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The theory of the beta decay of complex nuclei, Ny — N;+¢~+7,, is developed on the basis of a treatment
which considers the nuclei involved (%; and Ny) as “elementary” particles and applies the hypotheses of the
conserved polar-vector hadron weak current (CVC) and the partially conserved axial-vector hadron weak
current (PCAC) to determine the effective polar-vector and axial-vector weak coupling constants
Gv(N: — Ny) and G4(N; — Ny); the numerical values of Gy (N; — Ny) and G4(N; — Ny) reflect in this
treatment the complexity of internal nuclear structure. Using CVC, and supposing that |N;) and |N,)
are sufficiently pure isospin eigenstates, we can immediately calculate Gy (N; — Ny), while PCAC, together
with a suitable pion-pole-dominance assumption, implies the Goldberger-Treiman (G-T) relation which
expresses Ga(N; — Ny) in terms of the pion-initial-nucleus-final-nucleus coupling constant fen;v,; this
coupling constant can be found from a polological analysis of z+N; — p+N; nucleon charge-exchange
scattering experiments. Since such experiments are not as yet available, we calculate the values of the
Srw;n, in terms of the known magnetic moments of Ny and N, by means of a very crude theory, and compare
these values with the values of the frw;n, calculated by means of the G-T relation from the G4(N; — Ny)
deduced from observed beta-decay rates. The agreement is, in general, somewhat better than that found

between calculated and observed rates in the customary impulse-approximation theory of beta decay.

I. INTRODUCTION

N the customary theory of nuclear beta decay:

N;— N;+e +5,, the weak-interaction Hamiltonian
is taken as that of a collection of mutually isolated
physical nucleons while the initial and final nuclear
states, |V;) and | N;), are described by wave functions
¥y, and ¥y,, dependent on the position, spin, and iso-
spin of these nucleons. As a consequence, an impulse
approximation is employed to relate the transition
matrix elements in nuclear and nucleon beta decay;
moreover, the calculated matrix elements are in general
rather sensitive to the details of the wave functions used.
Thus, no very high precision has ever been attained
in the prediction of nuclear beta-decay rates and
several serious discrepancies still exist between theo-
retical and experimental ft values (e.g., in 13Al1% —
1eMg1s%®+et+v.); these discrepancies seem too large
to be due to a failure of the impulse approximation
(i.e., to be due to pion-exchange effects!) and probably

* Supported in part by the National Science Foundation.
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arise from inadequacies which still afflict even the best
available ¥y, and ¥y,.

In the theory developed in this paper we attempt to
avoid the above difficulties by treating the nuclei N; and
Ny which participate in the beta decay as “elementary”
particles and by applying the hypothesis of the con-
served polar-vector hadron weak current (CVC) and
the hypothesis of the partially conserved axial-vector
hadron weak current (PCAC) to determine the effective
polar-vector and the effective axial-vector weak coupling
constants, Gy(N;— N;) and Ga(N;— N;). The cou-
pling constants Gy(V;— Ny) and Ga(V;— N;) are
characteristic of the NV; — N, nuclear beta-decay transi-
tion; their numerical values reflect, in the present treat-
ment, the complexity of internal nuclear structure. In
spite of this complexity, Gv(V;— N;) and G4(NV,— N;)
may be found explicitly in many cases since the CVC
hypothesis permits identification of the polar-vector
hadron weak current with the isospin current while the
PCAC hypothesis, together with a suitable pion-pole-
dominance assumption, implies the Goldberger-Treiman
(G-T) relation. Thus Gy(V; — N,) is immediately given
if | V;) and | V) are sufficiently pure isospin eigenstates
while G4(V;— Ny) is proportional to the pion-initial
nucleus-final nucleus coupling constant, f.v;~,, which
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can be found, e.g., from a polological analysis of #+XN;— p+.\"; nucleon charge-exchange scattering experi-
ments or can be expressed (as we show below by means of a very crude theory) in terms of the magnetic moments
of lN.> and IIV/>.

II. FORMULATION

We recall that neutron beta decay: n — p+e 7., is phenomenologically described by the transition matrix
element

G
(e7ep| £(0)|n)= 72£ui~ma(1+75)ua*]{ 17" 0)[n)+(p| ja 4 ©O) | n)},

. Oapqs
(B 7P (©) | my= {up*n%[vaFV"*"(qz)— ; vam}un} ,

Mmp

iqa(mptm,) (1
(1w O )= i s T ) )
(9197a4(0)/3xa| )= —igulp| ja @ (0)| n)=(mptmu) [F4?(¢*)+ (¢*/ms*)F p"2(q*) J(up" Ty 4v5Un)
= (mpt+mn)®"?(g%) (' T4y 4750 ;
G=1.0X10"%/my*; q=—(petp5)=(pp—1n),
where, on the basis of the CVC hypothesis,?
Fy»*?2(0)=Gy(n— p)=1—0=1, Fu"?(0)=[u(p)—1]—[u(#)—0]=(2.79—1)—(—1.91-0)=3.70 (2)
and, on the basis of the PCAC hypothesis,?

Melbrfenpy 1 [F  Imd*?(—m?)
Bnr(g?) = —— 4~ / —d(m?),
ml+q¢ 7 Gm? m?+g*
Mearfemy 1 2 ImFprr(—m?)
Famer(gt) = — i | a(m?); )
me2+q* 7 J @mg? m*+g?
1 00
— M frnpt— ImF pr>?(—m?)d(m?)=0
™ (3'"1),
so that
1 r°  Im®*?(—m?)
en*2(0)=F4"*?(0)=Ga(n — p)=axfrnpt— —d(m?)
T J Gme)? m?

)

1
—/ Im®*~?(—m?)d(m?)
(3'":')2

™ , @)
=qrfrnp| 1+
(m*)e""Paxfanp
1 r*°  ImFpr?(—m?) m2
For o= —tafemt— | o gmt) = —a, f,,.,,[l ————] .
T J (3my)? m? (mQ}p"*”

In Eqs. (1)-(4), %., us, %, and u, are electron, antineutrino, proton, and neutron spinors; j.("> and j,(4) are
polar-vector and axial-vector hadron weak currents; Fy"~?(g?), F">?(¢?), F4"?(¢?), and Fp"~?(q?) are polar-
vector, weak-magnetism, axial-vector, and induced-pseudoscalar neutron— proton weak form factors; u(p) and u(n)
are proton and neutron magnetic moments (in units of e/2m,); a»=F 47>V*(p,>= —m,?) is the axial-vector pion —
vacuum weak form factor determined numerically from the observed =+ — ut+v, decay rate as |a,| =0.9540.012;
Senp= frnp(Pn?= —ma2, po2=—m,? ps?=(pn— pp)?= —m,?2) is the pion-neutron-proton vertex function evaluated

at pa’=—mn?, pp’=—my’, p’>= (Ppn—pp)?= —m,? i.e., fxpa is the pion-neutron-proton coupling constant, given

f See, e.g., H. Primakoff, Proceedings of the International School of Physics “Enrico Fermi,” 1964, Course 32: Weak Inleractions and
High Energy Neulrino Physics (Academic Press Inc., New York, to be published).
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on the basis of dispersion-theoretic analysis of ¥+ p — w*+-p elastic-scattering experiments® or, somewhat less
accurately, on the basis of a polological analysis of 4 p — p+#» nucleon charge-exchange scattering experiments,*
bBY frnp=V2[ropp=V2(4r)1/2(0.0810.003)"/2=1.43:0.03.5

We note that m,2/(m?)p">?Sm.2/(3m,)?=0.11 so that Fp">?(¢?) is indeed dominated by the pion-pole term
—Mn2r frnp/ (Me2+q?) for —m,2<q2<0. If we assume that

00

/ Im®"*?(—m?)d(m?)
(3"11)’

00

(o (m2) s, [ TP p»(— m?)d(m) )
(3mx)?

