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The anharmonic contributions to the energy, specific heat, frequency~wave-vector dispersion relations and
damping of phonons in a crystal have been studied using the recent technique of thermodynamic Green’s
functions based on field-theoretic methods. General expressions for these quantities have been deduced. It
has been shown that at absolute zero the number of density is finite for the anharmonic solid and it is of the
same order as the square of the fractional change in the normal-mode frequencies. The cases of a linear chain
and a simple model of a crystal have been studied in detail. The normal modes of a linear chain exhibit
some unusual but interesting features for different amounts of anharmonicity. The half-width of the phonons
of the anharmonic chain has been evaluated for all temperatures for both normal and umklapp processes. For
a solid, the complicated integrals that occur because of anharmonicity are simplified by an approximation
scheme suggested by us. Within the scope of this approximation it is found that the frequency-wave-vector
dispersion curves for a solid show a dip at the maximum wave number, quite similar to that observed for solids
like lead and copper. The width of phonons is proportional to the square of the wave number, and the thermal
conductivity is seen to be finite at low temperatures and to vary inversely with temperature at high
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temperatures.

I. INTRODUCTION

HE potential energy of a crystal is usually ex-
panded in a power series of nuclear displacements
from their equilibrium positions. In the harmonic ap-
proximation one retains only the quadratic terms and
then the problem is solved exactly in terms of the
normal modes of vibration of the crystal. The system
can be quantized and each quantum of normal mode is
known as a “phonon.” The thermodynamic properties
are easily worked out by treating the crystal as an
assembly of these phonons.

However, there are many features of a real solid which
can not be explained by the harmonic approximation
alone, for example, the thermal expansion, specific heat
at high temperatures, thermal conductivity, and fre-
quency—wave-vector dispersion relations, etc. Many of
these features of a solid can be explained by going
beyond the harmonic approximation. The next terms in
the power series expansion of the potential energy are
the cubic and quartic terms. The role of these an-
harmonic forces in determining the actual response of
the crystal is by no means negligible, because these
anharmonic terms contain phonon-phonon interactions
which can explain some of the more interesting prop-
erties of the crystals.

Recently, the anharmonic free energy and specific
heat of solids have been calculated by Maradudin and
co-workers.’3 They have used the Bloch expansion
formula which for a system described by the Hamil-
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where B=(kzT)™ and H; is a small anharmonic
perturbation to the Hamiltonian H, of the harmonic
approximation.

So far we have not come across any published work
where the anharmonic contribution to the energy of the
system has been evaluated quantum mechanically,
either at low or at high temperatures, although the
recent formulation of thermodynamic Green’s functions
leads naturally to the evaluation of the energy of the
system through the correlation functions. In Sec. IT we
shall deduce an exact expression for the energy in the
presence of cubic anharmonicity alone in terms of the
one-particle correlation function. We shall treat the
quartic anharmonicity in an approximate way.

Our Green’s function will be similar to that of
Thompson,* which gives directly the displacement and
momentum correlation function. The approximation of
limiting the chain of Green’s function equations will be
used to write the two-particle Green’s function as a sum
of products of one-particle Green’s function and equal-
time correlation functions. These approximations are
not the usual perturbation approximation; indeed they
are better than Hartree-Fock approximations as pointed
out by Thompson.*

Once the decoupling scheme has been decided upon,
it is easy to obtain a simple expression for the Green’s
function. Examining the Green’s function in the com-
plex energy plane, it is found that there are poles that
lie above and below the real axis. The real part of the

¢B. V. Thompson, Phys. Rev. 131, 1420 (1963).
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pole in the positive half-plane is identified as the
perturbed mode, and the imaginary part as the half-
width of the mode. When the poles lie close to the real
axis one can meaningfully discuss a phonon number
density and it turns out that at absolute zero of tem-
perature this number density does not vanish as it does
for a perfect crystal.

In Sec. III, the general formulas deduced in Sec. II
have been used to calculate the properties of a linear
chain. Detailed discussion of the dynamic properties of
the anharmonic chain is given. The width of the phonons
is obtained for all temperatures and is found to be
proportional to the absolute temperature. In Sec. IV,
we have performed similar calculations for a solid based
on a very simplified approximation, which we have
called the soft phonon approximation. The frequency-
wave-vector dispersion curve is found to drop near the
maximum wave number.

II. GENERAL FORMULATIONS

We consider a Bravais crystal of N atoms, each of
mass M. Our Hamiltonian for the system is

H=3 wyj(axi'ai+35)+ 22
kj kg ko ks
JnJ278
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H=%M Z U¢2+% Z ‘Pz’jUin‘l‘% Z (piijinUk
i iJ 64,k
+(1/24) Zl ﬂoijszg‘UjUkUl, (1)
4.k,

where U; is the displacement of the 7th atom from the
equilibrium position. The ¢ coefficients are general
force constants of the lattice. We confine ourselves to
quadratic, cubic, and quartic terms in the potential
energy. In terms of phonon annihilation and creation
operators, the atomic displacement can be expressed as

1 e(k, )

(2MN)V2 x5 [wi; ]2
In this expression wy; is the frequency of the normal
mode described by the wave vector k and polarization
index 7, and e(kj) is the polarization vector for the
mode (k,7).

For convenience we define the operators

(axjta_x;)e™Ri (h=1). (2)

1

t

Axj=aijtax';  Bi=axi—a .

