RELATIVISTIC FORMULATION OF SU(6)

SYMMETRY SCHEME B1367

where Mg+ and Mg refer to the masses of the members of the decuplet and the baryon octet respectively.gs*,5p°
are determined by SU(3) symmetry and they are given by

G=gn*n"=—gn*3x°=—(/6)gy* z:"= —V2gr* a:"= (/6)gr* Nk'= (\/6)gy* =&°

With the usual decomposition of the interactions into isotopic spin representation and (5.11), we have

gBB'P=gBB'P"—

=V2gy* 30=(\/6)gz* sx"= — (v/6)g=* =.0=V2g=* A K'= —V2g=* =, = go =x’. (A10)
BBP Interactions
1 /(Ms+Mp)? mp? Mg+Mp
(( s+Mp) P )(1+ B B) ’ (AL1)
MgMp: MgMp: m,

18

where gpp p® are determined by exact SU(3) symmetry and a D/F ratio of §. Thus

gNN10=5(G/\/2_),

gzz"=4(G/V2),
gzz=—G/VZ,

gank"=—3V3(G/V2), gnn,=V3(G/V2),
gaz9=2V3(G/V2), gznk’=G/V2,
hazx=V3(G/V2),
hzzx=—5(G/V2),

gany=—2V3(G/V2),
g2z =2V3(G/V2)
gz=,=—3V3(G/V2).

The v,- and o,-type BBV interactions can be easily read from Table III.
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It is shown that the problem of summing certain graph chains occurring in ¢* theory in which we have
three (or four) particles in the intermediate state is reducible to an integral equation. For forward scatter-
ing and zero-mass field, this equation can be solved exactly using a method for solving the Bethe-Salpeter
equation which has been recently suggested. As an example, the case of the truss-bridge diagrams is worked

out in detail.

INTRODUCTION

N exact solution for the forward-scattering Bethe-
Salpeter equation in ¢* theory for zero internal
masses and a kernel which is any arbitrary finite sum
of irreducible primitively divergent graphs was recently
obtained.! This was achieved by Wick-rotating and
performing a four-dimensional partial-wave projection,?
and finally utilizing the dilatational invariance by
transforming to Mellin space® and obtaining by simple
algebraic calculation an exact solution. It was shown
that the inverse Mellin transform yields a partial-wave
amplitude with fixed cuts.*

* Supported in part by the U. S. Atomic Energy Commission
under contract A.T. (45-1)-1388, program B.

!M. K. Banerjee, M. Kugler, C. A. Levinson, and I. J.
Muzinich, Phys. Rev. 137, B1280 (1965).

* 1. D. Bjorken, J. Math. Phys. 5, 192 (1964).

3 P. Morse and H. Feshbach, Methods of Theoretical Physics,
(M9c7G6rgw~Hill Book Company, Inc., New York, 1953), Vol. 1,
p. .

4 The fixedness of the cut is shown in detail in a forthcoming
paper.

In the present paper we show that integral equations
can be used to sum a certain class of diagrams—those
shown schematically in Figs. 1 and 2. These diagrams
do not contain two-particle intermediate states so that
their formal sum does not lead to the ordinary Bethe-
Salpeter equation. However, these diagrams may be
divided into links by cutting across a line and a vertex
or 2 vertices. This will allow us to write down simple
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Fi1G. 1. Generalized diagrams _¢ v
which are separable by cutting v // !
across a line and a vertex. 5 S1 -_.xZ/L-"
KR
P | 0\0 \7_\_
F16. 2. Generalized dia- I\
gram separable by cutting ,%//l
across two vertices. /.
P o'o
K(PR,1)
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I'16. 3. An irreducible “truss-
bridge” diagram.

integral equations for their sum which are amenable to
the same treatment which was used in Ref. (1) in the
case of the forward-scattering Bethe-Salpeter equation.
The class of diagrams treated contains in particular the
“irreducible truss bridge” diagrams (Fig. 3).5 This case
was first treated by Bjorken and Wu® and the fixed-cut
behavior was demonstrated by finding an asymptotic
behavior 4 (s)~sm(Ins)~%. We will first treat this case
in detail. This will serve as an illustration of the rela-
tive simplicity with which branch points are allocated
using the present method.