~
=

and use Egs. (3) and (4), we see that a similar pion-pole dominance also characterizes ®"~?(¢?) and we can write,
up to errors ~10%,

Ga(n— p)=ayfrn,=—Fp~7(0). (6
Equation (6) is the Goldberger-Treiman (G-T) relation; since on the basis of the measured o, and sOs'* beta-

decay rates one obtains G4(n — p)=1.194-0.03,5 and since, as mentioned above, |a,| =0.954-0.01,2 the value of
fenp deduced from the first equality in the G-T relation of Eq. (6) is

Fenp=(1.192£0.03)/(0.95-£0.01) = 1.25:0.04. )

This value differs by 139, from the above mentioned pion-nucleon elastic scattering value: frnp=1.43-40.03%;
the relatively small discrepancy is presumably due to the neglect of the contribution of higher mass states in
passing from Eq. (4) to Eq. (6). In addition, analysis of the measured muon-capture rates in 1H,! and oHe;? indi-
cates that — F,»>?(0) lies between 1.0 and 1.7% so that the second equality in the G-T relation of Eq. (6) is also
consistent with available experimental information.

We proceed to extend Eqs. (1)-(6) to nuclear beta decay: N;— Ny+e~+7.. The customary theory assumes
(5N 1] £00)| N3 = (G2 [y evall76)us* H(N 1| 1P O) | Ny (V| 1O (0) [ N},
(N5 7P (0) | Ni)= (Wy (- 1@ ,05(@® 13 (@ - )| TV | Wy (- - 1@ 05(@ 7@ 1)) ®)
(V1] 7a@(0) | Ni)= (Ty, (- 1@ 5@ 75 .. )| T4 [ Wy (- - 1@ g5 @ 750 .. L))

with
4 oas Vs
JaM'=2 r+<“)74(")|:’ya“"Fv"*"(q"’)-— FM""P(qﬁ)]e“l"(“’ ,
a=1 mp
4 1qa(mpt+m,) &)
Ja=3 1-+(u),y4(a)[,yu(a),yE(a)FAn-vp(q2)+__._%__,Y5(G)Fpn~bp(q2)]e;q-r(u) )
a=1 (2
9= (Pe+?ﬁ) )
whence, in the “allowed’ approximation,
4 4
JeM=3 1.0[0uGr(n— p)], Ja =3 7.@[(1—0a4)ica®Ga(n— p)]. (10)
a=1 a=1

In Eq. (8), ¥w,, ¥n, are wave functions describing the nuclear states |N;) and | N,), and r®, g;3(® 73(® are posi-
tion, spin, and isospin coordinates of the ath physical nucleon. The above mentioned impulse approximation
corresponds to the representation of J.(", J,4) in Egs. (9) and (10) as a sum of terms each one of which refers to
the beta decay of a physical nucleon within the nucleus with a weak-interaction Lagrangian identical with that of
an isolated physical nucleon. Actually, pion-exchange terms of the form

f,opr 2 A e_,,.,],(a)_,(b),
J g lexeh) =~ 2 Z (T+(b)_T+(a)){[74(a),ya(a),ys(a)]e.-q-,(a)__[74(b)ya(b)ya(b)]e;q-r(b)} FA""”(Q’)
0 a=1,b=1

m‘[r(a)_r(b) l

(11)

3 See e.g., J. Hamilton and W. S. Woolcock, Rev. Mod. Phys. 35, 737 (1963).

* See A. Ashmore, W. H. Range, R. T. Taylor, B. M. Townes, L. Castillejo, and R. F. Pejerls, Nucl. Phys. 36, 258 (1962). The method
was originally suggested by G. F. Chew, Phys. Rev. 112, 1380 (1958) and is rather fully discussed by M. J. Moravcsik in Dispersion
Relations, 1960 Scottish Universities’ Summer School (Oliver and Boyd, Edinburgh, 1961), p. 117.

8 C. S. Wy, as quoted in A. Halpern, Phys. Rev. Letters 13, 660 (1964); our G4(n — p) is the negative of the conventionally defined
axial-vector neutron — proton weak coupling constant.

. 8The G-T value of —Fpn"?(0) given in Eq. (6): —Fp""?(0) =a,frap=1.36 corresponds to an effective-for-muon-capture
induced-pseudoscalar neutron—proton weak coupling constant :

[t Jorr@moom e O | (o Y 0= 89375 -Gut0 = 1.
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should be adjoined to the J,(" 474 of Eq. (9). It can be shown that in the ‘“allowed” approximation we have!

(U, | Toloxe | Wy, )= {<f”"”2)24A[m(g'fAm)]—a}<wn,| é 74 O[(1—bas)ica®Ga(n— p)]| ¥xs)  (12)

47 M

so that the impulse approximation should be accurate to something like 10%,.

We now set down the basic equations of the theory outlined in the Introduction where the nuclei which partici-
pate in the beta decay are treated as “‘elementary” particles. Confining ourselves for the time being to nuclear
beta-decay transitions of the type

[V (193 )=} 93 4] [Ny: 093 1) =33 e+,

we have, on the basis of the validity of the CVC and PCAC hypotheses, and analogously to Egs. (1)-(4),

(e77.N ;| £(0)| V)= (G/V2) [Ty eva(1+v8)us* WV ;| 1 (0) [ N)+(Ns| 72 (0) | N i)},

Ny §aP ) [ Ni)= {un rivs[vaF vV N (g?) — (0apgs/ 2mp) F ™=V (g%) Juni}

(N1 §a D (0) | Ni)={un  rivs[vavsF V5 N1(g?) + [iga(mu 4my;) /ma* JysF PV N1(g?) Juni}
(N118ja(0)/3%a| Niy=—iga(N /| ja'#(0) | V)

= (my+mu)[F 4V V(g2 +(g%/ma*)F pNi=N1(g%) Jun M7y eysun:)
= (mu,+mu )2V N1(g?) (un iy eysuns);
G=(.0X1075)/my?;  q=—(po+p5)=(pn,~ ),

(13)

with
Fy¥eNr(0)=Gy(Ni— Np)=Z(N)—Z(N:)=1, Fu"¥1(0)=[uV,)—Z(N;)/A]—[s(N)—Z(N:)/A] (14)
and

PNi=N/(0)=F4Vi~N1(0)=Go(Ni— Np)=axfenin,+— d(m?)

™

1 ° Im®Ni>Vr(—m?)
/ mian m?
1 00
—/ Im®¥:>Vr(—m?)d(m?)
™ mzan

=an'f1rnp 1+ 3
(MmN >Nia, fanin,

(15)

ImF Ve N1 (—m?)

1 o0
FPNi_»N/(O) = a‘lfﬂ'NiNj—i__ /
T 2

2
Mmian m

d<m2>=—a,f,N..N,[1———”fi—].

