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The theory of the beta decay of complex nuclei, Ni —> Nf-\-e~-{-vc, is developed on the basis of a treatment 
which considers the nuclei involved (Ni and Nf) as "elementary" particles and applies the hypotheses of the 
conserved polar-vector hadron weak current (CVC) and the partially conserved axial-vector hadron weak 
current (PCAC) to determine the effective polar-vector and axial-vector weak coupling constants 
Gv{Ni —• Nf) and GA(N% —> Nf); the numerical values of Gv(Ni~~* N/) and GA(NI —> Nf) reflect in this 
treatment the complexity of internal nuclear structure. Using CVC, and supposing that \Ni) and \Nf) 
are sufficiently pure isospin eigenstates, we can immediately calculate Gv(Ni —> Nf), while PCAC, together 
with a suitable pion-pole-dominance assumption, implies the Goldberger-Treiman (G-T) relation which 
expresses GA(Ni~± Nf) in terms of the pion-initial-nucleus-final-nucleus coupling constant /»#,.#/•; this 
coupling constant can be found from a polological analysis of n-\-Nf —> p-\-Ni nucleon charge-exchange 
scattering experiments. Since such experiments are not as yet available, we calculate the values of the 
frNiNf in terms of the known magnetic moments of Ni and N/ by means of a very crude theory, and compare 
these values with the values of the frNiNf calculated by means of the G-T relation from the GA(N% —> Nf) 
deduced from observed beta-decay rates. The agreement is, in general, somewhat better than that found 
between calculated and observed rates in the customary impulse-approximation theory of beta decay. 

I. INTRODUCTION 

IN the customary theory of nuclear beta decay: 
Ni —» Nf+er+ ve, the weak-interaction Hamiltonian 

is taken as that of a collection of mutually isolated 
physical nucleons while the initial and final nuclear 
states, | Ni) and | Nf), are described by wave functions 
tyNi and ^?Nf, dependent on the position, spin, and iso­
spin of these nucleons. As a consequence, an impulse 
approximation is employed to relate the transition 
matrix elements in nuclear and nucleon beta decay; 
moreover, the calculated matrix elements are in general 
rather sensitive to the details of the wave functions used. 
Thus, no very high precision has ever been attained 
in the prediction of nuclear beta-decay rates and 
several serious discrepancies still exist between theo­
retical and experimental ft values (e.g., in i3Ali2

25-^ 
i2Mgi325+e++^e); these discrepancies seem too large 
to be due to a failure of the impulse approximation 
(i.e., to be due to pion-exchange effects1) and probably 

* Supported in part by the National Science Foundation. 
1 J. S. Bell and R. J. Blin-Stoyle, Nucl. Phys. 6, 87 (1958); R. J. 

Blin-Stoyle, V. Gupta, and H. Primakoff, ibid. 11, 444 (1959); 
R. J. Blin-Stoyle, Phys. Rev. Letters 13, 55 (1964); R. J. Blin-
Stoyle and S. Papageorgiou, Nucl. Phys. 64, 1 (1965); R. J. Blin-
Stoyle and S. Papageorgiou, Phys. Letters 14, 343 (1965). 
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arise from inadequacies which still afflict even the best 
available <&N. and ^Nf-

In the theory developed in this paper we attempt to 
avoid the above difficulties by treating the nuclei Ni and 
N/ which participate in the beta decay as "elementary" 
particles and by applying the hypothesis of the con­
served polar-vector hadron weak current (CVC) and 
the hypothesis of the partially conserved axial-vector 
hadron weak current (PCAC) to determine the effective 
polar-vector and the effective axial-vector weak coupling 
constants, Gv(Ni —> Nf) and GA(Ni-±Nf). The cou­
pling constants Gv(Ni —• Nf) and GA(Ni->Nf) are 
characteristic of the Ni —» Nf nuclear beta-decay transi­
tion; their numerical values reflect, in the present treat­
ment, the complexity of internal nuclear structure. In 
spite of this complexity, Gv(Ni —> Nf) and GA(Ni —> Nf) 
may be found explicitly in many cases since the CVC 
hypothesis permits identification of the polar-vector 
hadron weak current with the isospin current while the 
PCAC hypothesis, together with a suitable pion-pole-
dominance assumption, implies the Goldberger-Treiman 
(G-T) relation. Thus Gv(Ni —» Nf) is immediately given 
if | Ni) and | Nf) are sufficiently pure isospin eigenstates 
while GA(Ni-+Nf) is proportional to the pion-initial 
nucleus-final nucleus coupling constant, /*#»•#/, which 
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can be found, e.g., from a polological analysis of n+Nf-*p+Xi nucleon charge-exchange scattering experi­
ments or can be expressed (as we show below by means of a very crude theory) in terms of the magnetic moments 
of \Ni) and |iV». 

II. FORMULATION 

We recall that neutron beta decay: n —> p+e~+i>e, is phenomenologically described by the transition matrix 
element 

<̂ ~l>̂  [ £(0) [ ̂ > = —C^etT4T«(H-T5)^*J{ <̂  | i«(^>(0) I ̂ >+</> | i«^>(0) | ̂ » , 

(p\j«m(P)\n)= { « p V + 7 4 ^ , 

( T iqa(mp+mn) 1 ] 
(Pli«u)(0)|»>= J V T + T J ya76FA

n^(q2)+ yiFP"-*>(q*)\un\ , 
(1) 

(p | djJAK0)/dxa | n)= -iqa(p | i„<*>(0) | n)= {mp+mn)[FA^p{q2)+tf/wiW^UW^m^) 

s (mp+mn)$
n"Kq2)(ujT+yahUn); 

G= 1.0X 10rB/mp
2; q= - {pe+pv) = (pp-pn), 

where, on the basis of the CVC hypothesis,2 

FFn-*(0)=Gr(*-*#)= 1 - 0 = 1 , JPMn^(0) = [ > ( ^ ) - l ] - [ M W - 0 ] = ( 2 . 7 9 - l ) - ( - 1 . 9 1 - 0 ) = 3.70 (2) 

and, on the basis of the PCAC hypothesis,2 

$n-^(g2) = 
tn*2avfv 

FP^p(q2)=-

mv
2+q2 

m*2avfvnp 1 

m^+q2 

1 

TT J ( 3 m r ) 2 

f 

Im$n^(—w2) 

w2+g2 

I m ^ V ^ - w 2 ) 

w2+g2 
dim*); (3) 

so that 

uvfvnp+- f ImFP-p(-m2)d(m2) = 0 
7T . / (3m T ) 2 

1 r00 I m $ n ^ ( - w 2 ) 
^ ( 0 ) = ? i ^ ( 0 ) s C i ( n - » # ) = a , J W + - / d(m2) 

7 r y ( 3 m T ) 2 W 2 

^ I f 
- / Im<f>n-*p(-tn2)d(fn2) 
7 T . / ( 3 m T ) 2 

^jr/ irni 
(m2)*n^arfrni 

, (4) 

jFi> n~*(0) 
i r00 

Qf*jTnp\ J 
IT J (3m T ) 8 

I m F P
n ^ ( - w 2 ) 

• J ( w 2 ) = 

#r 
~ ®TjTrnp\ -l 

W , * 

<W2)pn-*pJ 

In Eqs. (l)-(4), ue, up, up, and un are electron, antineutrino, proton, and neutron spinors; j a
( V ) and j a

U ) are 
polar-vector and axial-vector hadron weak currents; Fv

n^p(q2), FM
n~*p(q2), FA

n~*p(q2), and FP
n~*p(q2) are polar-

vector, weak-magnetism, axial-vector, and induced-pseudoscalar neutron—* proton weak form factors; n(p) and tx(n) 
are proton and neutron magnetic moments (in units of e/2mp); a7r^FA

T"v&0(p7r2= —m*2) is the axial-vector pion —» 
vacuum weak form factor determined numerically from the observed w+ —> M++*V decay rate as \aT\= 0.95±0.012; 
/irnp=/irnp(#n2= — mn