(A) Let us denote the contribution of the irreducible
truss bridge with p “rungs” (Fig. 4) by 4#(p,9). As
suggested by Fig. 4, 4#(p,q) may be related to 4#71(p,q)
by performing all loop integrations except for the left-
most two:

xg d‘kd‘lA (1) (l,Q)
u = ) :
A (P)Q) (21‘_)3 // (P_ k)2k212 (l_ k)2 W

In (1) we have assumed zero internal masses and
adopted the notation of Refs. 1 and 7—the last one
containing a comprehensive discussion of ¢* renormal-
izability. Important for the derivation of (1) was the
simplifying feature that the part of the diagram to the
right of the broken line in Fig. 4 does not depend on
each of the “external” momenta incident at the vertex 0,
but only on their sum /. This part is practically the same
as A#71(/,q). This is true only up to a factor A/g which
results from the fact that 0 is a four-particle vertex,
whereas in A#1(p,q) it is a three-particle vertex. The
cancellation of g in (1) reflects the fact that the intro-
duction of the g¢? interaction is just an artifice used in
order to convert a two-particle intermediate state into
a three-particle intermediate state and vice versa at
the two ends of the ladder. Equation (1) suggests that
A=31°A*(p,q) is given by solving the integral

—— g — .
Pk (A Fic. 4. The separation of
k NS alink for a truss bridge with
\ / N u “rungs.”
2 —— NV
PP k' kO q

S These diagrams contain a three-line vertices so that they
arise only in a Ag*+g¢? theory. This, however, will not change
crucially the results which, as will be seen, are typical of the
dilatational invariant A¢* theory.

¢ J. D. Bjorken and T. T. Wu, Phys. Rev. 130, 2566 (1963).

7T. T. Wu, Phys. Rev. 125, 1436 (1962).
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equation

A(p,9)=B(p,9)+ - / i A0, @)
p,9)=B(p,q @r)E ) (p—EeRE(—E) ),

where B(p,q) is the simplest bridge which cannot be
further reduced, i.e., the one-meson exchange

B(p,9)=g"/(p—q)*. 3)

The &% I° integration contours can both be rotated to
the respective imaginary axes (cf., Appendix A), and
we can use 4-dimensional spherical harmonics expansion
to simplify the resulting ‘“Euclidean” integral equation.
Expanding, we have

A= A (0%, Cr(cos(h,))
(p— 2= (p9) 1 (p</q>)""Cnlcos($,0)), (4

where C,(cosf) are the Tchebycheff polynomials,’? and

p</9>=p/q for p<gq
=q/p for ¢<p.

Writing similar expressions for (p—k)2, (I—k)72
substituting in Eq. (2), and using?

/ ddNC (cos(p,£))Cj(cos (£,1))Ca(cos (l,9))
= (27*/ (n+1))%,5;nCr(cos (p,9)), (5)
the initial Eq. (2) separates into

>\2

An(p,9)=g*Bn(p,0)+——— ——
(#,9)=¢*B.(p,9)+ TR

f‘” © kdk l3dlB B )AL )
X T T P n n
0 0 k2 l2 P q
with

Ba(x,5)= (9) (5</35)™1. ©
The last equation can be rewritten as

)\2

(n+1)2(27)4

x / " ”ﬁﬂsﬂ'(%)snl(g)m(m ™

o k1
Bi (xy)= (x/y) (x</y5)" =B (/y). (8

Equation (7) exhibits clearly the “dominance of A¢*”’
in our mixed theory for the case of irreducible truss-
bridge diagrams: The g? appears only in the inhomo-
geneous part and the kernel of Eq. (7) which is multi-

Aa(p,9)= 8B (p,9)+

with

8 This result is easily obtained by applying twice the relation

JSdUC(cos (B,))C;(cos (kD)) =[ 2r)/ (7+1)16:;C;(cos (b))
which is proved in Ref. 2.
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plied by the dimensionless A? only, exhibits the typical
dilatational invariance of this theory. To utilize this
invariance we take the Mellin transform of (7) with
respect to p.° Applying twice the convolution theorem
for Mellin transforms!® we get

