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tion of the final group. Moreover, for the 2+1 group,
the spinors with upper and lower indices are equivalent
so that one can get only those representations of the
unitary group which are obtained only from one kind
of spinor, i.e., representations by symmetric tensors.
For example, for SU; or NU4?, multispinors formed out
of the three-dimensional fundamental representations
give only symmetric “quark” compounds. These are
precisely the representations with one of the A equal to
zero in Eq. (3.5). All representations of SU; (NU3?)
can be obtained by using both of the fundamental
representations (i.e.,, quark-antiquark compounds).
Because we start with one kind of 241 spinors, we see
therefore why only special representations by sym-
metric tensors of the unitary groups are realized for the
oscillator. Thus, for N =3, the interesting octet repre-
sentation, for example, does not occur in the case of
oscillator. To obtain an octet of SU,, the basic dy-
namical objects, out of which one forms the compounds,
must have at least two fundamental representations.

VI. APPLICATIONS TO OTHER SYSTEMS

It should be remarked that the essential features of
the procedure we have followed are quite generally
valid. Suppose we have a quantum-mechanical system
with some energy or mass spectrum. If we form ‘“direct
products” of such systems we will get, in the same way
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as was discussed in Sec. III, a unitary degeneracy group
and a larger noncompact dynamical group to describe
all the states of the composite system. For the two-
and three-dimensional oscillator we interpret part of
the degeneracy with the spin. The original basic system
can already have a spin degree of freedpom.? In fact, we
wish to start with a basic group which is larger than the
241 group and which has at least two fundamental
spinor representations (corresponding to quarks and
antiquarks), in order to get also the octet representation
of SUj, for example. The spin degeneracy will combine
with the SUx degeneracy due to the direct product to
form a noncompact SUay group containing both the
spin quantum number and the quantum numbers of
the composite system.
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A generalization of the procedures of Weyl and McCoy for making transition from a classical function to
a quantum-mechanical operator function corresponding to it has been carried out, in order to include terms
involving more than one pair of conjugate variables. An application of the method is made to the case of two
spinless interacting charges—the Darwin interaction. This result is verified by solving directly for the
quantum-mechanical Hamiltonian operator, starting from equations which were derived from the classical
equations by replacing the classical Poisson brackets by commutators and by requiring the equality of the
energy and the Hamiltonian operator. An alternative expression for a quantized Hamiltonian, derived in the
Appendix, reduces to the form given originally by Born and Jordan for a single set of conjugate variables.

I. INTRODUCTION

HE straightforward prescription for obtaining a
quantum-mechanical Hamiltonian from a clas-
sical Hamiltonian %(g.,p:) is to replace the canonical

* This work is based or a portion of a thesis submitted (by

variables ¢; and p; by the corresponding operators Q;
and P;, respectively, where P;= —i%d/9(Q;, thus leading
to the quantum-mechanical Hamiltonian H(Q;,P;).

H. D.) in partial fulfillment of the requirements for a Ph.D. degree
at State University of New York at Buffalo, 1964.
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This prescription follows from the hypothesis of quan-
tum theory that the commutator [Q;,P;]=Q:Pi— PQ:
=1#. Unfortunately, there are many cases where the
above procedure fails. For example, the familiar clas-
sical interaction Hamiltonian for a nonrelativistic par-
ticle of charge e in an electromagnetic field described
by the vector potential a can be written in three
equivalent forms, namely, (a) — (¢/2mc)(p-a+a-p),
(b) — (e¢/mc)p-a, and (c) — (¢/mc)a-p. However, these
are not equivalent in going to quantum mechanics, since
the operators' P; and 4 ; do not commute. In this case
since the forms (b) and (c) do not lead to Hermitian
quantum-mechanical operators, they are rejected on the
basis of this criterion. Since both P; and 4, are them-
selves Hermitian, form (a) leads to a Hermitian inter-
action Hamiltonian. In more complicated cases, the
requirement that the Hamiltonian operator be Hermitian
is not a sufficient criterion for determining a quantiza-
tion procedure. For instance, the classical function
Piqlqrpr can be put in the three symmetrical forms,
() 3(pigPqupatpigrgips), () 3(¢qupspitprpqeq?),
and (iii) $(pqlqeprtPrqrqlpitqiqupspit prpiqiqd),
each one of which leads to a different Hermitian operator,