Ayj and By; are directly related to the Fourier trans-
forms of the displacement and momentum operators.
Substitution of (2) in (1) gives the Hamiltonian in
second quantized form as

V®(kyj1,ke g2, ks75) A uijnArainAisis

+ X VO(kiji koo ksfs,kefe) AminAweindwaisAri. (3)

key kg ks, ke
J1,72,73, 74

The coefficients V® and V@ which appear in the anharmonic Hamiltonian are the Fourier transforms of the third-
and fourth-order atomic force constants. They are completely symmetric in the indices (k;j;) and are given by?®

1 o(kij1,kejz,ksgs)
V& (kyj1,ke g, ks f3) =—— Atk t-kot-ky)———,
(2)31%6N1/2 [EIRAINNEEN] b @
g . o(kiji,kego,ksfskags)
V(‘”(k1]1,k2]2,k3]3,k4j4)= A(k1+k2+ka+k4) i ! ’
(2)224N W1 @k jaWhsjsigia |1

o(kijs,kofo,ksgs) = 2 (@isn/ M3 e(kijr)e(ksjz)e(ls j)e?mi krRitkeRitksRe)
2,0,k

o(kijnkojo,ksfskaj)= 2 (@ij/M?e(kijre(kyjs)e(ksjs)e(kyjs) e it Rite-)
1,7, k,1

where
and
A(k)=1 if k=0, or reciprocal lattice vector,
=0 otherwise. (5)

Equations of motion for 4, and B, are
1(0A/3t)=[Ar,H ]=wiBx,
1(0Bx/0t)=[ Br,H |=wrAs
+6 > VO(ky, ks, —k)ArAr,

k1, ke

+8 2

k1, k2, k3

V(4)(k1, kz, ks: _k)AkxA sz kg+ (6)

5 A. A. Maradudin and A. E. Fein, Phys. Rev. 128, 2589 (1962).

Here and in what follows we use only one index % to
denote (kj).
We define the one-phonon retarded Green’s function
as®
Gro(t,t)) = ((Ax(0),44"(¢))) = —i6(t—)([Ax(®),4 ()],
where
{0)=TreFHQ/Tre H
[4,B]=AB—BA4,
and
6(x)=1 for x>0
=0 for x<0.

§D. N. Zubarev, Usp. Fiz. Nauk 71, 71 (1960) [English transl.:
Soviet Physics—Uspekhi 3, 320 (1960)].
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We also define the one-particle correlation function as
For(t,t) = (A4 () Ax(1)).

The Fourier transforms Gi(w) and Ji(w) of the one-
particle Green’s function and the correlation function
are defined as

+o0
Gk(t_t,)zf Gk(w)e‘i“’("‘")dw
and -

-0
Fr(t—1) =/ Ji(w)em @ dey, (7)

Here we will just indicate the relation between the
correlation function and the thermodynamic Green’s
function. Details of the formalism can be seen in Ref. 6.
The spectral-density function Ji(w) is related to the
one-particle Green’s function by the relation

Grlwt1ie)—Grlw—ie) = —i(efo—1) T 1(w)
or
Tilw)=—(2/(ef*—1)) ImGr(w+ie) (8)

where ¢ — 0 is implied.

(i) The Number Density

The spectral-density function Jx(w) is directly related
to the number density of the system. In terms of the
operators A and Bj, the number density is

= (et ar)=3[(A i)+ (4, Be)+(Bit Ar)+(Bi'Bi)].

We now use the relations
0
(B (1) A1) =— i;@ W () AR1)
; N
= / wJ p(w)e =t gy
3 —
wi(Bi' () Bi(1)) = i5<BkT(t')A x(1))

+o0
=/ w2 (w)e it dw |
—0
and

<]
(AT (t)Bi(1))= i;(A K@) AR())

400
=/ ot p(w)e =ty (9)

and take the limit ¢=¢'; the number density comes out

to be
1 00 w 2
%}cz—/ <1+—) Jk(w)dw.
4 )_, wg

(ii) The Energy of the System

(10)

The energy of the system is equal to the thermal
average of the Hamiltonian which is

E={(H).
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Therefore

E= E0+Z wk(ak*ak)-l— Z V® (k17k2:k3)<A A sz k:)
k

k1,k2,k3

+ X VO(kykeks,ke)(AiArdAdry)

k1,k2,k3, ke

=Eot+2 wpmut(Va)+(Va), (11)
3

where E, is the usual zero point energy of the harmonic

crystal. Now we differentiate the correlation function

(Bt (t')Ax(t)) with respect to ¢ and, after summing

over all &, we get

—i(a/at')§<Bk*(t’)Ak(t))

=2 oA’ () AuD))+6 X VO (kkk2)(Ardrnde)

kK1, kg ke

+8 X VO(kkikeks)(AnArdidr).

k,k1,k2, k3

(12)

To evaluate the right-hand side of Eq. (12) we differ-
entiate the first relation of Eq. (9) with respect to ¢’ and
then take the limit t=#'. We get a very useful relation:

0

1
(Ve)=3 2 —

b wrJ s

dw]k(w)(w2—wk2 —%(V;;) (13)
The usefulness of the above relation lies in the fact that
(V3) is now expressible in terms of the one-particle
correlation function. Using the relations (10) and (13)

we get an expression for the energy of the system from
Eq. (11) as

E=E,—3(Vy)
1 pto
+i> — dw (502~ wi2+6wwr) Jr(w).  (14)
B wpJ—w

So far we have not made any approximation in obtaining
(14), and it is clear from the expression for E that, if the
quartic anharmonic term is absent, then E is exactly
known in terms of Jx(w). It is possible to write formally
exact expressions for the thermodynamic functions when
the anharmonic terms of all orders are present (e.g. free
energy as an integral over coupling parameter). How-
ever, it is not possible to express the energy of the system
in terms of the one-particle correlation function. For
instance, to evaluate the cubic and quartic contributions
we can express the energy in terms of one-particle and
two-particle correlation functions. The complex problem
of anharmonicity is considerably simplified if the two-
particle correlation function is decoupled according to
the scheme