An(0,9)=g*Bn(ayg) i i
+N[ (4122 ]'Ba" (@) Anleg), 9)

where from the definition of the Mellin transform and
Egs. (4) and (8) we have

B.(@=3[((+2) )~ (@—n)™]
= (n+1)/L(n+2)+a](n—a)
Bn(a,9)=2¢""Bn’ (o). (10)

We note that B,/(a) is meromorphic. B, (a,q) diverges
in the limit ¢— O unless Rea>2. This reflects the
infrared divergence of the ¢* part of the interaction
which determines the inhomogeneous term in Eq. (9)
when we put internal masses equal to zero. A nonzero
internal mass will remedy this difficulty and as can be
directly shown! will not affect the essential results
about location of the cuts.
The integrand in the inverse Mellin transform
relation
1 +200 _
A"(P)q) = da P““An(aﬂ)
278 J —s0 -
L J p™*Ba(e,9)

a———
1— F’Bﬂl2 (a)

{where p denotes N[ (n+1)2(2r)*]} has four poles at
the a; satisfying

21l”i —1in

(1)

I: A (n+1) :r _1
(n+1) 27 (n+24a)(n—a)d
(12)
1 (27)?
(n4+24a,) (n—as) T A
so that
a;(n)=—1+FN Qr)2+n>+20)12.  (12))

[The = inside the square root correspond to the = in
Eq. (12).] Denoting the four ’s given in Eq. (12) by
a(— —), a(— +), a(+ —), and a(+ +), we have for
the residua contributed by the four poles the
expressions

F1(n+1) AFN (2n)2+n2+2n)tg2q2(g/ p)— ™
=Ri((n)(,9). (13)

Since the integration contour in Eq. (11) may be closed

9 The Mellin transform f(a) of f(x) is defined by
fle) =i 2= f(x)dx.

10 The theorem states that the Mellin transform of . (dy/y)
X f(x/¥)g () is f(a)§(a); see, for example, Ref. 3.
11 This will be shown in a forthcoming paper.
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P q

P q
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by an infinite semicircle in the right half o plane when
¢<p and in the left half if p<g, we have

An(9,9)=2_GiRi(n,($,9)) for ¢<p
=3 (1—=G)Ri(n,(p,9)) for p<q (14)

G,'=1 if Re(a.-)>0
=0 if Re(x)<O0.

For the purpose of extracting the most important piece
of information, the location of the square-root branch
points in #, the exact solution (13) and (14) is un-
necessary. These branch points result from branches in
the a;(n), the location of which can be read directly
from Eq. (12’) to be

ny=—1k[EN/ 2r)* ]2,
for A>0 the leading singularity is at
ni=—14[N/(2x)?]2,

This result is identical with that of Ref. 6, if the
different conventions used there are properly accounted
for.12

Let us conclude this section with the remark that if
we use A.(p,q) given by (13) and (14) as a kernel for
an ordinary Bethe-Salpeter equation!®

Fi1cG. 5. A reducible
truss bridge.

and

(15)

00

A (p,9)=A.(p,0)+

d
— A, (pR) A, (kg) ,
8r2(n+1) /o k (o)A (ko)

(16)

then the solution of that equation will give the sum of
all truss-bridge diagrams including the reducible truss
bridges such as those shown in Fig. (5). If appropriate
care is taken of the apparent low-limit divergence of
Eq. (16) [cf. remark following Eq. (10)], this is even a
Fredholm-type equation due to the ¢~2 factor in 4, (pk)
[see Eq. (13)] which makes the kernel of Eq. (16) die
off sufficiently rapidly at infinity so that it is square-
integrable. Thus the solution A.'(p,q) viewed as a

12 This result coincides with that of Ref. 6 if attention is paid to
the fact that the Lagrangian used there eliminates the 1/(2x)
used in the present paper with each loop integration. I am in-
debted to Professor M. Baker for pointing this out.

