Sr(p+3QiviysT—3Sr(p—3Q)ivvysT+ 0w, (83)
m
—2i(h) '
ba(gh)= / d*p Sr[3SE(p+39Qivuyst—3Sr(p—39)0vagaysT+ 0w (84)
3(2m)4
—2i(—pB/3) .
balg)y=——"—"7 / d*p SpL3Sr(p+39)0ualayst—5Sr(p—50) 111574 100 (85)
3¢%(2m)*
—2i(—B/3) L
as(g)=—"—"— / d*p Sp[3Sr(p+39)0uaqaysT—5Sr(p—39)0v896Y57+ 104, (86)
3¢2(2m)*

where a,(¢?) in Eq. (83) is the longitudinal element cal-
culated in Egs. (12) and (17). Commuting the v
through until it annihilates on another v5in each of these
elements reduces them to the corresponding element of
the transverse vector bubble matrix, Eqs. (68)-(71),
with the substitutions of the exchanges

(mpt-mn) < (my—ma),
heh,
ge f; or equivalently, a 2« and S = — 3.

The integrals defined in Eqs. (18), (47), and (62) are
related according to

(87)

(88)

so the replacements (87) imply an exchange of I(¢%)
with —J(g?) in going from the transverse vector bubble
matrix elements, as given in Eqs. (74), to those for the
axial-vector case.!

In the limit as |m,—m,| becomes arbitrarily small
the bubble matrix for the charged axial-vector mesons
diagonalizes, b4=04"=0, and the characteristic equa-
tion for the mass of these mesons becomes

_I<mpymﬂ;g2): ](m;m — M, 92) )

1 2
)-—sr). )
9 27 !

In the approximation for small ¢% according to Egs.
(73) and (77), this gives

3= f[2h—38—(2/9hB ]
g~ dm,2. (90)
(g7 =/ [2h—38—(2/9)h8f]

15 The scalar-longitudinal vector and pseudoscalar longitudinal
pseudovector bubble matrices are related by the same exchange
(87) that relates the transverse vector and transverse pseudovector
cases. The bubble matrix elements for the charged pseudoscalar
case, Eqgs. (24)-(26), are changed into those of the scalar case,
Egs. (51)-(53), under the substitution of the exchange (87). This

2
0=1—J(¢?) (5};—

pat=—g

exchange can be effected more elegantly by the chiral
transformation

Y > eitrlrsDry o — Jeitr(rs sy,
which, of course, is not contained in the symmetry group of the
Lagrangian (1), but causes it to undergo

L@ Sl — L(f,gh).

If we now use the relativistic cutoff x?=100m,2 and
assume the presence in our model of vector mesons
of mass uy=~3m,, which we found corresponds to
h=0.15m,~2, then Eq. (90) gives ua?~6m,* for the
mass of the axial-vector mesons. Thus, the axial-vector
meson mass turns out to be so large as to invalidate the
power-series expansion approximation by which it was
derived. (The same qualitative result holds for any
reasonable values of the cutoff 22> 2m.,2.) Nevertheless,
we take this large estimated mass as indicating that the
actual mass of the axial-vector meson in our model is too
large to contradict the lack of its experimental observa-
tion, even if it were calculated in a more exact manner.

We have treated only the charged vector and axial-
vector meson states. This is consistent with our hy-
pothesis that the isospin breakdown is small, in which
case the neutral mesons in the isovector-like modes can
be assumed to be almost like the charged modes with
which they are degenerate in the charge-independent
limit. And, as we went to some length to point out
above, small deviations from the charge-independent
limit can be treated by analytic continuation, starting
from the symmetric limit. The phenomenological cou-
pling constants for these and all other mesons of our
theory can be calculated by the method described in
Egs. (36)—(38) and (61)—(64) for the massless spin-zero
mesons, although when the meson pole occurs at non-
zero mass more than just one element of the bubble
matrix will contribute as in Eq. (37). Thus, we will con-
sider our treatment of the vector and axial-vector iso-
triplet meson states of our model as essentially complete,
in principle, for any type of spontaneous symmetry
breakdown.