{abcd)={ab){cd)+ {ac)(bd)+ (ad){bc), (15)

where @, b, ¢, d are the operators Ay or By. Therefore,
the approximate form of (V) is

(V=3 2 VD (ks, —ka, ka2, —ks2)

k1,k2
X{An' A4t A1) . (16)
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(iii) The Green’s Functions
The equation of motion for the Green’s function Gy, is
—(@%/dP+wi*)Gro=20dd(t—1")+6wi 325 V& (ky, ke, —k) (A, 44 F)))
k1, k2
+8wi 2 VB (ky, ko, ks, —k)((Aid oA i, 41 (1))).

k1,ke, ks

a7

The Green’s function of the last term is now decoupled according to relation (15). To evaluate the Green’s function
Thykpe® = (A1, A 2,,A ' (#))) contained in the second term, we need the Green’s functions I';z,,® = ((Bi A 1,4 o (1)),
Tiyige® = (A1 Biyy A ¢ (¢'))) and Tyaye® = ((Br,Bi,, A4 ())) as can be seen from the equations of motion given

below.

TCANCYZ ) Je JORS JON

i(@T®/dt)=wT D+ T D46 30 VO (g1, g2, —k){(Ad 0l A 10,4 (1))
+8 2 V®(qy, ¢, @3, —kD){((4d A A 641,45 (1))),

1,92

41,92,93

1(dT®/dt) =T V41T D6 35 VEO(q1, g2, —k2) {4 4 410,45 F)))

a1, 92

+8 X V®(q, g, gs, —k2){({4d @A 54 A 11, A a1,

g1, 92,93

i(dF(4)/dt)=wzr(2>+wlr(3)+6 Z V(S)(qu g2, “k)«BklAqlqu;A qf(t’)»

q1, 92

(18)

+8 2 V®(qy, g2, g3, —k2){(Brd A 54 wAddE)+6 2 V®(q, g2, —k1){{4d @A By, A (1))

q1,92,93 q1,92
+8 2 V(g g2 g5, —k1){{Ad 0l 4 By A ()))
q1,492,493
Thompson* has tried to shorten the procedure by writing ~ where’
the equations for '™ and T'® only, and his second-order
differential equations for 'V and I'¥) are approximately  p (R fayes) = 6(N 1 Ns) wrtw
true. The five-operator Green’s functions can be de- 7 w?— (w1+we)?
coupled as sums of products of the three-operator
correlation functions (and Green’s functions) and two- w1—ws

operator Green’s functions (and correlation functions).
After these decouplings are done, one can proceed to
solve for Grq. It is easily noticed that the contribution
from the terms obtained from decoupling the five-
operator Green’s functions are small, being of the order
of the product of cubic and quartic coupling parameters.
We neglect them because such terms are comparable
to the contributions that can arise from the higher order
expansion of the potential energy of the crystal beyond
the quartic anharmonic term. However, in an analysis
of the type attempted by Thompson* (where he takes
into account higher order effects in the neutron-scatter-
ing problem) these contributions have to be considered.
So we obtain the following two equations for the Fourier
transforms of the Green’s functions.

2 VO (ka, ¥ay — k) Tyrge

k1, k2

424w, Y, VO (ky, ke, —kay, —k)Gr1eV 5,

k1,k2

Wr
(wz—wkZ)qu=—5kq+6wk
m™

and
Trikgo O =F(kaykz,w)>. VO (—k1, —ks, ¢1)Goyq, (19)
q1

+6(Na—Ny)

w2— (w1—ws)?

+6(N{+N2')[ ¢ ¢ }
w?— (w1tw2)?  wi—(wi—ws)?

and
Ni={(4:'4r), Ni'=(Brdw') and No'={A1,'Bs,). (20)
Finally we get from Egs. (19)

Gr(w) = (wi/m)(w?—wi?— 20 M 1(w)) 1, (21)
where
Mi(w)=3 kZ;c | VO (—E, ky, ko) | 2F (k1,k2yw)

o +125 VO(hs, ~ha, by —E)NVs.
1

Let us define
M;,(w—{—ze) = Ak(w) - ﬂjk(w) )

7 The last term in first equation of (20) is missing from Ref. 4.
It is, however, seen by evaluating (Ny+N) from (9) that
(Vy/+N¢') can be omitted in the desired degree of accuracy.
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where
A(w)=180 3 [V (—k, k1, ko) |?

k1,k2

+(N2—Ny)

wZ-— <w1-—w2)2

witws wi—ws
s oo ]

w?— (w1Fws)?

F123 VO (—k, k) —k1, k)Ny,, (22)
k1
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It is obvious also that Ax(w) and Ty(w) are the
Hilbert transforms of each other and Az(w) is an even
function of w and I'y(w) an odd function. The above
results agree with previous calculations*? if Ny is pre-
assigned the value Ny=2n;-1.