2, ^>p
2= -~mp

2, />T2= (pn—pP)2= —mT
2) is the pion-neutron-proton vertex function evaluated 

at ^>n2= —mn
2, pp2= —mp

2, pT
2= (pn~pp)2= — w*-2, i.e., fTpn is the pion-neutron-proton coupling constant, given 

* See, e.g., H. Primakoff, Proceedings of the International School of Physics "Enrico Fermi" 1964, Course 32: Weak Interactions and 
High Energy Neutrino Physics (Academic Press Inc., New York, to be published). 
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on the basis of dispersion-theoretic analysis of w^p —> ir±+p elastic-scattering experiments3 or, somewhat less 
accurately, on the basis of a polological analysis of n+p —> p-\-n nucleon charge-exchange scattering experiments,4 

by /irnP=\^/.opl?=\^(47r)1/2(0.081±0.003)1/2= 1.43±0.03.3 

We note that mr
2/(m2)pn^p^mir

2/(3m1r)2=0.11 so that FP
n~*p(q2) is indeed dominated by the pion-pole term 

— m^drfTrnp/itn^+q2) for — ra^^—O. If we assume that 

( w V ^ ~ ( w V ^ J J Im$n*p(-m2)d(m2)\~\ / ImFP
n-*p(-tn2)d(tn2) (5) 

and use Eqs. (3) and (4), we see that a similar pion-pole dominance also characterizes ^n^p(q2) and we can write, 
up to errors «10%, 

GA{n -> p)^arfvnp^-FP
n-p(0). (6) 

Equation (6) is the Goldberger-Treiman (G-T) relation; since on the basis of the measured o^i1 and sCV4 beta-
decay rates one obtains Gji(»—»^)=1.19=fc0.03,5 and since, as mentioned above, \aT\ =0.95±0.01,2 the value of 
fvnp deduced from the first equality in the G-T relation of Eq. (6) is 

frnp= (1.19±0.03)/(0.9S±0.01)= 1.25±0.04. (7) 

This value differs by 13% from the above mentioned pion-nucleon elastic scattering value: / rnp=1.43±0.033; 
the relatively small discrepancy is presumably due to the neglect of the contribution of higher mass states in 
passing from Eq. (4) to Eq. (6). In addition, analysis of the measured muon-capture rates in 1H01 and 2Hei3 indi­
cates that —Fp

n~*p(0) lies between 1.0 and 1.76 so that the second equality in the G-T relation of Eq. (6) is also 
consistent with available experimental information. 

We proceed to extend Eqs. (l)-(6) to nuclear beta decay: Ni~> Nf+e~~+ve> The customary theory assumes 

(e-peNf | £(0) |Ni) = (G/v2)[#et747a(i+75)w-*]{(Nf | jam(p) | N . ) + (Nf | jaU)(0) | AT,)}, 

with 
A r <TatWq(i 1 

/ « ( F ) = Z r+^yM ya^Fv
n-p(q2) FM

n^(q2) k'q ' r (a ), 
«-i L 2mp J 

A T iqa(fnp+mn) 1 (9) 
/ « U ) = £ T+^yM 7a ( o )7B ( a )^n^(g2)+ y^FP—p(q2) U ' r ( a ) , 

«-i L m2 J 

q^-ipe+pp), 

whence, in the "allowed" approximation, 

J«iv)= t T+^l8aiGv(n-*p)l, /„<*> = Z r+^[(l-«a4)icraC->G^(» «>#)]. (10) 

In Eq. (8), ^r^{1 tyNf are wave functions describing the nuclear states \Ni) and \Nf), and r(o), (73
(o), r3

(a) are posi­
tion, spin, and isospin coordinates of the ath physical nucleon. The above mentioned impulse approximation 
corresponds to the representation of Ja

(V\ Ja
u) in Eqs. (9) and (10) as a sum of terms each one of which refers to 

the beta decay of a physical nucleon within the nucleus with a weak-interaction Lagrangian identical with that of 
an isolated physical nucleon. Actually, pion-exchange terms of the form 

/ a C e x e h W 1 Z ( r +
( & ) - r + ^ > ) { [ 7 4 ( a ) 7 a ( a V 5 ( a ) > q - r ( 0 ) - - [ 7 4 ( 6 ) T a ( 6 ) 7 5 ( 6 ) > - ( l ' r C 6 ) } FA

n^p(q2) 

\ 4T / a-i,6=i wJr ( a )—r ( 6 ) | 

(ID 
3 See e.g., J. Hamilton and W. S. Woolcock, Rev. Mod. Phys. 35, 737 (1963). 
4 See A. Ashmore, W. H. Range, R. T. Taylor, B. M. Townes, L. Castillejo, and R. F. Peierls, Nucl. Phys. 36, 258 (1962). The method 

was originally suggested by G. F. Chew, Phys. Rev. 112, 1380 (1958) and is rather fully discussed by M. J. Moravcsik in Dispersion 
Relations, 1960 Scottish Universities' Summer School (Oliver and Boyd, Edinburgh, 1961), p. 117. 

* C. S. Wu, as quoted in A. Halpern, Phys. Rev. Letters 13, 660 (1964); our GA(n -+ p) is the negative of the conventionally defined 
axial-vector neutron —> proton weak coupling constant. 

6The G-T value of ~FP
n^(0) given in Eq. (6): -FP

n^(0) = a r / w = 1 . 3 6 corresponds to an effective-for-muon-capture 
induced-pseudoscalar neutron—^proton weak coupling constant: 
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should be adjoined to the JJv)+Ja(A) of Eq. (9). I t can be shown that in the "allowed" approximation we have1 

(VNflJa^l**)** \(^L) 4 ^ W — ^ 1 / 3 ) 1 }<**/! S r+^t{l-dai)icra^GA(n-^p)-]\^Ni) (12) 

so that the impulse approximation should be accurate to something like 10%. 
We now set down the basic equations of the theory outlined in the Introduction where the nuclei which partici­

pate in the beta decay are treated as "elementary" particles. Confining ourselves for the time being to nuclear 
beta-decay transitions of the type 

lNt: (/<*>; r)<=i<±>; i ] - [Nf. ( / ' « ; r),=i<±>; «+«-+? . , 

we have, on the basis of the validity of the CVC and PCAC hypotheses, and analogously to Eqs. (l)-(4), 

(e~veNf\£(0)|N>)= (G/v2)[>/Y47a(l+75)«**]{<^/l j«m(0)I#«>+<#/! j«w(0)INt)}, 

{Nf | ;V>(0 ) | Nt) = { m / r + y l y c F v ^ ' i q 2 ) ~ (<ra0q?/2mp)FM
Ni-NKq2)luNi} , 

(Nf | dj.«K0)/d*a I iVi>= - *qa(Nf I /„"> (0) I Nt) 

= (mNi+mNt)[FA
N<-N!(q*)+(qymS)FpN^N'm{uN;T+ywf,uNi) 

= {mNf+mni)$Ni"N'(.q2){uNf'>T+yiysUNi); 

G= (1.0X 10-6)/wP
2; q= - (pe+pP) = (pir,-piTt), 

with 

FrN'-Nm^Gr(Ni-^Nf) = Z(Nf)-Z(Ni)=l, FM
K^irKO) = Oi(.N/)-Z(Nf)/A2-Zn(^i)-Z(Ni)/A2 (14) 

and 
1 r Im$N^N'(-m2) 

*ti~x/(p) = FA»<~»/(0) = GA(Ni - » Nf) = a,f,mN,+- / d(m2) 
TT J m » „ . m2 

= arfr 

• I f " 
- / Im$N^N'(-m2)d(m2) 

1 + 
(15) 

1 r00 ImFP
N*-*Nt(-m2) r wT

2 1 

FP^^/(O)=-<ww,+- / d(»2)=-^AwJ i . 
*./„.., m2 1 <m*>p^^/J 

In Eqs. (13)—(15), UN/ and w ^ are spinors describing the motion as a whole of the final nucleus and the initial 
nucleus; Fv