18 Writing (16) directly in Euclidean partial-wave representation
entails the implicit assumption that the original Bethe-Salpeter
equation with the sum of all irreducible “truss bridges” as a kernel
can be rotated to Euclidean metric. For forward scattering this
depends only on the kernel, but we proved this already in showing
that Wick rotation is allowed in the integral equation for the
irreducible truss bridges themselves (cf. Appendix A), so that the
kernel 4 (p,g) is defined only in terms of the continuation of the
Euclidean 4 (p,g). [A general recipe of continuation of any planar
convergent graph from the Euclidean to the physical region is
given by G. Tiktopoulos, Phys. Rev. 136, B275 (1964).]
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A
7\ Fic. 6. Cutting an irre-
ducible truss bridge across
a line and a vertex.

P |
KPR

function of # will “inherit” the fixed branch points of
A (p,9) and perhaps will also have some poles from the
Fredholm determinant solution. If we would formulate
the problem for non-forward-scattering,* this Regge
pole ao(f) would clearly move with ¢ whereas the #; are
fixed. At a certain critical ¢,=t.(g,\), it may happen
that Reao(t) becomes greater than n;. If one investi-
gates only the asymptotic behavior, one will notice
that at a critical ¢, a “transition” in the asymptotic
behavior from an st f(Ins) to s behavior [ f(Ins) is
some logarithmic function, (Ins)~%2 for the present case
according to Ref. 6]. Such a transition was indeed
found in Ref. 6.

(B) Let us note now that after obtaining (2) we
could derive from it a “one-vector” equation by per-
forming the d*& integration first:

A2 dil
A(p0)=B(pa)+ / CRpDAGH),

@2x)eJ) P

K(p) / d*k
PO7 ) o rreamn

Since on grounds of dimensionality K (p,l)=K'(p,)/1,
where K’(p,l) is of zero power in momentum, (17)
would vield upon four-dimensional partial-wave pro-
jection an equation of the type

7

d p
An(?v9)=Bn(p:Q)+P/ TKnl<;>An(l;Q); (18)

so that applying directly the methods of Ref. 1, we
would be able to conclude that independent of the
particular form of K,/ (x), Eq. (18) will yield an ampli-
tude with fixed cuts in #. The actual evaluation of the
branch point location in this way may be quite compli-
cated and in the particular case of the irreducible truss
bridges, the special method used above led easily to
the results. Pictorially speaking, Eq. (17) would have
been obtained directly if instead of cutting the diagram
across three lines (J,/—k, k), as in Fig. 4, we would
separate a whole triangular unit by cutting across one
line (/) and a vertex 0 as shown in Fig. 6. The important
point which applies also for the general diagram of the
type shown in Fig. 1 is that both units on the left and
right of the dividing line in Figs. 1 or 6 depend, after
internal loop integration, only on the sum of the two

A

Fic. 7. A “nested-bridge”
diagram as a particular ex-
3mple of graphs shown in Fig.

NUSSINOV

FiG. 8. The “unit” of the “nested-bridge” diagram.

P KR :

vectors emanating from O so that a one-vector equation
may be also written for the general case. In the case of
forward scattering, this equation yields, upon four-di-
mensional partial wave projection, a relation which,
owing to dilatational invariance, must have the form
(18). Obtaining (18) and solving for the location of
branch points by the method illustrated above may
serve as a general recipe for the general diagram of the
type Fig. 1. A further natural extension at this point is
to consider chain graphs such that we can separate the
iterated “units” by cutting across two vertices as those
shown in Fig. 2. K(,}) could be the most general four-
particle scattering graph. The same arguments as above
lead to the conclusion that we can always reduce the
problem to an integral equation like (18). One of the
simplest conceivable diagrams of this type' is the
“meshed bridges” diagram (Fig. 7). The “unit” K (p,})
is the crossed box diagram shown in Fig. 8 and an exact
four-dimensional partial wave analysis of it seems to be
impractical.