The problem of obtaining a method for quantizing a
classical Hamiltonian was given some attention in the
early literature. Weyl? proposed a method for resolving
ambiguities which was based on group-theory con-
siderations. Utilizing Weyl’s results, McCoy® has de-
rived an explicit expression for the quantum-mechanical
operator corresponding to a polynominal in the conju-
gate coordinates of a classical system of one degree of
freedom. His procedure is formally correct for infinite
series. However, the classical Hamiltonian derived by
Kerner,* and Daughaday and Nigam,® using the Fokker®
and Wheeler-Feynman® scheme of classical electro-
dynamics of action-at-a-distance, contains terms in-
volving more than one pair of conjugate variables, and
Weyl’s* and McCoy’s® methods need to be extended to
handle this case. This generalization has been carried
out in this paper (Sec. III). As an example, in Sec. IV,
the method is applied to obtain the quantum-mechani-
cal Hamiltonian corresponding to the classical Hamil-
tonian for two interacting spinless charges (the Darwin
interaction”). The result obtained is then verified, in
Sec. V, by directly solving for the quantum-mechanical
Hamiltonian from equations which are obtained from
the classical equations by replacing the classical Poisson
brackets by commutators and by requiring the equality

1 Capital letters are used to denote operators.

*H. Weyl, The Theory of Groups and Quantum Mechanics (E. P.
Dutton and Company, Inc., New York, 1931), p. 274.

#N. H. McCoy, Proc. Natl. Acad. Sci. U. S. fS, 674 (1932).

* E. H. Kerner, J. Math. Phys. 3, 35 (1962).

¢ H. Daughaday and B. P. Nigam (unpublished).

¢ A. D. Fokker, Z. Physik 58, 386 (1929); J. A. Wheeler and R.
P. Feynman, Phys. Rev. 59, 683 (1941).

? L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields
(Addison-Wesley Publishing Company, Inc., Reading, Massa-
chusetts, 1962), 2nd ed., p. 193.
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of the energy and the Hamiltonian operator. The
procedures adopted in obtaining the classical and the
quantum-mechanical Hamiltonians in Secs. IV and V,
make use of the assumption of the expansion of the
Hamiltonian in a power series in the coupling parameter.
In the Appendix, an alternative method of quantization
has been carried out based on expressing a classical
function by a nest of Poisson brackets and the replace-
ment of classical Poisson brackets by commutators.
This turns out to be a generalization of the method of
quantization suggested by Born and Jordan.®

II. METHODS OF WEYL AND McCOY

Weyl? obtained the following general rule for carrying
a function over from classical to quantum mechanics.
Let f(p,9) denote a function of the canonical variables
# and ¢, of classical mechanics. In making the transition
to quantum mechanics the variables p and ¢ are replaced
by the Hermitian operators P and Q which satisfy the
commutation relation:

[P,Q]=PQ—QP=—ih. ¢y

The function f(p,q) is expressed as a Fourier integral,

[p.0)= f_w [ dadr cSorroLar). ()

The quantum-mechanical operator function correspond-
ing to f(p,9) is F(P,Q) and is obtained by making the
replacement p — P, ¢ — Q in Eq. (2) thus giving:

F(P,Q)= f i / i dodr ¥ P+ (7). (3)

McCoy® has obtained an explicit expression for the
quantum-mechanical function F(P,Q) corresponding to
a polynomial function f(,q) of classical mechanics. His
result is as follows: Any polynomial F(P,Q) can be
written in a form in which all the Q factors in each term
occur on the left-hand side by making use of the
commutation relation (1). This form of the function
F(P,Q) will be denoted by F ¢(P,Q). The function of the
classical commuting variables obtained by replacing P
and Qin F¢(P,Q) by p and g, respectively, is denoted by
Fo(p,9). In a similar manner Fp(P,Q) and F p(p,q) may
be defined. The classical functions F¢(p,q) and Fr(p,q)
are related to the classical function f(p,q) by the follow-
ing transformations:

Fo(p,q) =e 410239 f(p,q)

9?
=f(p,0)+ (—3ih)
adpaq

64

P

8 M. Born and P. Jordan, Z. Physik 34, 874 (1925).

1
+ ” (—%ih) *)
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and
Fp(p,g)=et#@0020 f(p g)
62
= {0+ Git
f@,9)+ Gi )apaq
+1( k) il + ®)
— @i .ee. (5
2 pag

In order to obtain F¢(P,Q) from Fq(p,q) we need only
to write Fq(p,g) with the ¢ factors on the left in each
term and then replace p, ¢ by P, Q, respectively.

