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The Seebeck coefficient Q of arsenic-doped germanium-silicon alloys was measured as a function of silicon 
content from 0 to 20 at.%. The values of Q were found to go through a maximum at the alloy Ge85Sii5; 
furthermore, they were smaller on the germanium side of that composition than they were on the silicon side. 
The behavior of Q as a function of alloy composition, in the case of lightly doped samples, can be accounted for 
in terms of the changes in the density-of-states: at GessSils the structure of the conduction-band minima 
passes from that of germanium, with four valleys along the (111) directions, to that of silicon, with six 
valleys along the (100) directions; and at GessSiis all ten valleys are equi-energetic. In the case of the heavily 
doped samples, there is also a contributory effect due to the decrease in the relative strength of the ionized-
impurity scattering (T~ES/2) as alloy-disorder scattering (r^E~1 /2) increases with the addition of silicon. 

I. INTRODUCTION 

THIS work relates the Seebeck coefficient in ^-type 
germanium-silicon alloys to changes in the struc­

ture of the conduction-band with alloying. Measure­
ments have been performed at 295°K on alloys, both 
lightly and heavily doped with arsenic, in which the 
silicon content varied from 0 to 20 at.%. Of particular 
interest was the behavior near the alloy composition 
Ges5Sii5, where the conduction band passes from a 
structure characteristic of germanium to one char­
acteristic of silicon. The conduction-band minima in 
germanium consist of four equivalent valleys along the 
(111) axes, and those of silicon consist of six equivalent 
valleys along the (100) axes in reciprocal lattice space.1 

The conduction-band structure changes gradually as 
silicon is alloyed with germanium; it retains the ger­
manium-like structure until the silicon nears 15 at.%, 
past which it assumes the silicon-like structure. This 
behavior of the conduction band had been postulated2 to 
explain the measurements of the optical band gap as a 
function of composition8 and it was substantiated sub­
sequently by detailed galvanomagnetic4-6 as well as 
optical measurements.7,8 

The present investigation of the Seebeck coefficient 
of arsenic-doped germanium-silicon alloys is related to 
the changes in the conduction band with alloying-—• 
both in terms of the effective mass and in terms of the 
number of valleys. The behavior near the composition 
Geg5Sii5 reflects the fact that there are ten equi-
energetic valleys, four along the (111) axes and six 
along the (100) axes, resulting in a very large density of 
states. The effects of changes in electron scattering with 
alloying are also taken into account. 
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II. MEASUREMENTS 

Measurements of resistivity, Hall and Seebeck co­
efficients, were performed on two sets of samples. The 
first was cut from a graded germanium-silicon ingot of 
low arsenic content (about 1016 cm~3), the second was 
cut from a heavily doped ingot (about 1019 cm - 3). The 
lightly doped samples were all single crystals. The 
heavily doped ones contained two or three large crystals. 
The samples were all bridge-shaped of over-all dimen­
sions 0.25X0.50 in. and 0.03 in. thick. The resistivities 
and Hall voltages were measured by standard dc po-
tentiometric methods (the samples were not in vacuum). 
The Seebeck coefficients were measured by soldering 
0.003-in. copper-constantan thermocouples to three of 
the arms, and using the copper leads as the potential 
probes. A small heater was soldered to one end of the 
sample while the other end was soldered to a copper 
block. The temperature gradients were varied between 
3 and 6°K. 

The carrier densities were deduced from the Hall 
coefficients through the relation9 R= 1 /nee. We thus 
neglect the effects of the scattering on the ratio of the 
Hall to the conductivity mobility, as well as the ani-
sotropy factor which is related to the ratio of the 
transverse and longitudinal effective masses.10 The 
latter is different for silicon and for germanium, and 
would have to be changed as we cross the GessSiis alloy 
from the germanium-rich side to the silicon-rich side.11 

The effects of this are rather small, and would cause but 
a slight shift of the data on the two sides of Ge85Sii5 
with respect to each other. 

The average carrier density of all samples in the 
lightly doped series was thus determined to be 1.3 X1015 

cm -3, and the variations of the individual samples from 
this average did not exceed 20% either way. The See­
beck coefficient depends rather weakly upon the carrier 
concentration (see below), and would be almost in­
sensitive to such fluctuations. Figure 1 depicts the 
values of the Seebeck coefficients measured in the series 

9 E. H. Putley, The Hall Effect and Related Phenomena (Butter-
worths Scientific Publications Ltd., London, 1960). 
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FIG. 1. Seebeck coefficients of lightly doped Ge-Si samples 
(w^l.3Xl01 B cm-3). • : experimental points. Solid curve is calcu­
lated on the basis of conduction in two sets of valleys, taking into 
account lattice, alloy disorder and intervalley scattering of 
electrons. 

of alloys with an average carrier density of 1.3 X1015 

cm-3. Figure 2 depicts the Hall mobilities Ra measured 
in the same series of alloys. The effects of ionized im­
purities were subtracted from the measured values, in 
the same manner as had been done by Glicksman.6 

In the samples of the heavily doped series, the carrier 
densities were deduced from the measured Hall co­
efficients in the same manner as for the lightly doped 
samples. The average carrier density of all samples was 
1.1X1019 cm-3, and the maximum deviation of any 
sample from that average was 30%. The measured 
Seebeck coefficients are shown in Fig. 3. The measured 
Hall mobilities are shown in Fig. 4. 