Let us finally note that integral equations may be
used to sum infinite series of diagrams generated in a
simple recursive way other than the ‘“generalized
ladders” for which the usual Bethe-Salpeter equation
or the above discussed methods are applicable. A simple
interesting example is the “nested bubble” series shown
in Fig. 9. The recursive relation between elements of
this series yields (for the sum) the integral equation
suggested by Fig. 10:

)\2
B(p)=B"(p"+
# #’ Y
d*kd*q B(g*
/ 7 B(¢) o)
B (p—k)*(k—q’[p— (k—q) I

B°($?) denotes here the “bare bubble” diagram in which
one subtraction has to be made. Equation (19) may be
rewritten as

B(#)=B () 4N /

9;@ R

* Even a simpler case is the ordinary bubble-ladder diagrams
which may alternatively be viewed as a sequence of squares
connected at their vertices. However the analysis of this case by
the ordinary Bethe-Salpeter equation considering it as bubbles
connected by lines is well known and much simpler [Cf. M. Baker
and I. J. Muzinich, Phys. Rev. 132, 2291 (1963)].

0

fK’(%)B(p?), (20)

F16. 9. The “nested-bubbles”
series.
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where
K'(p/9) =K ($,9)) (20")
and
K (o) =— / o 207)
PO ey | G- rr =g Tp— =) F

which is the box diagram for forward scattering. In the
above, we assumed that (19) can be transformed to an

() I
/ P-k

B(P2) B°(P?)

Fic. 10. A graphical repre-
sentation of the integral equa-
tion for the “nested-bubbles”
series.

Euclidean metric and we took the angular average
(indicated by { ) of K(p,q) because it multiplies a
function of p? only. The fact that K’ is a function of
(p/q) only follows from dimensional considerations.
The Mellin transform method is immediately applicable
to Eq. (20). Because of the p <> ¢ symmetry of K’ (p,9),
K(x)=K(1/x) and K (o)=K (—a)! so that poles of the
Mellin transform B(a) are symmetric with respect to
the imaginary « axis, and a cut of Bx(p?) will occur in
A=\, which satisfies 1=K (0) because then two poles
of By(a) will coalesce and pinch the integration contour
of the inverse Mellin transformation (11). This result
suggests that beyond a certain Ao the “potential” itself
will become complex. We note, in particular, that the
self-regularizing mechanism suggested for the bubble
diagram!® will not be applicable in this case. If we use
for the Bethe-Salpeter kernel the sum of all iterated
bubbles (Fig. 11), the cut in A will persist in the new
kernel By (s),

B)\/(S)=)\23)\(5)/[1—3)‘(5)], (21)

and also in the solution of the Bethe-Salpeter equation.
All the above suggests that the existence of branch
points in the angular momentum and in the coupling
constant are characteristic of the dilatational invariance

of \¢* theory and not of the particular approximations
in the solution.

Fic. 11. “s channel” iteration
of bubbles.
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APPENDIX A
Writing Eq. (4) in detail, we have

k2
= 0 aRd®l
Ao at)=B P A /]

X f dBdPAD, (A1)

D=[(p—k)p— (p°— K —ie][k*— k’—ie]
X[B—1"—ie]
X[A=Kk)*— (*—F)—ie]. (A2)

We see that poles resulting from the vanishing of the
various arguments in the denominator occur at

D= {x|1|Fie, k£ |l—k|Fie} for k1, k° fixed
and at

k={=|k|Fie, 0k |1—k|Fie, 'L | p—k| Fie}
for k1,1 fixed.

Let us perform Wick rotations'é of both the %° and [0

(A3)

(k°plane)

-—

locus of
P | dependent
4 singularities
_ e
/
7~
-|l-Kl+ie.~ o
- .
- =K -
P -k -ie
//
new _—7 A
contour of -~
k® integration.. ~~
1° plane
—
hew contour
of 1° integration

Fi1G. 12. Simultaneous £%° contour rotation.
contours at the same time:

B —s R0 [0 — )0

where 6 (8) varies from 0 to ir. If we rotate both
contours at the same rate, i.e., keeping them parallel
to each other =0, we see that the /° integration con-
tour will stay all the time parallel to the locus of kS-
dependent singularities [cf. (A3) and Fig. 12] and no
k'-dependent singularities are crossed throughout the
process. The same applies when £° <> [°. As far as fixed
singularities are concerned, the ordinary Wick pro-
cedure applies. We note that already in the original
work!® Wick mentions the possibility of simultaneous
rotation of contours when using more complex kernels
than those of the ladder type.

16 G. C. Wick, Phys. Rev. 96, 1124 (1954).