<m2>PNi-'Nf

In Egs. (13)-(15), uns and uy, are spinors describing the motion as a whole of the final nucleus and the initial
nucleus; FyVi>¥Ni(g?), FyVi*N1(g?), Fa¥i>¥1(¢?), and Fp¥i>¥/(¢?) are polar-vector, weak-magnetism, axial-vector,
and induced-pseudoscalar N; — N, weak form factors; u(V,) and u(N,) are magnetic moments of the final nucleus
and the initial nucleus (again in units of ¢/2m,);

eriN/EfoiNf(PN;2= —mn?, PN!2= _mez, pa’= (PN.'_PN/)2= —ma?)

is the pion-initial-nucleus-final-nucleus vertex function evaluated at pn,*= —mn .2 pn,2= —mn,?, p.>= (px,— pn,)?
= —m.,?, i.e., fxn,n, is the pion-initial-nucleus-final-nucleus coupling constant; m?2., is the anomalous threshold
squared mass value associated with the possibility of the process (zVa_z4)i — (zN a—z_14")+n — (zN 4_z_147)
+pte+v.— (241N a—z_14)s+e+5. and is given by formula m..2=[84/(4—1)Impe=(1.7m,)? where &8
MeV=0.057 m, is the binding energy of a nucleon to the nucleus.” On the basis of the impulse approximation of
Eqgs. (8), (9) we can then write an equation connecting FV:=¥7(g?) with F»~?(g?)

G + w1 - (mN.‘+mN/) .
\/_?[“e Yeva(l4v8)us* 1| iga——————F p¥i>N1(¢*) | [un, rivaysun,]

Mx

G . (mn+mp) A
56[%*%%(1-{-75)%;*]{an———FP"*p(qz) (O, | 2 74 @ya @y @eiat@ [ Wy}, (16)
a=1

kg

7 See R. Karplus, C. M. Sommerfield, and E. H. Wichmann, Phys. Rev. 111, 1187 (1958).
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whence, using also Egs. (15) and (4),

A
(Ung| T 74 @ya @@ [ Ww,)
a=1

1 7 ImFp¥i>N/(—m? Mat+mp
""awer{Nj"}"'"/ d(m2)g_affﬂ'np < )
T J m2%n m? mN.‘+me (uN/TT+’Y4'Y£’)uNi)
A oy (@@ | )
Uy, 2 74 @y @@ | Ty
1  ImFpr?(—m?) Mntmy ( Nfla=1 o
+1 / T om) ( ) . an
T J (3my)? m? my;+mn, (un A ryyaysun;)

Clearly, a similar equation connects ®Vi¥s with &7, Equation (17) shows that the contribution of the pion-pole
term and that of the higher-mass cut term are multiplied by the same factor in passing from the » — p to the
Ni— Ny case so that the extent of pion-pole dominance should not be appreciably different in these two cases.
Thus, the pion-pole-dominance assumption for ®Vi>¥s(¢2) and Fp¥i>¥7(¢?) may be expected to hold about as well
as for ®7>7(¢?) and Fp"~?(¢?) so that, analogously to Eq. (6), we have the Goldberger-Treiman relation

GA(‘\Yl- i LNYI)%anWN.'NIE - FPNi —)Nf(o) . (18)

Equation (18) is fundamental in what follows.

We close the present section by appending formulas for f¢ values in the ‘“‘allowed” approximation for nuclear
beta-decay transitions of the type [N;: (JP; T);=3®; 31> [N;; (JP; T);=3P;1]4+e +v.. Thus, using
Eqgs. (13)-(15), we can write

273 In2

G2

[(ﬂ)NHN,}l( >=[Gv(A’¢—+A',)]?{ S [T
M=

+[GA(1V,-——>]V/)]2{ Z ](uN,;...M,...Tr+cuN,-;...Mi...)l2}
My=+}
=1X14[Ga(N;— Ns)]2X3

GA(ZVi hand 1’\7/) 2
= 1+(1.19)2[——~—————] (19)
Ga(n— p)
so that, expressing G4(N:— N;)/Ga(n — p) via the G-T relations of Egs. (6) and (18),
Ga(Ni— Np)/Ga(n— pY=fenn,/ fenp (20)

and substituting into Eq. (19),

LDNn, 171 (27 In2/G?) = 1X1+[Galn — p)J(frwin,/ frnn)*X3
=14 (L19)*(frwiny/ frnp)®X3. 1)

On the other hand, on the basis of the impulse approximation of Egs. (8)-(10) together with the pion-exchange
correction of Eq. (12), we have

A
GalN— Avf)— (1+£)<‘I/Nf;...Mj... Iagl 74 (@@ I ‘I/N,-;..,M,-...>

b

GA(n—-)P) B (uN,;...Mf...TT+0'uN¢;--~M,<...)
A
[GA(A’Ti N l\vf):r (1+£)2 Alfg:‘:;( <\I’Nf,...M,... [ agl T+(a)0‘('l) l ‘I/N,';---M;'---)I 2
= , (22)
GA(an) > ](uN,;...M,...Tu«mm;...M,-...)[2
My=+}
A
=%(1+E)2 Z ] (‘I/Nf;---M/n-I Z T+(a)0,(a) ‘ ‘I’N.';N-Mp--)I 2,
Mi=1t} a=1
0 2 4‘4 2
(1+$)2zl1+<f Pp) _ ,
dr /' [m.(0.8413/m,)]?



B 1452 C. W. KIM AND H. PRIMAKOFF

whence, substituting into Eq. (19),
273 In2

G?

A
[(ﬂ)mw,]*‘( > =1X14[Ga(n — p) A+ H¥ Mf{lﬂl (Ugieeptye | Ex T+ e@ [ Uy )| 2

4
= 1+(119)2(1+5)2{ > [ (‘I’N/:u-M/-nl > 7+(¥g@® l ‘I’N;;---M.‘---H 3. (23)
My=+} a=1
Finally, combination of Eq. (20) with Eq. (22) yields

4
Feniny (1+E)<‘I’N;;...M,... Ia§1 74 @g@ |‘I’N.~;-..M,-...>

) (24)
f,mp (uN,;...M,...*uouN‘-;...M,-...)

which is consistent with an impulse-approximation expression for the transition matrix element of nuclear pion
emission

[Vs: (JP; T)i= 393 31— [V 00 1), =33} 4o

with the pion-exchange correction factor (14-£) acting to renormalize the wnp vertex.

III. ESTIMATES FOR THE RATIO (fiv.v,/frnp)®

Values of fin the “allowed” approximation for nuclear beta-decay transitions of the type
[N (P T)i=5F; 3] > [Ny (VP 1) =3P 314 +5.  (eg., 1Ho* — oHerte+50)

are, as we have seen in the last section, calculable from Egs. (19)-(21) which, for purposes of numerical work,
can be conveniently written as®

14+ (1192[Ga(Ni— Nf)/Galn— p) ]2 X3
14(1.19)2X 3
1+ (L19)*(frwans/ frnp)* X3 (25)
14(1.19)2X 3 ’

LUOwian, I =L(f)n-p]"

= [(ﬂ) o

(f)n-p=1180 sec!.

With this equation, and with experimental values of (f)v;.~,, we can obtain (frn;n,/frap)?=[Ga(N:— Ny)/
Ga(n— p)]* and compare these “Goldberger-Treiman experimental” values of (fan;n,/frnp)? With values of
(fxwiny/ frnp)? deduced from a polological analysis of #+N;— p+ N, nucleon charge-exchange scattering data or
expressed, by means of a very crude theory, in terms of the magnetic moments of N; and N, (see below). Before
embarking on such a comparison we note that a treatment of nuclear beta-decay transitions of the type

[Va(JP;T)=3 $&® 1 ... 17—
Vi (TP T)p=3P, 3@, F®, -3 T+e+5. (e, Cs' — sBell+et+v,),
wholly analogous to that given in Egs. (13)-(24) for (J(P);=(J®)),=1@® | yields (see Appendix I)
14+ (1.19)°[Ga(Ni > Np)/Galn— p) X (T+1)/J
14(1.19)2X 3
1+ (L19)2(frwins/ frns) X (J+1)/ (26)
14(1.19)2X3 !

LN ean, I =[(1)np 1™

=LUDnp]™

(f)np=1180 sec!