III. DISCUSSION 

The Seebeck coefficients which have been measured 
in the two sets of samples, the lightly doped and the 
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FIG. 2. Experimental values of Hall mobilities, from which 
effects of ionized-impurity scattering were subtracted. The 
crosses are from the work of Glicksman (Ref. 6). The dashed 
curves refer to mobilities in the (111) and in the (100) sets of 
valleys alone: lattice scattering was assumed to be independent 
of alloying, while alloy disorder and intervalley scattering were 
determined by fitting to the data (Ref. 6). The dotted portions 
neglect the intervalley scattering. 
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FIG. 3. Seebeck coefficients of heavily doped Ge-Si alloys 
( T Z ^ I . I X I O 1 9 cm-3). • : experimental points. Solid curve is calcu­
lated on the basis of conduction in two sets of valleys, taking into 
account lattice, alloy disorder, intervalley and ionized-impurity 
scattering of electrons. Dashed curve neglects the decrease in the 
relative importance of ionized-impurity scattering with increase 
in alloying. 

heavily doped ones, show pronounced maxima in the 
region of Ge85Sii5. We shall discuss the data from a 
phenomenological point of view and, after justifying a 
set of simplifying assumptions, show how the experi­
mental results conform to our understanding of the 
behavior of the conduction band in the alloy region 
under investigation. 

The conduction in ^-type germanium takes place in 
a set of four prolate spheroids along the (111) directions. 
The longitudinal and transverse effective masses are 
mi=1.5Smo and tnt=0.08tno, respectively,12 where m0 

is the free-electron mass. In ^-type silicon, the conduc­
tion takes place in a set of six prolate spheroids along 
the (100) directions, and the corresponding effective 
masses are12 mi=0.92mo and mt=OA9mo. As silicon is 
alloyed with germanium, conduction still takes place 
in the (111) valleys, yet at the same time their energy 
increases until, at Ge85Sii5, they have become equi-
energetic with the set of (100) valleys—whose energy 
has not been affected by the alloying. The set of the 
(111) minima moves at the rate of 17X10-3 eV (Q.66kT 
units at 295°K) per one atomic percent of silicon.8 In a 

FIG. 4. Experimental values of Hall mobilities for the heavily 
doped Ge-Si samples ( W ~ 1 . 1 X 1 0 1 9 cm-3). 

12 D. M. S. Bagguley, R. A. Stradling, and J. S. S. Whiting, 
Proc. Roy. Soc. (London) A262, 340, 365 (1961). 
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range of six or seven atomic percents of silicon, centered 
about GegsSils, the conduction takes place in both the 
(111) and the (100) sets of valleys, so that the total 
Seebeck coefficient is 

Q= 
(?(iii)^(iii)M(iii)+(?(ioo)^(ioo)M(ioo) 

3 

W(iii)/X(ni)+W(ioo)M(ioo) 
(1) 

where Q, n, and JJL are the Seebeck coefficient, the elec­
tron concentration and the conductivity mobility in the 
particular set of spheroids designated by the subscript. 
In each of the two sets of valleys we have 

<2=—(-**+«), 

e 

» = 1 j mD
mFi,2 (ij*), and 

V T A W 

M = - ( r ) . 
mi 

(2) 

(3) 

(4) 

All parameters refer to a single set of valleys10; rf is the 
reduced Fermi level in units of kT, 8 is a parameter 
which is a function of 77* and of the energy dependence 
of the scattering relaxation time, Fi/2 is a Fermi integral 
and (r) is the relaxation time averaged over the energy 
distribution of the carriers. The total density-of-states 
effective mass is 

MD = Nv
2/Zmv = Nv

m (miV2mt)
m, (5) 

where Nv is the number of equivalent valleys (four in 
the case of the (111) set, and six in the case of the (100) 
set), and mv is the density-of-states effective mass in a 
single valley. The inertial effective mass is 

W j -s/M 
/ \mi mJ 

(6) 