Ni~*Nf(q2), FM
Ni"Nf(q2), FA

Ni"Nf(q2), and FP
Ni~*N/(q2) are polar-vector, weak-magnetism, axial-vector, 

and induced-pseudoscalar Ni —> Ar/ weak form factors; n(N/) and n(Ni) are magnetic moments of the final nucleus 
and the initial nucleus (again in units of e/2mp); 

fr*TiN/= f*NiNf(pNi2= —mN
2, pN2= —mNf

2, p*2= {pNi—pNf)2^ — mj) 

is the pion-initial-nucleus-final-nucleus vertex function evaluated at PN2= —niN2, pNf
2=z —mNf

2, p*2= (pNi—pNf)
2 

= —m^2, i.e., f^NiNf is the pion-initial-nucleus-final-nucleus coupling constant; m2
an is the anomalous threshold 

squared mass value associated with the possibility of the process (ZNA-ZA)I —> (zNA-z-iA~l)+n—> (ZNA-Z-\A~1) 
+p+e~+pe—^ (z+iNA-z-iA)f+e-+j>e and is given by formula man

2= [8A/(A — V)~]mpe=(l.1mv)
2 where e = 8 

MeV=0.057 mr is the binding energy of a nucleon to the nucleus.7 On the basis of the impulse approximation of 
Eqs. (8), (9) we can then write an equation connecting FNi~*Nf(q2) with Fn~*p(q2) 

G r- * , . * - , ( . (mNi+mNf) 

v2 

,_ x f {inNi+mNf) } 
£ujy4ya(l+yb)up*li iqa FP

N^Nf{q2) [ftor/r+7476**,] 
i mv

2 J 

( (mn+mp) ] A 
[^+Y4Y«(1+Y6K-*] ka FP"-v(q2) (*N/ | £ T+<B>Y4(fl)7*(a)**'(a) \ *Ni), (16) 

I tnT
2 J a=i 

7 See R. Karplus, C. M. Sommerfield, and E. H. Wichmann, Phys. Rev. I l l , 1187 (1958). 
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whence, using also Eqs. (15) and (4), 

A 

1 r ImFpN^N'(-fn2) \/mn+mp\ 
• arfirNiNf+- / d(m2)^ - arfrnP\ ( ) 

[{*N,\ L r+^T4 ( a )T6 ( a ) |^ t-y 
a = l 

(uN/r+jiyzUNi) 

1 „ f f<*W/ |Er+<->7« (a)76 (o) |*^>l 
1 /-w ImiV"*^-™2) J / w „ + w p \ 0=i 

+ - <*(»»)] ) - («w/T+7475«iV<) 

(17) 

Clearly, a similar equation connects $Ni-*Nf with $n"*p. Equation (17) shows that the contribution of thepion-pole 
term and that of the higher-mass cut term are multiplied by the same factor in passing from the n—^pto the 
Ni —•> Nf case so that the extent of pion-pole dominance should not be appreciably different in these two cases. 
Thus, the pion-pole-dominance assumption for $N^Nf(q2) and FpNi~*Nf(q2) may be expected to hold about as well 
as for $n~*p(q2) and Fpn~*p(q2) so that, analogously to Eq. (6), we have the Goldberger-Treiman relation 

GA(Xi -> Nf)^a^NiNf^-FP
N^Nf(0). (18) 

Equation (18) is fundamental in what follows. 
We close the present section by appending formulas for ft values in the "allowed" approximation for nuclear 

beta-decay transitions of the type [A7,-: (/<p); rX=|<±>; J ] -> [AT
7; (J^; r ) / = | ( ± ) ; i ]+<r+*v Thus, using 

Eqs. (13)—(15), we can write 

/2TT3 ln2\ 
Kfth^NfT'l = [Gv(Ni-> A»]2{ Z 1 (uNfl...Mf...*T+uNi;...Mi...) 12} 

\ G2 I M}~±\ 
+ LGA(Ni->Nf)y{ L |(^ /;...M /...

tr+a^,...M i...)l2} 
Af/-±J 

= 1X1+[GA(A\—>AT /)]2X3 

rGA(A7*-*AT/)T 
= 1+(1.19)2 X3 (19) 

L GA(n->p) J 
so that, expressing GA(Ni-> Nf)/GA(n-+ p) via the G-T relations of Eqs. (6) and (18), 

GA(Ni -> Nf)/GA{n -> p)^fvNiNf/f*nP (20) 
and substituting into Eq. (19), 

C(/0*f-^/]-K27rMn2/G2) = 1 ̂  ̂  
= l + ( L 1 9 ) 2 ( / ^ t V / - p ) 2 X 3 . (21) 

On the other hand, on the basis of the impulse approximation of Eqs. (8)-(10) together with the pion-exchange 
correction of Eq. (12), we have 

GA{Xi->Nj) ( 1 + £ X * ^ " ^ / - " l j t 1 T+^o^\*Ni.,...Mi...) 

GA(n—>p) (UNf;..-Mf.>fT+<TUNi;...Mi..-) 

rGA(Nt->N,w a+€)'lf/i:±tl<^/....M,..|E1r+<-V)|^,..if,..)l' 

L GA(n->p) J £ l^/:...jM'/...
+r+<rWiVi;...Mt-...)|

2 

= l( l + £)2 £ |<^, ; . . . J f / . . . | i : r+<«V«>|^ t , . . .^ . . . ) | 2 , 
M/=±J a=l 

(i+f)*« i + ( ) = u o , 
{ \ iir ) 0 , (0 .84 "Vm,)]3 J 

(22) 
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whence, substituting into Eq. (19), 

/2rr3 ln2 
L(fl) 

/2x3 ln2\ A 

\ G2 / Mf-±i o - l 

= l + (1.19)*(l + {)*{ L \(^f;-Mf...\'tr+^a^\^Ni;...Mi...m. (23) 

Finally, combination of Eq. (20) with Eq. (22) yields 

£ ^ . ^ , (24) 
/ i rnp (WiV /;...Af/... tT+aW2\Ti;...Mi...) 

which is consistent with an impulse-approximation expression for the transition matrix element of nuclear pion 
emission 

IN* (/<*>; 7>=A<±>; J ] - [_Nf: (/<«; T)f=&»;fi+ir 

with the pion-exchange correction factor (1+f) acting to renormalize the 7ra/> vertex. 

m . ESTIMATES FOR THE RATIO (f*N&f/f*nP)2 

Values of ft in the "allowed" approximation for nuclear beta-decay transitions of the type 

[Nv. (J^; r ) ,= £<±>; J ] -> [iV,: C (P)J r ) , = i<±>; « + * - + * . (e.g., iH2
3-* 2 H e i

3 +e-+^) 

are, as we have seen in the last section, calculable from Eqs. (19)—(21) which, for purposes of numerical work, 
can be conveniently written as8 

[ ( / ' W * / ] - 1 - [ ( /<) .-J"1 ; 
1+(1.19)2X3 

1 + ( 1 . 1 9 ) 2 ( / . W / - P ) 2 X 3 (25) 
= [(/On.p]-1 ; 

1+(1.19)2X3 
(fi)*~p= 1180 sec"1. 