III. GENERALIZATION OF THE METHOD
OF WEYL AND McCOY

We now generalize McCoy’s® method. We take the
case of two sets of variables and the general result for
any number of pairs of conjugate coordinates is then
found from this case by induction.

Let f(p1,91,92,92) be a function of the two sets of
canonical variables p, ¢: and p,, gs. Its Fourier integral
representation is given by

f(P1,¢11,P2,42)=////daxdnda;dn

X eilorprtniartortnad £(gy 71,09 70).  (6)

In analogy to the case of a single pair of conjugate
variables, the quantum-mechanical Hermitian function
F(P1,01,P2,Q2) which corresponds to f(p1,q1,p2,g2) is as-
sumed to be

F(PthszvQ?)

_ / / / / dowdrdosdrs

Xea‘(-rlP1+r1Qx+nPﬁ—'erz)E(0.1’1.1’0.2,7.2) s (7)

=[/d0-1d7-lei(nP1+an)

X[/daﬂrge“”zpﬁ’zaz)£(01,1'1,:72,1'2), ®)

where in writing Eq. (8) we have made use of the fact
that the conjugate variables Py, Q; commute with P2, Q,.
Next define F ¢(P1,01,P2,Q2) as the form of the operator
obtained when the commutation relations have been
used to bring the Q, factors to the left of the P,’s and the
Q. factors to the left of the Py’s. This rearrangement of
Eq. (8) can be accomplished with the operator identity?

ei(ﬂP+rQ)-_-eiidrhehoeial’. (9)

? Kermark and McCrea, Proc. Edinburgh Math. Soc. 2, 224
(1931); N. H. McCoy, bid. 3, 121 (1932).
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We then obtain
Fq(P1,01,P2,Q2)

=/—/'da.ld.rle‘}iﬂﬂheiﬂQleiﬂP;

X ‘//do‘gdrze*i”””‘eiﬂqze"”PZE(O'l,Tl,0'2,72)} . (10)

The corresponding classical expression can be written as

Fo(p1,91,p2,02)

=//d01dT1[1+(%i01T1h)

1
+_(%,i0-17-1h)2+ cas }ei(vwﬁ-n q1)
2!

1
X |/fd02d72l:1+ (%1:0272}1)+5—’(%i0212h)2+ .. :|

X giloeprtra ‘”)E(O'l,Tl,Uz,Tz) . (1 1)
From Eq. (6) we obtain:

aZn 321

S
apl"aql" apzlaQ2

= / / / / dodridosdrs(—airi)"(—oers)!

Xetaprtriartapet o) g,

(12)
Substituting Eq. (12) in Eq. (11) we obtain
FQ(pbql»PZ:qZ)

a2n 621

1
=% —(—4in)+
n,inll!

f(?l;fhai’z,flz)
3p1m9q1™ 0p2'dgs’
= ¢—}ik(3%9p13 ql)e—-iih(éﬂ/apz& ‘”)f(lh,q:,?z,h) .

(13)

The generalization of this expression to functions with #
sets of canonical variables is as follows:

FQ(Plqu)' : 'quﬂ)
= I:lljiexp(—%%h(az/aplaql) )]f(PI,QI) te Pﬂ;qﬂ) . (14)

The quantum-mechanical operator F o(P1,Qs, - -  Pr,0n)
corresponding to Fq(p1,q1,* * * pnygs) 1S obtained by
setting each ¢ factor to the left of its conjugate p factors
and by repla'Cing D1, 91, " Py by P17 le v 'P"a Qﬂ'

As an example, we consider the application of Eq. (14)
to the term

FPuqs, - pns@n) = (1,92, - - gu) p17p2P- - - pa”.  (15)



FUNCTION IN QUANTUM MECHANICS

For this case, Fo(P1,01," * - Pn,Qn) becomes

FQ(Pth)' ' 'Pan)
¥ ;] a
= £ il £ ain| £ i
kn=0 k2=0 k1=0
conmts ]
€1 kaneekn(Q1y 5
><< Jre) Qe o
where
« al ok
=——, =0,
<kl) Ela—k)! " agm
(17)
gk g
Pk1, k2™ v, etc.