Let the energy separation between the (100) and the 
(111) minima be A, in kT units (A is positive on the 
germanium side of GessSiis). Then 

and 
ty*(iii) — i?*(ioo) — A , 

»(iii) tnmD(ui) Fi/2(y*an)) 

(7) 

(8) 

In the range where classical statistics apply Eq. (8) 
becomes 

«(111) W ^ D ( i n ) 
(9) 

^(100) W^D( ioo ) 

Of particular pertinence to our analysis of the data 
is the behavior of the effective masses and of the 
scattering mechanisms, in the (111) and the (100) sets 
of valleys, as functions of alloying. Glicksman6,11 

studied the mobilities and the galvanomagnetic effects 
in the alloy range 0-30 at .% silicon, and concluded 
that the effective masses in each set of valleys are 
independent of alloying or of the proximity of the other 
set of valleys. The values of wz(m) and tnt(iii) retain 
the values they have in germanium, while wj(ioo) and 
w*(ioo) retain the values they have in silicon. Equation 
(8) thus becomes 

W(Hl) ^l/20?*(lll)) 
=0.37-

W(100) F1/2 6?* (in) - A ) 
(10) 

and the total density-of-states effective mass at the 
alloy composition where the (111) and the (100) 
minima are equi-energetic, which is given by 

mD(Ges5Bh,f/2=niDaii)m+mD (100) (11) 

assumes the va lue mD(Ge85Sii5)= 1.33mo. Busch a n d 
Vogt13 measured the magne t ic susceptibili t ies in a series 
of germanium-silicon alloys and deduced that a certain 
average mv, which they defined, increased slightly as 
silicon was alloyed with germanium. In the alloy range 
with which we are concerned, their results are not at 
variance with Glicksman's conclusion that the effective 
masses do not change, when the average mv which they 
define is recalculated in terms of our Eq. (11). 

We turn next to consider the scattering mechanisms 
which are operative in the alloys. There are four elec­
tron-scattering mechanisms which we have to consider: 
(a) scattering by acoustical phonons,14 represented by 
a relaxation time TPh*, (b) scattering by alloy dis­
order,15,16 represented by rdiS; (c) scattering by ionized 
impurities,14 represented by m ; and (d) intervalley 
scattering,10*14 represented by riv. 

The mobility data in the ranges 0-10 and above 20 
at .% silicon conform to the existence of two scattering 
mechanisms in each set of valleys: acoustical phonon 
scattering which is independent of alloying, and alloy 
disorder scattering which increases with increased alloy­
ing. In the case of the lightly doped samples, scattering 
by ionized impurities is quite small and may be neg­
lected. Both rPh and rais are proportional to E~m where 
E is the electrons' energy. The parameter 8 in Eq. (2) 
for the Seebeck coefficient is a function of the energy 
dependence of r, but not of its absolute value. Conse­
quently, although in each set of valleys rph is constant 
while Tdis is proportional to [_x(x— I ) ] - 1 , where x is the 
atomic fraction of one alloy component, the parameters 
8 will remain constant with a value of 2 so long as rPh 
and rdis are the two main scattering mechanisms.17 

13 G. Busch and O. Vogt, Helv. Phys. Acta 33, 889 (1961). 
14 F. J. Blatt in Solid State Physics, edited by F. Seitz and 

D. Turnbull (Academic Press Inc., New York, 1957), Vol. 4, p. 199. 
16 L. Nordheim, Ann. Physik 9, 607, 641 (1931). 
16 A. Amith, Proceedings of the 7th International Conference on 

the Physics of Semiconductors (Dunod Cie., Paris, 1964), p. 393. 
17 V. A. Johnson and K. Lark-Horovitz, Phys. Rev. 92, 226 

(1953). 
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On the basis of the conclusion that mi(ui) and mt{ni) 
are independent of alloy concentration, and that the 
electron scattering in the lightly doped alloys is repre­
sented by rph and TdiS, so long as the conductivity takes 
place only in the (111) set of valleys, we would expect 
that the Seebeck coefficient Q would be constant in that 
region, since the electron concentration is fairly con­
stant. The solid curve in Fig. 1 is calculated on this basis 
and it is in rather good accord with the data. As we 
enter the region of competition between the (111) and 
the (100) sets of valleys, where Eq. (1) has to be em­
ployed, intervalley scattering has to be taken into ac­
count. The probability of intervalley scattering is 
directly proportional to the number of valleys into which 
a particular electron could be scattered, and that num­
ber increases to 9 at GegsSiis. Intervalley scattering was 
discussed by Herring,10 who showed that nv is propor­
tional to (E—hv)~m or to {E-\-hv)~m for emission or 
absorption of a phonon of frequency v. This scattering 
process is strongest where the electron can be scattered 
from one valley to the next with a small change in 
energy—i.e., accompanied by the emission or absorp­
tion of a low-frequency phonon. In these cases r-xw will 
have an energy dependence similar to that of rph and 
of TdiS. Glicksman11 showed that although the presence 
of this type scattering in the competition region was 
required in order to fit the measured values of the mo­
bilities, the energy dependence of the total r was 
approximately T~E~0A. We conclude, then, that the 
addition of this mode of scattering in the competition 
region will not have a significant effect on 5(in) and 
6(ioo), and thus on Q(iu) and on Qdoo)- Intervalley scat­
tering will, however, lower /xmi) and /z(ioo). Glicksman 
expressed the relaxation time TW by a trial function 
with two adjustable parameters which were determined 
by fitting to the data. The resulting modifications in 
//(in) and in /x(ioo) are shown in Fig. 2. 