(iv) Physical Properties of the Anharmonic Solid
The poles of the Green’s function will be given by the

and
zeros of the denominator of Eq. (21). The real part of
(T'rw) =18me(w) klz;czl VO(—k, k1, ko) |* the pole gives the dispersion formula and the imaginary
' part gives the half-width of the phonons.® In our case
XLV 1t No) (@rtw2) (e~ (0rtws)°) the perturbed normal mode is given by the equation
—] — 2 (g1 — i50)2
where TN M) me)ii=(me))], 23 et =wil 4205 A4(ex) . (24)
e(w)=1 for «w>0 The correlation function N which is obtained directly
=—1 for w<0. from the spectral density function is
2w, +°  dw 1
Nk= —— Im/
T o (e89—1) (w—wi2— 2wpAk(w)+ 24w, T k(w) e(w))
da? [ coth}fw T'x(w
_ _k » 3B k( ) . ( 2 5)
™ 0 (w2—wk2—2kak)2+4wk2Pk2
The physical quantity #; is given by Eq. (10) and after appropriate substitutions becomes
1 +oo w24 wil+ 2wwy
Np=— Im / dw
27wy o (€Fo—1) (w2 —wi2— 2w AR(w)+ 2iwiT (w) e(w))
1 [(w?Hawi?) cothiBw— 2wws JTk(w)
- f de ‘ : eJlue). (26)
xJo (02— wp— 2wpAg) 24w 2 T2

There is no direct relationship between Ny and ;.

The idea of a number density is physically meaningful
only when the damping is considered to be small. In this
limit we see that the spectral density function J(w) has
a steep maximum at the value w=¢. If we replace the
Breit-Wigner form of the spectral density function by a
Dirac ¢ function, then the integrals are easily done and
we get the following fairly accurate expressions for the
number density and the N:

ni= (1/4wrer)[ (wr— ex) >+ (wi+ &) (coth3Be,— 1), (27)
Ni=(wi/ex) COth%Bek . (28)
When w; is close to e one can replace Ny by 2n:+1.
The expression for the number density #, has been

written in a form such that in the limit 8 — o the second
term vanishes. At absolute zero the particles (phonons)

are distributed over various normal modes and it
follows from Eq. (27) that

(T — 0)=[(1/2wr) Ax(T — 0)]2.

In the harmonic approximation this number vanishes
whereas it is proportional to the square of the fractional
change in the normal mode frequencies. This may prove
useful for qualitative discussion of the effect of an-
harmonicity on the thermodynamic properties of solids.

The contribution of quartic anharmonicity to the
energy of the system, according to our approximation,
is given in terms of N;s as

(29)

dw Sw2+wi2+ 6wwy

1 o
E=FEy—¥Vy)——ImY /
6m EJ_g

(efo—1) (w?—wi?— 20pAx+ 20w Tre(w))

1
=FE—3V)+—> wr| dw
3r &

0 (@P—wp?—2wpAr) 4w T2

(V=3 X VO(—ky, ky, k2, —ka)Nis Ny (30)
k1,k2
The total energy is
® (Sw24wi?) cothifw Ti(w) 2 ® dwwT(w)
% 2 k Z5 / k e
Tk 0 (wr—wi?— 2w A) 2+ 4w 2T 2
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This is our final expression for the energy of the
system. The specific heat can be obtained by using the

relation
Co=—ksB*(dE/B). (32)

Very accurate results will be obtained if expression (31)
can be evaluated for any specific model of a crystal. It
seems to us that it is impossible to evaluate this expres-
sion in closed form in all generality without the aid of
computers. Finally we obtain the energy in our approxi-
mation as

E——‘Eo—' Z V<4)("‘k1, kly kZ; —k2>

k1,k2
X ((wry/ €xy) cothdBer)((wry/ €xy) cothBer,)
+17 2 ((wr”+5e?)/ ex) cothifer. (33)
k

The expression for the energy given by Eq. (33) is a
useful nonperturbative result. The cubic anharmonicity
does not enter explicitly. It alters the normal mode
frequency in a significant way and hence the energy.

III. APPLICATION TO A MONATOMIC
LINEAR CHAIN

In this section we shall work out various anharmonic
properties of a monatomic linear chain. It is quite
obvious that the model of a linear chain is nonphysical
as well as unrealistic; however in the absence of accurate
calculations of anharmonic properties of solids beyond
perturbation theory, we feel that it is worthwhile to
study the anharmonic properties of a linear chain. Apart
from this, the one-dimensional model will serve as a
guide for calculations in three-dimensional models.
Similar calculations for the free energy of a linear chain
have been made by Maradudin and co-workers.! They
have shown there that for a monatomic linear chain

I V(s)(—k, k1, kz) I 2= (62/28873N)A(—k+k1+k2)wkwklwk2

and
V(4>(_k17 k1, ks, _k2) = (5/9672N)wk1wk2) (34)

where v, §, and e are harmonic, cubic, and quartic force
constants (nearest neighbor) for the linear chain. The
unperturbed normal mode frequencies are given by

wil=wr?sin?k, wr=4y/M)1?

k=2xl/N where I lies between —%N and +iN. (35)

(i) Lifetime of Phonons

The cubic anharmonicity gives a finite width to the
normal modes and is responsible for dissipation of
energy, so that the transport properties (e.g. thermal
conductivity) turn out to be finite. In fact at high tem-
peratures the thermal conductivity is essentially
governed by the cubic anharmonicity. We have already
deduced in Eq. (23) an expression for the width at all

K. N. PATHAK

temperatures and we shall see that it turns out to be
finite. Furthermore the contribution from normal and
umklapp processes can be discussed clearly and easily
in the case of a linear chain. Maradudin® has also ob-
tained a finite width at high temperatures.