. BA.N. Sosnovskii, P. E. Spivak, I. A. Prokofiev, 1. E. Kutikov, and I. P. Dobrinin, Zh. Eksperim. i Teor. Fiz. 35, 1059 (1958) [Eng-
lish transl.: Soviet Phys.—JETP 8, 739 (1959)].
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T I T T T T ! T
2 2

[ G, (N-=Ny) ] . <'rNiN, )
[ 77176, (n>p) -
/ A P exper. fenp G-T exper.

AN N
Y 2
\ [GA(N‘—) Ny)

GA(n —>p) :| imp.— opprox.
theor.

F1c. 1. Comparison of theoretical and experimental values looando
of [G4(N; — Ny)/Ga(n— p) .

Mass Number A

which holds for J=3%, §, Z, - - -, and, in fact, reduces to Eq. (25) for /=%. Equation (26) yields “G-T experimental”

values of
( f rNiNj>2= [GA(N:"*’ Nf)]z )
fenp Ga(n— p)
for all nuclear beta-decay transitions of the type
[N (JP; T)=3® 3 8 1 ... 1] [Ny (JP); P),=3&) 3@ $® 1) ... 1 4e+5,;

the results are shown in the fourth column of Table I and in the solid curve of Fig. 1 and exhibit a strikingly non-
monotonic dependence of (fxn;n,/fznp)? on the mass number 4 of N; and N,.

We now describe an extremely crude theoretical derivation of these values of (fxn;n;/frnp)*—our derivation
is in the spirit of the semiclassical meson-theoretic treatment of the isovector anomalous magnetic moment of the
isobaric doublet pair: proton and neutron. On the basis of such a treatment we can write,?

[ Cu(p) = 11— [u(m) =01 =k f*rns (28)

where % is a numerical constant and | (u(p)—1)— (u(#)—0)| =3.70 [Eq. (2)]. In a similar way we can set down an
expression for the isovector anomalous magnetic moment of the odd-A4 isobaric doublet pair: N; and Ny,

Z(Ny) . Z(N) o ) B
(#(A»— - )——(u(x\f)— - )l—kfwmzvfg(/l), ¢)=1, (29)

where g(A4) is a more or less smoothly varying function of 4. We have been unable to devise a convincing a priori
specification of g(4) and make the a posteriori choice: g(4)=A'/3 in order to obtain a good over-all fit to the ex-
perimental values of (f¢)n;.~,. Equations (28) and (29) yield

<f‘rN-'Nf)2= |Cu(N)—Z(N)/AT=[u(NV)—Z(N)/4]] 1 _ |Lu(N )= Z(N )/ A]—[w(N)—Z(N:)/A]|
Jrnp [ (u(p) — 1)—(u(m)—0)| g(4) 3.704113

and this equation, together with experimental values of u(V,) and u(V;), yields ‘“anomalous-magnetic-moment
theoretical” values of (fzn;~,/ frnp)? shown in the fifth column of Table I and in the dash-dotted curve of Fig. 1—
the overall agreement between these values of ( SxN:Ny/ frnp) anom-mag-mom theor and the corresponding values of
(frw:Ny/ frnp)?G-T exper (fourth column of Table I and solid curve of Fig. 1) lends some confidence to the calculation
of (fewiny/ fanp)® from |[u(N)—Z(N;)/A]— [N )= Z(N:)/A]]| - | (u(p)—1)— (u(n) —0) | ~*- A=1/3 [Eq. (30)] and
to the G-T identification of (fen,n,/frap)? With [Ga(N;— N;)/Ga(n— p)]? [Eq. (27)]. It is also of interest to
calculate [Ga(Ni— Ny)/Ga(n— p)]? from the impulse-approximation based Eq. (22) (generalized to any half-
integral J) using appropriate nuclear models to specify ¥x,;...a... and ¥x;... y... (see Appendix II); these values

30)

$See e.g., J. D. Jackson, The Physics of Elementary Particles (Princeton University Press, Princeton, 1958), p. 44.
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of [Ga(Ni— N;)/Ga(n— p)Teimp-approx theor LEGs. (A19) and (A18) below] are shown in the sixth column of
Table I and in the dashed curve of Fig. 1 and agree no better (in fact, somewhat worse) with the [Ga(N;— N;)/
Ga(n— p) Jexper (fourth column of Table I and solid curve of Fig. 1) than do the (fxN:N;/ frnp) anom-mag-mom theor
(fifth column of Table I and dash-dotted curve of Fig. 1) with the (fzn;n;/ frnp)’G-T exper (fourth column of Table I
and solid curve of Fig. 1).
We proceed to discuss nuclear beta-decay transitions of the type
[N (TP T)=09;1]— [Ny (JB; T)y=1D; 014645, (e.g., sHes® — sLis+e+7.);

the nuclei Ny, N, are here again treated as elementary particles. We then have, on the basis of the CVC and
PCAC hypotheses, and with neglect of certain relatively small terms,

(e79.V ;| £(0)| No)= (G/V2) [y ava(1+7s)us* (N ;| ja P (0) | Ni}+(Ns| 7#(0)
(Ny] 1a"(0) | Niy= — {un, [eapyS+(gs/ 2mp) Far™i"N1(g?) Jun}
(Ny] §a®(0) | Niy={un, [iSaF a¥i>N7(g®)+(iqa(Ssqs)/ms*)F p7+N1(g%) Jun.}
(V718 (0)/%a] Ni)=—igal{Ns| ja‘*(0)| N:) (31)
=[F4¥*¥1(g2)+ (g% m.2)FpVi=N1(g®) - [un, (Sege)un,J= Vs> ¥1(g*) (s  (Spge)un:];
G=(1.0X107%)/my*; g=—(petps)=(pn;—pn:),

‘Vi’)} ’

with
FuVi=N1(0)=V2u([0H); 1]— [19;07])

1 Im®Ni>Ni(—m?)
‘I’N"-'Nf(())=FAN"_>NI(0)EGA(N1‘——) Nf)=a1rer{Nf+—/ —————2—-d(m2)
T J mian m

1
-/ Im®V:> N (—m?)d(m?) (32)

™

=a7rf1rNiNj 1+ ’

<m2>4>N"_’N'ra7rf1rNiNf

ImF p¥i-Ns (—m?)

1 o0
FPN'.*NI(O) = —'aweriN/+_ /
mw 2

2
m-an m

My
d(m?)=—a, f,N..N,{ 1—————} .

(m2>PN.~->N/

In Egs. (31) and (32), #x, and uw, are spinors describing the motion as a whole of the final (spin-1) nucleus V', and
the initial (spin-0) nucleus N;; (#x;...20/=1,0,—1...Satn ;- 215=0...) 15 to be understood as [S(S+1)J/2(£.(M))*
where &, (M) is a spin-1-type polarization four-vector orthogonal to (px,)e and S=1, F4VNN/(¢?), and FpVi=N/(g?)
are weak-magnetism, axial-vector, and induced-pseudoscalar N;— N, weak form factors; #([0; 1]— [1¢;0])
is the transition magnetic moment to the ground state of N, from an excited state of Ny with the same quantum
numbers (except for T;) as the ground state of N,; as before, f.n;n, is the pion-initial-nucleus-final-nucleus
coupling constant. Assuming further that the pion-pole-dominance assumption is also valid in this case [see

the analogous discussion after Eqs. (16) and (17) and also Egs. (18) and (20)] we have the Goldberger-Treiman
relation

Ga(Ni— Np)=arfrnin 2 —FpVi>V1(0), Ga(N:i— Ny)/Ga(n— p)=fan;n,/ frnp, (33)

wholly analogous to Eq. (18). From Eq. (33) we can calculate the f¢ values in the “allowed” approximation for
nuclear beta-decay transitions of the type [N;: (J®; T);=04;1]— [Np: (JB; T)=1D); 0]+ +5,, viz.,

(1.19)2[GA(N,- — N;)/Ga(n— P)]2X6
14(1.19)2X 3
(L192(frwiny/ frnp)¥X6 (34)

~LUe s

LUDwan I =L()np ]

(f)n>p=1180 sec™!.
Similarly, the f values in the “allowed” approximation for nuclear beta-decay transitions of the type

[Ne: (TP T)=1F 0] — [Ny (JP; T)y=0; 1]+et+v, (e.g., oFo'®— 0108 +-et+v.)
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and
[N (P T);=10;1]— [N ;: (JP; T);=09; 0]+ +5.  (eg, sB:1— ¢Cel>+e+7.)
are
(1.19)2[Ga(N,— N;)/Ga(n— p)1*X2

14 (1.19)2x 3
(L19)%(frwins/ frnp) " X2 (35)
14(1.19)2x 3

CANean, I =L(Dnp ]

= [(ﬂ) n—»zv]_l

(f)n-p=1180 sec™!.