With this equation, and with experimental values of ( / 0 ^ - J V / , we can obtain (/Iw,-jr///rI.P)
2=[G:A(A7»—>Nf)/ 

Gii(»—»/>)]2 and compare these "Goldberger-Treiman experimental" values of (./W,-w///,rnP)
2 with values of 

{f*NiNf/frnp)2 deduced from a polological analysis of n+Nj —>p+N{ nucleon charge-exchange scattering data or 
expressed, by means of a very crude theory, in terms of the magnetic moments of A7,- and Nt (see below). Before 
embarking on such a comparison we note that a treatment of nuclear beta-decay transitions of the type 

[AT,:(/CP>; jH)i=§ (±), f ( ± ) f (±>, • • •; il—> 

DV /:(/f);r)/=f ( ± ) ,t ( ± ) , i< ± ) , • • • ;«+' -+* . (e.g.,«C,»->.B,»+*H-,0, 

wholly analogous to that given in Eqs. (13)-(24) for (/<P)),-=(7 ( i ' ))/=|<±) , yields (see Appendix I) 

1 + ( 1 . 1 9 ) * [ G A ( A - , — i V / V G ^ t t - * ^ ] ^ ( / + ! ) / / 

= [(/<)^P] 

1+(1.19)2X3 

l + ( 1 . 1 9 ) 2 ( / ^ , V / - P ) 2 X ( / + l ) / 7 (26) 

1+(1.19)2X3 

(//)„..„= 1180 sec"1 

8 A. N. Sosnovskii, P. E. Spivak, I. A. Prokofiev, I. E. Kutikov, and I. P. Dobrinin, Zh. Eksperim. i Teor. l'iz. 35, 1059 (1958) [Eng­
lish transl.: Soviet Phys.—JETP 8, 739 (1959)]. 
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FIG. 1. Comparison of theoretical and experimental values 
of [ G i f t -> Nf)/GA(n -* p)J. 

which holds for / = f, f, J, 
values of 

•, and, in fact, reduces to Eq. (25) for / = J. Equation (26) yields "G-T experimental" 

^ Imp ' 

rGA(Nf-

for all nuclear beta-decay transitions of the type 

L GA(n-
(27) 

INi-.iJ^in : i (±) 3(±) 5(±) 7(±) 
2 J 2 J 2 > 2 ? •;*]-» C-V/: ( / ( P ) ;^) /=l ( ± ) ,§ ( ± ) , ! ( ± ) , l(±), • • • ;«+«-+».; 

the results are shown in the fourth column of Table I and in the solid curve of Fig. 1 and exhibit a strikingly non­
monotonic dependence of {fxNiNf/ f*np)2 on the mass number A of Ni and A7/. 

We now describe an extremely crude theoretical derivation of these values of (fwNiNj/fwnp)2—our derivation 
is in the spirit of the semiclassical meson-theoretic treatment of the isovector anomalous magnetic moment of the 
isobaric doublet pair: proton and neutron. On the basis of such a treatment we can write,9 

I [ > ( * ) - ! ] - I > ( » ) - 0 ] | = * A « P (28) 

where k is a numerical constant and \(jx(p) — 1)—(ji(n)—0)| =3.70 [Eq. (2)]. In a similar way we can set down an 
expression for the isovector anomalous magnetic moment of the odd-,4 isobaric doublet pair: A7,- and Nt, 

Z(Ni) I Z(N,)\ I Z{Ni)\\ 
i^(Nf) —J-^Ni) —JJ =kf\NiN/g(A); g(l) = l, (29) 

where g{A) is a more or less smoothly varying function of A. We have been unable to devise a convincing a priori 
specification of g(A) and make the a posteriori choice: g(A) = A1}3 in order to obtain a good over-all fit to the ex­
perimental values of (/OJV%—#/. Equations (28) and (29) yield 

^ Jvnp ' 

\Ws)-Z{Nf)/A-]-\_»(N%)-Z{J$%)IA-}\ 1 IMNJ-ZiNfVAl-WNd-Zm/All 

IG*(0-i)-G*(»)-o)| g(A) 3.704 */« 
(30) 

and this equation, together with experimental values of n(Nf) and fi(Ni), yields "anomalous-magnetic-moment 
theoretical" values of (/*&&,/fmp)2 shown in the fifth column of Table I and in the dash-dotted curve of Fig. 1— 
the overall agreement between these values of (/T -̂AT,/'An^ancm-mag-mom theor and the corresponding values of 
(/*ivi2V//./*-np)2G-T exper (fourth column of Table I and solid curve of Fig. 1) lends some confidence to the calculation 
of ( A W / ™ * ) 2 from | [ M ( A ^ 
to the G-T identification of ( A ^ V A » P ) 2 w i t h LGA(Ni:-• Nf)/GA(n -> p)J [Eq. (27)]. It is also of interest to 
calculate [GA(Ni—>Nf)/GA(n—> p)22 from the impulse-approximation based Eq. (22) (generalized to any half-
integral / ) using appropriate nuclear models to specify ^ i ; . . . ^ . . . and ^isr/;...M/... (see Appendix II); these values 

9 See e.g., J. D. Jackson, The Physics of Elementary Particles (Princeton University Press, Princeton, 1958), p. 44. 
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of [GA(xYi->A7/)/^(^-^i>)]2imp-approxtheor [Eqs. (A19) and (A18) below] are shown in the sixth column of 
Table I and in the dashed curve of Fig. 1 and agree no better (in fact, somewhat worse) with the [GA(Ni—>N/)/ 
GA(n —> ^)]2

exper (fourth column of Table I and solid curve of Fig. 1) than do the (frNiNf/fxnp) anom-mag-mom theor 

(fifth column of Table I and dash-dotted curve of Fig. 1) with the (/,^Ar///,„p)2
G-T exper (fourth column of Table I 

and solid curve of Fig. 1). 
We proceed to discuss nuclear beta-decay transitions of the type 

[AV (/<p>; r)i=0<+>; l ] - » [AT/: (/<p>; r ) , = l<+>; 0]+«-+J>. (e.g., 2He4
6-^ 3Li3

6+<r+Pe); 

the nuclei iV,-, Nf are here again treated as elementary particles. We then have, on the basis of the CVC and 
PCAC hypotheses, and with neglect of certain relatively small terms, 

(e-ivV,| £(0) [N{) = (G/vI)C«etT4T«(l +7s)«**]{(Nf | ja<">(0) |N{)+ (Nf | ja™(0) | .V,)}, 

<iV/li«(V)(0)|^>=-{«VC«-/»rS7(«fl/2»,)/?ir'r'^V)>if«>» 

(N/\djV
AK0)/dxa\Ni)=-iqa{Nf\jJ

AK0)\Ni) (31) 

G= (1.0X lO- 5 ) /^ 2 ; q= - (pe+pp) = (pw,-pN,), 

with 

^•-*M0)=v^([0<+>; l ] - > [l<+>; 0]) 

1 c" Im**'**f(-m2) 
$»<~"t(0) = FA

K*~'"(p)=GA(Ni-*N/) = arf,i,tirf+- / d(m*) 

Im$Ni-*Nf(-tn2)d(fn2) 
T\ J rn an 

(32) 

1 r" I m F p ^ ^ - f w 2 ) f w*2 1 
F P ^ ^ / ( 0 ) = - a i r / w w / + - d(tn*)= -awfrNiNA 1 - . 

7r./w'an w2 I (m*)pN**"n 
In Eqs. (31) and (32), WJNT, and Wjvrt. are spinors describing the motion as a whole of the final (spin-1) nucleus Nf and 
the initial (spin-0) nucleus Ni; (ufyf;...Mf-itot-i--'SaUNi;...Mi-o...) is to be understood as [S(S+l)lll2(ia(M/))* 
where £a (Mf) is a spin-1-type polarization four-vector orthogonal to (pNf)a and S= 1, FA

Ni~~*N/(q2), and FP
Ni~*Nf(q2) 

are weak-magnetism, axial-vector, and induced-pseudoscalar N{—>Nf weak form factors; w([0(+); 1] —> [ l ( + ) ; 0]) 
is the transition magnetic moment to the ground state of Nf from an excited state of Nf with the same quantum 
numbers (except for Tz) as the ground state of Ni] as before, fXNiNf is the pion-imtial-nucleus-fmal-nucleus 
coupling constant. Assuming further that the pion-pole-dominance assumption is also valid in this case [see 
the analogous discussion after Eqs. (16) and (17) and also Eqs. (18) and (20)] we have the Goldberger-Treiman 
relation 

GA{Ni -> Nf)9*arfrw,^-FP
N'-*»f(0), GA(Ni -» N/)/GA(n -> p)^UNiNf/UnP, (33) 

wholly analogous to Eq. (18). From Eq. (33) we can calculate the // values in the "allowed" approximation for 
nuclear beta-decay transitions of the type [Nn (7<p>; 2V=0 ( + ) ; 1 ] - * [Nf. (J(iP);T)f=l^;0']+e~+i>e, viz., 

(1.19)2[GA(Ni~+Nf)/GA(n-*p)yX6 
W*hi-*fTl=CC/On.p]-1 

1+(1.19)2X3 
( 1 . 1 9 ) 2 ( / . W / - P ) 2 X 6 (34) 

= C(/0n.p]-
1+(1.19)2X3 

(ft)n-+P= 1180 sec"1. 