The Seebeck coefficient of Eq. (1) can be calculated 
now from our knowledge of the carrier concentration 
(1.3X1015 cm - 3), the effective masses, the mobilities 
Mdii) and Ai(ioo) and Eq. (10). The result is the solid 
curve in Fig. 1. The agreement between the measured 
values and the calculated one is quite good, especially 
in view of the many simplifying assumptions which 
were postulated. 

We now turn to consider the case of the series of the 
heavily doped samples. The noticeable difference be­
tween the data in Fig. 3 and the data in Fig. 1 is the 
tendency of the measured values of Q to decrease as 
silicon is added to germanium, before they start in­
creasing again in the competition region. Here the 
scattering by ionized impurities is quite strong, and has 
to be added to those discussed earlier in the case of the 
lightly doped samples. We may still assume m, like 
TPh and rdis, is operating independently in the two sets 
of valleys; and that nv is the only relaxation time which 
connects electrons between the two sets. However, the 

energy dependence of ionized-impurity scattering is 
Tii~E3/2, and, furthermore, it is a relaxation time which 
is extremely anisotropic.18-19 A detailed analysis in this 
region is unwarranted; it will be very complicated and 
require many more parameters than are available. How­
ever, a qualitative interpretation is quite feasible. In 
germanium, with an electron concentration of 1.1X1019 

cm~3, it is possible to derive the Fermi level as well as 
the ratio of rn/rph from measurements of the Hall and 
Seebeck coefficients.16 The parameter 5 will be larger, 
the larger the relative contribution of m to the total 
relaxation time,17 because ra^Em, which means that 
the more energetic electrons are scattered less. In ger­
manium with this carrier concentration, /xPh/Atii= 1.36. 
In conformity with our assumptions above, rph and m 
remain constant as we alloy silicon with the germanium. 
However, the alloy disorder mechanism is brought in, 
and since rais has the same energy dependence as rph, 
the relative weight of TH^E812 will decrease as silicon 
is being added. Consequently, Q will go down even 
though the effective masses and the carrier concentra­
tions remain unchanged. Since /*Ph,dis is given in Fig. 2 
for each set of valleys, we can estimate how the ratio 
Mph.disAiii changes with alloying and from this how 8 and 
thus Q change. We have adopted this procedure for the 
transport in the (111) and the (100) valleys, inde­
pendently. The calculated Q is shown by the solid line 
in Fig. 3. If we had ignored the change in the relative 
weight of the m^E312 relaxation time with respect to 
the combined rPh and rdis, then the calculated Q would 
have been that depicted by the dashed curve in Fig. 3. 

IV. CONCLUSION 

The measurements of the Seebeck coefficients in n-
type Ge-Si alloys have been related to changes of the 
band structure in terms of effective masses and multi-
valley structure and to changes in the relative weights 
of lattice, alloy, and ionized impurity scattering. The 
data were explained in terms of the change of the con­
duction band structure from a set of four valleys along 
the (111) directions in reciprocal lattice space to a set 
of six valleys along the (100) directions in reciprocal 
lattice space. Near the alloy composition Ges5Sii5, all 
ten valleys are equi-energetic, and the Seebeck coeffi­
cient showed a peak which corresponded to that maxi­
mum in the total density of states. For the very heavily 
doped samples, the effects of the increase in the im­
portance of lattice and alloy scattering as compared to 
ionized-impurity scattering were invoked in order to 
explain why the Seebeck coefficient did not show the 
increase which was to be expected on the basis of 
density-of-states considerations alone. 

18 F. S. Ham, Phys. Rev. 100, 1251 (1955). 
19 V. I. Fistal, E. M. Omelyanovsky, D. G. Andvianov, and 

I. V. Dahovsky, Proceedings of the 7th International Conference on 
the Physics of Semiconductors (Dunod Cie., Paris, 1964), p. 371, and 
references therein. 