Use of Egs. (34) and (35) and of experimental values of (ft)w;-~, permits calculation of “G-T experimental” values
of (fawing/frnp)?=[Ga(N;i— N;)/Ga(n— p)]* for even-A nuclei and these values are included in the fourth
column of Table I and in the solid curve of Fig. 1—it is seen that (frn:n,/frnp)’G-T exper has the same general
(strikingly nonmonotonic) dependence on A for even A4 as for odd 4. On the other hand, particularly in the cases
¢Cs!* — Nylt+e 47, 06— Ni'*+et+v,, and 1Si1s*? — 5P +e+v,, [Ga(Ni— Nj)/Ga(n— p) Pexper
= (faniNs/ frnp)?G-T exper is very small and it may be doubted that the corresponding ®V:~Vs(¢2) and Fp¥i=¥s(g?)
are indeed dominated by a pion pole with residue proportional to f.x;n, [see however the argument after Egs.
(16) and (17)7].

What can we say about a theoretical derivation of the values of frn,v,/frnp for the even-4 nuclei? It is clear
that a treatment analogous to that described in Egs. (29) and (30) for the odd-4 nuclei cannot be given in the
even-A case if only because one of the two nuclei involved has zero spin and therefore zero magnetic moment.
Thus the frn;n,/ fxnp for even A can only be deduced from a polological analysis of #+ N ; — p+-N;nucleon charge-
exchange scattering experiments (e.g., n43Lis® — p+.Hes® or n+4Ce'2— p+;B;'2). In the absence of such
experiments, our sole recourse is an estimate of f.y;n,/fznp On the basis of the impulse approximation [see the
analogous Eq. (24)]

A
fn-N-N, (1+£)<\I,Nf;--~M/--- ! az=:1 T+(a>a(a) l ‘I’N,-;-~.M,-...>

(36)
f,mp (uN,;...M,...*SuN.-;...M{...)

However, Eq. (36) yields no new information since, together with Eq. (33), it merely gives the usual impulse-
approximation expression for G4(V; — N;)/Ga(n — p), viz. [see the analogous Eq. (22)]

A
GA(N,‘—"’N/) (1+£)<\I/Nf;...M/...]a§1 T+(“)0(")[‘I’N,-;...M,»...>

(37)

Ga(n— p) (uN,;...M,...TSuN,-;...M,v...)
We conclude this Section by giving a brief discussion of nuclear beta-decay transitions of the type
[Ne: (U9 1= 395 T]— [N (F 03 1), =3P T—1]+e 4+,
(e-g., 48Cder"5(3 ;5 19/2) — yoInes'5(3 ;5 17/2) +e+75.);

in contradiction to the cases previously treated, this last type of transition is not “allowed” but rather “parity-
forbidden.” Analogous to Egs. (13) and (14) we then have, using the CVC and PCAC hypotheses and with the
same notation as before,

(7N s| £0)| Niy= (G/VD)[uveva(1+v5)us* WV ja W (0) [ V) +(N/| a4 (0)| N:)},

. Ga TapqdpYs
9 7 @1) = L[ v omwit s [ = 2 i) o
q Mmp
lim [FyNi=Ni(g?)/¢*]=finite constant;
a0
. . Tapds iga(my,—my,)
O B B e I
myp My
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(V71074 (0)/ 0] Ni)= —iqa{N | j« A (0) [ N)
= (mu;—mn ) [Fa¥ V() (g% ma2)F NN (g*) Jun yaun,)
= (my,—my) PV V(g% (un Fyaun.); 38)
1.0X10-5
G= —;  g=—(p+p5)=(pn,—PnN.);

My’

my+m 1™ Im®NeNi(—m?)
BNNI(0) =Py ¥ ¥1(0) =G a(Vi— Nf)=(““_‘)“wf«~.-~/+" / ——d(m’)
™ mzan

MmN ;—MN; m?
1 0 -
- / Im®Yi=>N/(—m?)d(m?) 1
my+m; ™ J mian r
=<—'—“’__— arf:rN.‘Nf 1+ - J )
MmN —Mmy; (MmN Ni[(my,+mn.)/(my;—mn) 0 fanin,

my+mu; 1 2 ImFpVeNr(—m?)
FPN.‘—»N/(O):: _(_———>aff1NiNj+— f J(mg)
T J mPan

My ;—MN, m?
my;tmn; M’
=—|———)arfaninys 1__—«_~—N— y
MmNy — MN; (m?)pNi=Ns

whence, postulating also pion-pole dominance [see the analogous discussion after Egs. (16) and (17)], we have the
Goldberger-Treiman relation

my;+my;

Ga(Ni—> Ny)  ymyFmy\ fonvin
A ~< 1 ) f' (39)

Ga(n— p) o fanp

Here, however, frv;n, is a scalar-type, rather than the previously used pseudoscalar-type, pion-initial-nucleus-
final-nucleus coupling constant, i.e., f.n;n, is here defined via the vertex function

[(mN/+ mN;)//mw]an,-N,(PNgZ,PN,Q,Pﬁ) (uN,T'yle.)

rather than via the previously used vertex function

GA(;V,' - :\’})E( )areriNjg'—FPN"_)N/(O) )

MN;— MN; MN;—MN;

COonwytmu)/ma]fonin,(pnds o, px") (s yaysun,);

fxnin;/ fanpis deducible on the basis of a polological analysis of #+.V; — p+.Vi nucleon charge—exchange scatter-
ing experiments (e.g., 7+ soIngg'’® — p=+4sCder'1%). In the absence of such experiments our sole recourse is again
an estimate of fan;n,/fxnp ON the basis of the impulse approximation [see the analogous Eq. (36)]:

A
Loyt )/ medfows, Ot 2oy me OO W)

L(mpt+mn)/me]fenp (wwgieeestye Tyatin g ease.)

(40)

However, and just as before, Eq. (40) yields no new information since, together with Eq. (39), it merely gives the
usual impulse-approximation expression for Ga(N;— NV;)/Ga(n — p), viz. [see the analogous Eq. (37)]

A
(1+E)<‘I’N/;-~-M/-~»l Z 74 Dy Dy l Un e ien)
a=1

GA(JV,'—) A\Yf)—< m,,-{—m,. \
Ga(n— p)

mN,—mNi} (uN,;...M,...T'y4u1v,~_...M,-...)