Similarly, the // values in the "allowed" approximation for nuclear beta-decay transitions of the type 

[Nn (7<p>; Z>= l (+ ); 0]-> [ # , : (/<*>; ZV=0<+>; l]+e++* e (e.g., 9F9"-> 8O10
18+e++^) 
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and 
[#«: (/<*>; r ) t .= l<+>; l ] - > [AV- ( / ( P ) ; r ) / = 0 < + > ; 0 ] + ^ + P f l (e.g., 5B,1 2-> 6C6

12+*-+**) 
are 

(1.19)*lGA(N%->Nf)/GA(n-+p)l*X2 
[(/O^^/l-^CC/On-.J-1-

1+(1.19)2X3 

(1 .19) 2 ( / „W/-p) 2 X2 (35) 

1 + (1.19)2X3 

(fi)n^P= 1180 sec-1. 

Use of Eqs. (34) and (35) and of experimental values of (/Ojv.—tf/ permits calculation of "G-T experimental" values 
of (f*NiNf/firnp)2=[_GA(Ni-^Nf)/GA(;n—±p)~]2 for even-,4 nuclei and these values are included in the fourth 
column of Table I and in the solid curve of Fig. 1—it is seen that (f*NiNf/fmp)2G-T exper has the same general 
(strikingly nonmonotonic) dependence on A for even A as for odd A. On the other hand, particularly in the cases 
6C814-~>7N7

14+e-+^, 806
1 4-^7N7

1 4+e++^, and i4Sii8
32-+ i5Pn32+*-+*>«, [GA(Ni-* Nf)/GA(n-> ^)]2

eXper 

= U-xNiNf/ fimp)2G'T exper is very small and it may be doubted that the corresponding ^N<-*Nf(q2) and FpNi^Nf(q2) 
are indeed dominated by a pion pole with residue proportional to /*#<#, [see however the argument after Eqs. 
(16) and (17)]. 

What can we say about a theoretical derivation of the values of frNiNf/frnp for the even-,4 nuclei? It is clear 
that a treatment analogous to that described in Eqs. (29) and (30) for the odd-̂ 4 nuclei cannot be given in the 
even-,4 case if only because one of the two nuclei involved has zero spin and therefore zero magnetic moment. 
Thus the fwNiNf/frnp for even A can only be deduced from a polological analysis of n+Nf —> p+Ni nucleon charge-
exchange scattering experiments (e.g., ^+3Li3

6—>^+2He4
6 or H+QC&12 —>p+sB7

12). In the absence of such 
experiments, our sole recourse is an estimate of frNiNf/fxnp on the basis of the impulse approximation [see the 
analogous Eq. (24)] 

£ = m ( 3 6 ) 

frnp (^iV/;...M/...tSwjVi;...Mt..-) 

However, Eq. (36) yields no new information since, together with Eq. (33), it merely gives the usual impulse-
approximation expression for GA(Ni—±Nf)/GA(n—:>p), viz. [see the analogous Eq. (22)] 

= . (37) 
G^itt-* p) (UN,;...M,--JSuNi;---Mi-.-) 

We conclude this Section by giving a brief discussion of nuclear beta-decay transitions of the type 

(e.g., 48Cd67
115a(+); 19/2) -> 49W1 6(i<->; 17/2)+e~+i>e); 

in contradiction to the cases previously treated, this last type of transition is not "allowed" but rather "parity-
forbidden." Analogous to Eqs. (13) and (14) we then have, using the CVC and PCAC hypotheses and with the 
same notation as before, 

(Nf | i . ^CO) |Ni)= uN;yJ I 7«76 ~(mNi+mNf)yb\Fv^
Nf(q2) FMNi^(q2))uNi , 

lim lFv
Ni-*N'(<f)/q23=finite constant; 

f r Va$q$ iqa{niNf—mNi) 
{Nf | i« ( A )(0) |Ni)= uN/yA yaFA

N^Nf(q2) FE
N^N^q%)+ FP"<-"f(q2) 

I L 2mn mJ 
UNi 



A P P L I C A T I O N OF T H E G O L D B E R G E R - T R E I M A X R E L A T I O N B 1457 

(Xf | dja(AK0)/dxa I Ni)= -iqa(Xf (jJAK0) \ A\-> 

= ( W J V ; - mNi)^
Ni^Nf{q2){uNs"[y^Ni); 

i.oxio-5 

£ = j g = - (pe+pp)=(pNf — pNi); 

(38) 

m* 

/mNf+mNi\ 1 r 
$^^/(0) = F/*^/(0)sGA(A7^ #,) = ( W ^ W ^ - / 

\lflNf— WlNi' K J „ 

1 r00 Im^^^C-m2) 

= f JdicficNiNf 

-d(w2) 

I m ^ ^ - m 2 ) ^ 2 ) 

/?P^^/(0) = - ( 1 avfvNiNf+-~ 
m 

(m2)^Ni"N/[_(mNf+fnNi)/(mNf—mNi)la1rfTNiNf. 

-dim1) 

mNf+mNi\ 

fflNf — WlNi 
airficNiNf 1 — 

L (m2)P 
2) Ni-*Nf\ ' 

whence, postulating also pion-pole dominance [see the analogous discussion after Eqs. (16) and (17)], we have the 
Goldberger-Treiman relation 

\m,Nf—WIN J GA(n—+ p) 

fmNf+mNi\ 
GA(Xi - * Nf)^( )aTUiNf^~FP^f(0), 

\niNf—niNi' 
( niNf + niNi\frNih 

niNf — WlNi' frn% 

(39) 

Here, however, frNiNf is a scalar-type, rather than the previously used pseudoscalar-type, pion-initial-nucleus-
final-nucleus coupling constant, i.e., fTNiNf is here defined via the vertex function 

[(mNf + MNj/M^frNiNfipN^pN/^p^iUN/yiUNi) 

rather than via the previously used vertex function 

[XmNf+mN^/m^fnrNiNjipN^pN^px^iuN^yabUNi)] 

ficNiNf/frnp is deducible on the basis of a polological analysis of n+Nj —> p+Ni nucleon charge—exchange scatter­
ing experiments (e.g., W+49I1166115—^^+4sCd67115). In the absence of such experiments our sole recourse is again 
an estimate of frNiNf/fmp on the basis of the impulse approximation [see the analogous Eq. (36)]: 

r , , w -, , ( l + f ) < ^ / ; . . . M , . . . | E r + ^ 7 4 ( a ) 76 ( a ) | ^<; - .M f . . .> 
[XniNf+mN^/m^f^NiNf a = l (40) 

Z(mp+mn)/mr2firnP (uNf;...Mf..<
f'nuNi;...Mi...) 

However, and just as before, Eq. (40) yields no new information since, together with Eq. (39), it merely gives the 
usual impulse-approximation expression for GA(Xi —» Xf)/GA(n—> p), viz. [see the analogous Eq. (37)] 

GA(Ni-*Nf) / mp+mn \ a-i 

WAT/ — MNJ GA (n —> p) \mNf—mNiJ 

/ mp+mn \ 

- ( / 
\mNt~mNj 

(llNf; • ~Mf* • JyiUNi, ---Mi".) 