391’“ aq2k2

The derivatives occurring in Eq. (16) can be eliminated
by making use of the operator identity:
¢ i
Pt org ke kn= 2 (—ih) "‘( )ml.ka,u-knPl""‘ , (18)
k=0 k1
which can be proved by induction. Noting that
a—k1 /qu— k1
Qea—ki—= (1+1)a——kl= Z ( ) ,
1=0 l

we find that the term inside the innermost curly bracket

in Eq. (16),
a
kn( )Pl"""‘
ki

a a-k1/q —-kl
-re £ ()" monnbis

S (—3ik) M.

k1=0

k=0 1=0 \%;
a a1l a—l

=2« 2 Z (-‘1«h)kl< )( )qokl,...knpl"_l_klpll
1=0 k=0 A

—2-a>:< )Px“"w: Pi, (19)

where in the last step we have made use of Eq. (18).
After treating all the remaining sets of brackets in Eq.
(16) in a similar manner, the expression for the opera-
tor F(Py,Qs,: - PnyQn) corresponding to ¢(qi,- **,gn)
X p1%paP- - - pn” becomes

F(P1,Q1," - Pn,Qn)
kOl £

Prto(Qy, - 'Qn)Pll}sz] xx }Pn’- (20)
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Equation (20) can be expressed in an alternative form
by making use of the anticommutator brackets. By
induction, it is easy to prove that

n /n
Z (z)P‘n_l“’P‘l
= [[ o [[‘P,PIJ-{—,Pl]-I-' o :]+,P1]+=[(0,P1:|+,, ) (21)

where [¢,P1]+= ¢P1+ P1¢, and the subscript +#» indi-
cates that # successive anticommutator brackets are to
be taken with operator P;. Substituting Eq. (21) into
Eq. (20), we obtain the following expression for the
quantum-mechanical operator:

F(Plth' * 'Pn,Qn)
=2ttt N[ [[o,P1]yayPolypy * + ,Puliy.  (22)

Equation (22) is still valid when two or more of the P’s
are the same operator.

IV. QUANTIZATION BY THE GENERALIZED
WEYL-McCOY METHOD

In the previous section we have demonstrated how
transition can be made from a classical function to a
quantum-mechanical operator by employing an exten-
sion to Weyl’s,> and McCoy’s® quantization procedures
[Egs. (15) and (22)]. We shall now write down the
quantum-mechanical Hamiltonian corresponding to the
classical Hamiltonian pertaining to a physical problem,
using the generalized form of McCoy’s method. In order
to have a check on this procedure, we shall, in the
following section, indicate an alternative approach for
obtaining a quantized Hamiltonian.

The physical problem, we consider, is the interaction
of two spinless charges ¢, and es, having masses m, and
ms, via retarded fields,!® and confine ourselves to terms
up to order ¢—2. This is the so-called Darwin interaction.
The steps involved in our derivation*® of the classical
Hamiltonian are summarized here in some detail since
this was done in an unfamiliar manner and also since the
quantization procedure discussed in Sec. V follows an
analogous pattern. The derivation starts by finding a
constant of motion for the system E which can be
identified as the energy, given by

E=ma?[1— (vi/c?) ]2

+me?[1— (va*/) T +eaerg, (23)
where
g=(1/n)+(1/2¢)[ 2% x3(1/7)+DoDer]
+A/AL T, (28
r=x,(0)—xs(), Vi=%s, Vi=Xs. (25)

10 To order ¢7%, the prescription of Wheeler and Feynman (Ref.
6) of usmg half-retarded + half-advanced fields between pairs of
interacting charges gives the interaction energy identical with

ga{w‘ix)ns result obtained by using retarded fields only (see
e
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The operators D, and D, were introduced*® in finding
the constant of motion E. D, (and D;) denotes time
differentiation treating x,(f) [and x;(¢)] as being the
only time-dependent coordinate. After operating with
D, and Dy the expression for g becomes a function of the
ordinary time derivatives. The higher order terms in g
involve higher order time derivatives. Kerner* has
suggested a general procedure for obtaining the classical
joint Hamiltonian % which is time-independent and
equal to the energy. His procedure is as follows. Assume
that the Hamiltonian % can be expanded in powers of the
coupling constant e= eqep so that

h(Xa,Xb,Pa,Pb) = Hot €hr+ €hot-+ - - .