4
(AL gal /(mptma) K¥Nfiovontgen ] 2o 74 @y @y Oy @ [ Wi gy

N( mp+mn \ a=1
o mN/'—mNg} (uN,;...M,...’f'y4uN,-;...M,-...)
A
(1+S)<‘IIN/;-.~}[/..-’ Z T+(a)75(a){‘I/N,-;..-M,~...>
a=1
= . (41)

(uN/;...M,...T’MN,-;...m...)


file:///lflNf�
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Equations (20), (24), and (22), Eqgs. (33), (36), and (37), and Egs. (39), (40), and (41) show that the Goldberger-
Treiman relation together with the impulse-approximation expression for frn.n,/frnp leads in all cases to the
impulse-approximation expression for G4(N;— N;)/Ga(n — p). The essential reason for this consistency of the
G-T relation with the use of impulse-approximation expressions for both Ga(N;— N;)/Ga(n— p) and fann,/ frnp
can be seen particularly clearly if we cast the PCAC hypothesis together with the pion-pole-dominance assumption
into the form!®

3] (x)/0xa=Cro™(x)+ - - - = Ce[—(9/02a)(3/ 0xa) +ms" ] j () +- - -, (42)

where C, is a constant, ¢(™(x) is the pion-field operator which destroys a physical 7~ (and creates a physical 7t),
F ™ (x)=[—(8/8%)(3/3xa)+ms*]o™(x) is the pion-field source-density operator, and the terms in ---, which
are associated with higher mass J7P¢=0;"~ meson-field operators, are supposed to give relatively small contribu-
tions for processes with hadron momentum transfers ¢? in the range —m,?<¢*<0. Equation (42) yields, using
also Eq. (1) and, e.g., Eq. (13),

(vac| 95 4(0)/0%a| 77)=i(pa) o [[1/ QER)*Ji(px) attal 4™ *(p2*) Jps?—ms?
=[mstar/2EL) *]=(vac|Cro™(0) |[77)=[Cx/(2E~)"*]; (43)

M3 =Cr
37.4(0) d 9 -t
(p|———In)=(mp+ma)®">7(g*) (u, T4y sysun)=(p| C w[*— ——-l—m,{l i) |n)
0xe Ko 0%q
Cs |_ Myt M 2 2 52
= L Srno(—mn2, —mp?, py?= (pn—12)2=q%) |(wp' ryyaysun);
g2+m,* My (44)
-1 (g?) Myt y Srnp(—mn?, —mp? q%) My’
n>p q = AxJxn l: ]E QrfrnpK zn 2),
me*+¢* ! Frnp(—ma?, —mp?, —m, ) m.+¢? Jens {4
®>2(0)=F4"?(0)=Ga(n— p)=arfrnpK rnp(0).
37.4(0) d 9 —1
(N g |————| Ni)=(my ;+mn )2V N1(g*) (un oy aysun ) (N | C ,[_—‘ —+mr2:| F™(0)| V)
0Xa 0Xq 0%y
C1r |— me+mNi
= ; 2[_( f‘)rNiNj(_mN'.2, _—me?': Prrz:(PNi_pr)ZzQZ):I(uNfTT+'Y476uN;);
@+ my M, (45)
2 fewiw(—mn2, —mn 2, ¢%) Ma?
q,N«;»N.r(q2)g a'lfﬂN.‘N [ ]E A faN; K., : 2 ;
ma2+q? I Fenins(—mn2, —my,?, —ms?) M g? Sfenwin, K znin;(q%)

CI)N"'N"(O) = FAN"_’Nf(O)EGA(ZV; — ZVf)EJ(Iff,N‘N[K,N;N,(O) ,

where the G-T relations in Eqs. (44) and (45) differ from those in Egs. (6) and (18) by the presence of the
neutron — proton and initial-nucleus — final-nucleus pionic form factors K.ny(¢%) and K.y,n,(¢?) evaluated at
¢*=01i.e., evaluated at zero virtual pion mass [by definition K rnp(—m2)= K y,n,(—m2)=1]. Thus, if the G-T
relation in Eq. (44) is exactly correct, Kz15(0)=(Ga(n — p))(a+frnp)~'=[1.19/(0.95)(1.43)]=0.87 [see Eqs. (6),
(7) et seq.]; on the other hand, nothing is known about the numerical value of K ,x;x,(0).

The G-T relation in Eq. (45) essentially consists of an equality between the N;— N + matrix element of
8ja#(0)/dx, which gives G4(N:— N,) and the N;— N, matrix element of C.[—(9/9x4)(8/dx.)+m,2 11 (0)
which gives a.fxn;n,K-n;n,(0); this equality is not appreciably perturbed if eack of the two matrix elements is
evaluated in impulse approximation. The last remark establishes the consistency in question.

IV. DISCUSSION

We now discuss in a little more detail what appears to us as the most promising experimentally based method
for the determination of

waiNfEfﬂ'NiNj(PNi2= _le_Q’ PN;2= _'mN/Z; P'r?: (PN.‘_PN‘{)Z': _m:r2);

10 See M. Gell-Mann and M. Lévy, Nuovo Cimento 16, 705 (1960); J. Bernstein, S. Fubini, M. Gell-M d irring. b
757 (1960); Y. Nambu, Phys. Rev. Letters 4, 380 (160): S. L. Adler, Phys. Rev. 137, B1052 (1965), > 2 W- Thirring, ibid. 17,
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this pion-initial-nucleus-final-nucleus coupling constant enters into the G-T relation of Eq. (18). As already
mentioned, fxx,n, can be found from a polological analysis of #+V,; — p+.V; nucleon charge-exchange scattering
experiments. Thus, in the case that (J®; T),;=(J®; T);= (3¥; 3)—e.g., NV,=:He:®, N;=1H’, the differential
cross section for n+.V; — p+ N, nucleon charge-exchange scattering can be written as

do(cos0,p,E)
——d_—— = | A pion-exch(C0S0n p, £) + A multipion-exch, etc.(COS0 5, E) | 2
Q
A pion-exch(c0805 5, E)
C@ma/ma) fans(—ma?, —my?, q2)(3g) 2 1L (2mn/me) farine (—mn?, —my 2, ¢°)(3¢%)?](1/4wE)

q2_|_m,2

L@m./me)(1/V2)(4m) 712 frnp(—ma?, —my?, 2| pa| *(1—cosbnp)) ]

B X[ (2mn/mx)(1/V2)(47) 2 fanin (—mn®, —mu 2, 2| pal 2(1—c0s6,5)) ] (16)

[(14m+?/2|pa|*)—costn, J[(1/E) (1—cosBrp) ]~

My’
lim ) { [(l‘i‘ ) - Cosonp]/l multipion-exch, etc. (COSan,E) =0;

cos«‘}np—'(l+2I";:2|2 2|pa|®
M=, My =My =mny;
= (pni—pN))* === (pn—pp)?=2|Pn| (1 —C080np), Bnp=cos((Da"P5)/ Pl |Ps]);
E=[—(pntpn)" ] *=EntEn=(|pa|*+ma?) *+ (| pn| *+mu?)'1%;

where p, and p, are, respectively, the neutron and proton center-of-mass momenta and where the pole in
A pion-exch(C0S8xp,E) associated with the exchange of the virtual (charged) pion occurs at an unphysical value of the
cosine of the scattering angle, viz.: cosf.,= (14 m+2/2|p.|?); as a numerical example, (14m,2/2|p.|2)=1.06 for a
neutron with laboratory kinetic energy of 150 MeV incident on sHe,3. Equation (46) yields

Ma?
lim { [ (1+ ) - Cosgnp]A pion-exch(Cosonp,E) }
cosﬂnp—?(l—{- ma? ) 2[1’"12

2{pa|?
TGN @

which, supposing frn., known, determines f.y;n,. In this connection it should however be noted that
Jenviv,[—mn 2, —mn 2, 2|pn| 2(1—cosb,,)] varies more rapidly with cosf., in the physical region than does
Srnpl—mn2, —my2, 2| pa|2(1—cos8,.,)] because of the relatively large size of a nucleus compared to a nucleon; in
addition, A pion-exch(C0S0np,E)=0 at cosf.p,=1 because of the (1—cosf.,) factor. Unfortunately, each of these
circumstances, as well as the necessary multiplication of the above expression for A pion-exch(C088,5,E) by

Z(N:) E. ¢ 2|pa| (moi+dm2|p,| )/
- -1 i In
exp{ |: 137 ]pnl\tan < M )-H i mL2+gq? ):” (48)

to include the effect of the final-state p-V; Coulomb interaction, will tend to make the isolation of the pion-pole
contribution to do(cosf,,,E)/dQ2 more difficult.!!