\mNf — mNi/ (Ujsrf;.. .M/...+74^A^i; . . .Mi- . •) 

(1+{)<^, ; . . . .V/. . . | E T+<*W)\*Vi;..-Mi...) 

file:///lflNf�
file:///niNf�
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Equations (20), (24), and (22), Eqs. (S3), (36), and (37), and Eqs. (39), (40), and (41) show that the Goldberger-
Treiman relation together with the impulse-approximation expression for frNiNf/ firnp leads in all cases to the 
impulse-approximation expression for GA{Ni—>Nf)/GA{n-*p). The essential reason for this consistency of the 
G-T relation with the use of impulse-approximation expressions for both GA(NI —» Nf)/GA(n—>p) and fxNiN//ff*nP 

can be seen particularly clearly if we cast the PCAC hypothesis together with the pion-pole-dominance assumption 
into the form10 

djJAKx)/dxa=Cr<p^(x)+''' =C„[-(d/dxa)(d/dxa)+tn1r*yij^(x)+- • ' , (42) 

where CT is a constant, cpiir)(x) is the pion-field operator which destroys a physical T~ (and creates a physical 7r+), 
j(ir)(x) = £—(d/dXa)(d/dXa)+mv

22<P(7r)(x) is the pion-field source-density operator, and the terms in • • •, which 
are associated with higher mass/rP G r = 0i~~ meson-field operators, are supposed to give relatively small contribu­
tions for processes with hadron momentum transfers q2 in the range — mJ^q^O. Equation (42) yields, using 
also Eq. (1) and, e.g., Eq. (13), 

(vac | d i a ^ W d * a | T T - W ^ 

= [ m . W ^ y / ^ v a c I C,<p<*K0) | *->= [C T / (2£ , ) 1 / 2 ] ; (43) 

(P\ 
dja

u)(0) r d d r d d i - 1 

n)={mp+mn)^
n^Kq2)Wr+yahUn)^{p\Cj[ + w , 2 jw(0)\n) 

L dXa dXa J dxt 

C* r/mP+mn r/wP+w„\ -I 
( Jf«np(-nin2,-nip2,p«2=(pn-pp)2=q2) («pV+747B«»); q2+mv

2L\ m* / J (44) 

mv
2 r frnpi—nin2, —rnp

2, q2) 1 mv
2 

^p(q2)^—^—a,f,np\ — \=——a*f.n9KWn9(q*); 
m^+q2 L/T„p(—mn

2, —nip2, —m^JJ m*2+q2 

$«-*p(0) = F i " M 0 ) s G i ( » -> p)^avf9npKTnp{G). 

r d d i - 1 

Ni)=(mNf+mNi)^
N^Nf(q2)(uN;T+y^uN^(Nf\CJ +mw

2 j ( ^ ( 0 ) | A \ ) 
L dxa dxa J 

CT r /mNf+mNi\ 
n. ( )frNiNf(-mNi

2, ~mNf
2,p7

2={pNi-pNs)
2 = q2) \(uN?T+yahuN%)\ 

?2+w,2L\ wT / J (45) 

w*2 r frrNiNf(—mNi2,—mNf
2,q2) "] w,r2 

^ ^ ' ( ? ^ — — < ^ ™ , 7 — - — — - \**——°*f.™fK,™t(<?y, 
mv

2+q2 LfwNiNf{—mNiy — mNf
2, —mv

2)J mT
2+q2 

c^-**/(0) = FA
N^Nm^GA(Ni -> Nf)^aTfrNiNfKTNiNf(0), 

where the G-T relations in Eqs. (44) and (45) differ from those in Eqs. (6) and (18) by the presence of the 
neutron —» proton and initial-nucleus —> final-nucleus pionic form factors Kvnp(q

2) and KTNiNf(q
2) evaluated at 

q2=0 i.e., evaluated at zero virtual pion mass [by definition Kvnp(—mir
2) = K7rNiNf(~mv

2)= 1] . Thus, if the G-T 
relation in Eq. (44) is exactly correct, Kvnp(0) = lGA(n-^ p))(aTfirnp)-1 = [1.19/(0.95)(1.43)]=0.87 [see Eqs. (6), 
(7) et seq.~]\ on the other hand, nothing is known about the numerical value of KTNiNf(0). 

The G-T relation in Eq. (45) essentially consists of an equality between the Ni —>Nf matrix element of 
dja^(0)/dxa which gives GA(Ni -* Nf) and the Ni-> Nf matrix element of C 7 r [ - (d/'dxa)(d/dxa)-\-m1

2']-lj^\0) 
which gives axfrNiNfKVNiNf(0); this equality is not appreciably perturbed if each of the two matrix elements is 
evaluated in impulse approximation. The last remark establishes the consistency in question. 

IV. DISCUSSION 

We now discuss in a little more detail what appears to us as the most promising experimentally based method 
for the determination of 

f^NiNf=firNiNf(pNi
2= ~mN

2, pNf
2= -mNf

2, pj= (pNi~pNf)
2= ~ w T

2 ) ; 

10 See M. Gell-Mann and M. Levy, Nuovo Cimento 16, 705 (1960); J. Bernstein, S. Fubini, M. Gell-Mann, and W Thirrim? ibid 17 
757 (1960); Y. Nambu, Phys. Rev. Letters 4, 380 (1960); S. L. Adler, Phys. Rev. 137, B1022 (1965). ' ' ' 
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this pion-initial-nucleus-final-nucleus coupling constant enters into the G-T relation of Eq. (18). As already 
mentioned, /*#<#/ can be found from a polological analysis of n+Nf —> p+Ni nucleon charge-exchange scattering 
experiments. Thus, in the case that (7<p); T)f=(J<p>; T){= ( | (±>; i)—e.g., A7/=2Hei3, ATi=iH2\ the differential 
cross section for n+Nf —» p+Ni nucleon charge-exchange scattering can be written as 

d<r(cosdnp,E) 
= A pion- e x c h ( c O S 0 n p r E ) + ^ 4 multipion-exch, etc. 

dQ 

A pion-exch(cOS0n2>,£) 

L{2tnn/tn«)UnV{-nin\ ~mp\ q2){hq2)mJS2mN/mv)fvNiNf{-mNi
2, -mNf\ q2Xhq2y 1*1(1/4*E) 

q2+m7r
2 

[(2wn /w,)(l/V2)(47r)-1 /2 /-p(-Wn2 , - % 2 , 2 | p n | 2 ( l - c o s 0 n p ) ) ] 
Xl(2mN/mrKl/^2)^7r)-ll2f,NiNf(-mNi

2, -mNf2, 2 | p„ | 2 ( l - cos0 n p ) ) ] 
= — • • , ( 4 6 ) 

[ ( l + w f f
2 / 2 | p n | 2 ) - c o s ^ 3 , ] [ ( l / £ ) ( l - ~ c o s 0 n p ) ] - 1 

l i m | ( H ) —COS0 n p \Amultipion-exch, etc. (COS0„P ,E) [ = 0 ; 

CM,^(1+5^_)IL\ 2|p,|V J J 
nip—Pin,, mNi=LtnNf= WIN ; 

^ 2 = ( M ~ ^ / ) 2 = = ^ 2 = = ( ^ - ^ p ) 2 = 2 | p n | 2 ( l ~ - C O S 0 n p ) , 0np=COS-1((Pn-Pp)/ |pn| | P P | ) J 

£^[-^n+^/)2]l/2 = £n + £n / =( |pn |2 + mn2)l/2+(|pn|2 + ^ 2 ) l / ^ 

where pn and p p are, respectively, the neutron and proton center-of-mass momenta and where the pole in 
-4pion-exch(cos0„3,,£) associated with the exchange of the virtual (charged) pion occurs at an unphysical value of the 
cosine of the scattering angle, viz.: cos0„p= ( 1 + m J / 2 | pn | 2 ) ; as a numerical example, (i+m^2/!1 pn |

2) = 1.06 for a 
neutron with laboratory kinetic energy of 150 MeV incident on 2Hei3. Equation (46) yields 

lim H -cos0 nv |^lpion-exch\.COSi7Wj,,zt) 