There remain, however, the neutral vector and axial-
vector collective excitations which are identifiable as
the isoscalar modes in the limit as the spontaneous sym-
metry & of our model is continuously reduced to zero in
the solutions that we consider. The most general per-
turbation to consider in this case is

6Ly = VO‘/—/'I:'YAT3¢ V”T O+ XOJ/O'WT&“P&V@V#T(O))
+WO‘/;7:'Y#‘I‘WA¢T+ YD‘AZO'MV‘P‘:)V(‘?WMT) (91)
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by which the fermions of our model are coupled to
neutral vector probe fields of isospin 7I'=1, T'5=0,
oV, T® and T=T,3=0, 6W,T. With the mixing of iso-
spins 7’=1 and 7'=0 and the mixing of the vector and
tensor Dirac couplings there is, in general a 4X4 bubble
matrix for this case. However, in the limit m, —m,
the isospin mixing goes to zero, the T'=1, T3=0 mode
becomes just like the charged vector mesons to complete
a pure isovector charge triplet, and we are left with
only the uncoupled isoscalar mode to consider in a 2X2
submatrix referring to the phenomenological couplings

(2, T=0]8£y©® |1, T=0)
=1 VE(g2ivut+ VE(¢Diowg JudW,T.  (92)

In the limit m, — m, the elements of the bubble matrix
in the present 7'=0 case are the same as the m,— m,
limits of the elements given in Eqs. (67)-(71) for the
charged vector mesons, except that the coupling param-
eters are those of the terms —3(344+a)V?1% and
(8/6)T212 of the Lagrangian (1) instead of —1kV2z- =
and (—B/6)T%c-x. Thus we get the mass formula for the
isoscalar, vector mode from that of the charged vector
mesons, Eq. (79), simply by replacing 83— —fB and
h— —(3h+a). Using the relativistic cutoff method and
a power-series expansion, as in the charged meson case,
we do not find low-mass mesons. With the explicit in-
troduction of a cutoff, we could, in principle, solve the
equation det[1—B(¢?)]=0 for arbitrarily large roots
p?=—q¢% We do not do this because solving for large
meson mass would involve details of the dynamics
which would depend on the specific nature of the cut-
off procedure. This problem is essentially dynamical and
would lead us beyond results that are primarily due
just to the general symmetry of the model. The con-
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siderations outlined above have already shown that any
freely propagating collective states in this channel are
not of low mass. We shall therefore ignore them.

Similar considerations also show that there are no
freely propagating collective states of low mass in any
of the remaining channels (T'=1, Jp=0%), (T=0,
]P:()—), and (TZO, Jp= 1+)

Summing up, then, we say that for solutions of our
model in which the spontaneous breakdown of the uni-
tary (isospin) symmetry is small compared to that of the
chiral (ys) symmetry, the masses of the meson states
can be treated by first calculating the masses of the
degenerate meson multiplets for the limiting solution
in which the unitary symmetry breakdown becomes
zero, and then varying the solution continuously to the
case of complete symmetry breakdown to get the meson
mass splittings. We have assumed that the T'=1,
Jp=1"isovector, vector meson mass is about uy=im.,.
We have estimated for the solution in which the chiral,
but not the unitary, symmetry is broken that there are
no freely propagating low-mass states with quantum
numbers T'=1, Jp= 1%, isovector, pseudovector, T=0,
JP=1% isoscalar, vector, and pseudovector or T=0,
Jp=0%isoscalar, scalar, and pseudoscalar. We take this
to mean that these meson states may be ignored for
practical purposes in solutions not grossly different from
this one. The principal low-mass mesons in this and
nearby solutions are, thus, the massless 7'~1, Jp=0%,
isovector mesons. This leaves all the meson states of our
model in the bubble approximation accounted for.
Mesons of spin higher than one cannot occur because
the Lagrangian (1) does not include any gradient
couplings and so the baryon-antibaryon pair in the
bubbles can be only in states of spin one or zero.