An extrapolation of A pion-exch(C0S0np,E) to cosby,= (14m.2/2|p,|?) has, in effect, been carried out in the case
Ny=p, N;=n*and gives a value of f.., somewhat less precise than, but consistent with, the value of f,., obtained

1Tt should be mentioned that | few;n;| =VZ| frow;n,| =VZ| fon.n;| so that we can also obtain | fry;n,| from a determination of
| f«"xsns| on the basis of a polological analysis of n+/N; — n4N, neutron elastic-scattering experiments (any polological analysis of
p+N; — p+N; proton elastic-scattering experiments involves additional complications due to the presence of a relatively large Coulomb
term in the scattering amplitude at small scattering angles). However, the small scattering angle n+N; — n+N; elastic scattering
amplitude, in contradistinction to the small scattering angle n4N; — p+N; charge-exchange scattering amplitude, necessarily contains
an imaginary part associated with the possibility of various inelastic processes (optical theorem) and this imaginary part will help mask
the pion-exchange pole term in the real part.
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from an analysis of 7¥+p — m++p elastic-scattering experiments, viz.: § fxnp?/4r=0.07910.006 versus 0.081
+0.003; we should also mention that any determination of f.y;~, from a dispersion-theoretic analysis of w++/N ; —
w*+ N elastic-scattering experiments would be very considerably complicated by the presence of #=4N;— N
pole terms in the forward #*+4-N; — w*+ N, elastic-scattering amplitude—here the N are the various bound and
unbound excited states of the nucleus whose ground state is V;. To our best knowledge, no experimental study of
n+N;— p+ N, nucleon charge-exchange scattering from the point of view of determination of the f.;~, has ever
been undertaken and we would like to take this opportunity to advocate such a study ; it is important to note in this
connection that E=my for all practical |p,| so that, if fex;n,= frap, the right side of Eq. (47) is of the same
order in the N;, N; case as in the p, n case. If f.y,n/Kfxnp, as one anticipates on the basis of the fourth column of
Table I, e.g., for ¢C7'%, N:=7Ng'%, A pion-exch(C088rp,E) Will be small compared t0 A muitipion-exch, etc.(COSOnp; E)
for all physical values of cosfa., and the determination of f.n,~, from Eq. (47) will become extremely difficult in
practice. In general, it is of course clear that any experimentally based determination of those f.y;~, which are
small compared to frnp is bound to be a formidable task but this gloomy circumstance should not deter efforts
to perform experiments from which the larger f.n;n, can conceivably be deduced.

APPENDIX I
In this Appendix we wish to establish the analog of Egs. (13)-(24) for nuclear beta-decay transitions of the type
[N (JP; T);=3@® §& 1@ .. 3] 5 [Ny (J@; T),=4@® & 1@ ..o 1445,

and, in particular, to justify Eq. (26). We have, analogously to Eq. (13), and in the “allowed” approximation,

<Nf; .. 'Mj' . Ija(A)(O)'N,’; . M. . '>=[uN,;...M,...TT+(’£O'a)uN¢;...M‘-...:l(l-—5¢4)GA(N;—-) L\’vf)
+{terms which vanish in the limit of small-momentum transfer ¢= (pn,—pn,)}, (A1)

where #y;...u;... and uny;...p,... are spinors which describe the initial and final nuclei as “‘elementary” particles
with spin and spin projection Ji, M; and J,=J,=J, M/, while io1, ics, i6s=vsyrys, Y4¥2Ys, Y4Y3Ys are spin-3
angular-momentum operators which work on certain factors within #y,;...a,... and un ... u,... [see Eq. (A3) below];
it is easy to write explicit expressions for un;...s;=s... and un;...rry=7..., Viz:

UN o i =N (T) E1(DE1(2) - - - E1(T—5) X412,

UNp; oo Mymd o = UN(T) E1 (1) E02(2) - - - En(T—3) X5 2, (A2)

('UN,(T(T)T#’N.'(T)): 1
with X;1/2 spin-} type wave functions appropriate to spin-projections 43 so that
03Xp12=E£Xp1/2, 01Xp12=XF12, 02Xp12=1iXF12 (A3)

and &1(7) spin-1-type wave functions, i.e., spin-1-type polarization three-vectors, appropriate to spin projection
+1. Thus

(uN,;...M,_J...*na,,uN,.;...M,._.;...)
= (on (1) 72w (TDER (1) Ea(D) - Ed' (T =8 En(T =D (X pploaXirp) =11+ 1-805=08as, (A4)

and it only remains to relate (uny;...m;...'740aUN; . 00;...) for amy M; M, to the just evaluated

(UngieMy=g.- I T40UN ;. 25=0...). This can however be very simply done since we wish to calculate [see the
analogous Egs. (19) and (25)]

Z Z I(uN,;...M,-...fT.;.O'auN‘-_...M,-...)I2 (AS)

a=1,2,8 My=—J,-+++J
and this is given by!?

Z Z l (uN,;...M,...fucraum;...M,-...){2
a=1,2,3 Mg=—J, - +J

= [(]+1)/J:” (uN/;...Mng...TT+a'3uN‘~;...M,».,J...) l 2= [(]+ 1)/]] (A6)

12 See e.g., E. Feenberg and G. E. Pake, Notes On The Quantum Theory of Angular M 4 Addison- i -
s, 5555, 050 y of Ang omentum ( son-Wesley, Cambridge, Massa



APPLICATION OF THE GOLDBERGER-TREIMAN RELATION B 1461

Equations (A6) and (A1) and the fact that CVC again implies Fy¥:>V/(0)=Gy(V;— N,;)=1 yield the desired
Eq. (26).

As a more explicit version of Eqs. (A1)-(A6) consider the case of J=3%. Here, analogously to Eq. (13),
(Nyyoo My - - Ija(A)(O)lNi;' M)

iqa(my,tmy;)
=(uN/;---Mf"‘T)#7+74{ ‘Ya‘YsFAN"*N’(q2)+—‘“‘—2—‘““‘YBf’PN"*N’(Qz) Our
My

iqa(my +mu;) qugv
LN

M2

+[mﬁmw-*w<q2>+
My

R
+———[6“a65,FPuNi"’Nf(q2)+5“55¢,FpmN""Nf(q2)]} (“N.';---M.'---)v , (A7)
My

where (#%......), 1s @ spin-3-type wave function!? satisfying the supplementary conditions

-y“(u...M...),,=0, p,.(u...;,,...),,=0, (A8)
and representable as
(u...M...)“'—"‘U(T) § }(EM—’)"X’<1, M_U: %7 a,%l M) (Ag)
=14,+

with (£a—o)u={Esr—s,(£s—0)s} a spin-1-type polarization four-vector appropriate to spin projection M—e, X, a
spin--type wave function appropriate to spin projection o and (1, M —o; %, ¢|%, M) a vector-angular-momentum
addition coefficient appropriate to 14-1/2=3/2; (M —o)+oc=M. In the “allowed” approximation, Egs. (A7),
(A8), and (A9) yield
(N My -+ i]'a(A)(O)lN‘.;. M)