K 2mn\/ fmp \ i r / 2 w A r \ / /rfiiv/ \ - | ^ ( - w , V 2 | p „ | 2 ) • 

wgr / \v2(47r)1/V J L \ m, I KfiW*/ J L E 
, (47) 

which, supposing fTnp known, determines frNiNr In this connection it should however be noted that 
f*NiNf[.—niNi2, — MNf2, 2 | p n | 2 ( l — cos0„p)] varies more rapidly with cos0np in the physical region than does 
fwnP[.—rnn

2, - w p
2 , 2 |p„ | 2(l — cos0«p)] because of the relatively large size of a nucleus compared to a nucleon; in 

addition, ^pion-exch(cos0nprE) = O at cos0 n p =l because of the (1 —cos0np) factor. Unfortunately, each of these 
circumstances, as well as the necessary multiplication of the above expression for ^4PiOn-exch(cos0np,ii) by 

f rZ(Ni) En f /2 pn \ (m^+4mT
2\pn\

i)1,\l 
) - — r tan"1 ) + i l n 
I L 137 p j \ \ m* / mr

2+q* / J 
(48) 

to include the effect of the final-state p-Ni Coulomb interaction, will tend to make the isolation of the pion-pole 
contribution to dcr(cosdnp,E)/dQ more difficult.11 

An extrapolation of ^4Pion-exch(cos0np,£) to cos0„p= ( l + w T
2 / 2 | p n | 2 ) has, in effect, been carried out in the case 

Nf=p, Ni=n* and gives a value of fvnp somewhat less precise than, but consistent with, the value of fvnp obtained 

11 It should be mentioned that \f*NiNf\ = ̂ \S^NfNf\ =^\fx°NiNi\ so that we can also obtain \firNiNf\ from a determination of 
I f^NfNf | on the basis of a polological analysis of n+Nf —» n+Nf neutron elastic-scattering experiments (any polological analysis of 
p+Nf —» p+Nf proton elastic-scattering experiments involves additional complications due to the presence of a relatively large Coulomb 
term in the scattering amplitude at small scattering angles). However, the small scattering angle n+Nf -»n+Nf elastic scattering 
amplitude, in contradistinction to the small scattering angle n+Nf —• p+Ni charge-exchange scattering amplitude, necessarily contains 
an imaginary part associated with the possibility of various inelastic processes (optical theorem) and this imaginary part will help mask 
the pion-exchange pole term in the real part. 
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from an analysis of w±+p —•> w±+p elastic-scattering experiments, viz.: J/T„p2/47r=0.079db0.006 versus 0.081 
±0.003; we should also mention that any determination of f*NiNf from a dispersion-theoretic analysis of **+Nf —» 
ir±+Nf elastic-scattering experiments would be very considerably complicated by the presence of 7r~+A7/ —> AV 
pole terms in the forward w±+Nf —•» w±+Nf elastic-scattering amplitude—here the N? are the various bound and 
unbound excited states of the nucleus whose ground state is Ni. To our best knowledge, no experimental study of 
n-\-Nf —> p+Ni nucleon charge-exchange scattering from the point of view of determination of the f^NiNf has ever 
been undertaken and we would like to take this opportunity to advocate such a study; it is important to note in this 
connection that E~mN for all practical [p«| so that, if frNiNf—fimp, the right side of Eq. (47) is of the same 
order in the Nf, Ni case as in the p, n case. If f^NiN^f**,?, as one anticipates on the basis of the fourth column of 
Table I, e.g., for 6C7

13, Ar
t=7N6

13, P̂ion-exch(cos0n2>rE) will be small compared to ^muitipion-exch,etc.(cos0nj,;.E) 
for all physical values of cos0n3> and the determination of frNiN/ from Eq. (47) will become extremely difficult in 
practice. In general, it is of course clear that any experimentally based determination of those f^NiNf which are 
small compared to fvnp is bound to be a formidable task but this gloomy circumstance should not deter efforts 
to perform experiments from which the larger /*#,#/ can conceivably be deduced. 

APPENDIX I 

In this Appendix we wish to establish the analog of Eqs. (13)-(24) for nuclear beta-decay transitions of the type 

[tf«: (/<«; r),= |<±), f <±>, J<±>, • • •; J ] - * [tf,: (/<«; T),=\*\ §(±),i(±), • • •; i]+<r+P. 

and, in particular, to justify Eq. (26). We have, analogously to Eq. (13), and in the "allowed" approximation, 

(Nf; • • -Mr • • |i«">(0)|#<; • • -Mr • ^ [ i * , ; . . . * , . . . ^ ^ 
+ {terms which vanish in the limit of small-momentum transfer q== (pNf—pNi)}, (Al) 

where ##,;... JW>.. and ##/;...jwy... are spinors which describe the initial and final nuclei as "elementary" particles 
with spin and spin projection /*, Mi and / / = / » • = / , Mf, while in, ia2, ^3=747175, 747275, 747375 are spin-J 
angular-momentum operators which work on certain factors within uNit,..Mi." and UNf,...Mf.-. [see Eq. (A3) below]; 
it is easy to write explicit expressions for UNi;...M»-/... and w^;. . .^-/ . . . , viz: 

« ^ ; . . . j f . w . . . = ^ ( r ) 5 + i ( l ) ? + i ( 2 ) - • • ? + i ( / - | ) X + 1 / 2 , 

^ / ; . . . j f , - j . . . = ^ / ( r ) ? + i ( l ) ? + 1 ( 2 ) - * • ? + i ( / - i ) X + i / 2 , (A2) 

(*V(T)r+^(r))=1 

with X±i/2 spin-J type wave functions appropriate to spin-projections =b| so that 

0"3X±l/2=dbX±1/2, 0 ,lXdbi/2=X^1 /2, 0"2X- t i /2=±iX^1 / 2 (A3) 

and ?+i(0 spin-1-type wave functions, i.e., spin-1-type polarization three-vectors, appropriate to spin projection 
+ l.Thus 

(UNJ; ... Mj=~j... V+<ra«isr<;.. .M <=/...) 

= ( V ( r ) r ^ ^ ( r ) ) « + i t ( l ) - e f l ( l ) ) . • • ( & . ! + ( / - * ) • ? + 1 ( / - i ) ) ( X + 1 / 2 V a X + 1 / 2 ) = 1.1 • . . 1. $ a , 3 = 5 a , 3 , (A4) 

and it only remains to relate (uNf;...Mr^r+aauNi.,...Mi^') for any Mf, M{ to the just evaluated 
(«iv/;...i//s=j...tT+£raWisri;...jift.«j...). This can however be very simply done since we wish to calculate [see the 
analogous Eqs. (19) and (25)] 

Z E |(w^/;...iif,-...tr+(7-awjvi,...Mt....)|
2 (A5) 

a=l,2,3 M/=-J,'--,+J 

and this is given by12 

E E |(WiV/;...3//...
+r+0-a«ivr1;...Afi...)|2 

a-1,2,3 M/—/,•••,+/ 

= [(^+l)//]|(«Ar/:."^^^ (A6) 
12 See e.g., E. Feenberg and G. E. Pake, Notes On The Quantum Theory of Angular Momentum (Addison-Wesley, Cambridge Massa­

chusetts, 1953), p. 50. ' 
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Equations (A6) and (Al) and the fact that CVC again implies / V ^ M O ) = Gr(iV*-»Nf)=l yield the desired 
Eq. (26). 