For the linear chain we omit the polarization index,
and we obtain the width from Eq. (23) after substitution
for V¥, By rearranging the terms we write it as

Ti(w) = (rwid2/16v3N)e(w) 3 A(—k+kitko)wiws

X [(V1wa4-Nows) {8(w?— (w1tw2)?)
+8(w?— (w1—we) ) } + (Vw1 Nows)
X{6(w?— (w1tw2) ) — 8(w— (w1—w2)?)} ]

Strictly speaking, the observed width is of the per-
turbed normal mode. However we assume this to be
equal to the width at the unperturbed frequency which
can be written as

I‘k(wk) = (7rwk52/4'y3N) Z A(—k—}—k1+k2)w12w22

k1, k2
X 3(wk4— Zwk2(w12+wz2) + (w12—w22)2)
X [(V 1wt Nowr)+ (V1wi+Nows)

Xe(wrt—wil—we?) ],

(36)
where we have used the formulas

e(x)0(x*—a*)=(|2a])"[6(x—a)— 8(x+a) ]

and
L(x—a)(@—b)]=(|a—b|)"[8(x—a)+d(x—b)].

The advantage of writing in this fashion is that the
argument of the Dirac § function now contains the
square of the normal-mode frequencies and the trouble-
some modulus-of-the-sine functions do not arise.
Furthermore, the roots of the argument of the Dirac
delta function turn out to be very simple. The important
point is to sum over ks (or k1) keeping the properties of
A(—k—+Fk1+k2) in mind. We use the indices /= Nky/2m,
m=Nks/2w, and n=NEk/2r and write Eq. (36) as

N/2
o= (mad*/4*N)2 2 A(=l+mtn)elon’
I m=—N]2
X 8(wnt—2wn (w24 wn?)+ (w2 —wn2)?)
XNV wm+ N pwr) + e(wn®—wit—wn?)

X (ZV[(:J[‘!‘NmCOm] .
The A function implies that m=n—IM,where M =0,
+N, £2N, - --. Since the ranges of summation of / and

m are only from —N/2 to +N/2, the value of M can
only be 0 or -=N. When M =0 the process is called a
normal process and when M =N the process is called

8 A. A. Maradudin, Phys. Letters 2, 298 (1962).
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an umklapp process. However, for any value of
M (0, =N, £2N, - - ) wayar=w, so that the summand
in T', is independent of M. Therefore we can write

—(wwn62/4’73N)Z|: Z A(=n+14m) Jwlwni?

m=—N/[2

X 6(f(w"’wl;w"—l))g(leNn—l,wl,(Un_l) . (37)

The quantity in the square bracket can only be 1; i.e.,
there exists only one value of m such that m=n—1 or
n—I+N. However, if #>0, it is easily seen that, for
normal processes (i.e., z—I=m) to occur, we should have
the range of / restricted by n—3N<I<3N and for
umklapp process (i.e.,, n—Il=m—N) by —3N<I
<n—%N. Thus the normal and umklapp contributions
(for £>0) are

1 wk62 2

I‘knorma —_—— dqwq wk_qz

83

d XB(f(wk)wqawk—Q))g(NQ:Nk—mle;wk—Q)
an
wk62 k—w
I‘kumklapp=8_3_ dqwq2wk_q2
Y

X 5(f(wk,wq;wk—q))g(NqaNk—q:"-’q;wk—q) .

The argument of the Dirac § function is

(38)

b (wk:wqywk—q)
=Y sin*sk—2 sin?3k(sin?3¢-+sin?3(k—q))
+ (sin23g—sin?(k—¢))%]
= — 4w w;? sin?}q sin?3(k—q)

so that the poles are at ¢=0 and ¢=%k. If we take
Ni=cothifw; and use the property of the Dirac §
function

(f)=2 8(x—=xd)/| f'(xd)]

wrf € 0%
w22
48\y? 8
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where x; are the roots of f(x)=0, we obtain an expres-
sion for the half-width for all temperatures

52
I‘knormal_

> 0(r—q)0(q—k+m)wlwi_o®
32v3w? q—g

XN gwr—qtNi—qq)+€(singq sing (g—k))
X (N gwq+Ni—gor—g) J[| singq sin?} (k—g) cosiq
+sin?}q sing (k—g) cosi(k—g)|I™*.

To evaluate the above expression we use the fact that
limg.o weNog=2/8 and we get

Tyrormal = (§2/8v3) (wy,/B)0(r—E).
Similarly,

Ijumidare = (5°/167%) (w1/B)0(k—) .
Finally we get the total contribution to the half-width as

Tw=(8%/16v®)(wz/B)[1+6(r—k)] for k>0. (39)
In general the half-width is
L= (8*/16v*)(wz/B)[1+0(r—Ek)0(x+k)], (40)

which can also be obtained directly from Eq. (37). If we
take the implications of the Heaviside 6 function seri-
ously (i.e. 8(0)=3%), we see that when % falls on the zone
boundary the width is reduced from (46%/32v%)(wz/B)
to +%(8%/7%)(wz/B). (The experiments of Ref. 13 show
such a drop in width.)

(ii) Frequency—Wave-Vector Relations and
Energy Shifts

It is not possible to evaluate Ax(w) in closed form at
all temperatures. Therefore one has to be satisfied with
evaluating it at high and low temperatures only.

At high temperatures we have N1~2/Bw; so that we
obtain for the energy shift, after substituting (34) in
(22) and simplifying, the result

FCwrw? [T k k
G’f dq[w2—wL2—l—wL2 cos— cos(q——)]
8my3B J_» 2 2

X [wl— 20w+ 20012 costk cos(g—3k)+wzt sin?3k sin?(g—3&) 1.