The Hamiltonian formalism provides a method for
obtaining time derivatives of the #’s as functions of the
2’s and p’s, and these derivatives can be written as
follows in terms of Poisson brackets.

(26)

Xo= (Xg,h), (27)

X,= (ka)h)= ((Xu,h),h) ] etC.,
where

af ok of an
th=E[ (- )
f=] axa, Bpa. 3Pa¢ axai
of ok of ok
+(—f———— ——{——-—)] , @8)
0%pi Opps  OPovi O%xpi

and Eq. (26) is substituted for % in each of the brackets
of Eq. (27). Then the requirement that the Hamiltonian
should be equal to the energy can be written in the form,

h= ho+6h1+ 62h2+ cte
=E{€1’:r/rri¢;ib)i4’ib)' : }

=E{€,f,l‘/f, (xu;h)r(xb:k):((xa,h))h)y t } . <29)
Equating like powers of ¢, we obtain
1ro~E
hn=_|: ] , n=0,1,2,. (30)
nll de™ Jeo

Equation (30) leads to a set of partial differential equa-
tions which must be solved successively; the equation
for a given £, will only involve other %.’s with 1<#. The
partial differential equations for 4o and %, are as follows:

ho=me[1— (Xo,ho)?/ 1112

+ma’[1— (x0,h0)%/c* ]2, (31)
oy Ps \? oy
e[ e () b
Mot 3pa MpC aps
1 1 (parps) 1 (r-pa)(r-ps) 1
= | +O<_)) (32)
7 21 Paspes 2% paspas I
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where pas= (pa>+ma?c?)V? and we have made use of

a i) ol
2] ] -2
de Jdo Lde e=0 IPa
in Eq. (32). The particular solution of Eqgs. (31) and
(32) can be shown to be
ho=c(pa+mac*)'+c(pt+mac?) 2,
ll 1 (pa'pb)} 1 (rpa)(rp2)
h=-{1l—--—
2 pospua

2% paspes
which to terms of order ¢ give the result

=3 {mk62+ (1/2mi)pi— (1/8m3c®) (pi®)?}

=a,

(31a)

+0(™), (32a)

. (repa) (r-ps)

+f{1—-1- (pe: pb)}— . (33)

r 2 mampc?) 2% mamac?

in agreement with Darwin.” The quantum-mechanical
Hamiltonian corresponding to Eq. (33) can be written
quite readily, using Eq. (22) and is given by

H= Z {Mk02+ (I/ka)Pk. (1/8mk362) (Pk¢2)2}

k=a,b

+e{(1/R)— (1/8mamic?) ([[(I/R):Pa€]+7Pbi]+
+ILA/R)RR;,Pails, Pl )}

where i and j run over the components 1, 2, 3 and
capitals denote operators.

(34

V. METHOD OF SOLVING DIRECTLY FOR
A QUANTIZED HAMILTONIAN

We shall now consider a method of solving for a
quantum-mechanical Hamiltonian. We make use of the
correspondence between the classical Poisson brackets
and the quantum-mechanical commutators. Equations
(27) to (29) are replaced by the following equations:

0Xa/01= (i) [Xo,H ]= (i)' [X.H—HX,],

Ko/ 0= (i) [ X.,H1,H], etc., (35)
HoteHy+EHot- -
= ké,b{’”"“z‘* 1mi(0X 4/ 0E)2
+ /8 miL (AKi/ A Pt - 3+ G
My
gkz:a‘b{m,ccz-l»z (‘Lh)z[Xk’ HoteHy -+ P
8c2(1h)4[Xk’ Hotellit-- -] } +¢G, (36)

wher.e in deriving Eq. (36) we have assumed that the
classical expression for the energy E, Eq. (23), is
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interpretable as the quantum-mechanical Hamiltonian
H after all the classical quantities occurring in Eq. (23)
are replaced by operators. The operator G corresponds
to g. Proceeding as in the classical case the equations
determining H,, H;, - - - are obtained by equating like
powers of ¢ in Eq. (36). The equation for H, has the
following particular solution:

Ho= Y [mic®+ Qmp) ' Pid— Bmi)(Pi2)2] (37)

k=a,b

as can readily be verified by direct substitution. The
equation for H;, obtained from the coefficients of e,
takes the form

H,— k_Z ) L3R (Pr— (2mi2®)'P2P:)-[Xi,H 1]