As a more explicit version of Eqs. (A1)-(A6) consider the case of / = § . Here, analogously to Eq. (13), 

(A^; . . . J f / . . - | iaU ) (0) |A 7 i ; - - -^---> 

= (uNf;...Mf.J)ftT+y* I yay*FANi~N'(q*)+ yFp^'iq*) k , 

+\ yaytFA'Ni-N'(q*)+ y*Fp>N<-N<(q2) — 
L mv

2 JmT
2 

ysqp } 
+ Ld.J^Fp^^fiq^ + d.^Fp^^fiq^ {uNi,...Mi...)v, (A7) 

w , J 

where (U...M—)V is a spin-f-type wave function13 satisfying the supplementary conditions 

7M(W...M...)M=0
> M«.. . j f . . . ) rO, (A8) 

and representable as 

(U...M.:)*=V(T) L (£u-)*X.(l,M-a;i,<r\i,M) (A9) 

with (^M-tr)^ {ZM-VXZM-V)*} & spin-1-type polarization four-vector appropriate to spin projection M—a, Xa a 
spin-^-type wave function appropriate to spin projection cr and (1, M—<r; §, <r|f, M) a vector-angular-momentum 
addition coefficient appropriate to 1+1/2 = 3/2; (M—<r)+a=M. In the "allowed" approximation, Eqs. (A7), 
(A8), and (A9) yield 

(Nf-'"Mr"\jawmNiV"Mv) 

= (wAT/;...iif/...
t)Mr+(i(7a)(wisrt;...jwt-...)M(l — 5M4)(1 —5a4)G4(iVi-* A7/) 

+ {terms which vanish in the limit of small-momentum transfer q=(pNf—pNi)} 

= i(i'iV/+(r)r+^i(r)) £ £ (&£,_,• ̂ Mi-rOC**1^***') 
*—J.+J *'—*,+* 

= i L (X>«Xjifl-.jf/+,)(l, M/-C7; J, a|f, M/)*(l, M/-cr; J, Jft—Af/+cr|£, M*) 
a—i,+J 

X(l -5 a 4 )^(A 7
t -^ iY/)+{-- -} (A10) 

so that, for Mf = Mi=J=%1 

(UNfi...Mf^.J)^^a(uNi.t...Mi-\...)*= L (X,V«Xr)| <1, f - a ; J, cr|f, f) | 2=(X1/2VaX1/2) = 5a,3 (All) 

in agreement with Eq. (A4). 

APPENDIX II 

In this Appendix we shall derive a relation between [GA{Ni—
:>Nf)/GA(n-±p)~]2 as calculated on the basis of 

the impulse approximation based Eq. (22) generalized to any half-integral / and the magnetic moments of A7/, 
and Ni, M(A7/) and fi(Nt) [Eqs. (A19) and (A18) below]; this relation is employed (apart from indicated exceptions) 
to obtain the values of [GA{Ni —> Nf)/GA{n —> £)]2imP-apProx theor in the sixth column of Table I and in the dashed 

13 VV. Rarita and J. Schwinger, Phys. Rev. 60, 61 (1944). 
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curve of Fig. 1. We have, using Eq. (22) and Eq. (A6), 

„ /AT ,T , f (1 + ^)2 E K^/;...if/...| E r + ^ a ^ | ^ , . . M t - . . . ) | 2 

rGU(iV;—>A^)- |2 M / - - J . . . . . + J a=i 

L Gyt(w—> ^) Jimp-approx theor E I ^/V/;---Af/--. T+<FWjvV,«"Mt.» | 2 

(1 + *)2 E K^^.-^.-.i f: r+<-V>|*w«...^...>|* 

(/+D/y 

= ( 1 + S ) 2 K < T > / > | 2 / / ( / + 1 ) ; 

I » A | = { E K^ / ; . . .M / . . . i i ; r + « 'V ' i^ ; . . .M, , . . ) i 2 } 1 / 2 

Mf=— J ,-••,+J a—1 

(A12) 

/ y + i y 2 ^ 
= ( ) l<**/;-..Jf/-/...| E r + W a 3 « | ^ , , . . . ^ = J . . . ) | , 

\ 7 / o=l 
whence 

=(l+m(**r,-M,=j...\ E T+i'W)\*N{i...Mit-j...)\*; (A13) 
L GA(^ —* / 0 Jimp-approx theor «=1 

it is clear from Eq. (A12) that | (a)/t-| is the impulse-approximation Gamow-Teller matrix element. 
We now note that 

A A 

( E r_^))^ i ; . . .M,w... = 0, ( E r+<6>)^ / ;...M/==J... = 0 
(A14) 

since #jvt;...;if »=./... and ^ / ; . . .M/=/.. . are characterized by 7\=f, 7Y3)= - | and !>=§, r/3> = + § , respectively, 
and that 

( E T+<«'ff,(«>)(E r _ ' » ) - ( E r_<»)(E r+<°W">)= E T,<-V,<->. (A15) 
a = l 6=1 6=1 a = l a = i 

Thus Eqs. (A12) and (A13) become 

\Whi\=Z(J+l)/Jj'2\(*N,;:.M,=J...\h E T,<»W>| ¥*,....„,_,...) 
o = l 

-<^/Yi;...MtW...|J E ^3(aV3^|^i;...MtW...)| (A16) 
a = l 

= l(J+l)/jyn\(f\S3M-S3M\f)-(i\S3W-SsM\i)\; 

LGA(Ni - » Nf)/GA(n -* />)]2imp-appro*-theor= (1 + £)21 ( / |S,<»>-5|<»> | / > - <« | -S3<*>>-S3<»> | *> | 2 

and it remains to relate (/ |53
( p ,-53

( n ) | / )-(i | 'S '3< p )-^3 ( n )M) to the magnetic moments n(Nf) and **(#<). 
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These magnetic moments are given, on the basis of the customary impulse approximation, by 

= ( i + y { y / 2 + K / | / 3 ( p ) - / 3 ( " M / ) + [ M ( ^ ) + M W - J ] 

X(f\S^+S^\f)+l„(p)-„(n)-U(f\S^-S^\f)}, 

^(i+mJ/2+mJz'p)-JzM\i)+\^(p)+^n)-^ (A17) 

X(i\St™+SWi)+fr(p)-rtn)-il(i\S,™-S»™\i)}; 

a+f/)«(i+&)s(i+r), 

where (1+£/), (1 + &) are pion-exchange corrections. Equation (A17) yields 

i/tt+soixtf/)-^)] 
</|S,<»-,S',<»)|/>-<*|.S.<*>-S,<»>|t>=-

D*(#)-/»(»)-«±(H-i) 

x _ i ( / | 7 t < " ) -y ,<" ) | /> -<* | / i ( , , ) - / i ( " > | t> 

* = 2 </|5,c>-S,<-'|/>-<*|5,<»»-5,(">|*> 

(A18) 

so that, substituting into Eq. (A16), 

rtNf)-»(Xi) 

-GA(Ni-*N,)-\ 

•P) J G^(M-

, / / + 1 \ 1 / 2 1 I M(Ar/)-M( 

\ y / (n-r)llX#)-/i(»)-i 

r \1 + £'J imp-approx theor \ 1 "T" q * 

(A19) 

Wp)-rtn)-hiMi+h) 
In a model in which ^JST-... >/;=/... and tyNf;.-.Mf=j.~ are such that Ar» and A7 can be visualized as consisting of a 

"core plus or minus an odd nucleon," / and j=/db\ are the orbital angular momentum and total-angular-momentum 
quantum numbers of the odd nucleon (e.g., in iH2

3 and 2Hei3: /=0, and i = / + i = i ; in 7N6
13 and eC7

13: I— 1 and 
y = ; ~ i = i ; etc.); for the numerical values of [GU(A7» —» Nf)/GA(n-^ ^)]2imp-approx theor in the sixth column of 
Table I and the dashed curve of Fig. 1 we have used such a model and also taken [( l+£)/ ( l + £')32= *• Com­
parison of Eqs. (A19) and (A18) with Eqs. (30) and (27), viz.: 

- (jrA\fl > p) J G - T theor; anom-mag-mom theor 

[MW-ZiNfyAl-WNd-ZiNMA] 

0 ( / > ) - I ] - [ M ( « ) - O ] 

1 
(A20) 

A1" 

shows that, in spite of the not too great differences between corresponding numerical values, the functional de­
pendence of CGUOV,- —»N/)/GA(n—* p)~]2 on p(N/) and n(.Yi) in the customary impulse-approximation theory is 
very different from that in our Goldberger-Treiman-type theory. 