This integral is evaluated with due care to the principal value problem and the result for the shift is

Aule) wk(e 62) (a2 sin1R), (*
AN _46 72 7 S,Y w wL Sln w

—4w?sin?}k)!/2—

0(w?—4wr? cos?ik)/(w?—4wr? cos?k)1/%]. (41)

The modified normal mode frequency e; is determined by the equation

0%wi2er
4y
X[0(w?—4wr? sin?3k)/ (w?—

wiif e 62
ek2=wk2+——<————)+
28 \y* #*

401? sin?3k)2—

0(w2—4wr? cos?tk)/ (w2 —4wr? cos?3k)1/%]. (42)
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This we rewrite as

€xl= wk2+P1wk2+P2wk2€k|:0(ek2~—40)1,2 sinzik)/(ekz—llwﬁ Sil’lzi‘k)ll2

where Py and P; are to be read from Eq. (42).

—0(ex?—4wr? cos?ik)/(er2—4wr? cos?ik)V/?], (43)

We notice that e;2>4w? cos?kk is not satisfied for any k. For values of & such that €,2>4w.? sin?%, (43) becomes
a cubic equation in €. This cubic equation has been solved for various parameters which characterize anhar-
monicity, and temperatures and graphs for e versus k have been plotted in Figs. 1(a) and 1(b) for P1=P,=04,
Py=—Py=—0.2, and P1=1.0, P,=0.1. It appears to us that the existence of three acceptable roots is an interesting
feature of the solution, although we can not comment on their significance. The drop at a particular value of % in
Fig. 1(a) strongly resembles the Kohn type of effect in three-dimensional solids.

At low temperatures Ni=~1+42 > ,_1® e, and we get, after substituting (34) in (22),

Swpwy, [T q k—q q k—q k q E—q\*T! ewrwr
Ap(w)= / dg sin|—| sin (sin —|+sin|— )[sin2—~ (sin —|4sin D :l |
16my3 J _» 2 2 2 2 2 2 2 4qry?
52wk © +m
‘|‘4 : 2 dgw wi— 20 (Wi 0 — wp—g?) [wit — 2w (w P Fwio?) + (0P —wi_g®) * 1™
11508 n=1J__.
EWrWI 0 7" q .
+—2 dq sin—gmPwLsing/2_ (44)
47[")/2 n=1Jg 2
The first integral in (44) is evaluated by breaking it up  This can be written as
into three integrals between the limits — to 0, O to %, e e 1)
k"= €L WE .

and % to m, so that moduli are correctly accounted for
and we obtain

wrf € O0N\wr 1/€ 6%\ 7wy
Dl
4\y? y¥/m 12\y* v¥/BwL

The dispersion relation is

wrf € 62 T [e &%
enfi 2 D )
2r\y2 43/ wiB2\y? 43

(45)

In Eq. (47) ¢ is the new maximum frequency. Dis-
persion relation at low temperatures remains a sine
curve except that the maximum frequency is changed.

(iii) Number Density

We have already shown that for a solid, the number
density at absolute zero is nonvanishing. For a linear
chain,

AT — 0)= (huor/4m)(e/v*— 8*/7%) .
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The number density at absolute zero is
nEy= %(Ak/wk)z .

Maradudin and Fein® have given plausible values for
€, 8, v, and wy, for a model of lead which are

e=4.016X102! erg/cm?, 6=—9.693X10'? erg/cm?
v=1.819X10% erg/cm?, and wz=2.057X10' sec™!.

Putting in these values we get the number of phonons
to be 8.5X10™49,. This corresponds to about 108
vibrations per mole.’

(iv) Energy and Specific Heat

For Es, the energy at high temperatures, we obtain
from Egs. (33) and (43)

N B eN 1
Eh=_(5 { >_ ’
68\ B+P/ 24y’8B8+P
where
P=pP;.
The specific heat C, is given by
c, 1 ( B2 ) e 28+4P
=-{5+ - ’
Nkz 6\ (8+P)*/ 24v*(8+P)*

which of course agrees with the result of Maradudin
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At low temperatures, we obtain for the energy
N wL2+56L2' Nr (Ser?+wr?)

1=
6r e 1887 ¢

GN sz 1r2w L2 2
(o)
24y? B2er?

from which the specific heat can be easily evaluated.

The zero point energy is
N w2569 eNwr?
EO=—

6r €l 2472y %0

TEL

(49)

where ¢ is the maximum frequency at absolute zero.
In a perturbative sense our result (49) for the zero point
energy does not agree with the result of Ref. 1.

However, if we make a series expansion of our Breit-
Wigner function

2w T (w)
(w?— €,2)?+4wi?T2

2w T 5(w)

(w2_wk2)2

~7d(w?— %)+ +--+ (50)

and integrate over w, and then further expand the result
for small A, we get the perturbation-theoretic results.
If one adds the second term as above, one cannot be sure
whether one can still talk of phonons in a meaningful
way.8 Using Egs. (31) and (50), one can write the energy
as the sum of three terms