= (uN,; ...Mf...T)“T_;.(io’a)(uN;; ...M;...),,(l - 5,‘4)(1 - 5¢4)GA(1V,~ i 1\7,-)

~+{terms which vanish in the limit of small-momentum transfer g= (pn,— pn.)}

=ity (Drnd(7) 2 X (Emp—o Ertime) (Xo'0aXo)

o=—},+} o/=—},+}

X1, Ms—a;3,0|3, Mp)*(1, Mi—0c';3,0" |3, M) (1= 8a)Ga(N;— Np)+{-- -}

=i X (XoaXarimpya)l, My—0; 5,0|3, M)*(1, My—0; 5, Mi—M 403, My)
o=—}%,+%

X(1=0a0)Ga(N:i— Np)+{---} (A10)
so that, for M;=M;=J=3%,
(uN/;-"Mf=!-"T)MT+0'a(uNi;...Mn'E%"')I‘= Z} !(X,TO‘QX,) ‘ (1, %"'0’, %, U'I %, %>I 2= (X1/2TJGX1/2)= 6‘,'3 (All)
o=—}%,+
in agreement with Eq. (A4).

APPENDIX II

In this Appendix we shall derive a relation between [Ga(V;— N;)/Ga(n — p)]? as calculated on the basis of
the impulse approximation based Eq. (22) generalized to any half-integral J and the magnetic moments of N,
and NV;, u(Ny) and u(V;) [Egs. (A19) and (A18) below J; this relation is employed (apart from indicated exceptions)
to obtain the values of [GA(N;— N;)/Ga(n — p)J%imp-approx theor i the sixth column of Table I and in the dashed

13 W. Rarita and J. Schwinger, Phys. Rev. 60, 61 (1944).
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curve of Fig. 1. We have, using Eq. (22) and Eq. (A6),

A
1+¢)° YN e Mgene @g@ | Fy..... ik
[GA(N,-—» Nf):r 1+ Mx=—§-~,+]l< Nyiee-My Iag 7@ | Wy |

Ga(n— p) -

imp-approx theor z I UNy; ..-M,...fT_f(’uN,;...Ml'.-. I 2
Mpy=—J, - +J

A
(1+E)2 Z I(‘I’Nf;u-M/---[ Z T+(a)0(“)l\I’N;;...M;...>]2
M +J

y=—J, e, a=1
= (A12)
J+1)/J
=1+ [{o)si| T/ (T+1);
A
Kodnl={ X [(Tnperrpe| Z 7490 [ Wagng.. ) |2}
Miy=—J, - +J a=1
J41\1/2 4
= (_]_> I(‘I’Nf;...Mj:J...l > T+(“)0'3(“)|\I/N,-;...M,-=J...>‘ ,
a=1
whence
GA(N,—) I\T;) 2 A
[ :' = (1+f)2{ <‘I'N/;---MJ=J---[ 2 T+(")°'3(a)[‘I'Nf;-~-M»'=J~~->| % (A13)
Ga(n— p) Jimp-approx theor a=1
it is clear from Eq. (A12) that |{¢);| is the impulse-approximation Gamow-Teller matrix element.
We now note that
A A
VN Mg e = (bz T_(b))‘I/Nf;...Mf=J... v UNngeeMp=ge.= ( Z T+(b))\I,N;‘;~--M,‘=J...;
=1 b=1
4 4 (A14)
(Z T_(b))\I/N.,;;...M,;=J.“=0, (z T+(b))\I/Nf;...]L[/=J...=O
b=1 b=1
since Wxy;...p;=0... and ¥ ;...ar,—y... are characterized by T';=3, T.¥ = —4% and T',=1, T;® =41 respectively
and that ’
A A A A A
(2 @0 @)(Z 7-®)—(Z r-O)(L 1@, ®)= 3 7,@oyle), (A15)
a=1 b=1 b=1 a=1 a=1

Thus Eqgs. (A12) and (A13) become

4
[(@):] =LU+D)/TT" (Inpieentymr |3 T 73903 Wy py.ams..)

A
_<‘I’N.';---M.'=J---I% Z T3(a)03(a)I\I/N,;;-..M'-=J...)l (Alﬁ)
=LUFD/TT2f1S3 P =S5 | f)—(i] S3@ — S5 4] ;
[G4(Ni— N;)/Ga(n—> p) Fimp-approx-theor= (14£)2| (f[ S3@ — S5 | f)— (i| S3@ — §;m | ) |2

and it remains to relate (f[.Ss®—S5™| f)—(i| 3 — 53 [7) to the magnetic moments u(,) and u(Vy).
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These magnetic moments are given, on the basis of the customary impulse approximation, by
A
BN )=+ Uxpentymre] 2 ALA+759)/2][up05 @+ (F5 @ — 303 @) JHL(1— 75@) /2 Junos @} [ ¥w g oaty=..)
a=1

=+ENU /245 TP =T | )+ [u(p)+u(n)—3]
X{f1S3P+83™ | f)+[u(p) —p(m) =3 Kf1S:P =S5 [ )},

p(V) =X T optima. | f:l{[(l'*‘ 73@)/2][1p0s @+ (759 — 305 @) JH[(1—759) /2Junos @} | ¥ni; bty

=(4+){J/ 245G TsD = Ts [+ [u(p)+r(n)—3 (A17)
X (i|S3® 4S5 i)+ [u(p) —u(n)—3 Ki] SsP =S5 [4)};
(I+&)=1+8)=0148),
where (14 %), (1+4£,) are pion-exchange corrections. Equation (A17) yields
/(14 )N ) —u(V )]
Cu(p) —u(m) =31 (+1)’

(f] 8@ =S5 f— (3| S3» — S5 | i)=

(A18)
1 (f|JsD—T5™ | f)— (G| Js@ — T3 |4)
S (+3)== : :
2 (j‘ISs(p)_.S:;(n)lf>_.<1l53(p)_53(n)lz>
so that, substituting into Eq. (A16),
J+1\12 1 u(Np)—u(N;)
ol =(=) — ;
J (A+E) [u(p)—p(n)—31x(0+3)
(A19)

2

[GA(N:' - Nf)] : < 1+ 5)2 p(N ) —u(N:)
Ga(n— p) Jdimp-approx theor \14-£7 1[u(p)—u(n)—3]=(+3)
In a model in which ¥x;....sr,—s... and ¥x....ar,—,... are such that .\'; and Vs can be visualized as consisting of a
“core plus or minus an odd nucleon,” /and j=1I47 are the orbital angular momentum and total-angular-momentum
quantum numbers of the odd nucleon (e.g., in 1Hs?® and sHe?: =0, and j=I4+%=3%; in ;N4!® and ¢C;!3: [=1 and
j=1—%=1%; etc.); for the numerical values of [G4(N;— X;)/Ga(n— p) Pimp-approx theor in the sixth column of

Table I and the dashed curve of Fig. 1 we have used such a model and also taken [(1+¢)/(1+¢)]?=1. Com-
parison of Egs. (A19) and (A18) with Egs. (30) and (27), viz.:

[GA (Vi— A’ﬂT | eV = Z(N )/ AT [N — Z(N) /4] 1
Gi(n— #) G-T theor; anom-mag-mom theor [u(p)—1]—[u(n)—0] A3

(A20)

shows that, in spite of the not too great differences between corresponding numerical values, the functional de-
pendence of [G4(N;— N;)/Ga(n— p)]? on u(N;) and u(\V;) in the customary impulse-approximation theory is
very different from that in our Goldberger-Treiman-type theory.