+[Xi,H1 ] (Pr— (2m2c?) P 2Py)}
+3(8mi2c*(ih) ) (P Pi2[Xi, H1 1+ P’ X, H1]- Py
+Pi (X, H1 P 24Xk, H1 P2+ Pr} 1=[Glema, (38)

where use has been made of Eqgs. (1) and (37). Since
Eq. (38) is linear, the particular solutions corresponding
to individual terms in G can be obtained separately and
the results superimposed. It can be seen that there are
no ambiguities introduced in obtaining the quantized
form in Eq. (37) or on the left-hand side of Eq. (38). In
order that a particular solution of Eq. (38) gives an
unambiguous expression for H,, the operator on the
right-hand side of this equation must also be obtained
unambiguously from the classical g. A possible scheme
for accomplishing this would involve expressing each
term in g by a combination of classical D, and D) time
derivatives operating on a function of r. Then if D, and
Dy, go over into commuting quantum-mechanical opera-
tors, the quantization of g would be unambiguous.
We consider the following term of Eq. (24)

Ag=(1/2¢")D.Dyr
= — (1/2¢%) (kaX5)+ (1/26%) (ka+ 1) (k5- 7). (39)

It is to be noted that the expression Ag is already in
the desired classical form. In the following discussion
we will retain only this term although it is by no means
clear whether all terms in the classical g can be expressed
in the postulated form.

Before proceeding to solve the operator Eq. (38) with
G — AG, we must determine the quantum-mechanical
form [AG]Je—o. According to Eq. (35), in going to
quantum mechanics [(Dg+D3)fJemo— (h)[F,H, ).
The quantum-mechanical operators corresponding to
the individual time derivatives D, and D, should imply
LDof Jemo= (i) [ f,Ho @], [DsfJemo= (ih) [ f,H,¥] if
the Hamiltonian separates into two parts Hy® and H®
associated with particles ¢ and b respectively. From
Eq. (37), it is clear that Ho®=m.2+ (2my)"'P,?
— (8mg3®)1(P,2)? and a similar expression holds for
Ho®, Tt is then possible to determine the meaning of the
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operator [AG]co as follows:

[AG]e=0= (2*)"'[DaDsR =0
= (22 (ih)* Y [CR, (2me) Py — (8mi’c®) ™
X (P#?)],(2ma) P — (8md’c*)~ (PS)’]. (40)
Noting that
[R,P*]=[R,P1P+P[R,P], [RP:s]=(i#/R)R,

and similar relations, the right-hand side of Eq. (40) can
be simplified, giving the following result to terms of
order ¢,

[AGcmo= — (8mamsc®){R'Ps-Py+Po- RPy
+Ps-R'P,+P,-P.R1—R3R(R-P;)-P,
—P.-R3R(R-Ps)— (Po-R)R2(R-P,)

—P,-(P»-R)R2R}. (41)

A particular solution of the operator Eq. (38) with
[AG]emo [i.e., Eq. (41)] substituted for the right-hand
side is
AH1= - [AG];_O . (42)
In order to check the agreement of Eq. (42) with the
result obtained by the generalized McCoy’s method,
Eq. (22), we must replace g by Ag in Eq. (23), obtaining
Al instead of £y, Eq. (32a), for the classical Hamil-
tonian, where

Ahy= (2mame’){r'pa*po—r=*(r-pa) (r-pv)}. (43)

The quantum-mechanical Hamiltonian operator AH,
corresponding to Eq. (43), resulting from Eq. (22), is
found to be in agreement with Egs. (42) and (41), thus
exhibiting, in this particular example, the equivalence
of our generalization of the methods of Weyl and
McCoy with the method of direct solution for the
quantum-mechanical operator.

It is to be noted that the results given in Egs. (42)
and (41) cannot be obtained by the combination of all
possible Hermitian arrangements of the variables. For
example, the combination

(R-P,R-R-P,R—+R-2P,-RR-1P,-R)

does not appear and is not equivalent to the Hermitian
pairs which are present.