and co-workers! if we make a perturbation expansion E=E+E+Es, (51)
of (48) in powers of the parameter P;. where
Ey=—¥Va)+75 2 ((w*+5e?)/ &) cothifer,
k
(N1+N3) cothif(witws) (Ne—N1) cothiB(wi—ws)
Fo=6 ¥ IV(3)(—k, b k2)|2wk[ 2 2B (w1T w2 2 1 2B(w1—we :I ,
k,k1,k2 (w1+w2)2,.wk2 (wl—w2)2—wk2
N1+N,
E3=9 Y |V®(—k, ky, ko) | 20r) ————————[((w1tFw2)*+wi?) cothiBwitws) — 2wi(witws) ]
k,k1,k2 ((w1—~w2)2—-wk2)2
Ny—N,y
} [((w1—w2)?+wi?) cothif(wi—we) — 2wi(wi—we) ]t . (52)
((w1—ws)?—wy?)?
From Eqs. (52) we get for the zero-point energy
€ €wr, witwe
E©=13— (Cwr)* w12 Y [V (—kkyks) |2 )
2 96y2N & 12792 & k1, k2 wi?— (w1t ws)?
Ex0=12 3 [VO(—k, by, k2)|? ) (53)
B, k1, ke (w1t wa)?—wp?
W
E©=18 ¥ |[VO(=F, ks, bs)|— .
k.1, k2 (w1t watwr)?

9 The author is thankful to Dr. A. A. Maradudin for bringing to his notice the importance of the number density.
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Therefore from Egs. (51) and (53) the zero-point energy is

WrWeWi—q

NwL NEO.)L2 52
EO) = !

which is essentially the perturbation result of Ref. 1.
Continuing as above, it can be shown that the specific
heat at low temperature also agrees with the previously
obtained result.

(v) Thermal Conductivity

Having calculated T'x one can use the expression!?
for lattice thermal conductivity

K=Fkpf* 2 7qjwe*Cqs*(eP*4/[e#+%—11), (55)
aj

where 2T'=(7;)~! and Cy; is the velocity of (q7)
phonon, to calculate the thermal conductivity of a
linear chain. It is

4k pBy3

62wy,

eboa

2C 2 .
Zq wWqe"L g [:eﬁwa—I:]Z

}
T 8w2y?  A8y3N k. wk—l-wq—f-wk_q’

—(12—72)

= 54
N x I87r2"y2 67r3~/3|..16 G4

E® w; ewr? w2 :I
—_ 1
b

This reduces at high temperatures to
Ki/N=(kpfry’wras?)/26%,

where g, is the separation between two atoms. At low
temperatures

Kl/N=k373a02/62.

Thus the thermal conductivity at absolute zero is
finite and at high temperature it decreases as 1/7.

IV. APPLICATION TO SOLIDS

For a solid it is difficult to obtain any result without
reference to a model. For the sake of simplicity we shall
take the form of anharmonic coefficients V® and V®
as taken by Klemens!! in preference to the more realistic
calculations of Maradudin, Fien and Vineyard®:12

V(s)(""kljh k2j2, ks]g) = ()\j/288ijN)w1w2w3A(—k1+k2+k3)

and

VO (ky71,kefo, ks s,kefs) = (1;/96wL;N ) (wiwswsws) 2A (ki+ko+ks+ ko) ,

(56)

where \; and 7; are dimensionless parameters. Further we assume that the summations over 75 and 7. implied in
Egs. (22) and (23) are such that the maximum contributions come when j1= jo=j. We can now write Ax;and I';as

\jwik;j witws (w1—w2)
Agjw)= > A(“k+k1+k2)w1w2[(N1+N2) +(N1—~Nz)—“——”{'
16wz ki ke wi— (w1tws)? w?— (w1—ws)?
SijN 4 €qj (57)
r)\jwkje(w)
Tii(w)= > A(=k+kitko)wi’w,?
WILj ki1,k2

X [N 1wa+ Nawi+ (Vw14 N aws) e(w?— w12 — w2?) J0(wt— 202 (w2 +we?)+ (wi2—w2?)?).

To proceed further, we have to (i) assume a particular
form of harmonic dispersion relation which we have
taken as

wkj2=ij2 Sinz—%ﬂ'kdo ,

where a, is the lattice constant, (ii) indicate the method
of evaluating the summation ki, k.. We replace
> — (V/Q) S k1?dk1sinbd0d o, where Q is the volume
of the first Brillouin zone.

A simple Debye model calculation of Ay; has a
logarithmic singularity due to poles at forward and
backward angles. This means that the self-energy term
is divergent for the anharmonic phonon whose frequency

10 P, Carruthers, Rev. Mod. Phys. 33, 72 (1961).

is proportional to wave number. It appears to us that
this is sufficient reason not to use the Debye approxima-
tion for calculating anharmonic contributions because
there is no way of getting rid of this infinity. A phonon
with Debye dispersion relation (or a photon) can dis-
integrate into two phonons (or two photons) only in the
forward direction, according to momentum and energy
conservation considerations. Thus, the probability for
disintegration into a pair and subsequent recombination
to form a phonon is maximum at forward and backward

1P, G. Klemens, Solid State Physics, edited by F. Seitz and
D. Turnbull (Academic Press Inc., New York, 1958), Vol. 7, p. 1.

12 A. A. Maradudin, A. E. Fien, and G. H. Vineyard, Phys.
Status Solidi 2, 1479 (1962).
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angles. It is not unreasonable to assume that the kernel
of Egs. (57) [call it K (k1, cosf) ] possesses maxima for
cosf= 1. We approximate the kernel by

K(ky, cost) =3[ K (k1, +1)+K k1, —1)],

which implies that the kernel goes linearly from its
maximum to zero at 90° and then rises linearly to a
maximum at 180°. To us this appears to be a very
reasonable approximation and may be termed a soft
phonon approximation. With this approximation the
integrals involved in calculating physical quantities are
very similar to those encountered in the linear chain.
Proceeding exactly as in Sec. II, the following results
are obtained:

(i) Width

It is difficult to separate the normal and umklapp
processes. In view of the approximation for wg;, the
summand is no longer invariant under translation by a
reciprocal lattice vector. Ignoring the distinction be-
tween these processes, we obtain for the width

TAWkj Nw Fm
Tyj= (—") / dg PPwqor—q®
460Lj Q 0

X[V qwr—qtNic—qwqt (N gwqt N qwr—q)
X e(sin}mqa, sindr(g—k)ao) ]

X 0(—4wr%wy;? sin?3rga, sin?sw(k—q)ao) .  (58)

The integral in (58) is evaluated in the same way as
the integral of Eq. (37) and we get

Tui= (37;/328) (k)20 (km—F) . (59)

This final result is not invariant under reciprocal lattice
vector translation even though the original expression
for I'x, [Eq. (23)]is invariant. A possible translationally
invariant quantity could be

T'kj= (3N;/ 8728w 1) wi;*0(wri—wi;) - (60)

In our opinion this is a very good estimate of the phonon
width.

The results of Brockhouse and co-workers!® for lead
indicate a sin?3mka, variation for the width. There are,
however, large experimental uncertainties for higher
k values. We have evaluated I'y; for o=ws;. In view of
this (and our previous) approximations, the k2 variation
as obtained here is not inconsistent with experiment.
An approximate comparison with the results of Ref. 13
shows that for the width to be of the order of 2 to 4 MeV
at kap=1, we need P1=(\;/4Bwr;) to be of the order
of unity. It will be seen below that for this value of

13 B. N. Brockhouse, T. Arase, G. Caglioti, M. Sakamoto,
R. N. Sinclair, and A. D. B. Woods, I'nelastic Scaitering of Neutrons
in Solids and Liquids (International Atomic Energy Agency,
Vienna, 1961), p. 531.
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Py, the dispersion relation shows a dip for ka, close
to unity.

(ii) Thermal Conductivity

Since the width is proportional to temperature, the
anharmonic contribution to the lattice thermal con-
ductivity is inversely proportional to temperature at
high temperatures. At low temperatures however, it is
constant because the width varies as (kay)2. Thus the
variation of the thermal conductivity with temperature
is similar to that of a linear chain.

(iii) Frequency—Wave-Vector Relations

We now proceed to calculate the energy shift and
subsequently the dispersion relations for solids. We
will consider both the high temperature and low tem-
perature limits, and make use of our “soft-phonon”
approximation.

At low temperatures, as before, we have

Ajwij

wqtwk—q | kil

Akj“

" 8wV e

(61)

In the soft-phonon approximation the first term of (61)
gives two integrals which have been evaluated by break-
ing the interval into O to % and % to %, so that moduli
are correctly accounted for and we obtain
A= (—3)\jw}gj/41r3) |:1r—4.+1rkdo cotimka,

+ Gmkao) ]+ 3wim(r—2) /7. (62)
Temperature-dependent terms have been omitted from
(61). Finally we obtain the dispersion relation

exi=wi;2[1— (3\;/2n%) (r—4-+7kay cotimka,

WqWk—q T
wil— (wgFwi_q)? 8wr;ilV a

+(Gmkao)?)+-6n;(r—2)/7*].  (63)
At high temperatures as usual, we have
—Nwkj kA
Ayj= ® 2 [wr®—wq*—wk—q,i*]
4Bwr; 4Bwr;N
X [wi*— 2wk (0 +0x—q,5%)
wieiM;
+ (0o’ —wx—q,) T+ (64)

4:8ij

Here again the soft-phonon approximation leads to two
integrals. They combine together into one integral and
we obtain

Njwrj N WrsM;j
Apy=— cos?(3rkag)I(kay)+ , (65)
4Bwr; 8Bwr; L
where
3 T g2
I(kay)=—0C f dg——— (66)
w Jo  cosq—cosmka
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The dispersion relation is
2 2 )\j 2(1 i
€xj = Wiy 1— (2+COS (grkao)I(kao))—l—
wLj 2Bwr;

= wi?[1— P1(2+ cos?L(rkao)I (kag))+Ps].

Integral (66), as it stands, has poles at ¢=wka,. We
subtract an integral which is zero to remove these poles,
and evaluate the following integral numerically:

(67)

-kt
I(kag)=— (68)

0 cosq cosvrkao

Curves depicting the ex(k) relation from Egs. (63) and
(67) are presented in Fig. 2. It is easily seen that the
shape of the curve for P1=1.2, P,=1.8 is very similar
to the experimentally observed dispersion curves for

K. N." PATHAK

lead.!®14 The dip however depends on the relative
values of \; and ;.

We repeat that the calculations on solids have been
done using our soft phonon approximation which has
made most calculations possible. A comparison with the
more exact computer calculation of Maradudin and
Fein® for lead will now be made to examine the extent
to which our approximation can be trusted. For trans-
verse modes they obtain (and also the experiments!3
agree) that 2I',=0.25X1073 eV for kay=0.2 at 425°K.
Using these values we get from our Eq. (59) for the
transverse mode Ar~0.03. From Eq. (65) we now
calculate

Ay
for kay=0.25, —=—0.0035XT/0.,,

wr

w
for kag=0.50, —=—0.0061XT/0;

wr
whereas, Maradudin and Fein® obtain —0.00306X 7'/6.,
and —0.0033X T/, respectively, where 6,=143.4°K.
In view of this agreement as to order of magnitude with
an entirely different model, the approximation scheme
suggested here seems to be reliable for obtaining esti-

mates of anharmonic contributions to properties of a
solid.
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