VI. CONCLUSION

The methods of Weyl? and McCoy? for carrying a
classical function f(p,q) of canonical variables p and ¢,
to the quantum-mechanical operator function F(P,Q)
corresponding to it, have been extended to terms in-
volving more than one pair of conjugate variables. Such
generalization of Weyl’s® and McCoy’s® result is of
particular usefulness if one is interested in transcribing
complicated functions*® (Hamiltonian) into quantum
mechanics. The method is illustrated by applying it to
the physical problem of two interacting charges which
have zero spins; terms to order ¢~? in the interaction



B 1442

have been retained. The classical Hamiltonian for this
problem is transformed into quantum mechanics, using
the general procedure of quantization developed here.
The validity of this result is indicated by a method of
solving directly for a quantized Hamiltonian from
equations, which are derived by equating the classical
energy E to the Hamiltonian operator H after classical
quantities occurring in E have been replaced by
operators.

Another method of quantizing a classical function is
derived in the Appendix, which can be reduced to the
prescription given by Born and Jordan® for quantizing
#7¢*. This method is not in general equivalent to the
generalized Weyl-McCoy method but gives the same
quantum-mechanical Hamiltonian for the example of
two interacting charges considered here.

In!' a subsequent paper® the method developed here is
applied to quantize the classical Hamiltonian for two
spin-zero charged particles, interacting through % re-
tarded +3 advanced potentials. The Hamiltonian is
derived by an extension of the method used by Kerner*
and the calculations are carried out to include terms to
order ¢* and ¢* However, the problem of physical
interest is the interaction of two spin-} charged particles
for which the Hamiltonian generally used is made up of
the Coulomb and the Breit operators in addition to the
Dirac free-particle terms; the Breit interaction being
specified to terms of order ¢ and (/c¢)?. The problem of
determining the character of the higher order terms in
the spin-dependent Hamiltonian is investigated® by
introducing spin phenomenologically into the Hamil-
tonian derived to order e* and ¢* for two spin-zero
charged particles. Several ad koc assumptions are found
necessary in carrying out this process. The guiding
principle utilized in developing a set of rules which
enable the introduction of spin is that the classical
(relativistic) one particle Hamiltonian corresponds to
the Dirac Hamiltonian. It is then possible to show, using
these rules, that the classical (relativistic) Hamiltonian
of a particle interacting with an external potential,
when expanded in powers of e, and after replacing
Poisson brackets by commutators, yields the corre-
sponding Dirac Hamiltonian. Also to orders ¢ and
(v/¢)?, the spin-dependent Hamiltonian derived phe-
nomenologically from the classical Hamiltonian is found
to be in agreement with the Breit interaction.
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APPENDIX

Alternative Method of Quantization
Consider the classical function

f(?l)qh o 'Pﬂ:qn)z <P(91:‘]2: o .qn)Plapzﬂ. Cpa”. (Al)

A function of this type can always be expressed as a
succession of Poisson brackets as follows:

f(Pl)ql" : 'Pn,(In)= [(a+ 1) (B+1) : ']‘1
X ( o (¢:P1a+l)’1’2ﬂ+x7' : 'Pn7+1)’ (AZ)

where

¢= / dgy- -+ / dgno(q1,92," * *qn) - (A3)

Since the operators P, ---P, which correspond to
p1, - p. commute, the transition to quantum me-
chanics can be made by replacing the Poisson brackets
by commutator brackets giving,

F(PyQu PaQu)=[(et1)- - (y+ DI (@A)"
X[ - [P, P, - - - Pt

Considering a single bracket
[it(at+1)I7[®,Pr=*]
=[ita+1) ] (@P=H1— Py+i)
=[it(a+1)]{ (®P,— P:1d)P:*
+ P (®P,— P ®) P11+ - - -+ P12(DP1— P1d)}

(A4)

= (a+1) % P1i(88/9g1) Py, (AS)

Proceeding in a similar manner with the remaining
brackets, we obtain

F(Plth’ : 'P”:Qﬂ)
Y B a
[t G S E E Pt

7=0 =)

X PyiPy*®P e~ iPyf~5. . ‘Pn"'—k, (A6)
which turns out to be a generalization of an ex-
pression given by Born and Jordan.® The operator
F(PyQy,- - PnQn) in Eq. (A6) is not in general the
same as the generalized McCoy operator, Eq. (22), but
the two expressions give identical results for the Darwin
Hamiltonian. The values of operators obtained by the
two methods differ by terms of order #? in several cases
considered. This difference has also been noted by
McCoy,® namely, that his expression for the operator
corresponding to the classical term $7¢* would not be
the same as the one given by Born and Jordan®if r and s
are both greater than unity.



