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A manifestly gauge-invariant formulation is introduced together with the procedure for quantizing the
theory. This procedure is path-independent and leads to an electron operator which creates charged particles.
The theory is nonlocal, but a procedure is introduced for determining the Hamiltonian of the theory.

I. INTRODUCTION

ECENTLY there has been much discussion in the
literature of the role of potentials in quantum
electrodynamics.'—* It is the purpose of this note to
describe an approach to quantum electrodynamics which
obviates the need for potentials. The theory described
here is not a new theory, but merely a reformulation of
the ordinary theory. However, the reformulation enables
one to discuss the role of potentials, and their relation
to locality and manifest covariance. Furthermore, this
paper will endeavor to add to an earlier work on a
gauge-invariant formulation of quantum electro-
dynamics, henceforth to be referred to as I.?

The basic approach of I was to start from the usual
Lagrangian for electrodynamics, and carry out a quanti-
zation procedure which would not alter the basic gauge
structure of the theory. In this approach the potentials
entered explicitly although always in a guage-invariant
way. The reformulation to be carried out here still
requires a special type of quantization. However, this is
intimately tied to the gauge invariance of the theory
owing to the fact that any theory possessing any type
of gauge invariance yields relations between coordinates
and momenta not involving time derivatives. These
relations are usually called constraints, since they place
limits on the theory. When this situation occurs, the
usual quantization procedure [Poisson bracket (P.B.)]
breaks down, owing to the fact that the P.B. approach
is based on a homomorphism between the infinitesimal
unitary transformations and the infinitesimal canonical
transformations. The particular set of transformations
most useful is composed of those transformations gener-
ated by the coordinates and momenta. The P.B. ap-
proach fails in theories containing constraints because the
coordinates and momenta generate transformations
which violate the constraints. The correct approach to
be followed in this case was first introduced by Berg-
mann,® and consists of choosing a subgroup of the
canonical transformations which does not alter the
constraints. The generators of the so-called group com-
mutators are then not the Poisson brackets, but a new
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type of bracket which, under the homomorphism, is to
be related to the ordinary commutators of the quantum
theory.

II. MANIFESTLY COVARIANT FORMULATION

In this section a reformulation of electrodynamics will
be discussed, to be obtained from the usual formulation
by a unitary transformation. Therefore, the new formu-
lation will be physically identical with the old, although
all reference to potentials will have vanished from the
Lagrangian and Hamiltonian. In order to eliminate the
potentials, one must render the electron operators
gauge invariant since the usual potential term is neces-
sary to cancel the results of a gauge transformation on
the electron field. The first transformation is manifestly
covariant but nonlocal and leads to seemingly nonlocal
Lagrangian and Hamiltonian functions. The second is
local, but not manifestly covariant, so that in the
potential-free approach there is a relation between
locality and manifest covariance.

We introduce the gauge-invariant electron operator ¢:

p=e%y,
/ n
C=¢ [ d%/'Cu(x,x)A.(x)).

¥ is the usual electron-field operator, and C, satisfies
the equation,

3,Cu(x,0") = — 84(x—2"), @)
where
0,=9/0x,.

The gauge invariance of the operator ¢ is obvious since

voeN, A,— A4,

s—emplid v+ [ I3 )+ 00 ||y =0
)

after an integration by parts.
If one transforms the Lagrangian L,

L:/[_%Fquuv+%(‘l;'Y“a#¢—6#‘[’7“’!’)
—mpp—iefyrpA,Jdx, (4)
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by means of the transformation (1), one finds
L=/d4x[—%FMEFuE+%i(‘5W"au¢'— 3,45")’“4))
—mti [ BRI | O

The Lagrangians (4) and (5), are, of course, identical,
although expressed in terms of different variables. The
gauge-invariant operators ¢ create and destroy charged
electrons, that is to say, the electron with its Coulomb,
Biot-Savart field. However, the interaction term is not
a local operator, locality having been sacrificed for
manifest gauge invariance. The field equations are
given by

OeF = i f & 0. Celrd (), (6a)
iy =i / I/ Cile )P )$(x) =0, (6b)

oy m+iod [ atCila®Eu)=0, (69
where }
j = Tiegyip.
The second term on the right-hand side of (6a) vanishes
after an integration by parts by virtue of the current
conservation guaranteed by (6b) and (6¢). Equations

(6b) and (6¢c) may be put into a more physical form by
a proper choice of the function

Cu=0,bret(x—2"). ™)

It is clear that this function satisfies Eq. (2) and with
an integration by parts Eq. (6) yields

i7”6“¢—m¢=62‘/‘j“(x')'y"A,et(x—x')d4x'¢(x) s
®)
Y0P+ me=—e¢ / Fu(@)vPArer(x—2")d4’

That is, the electromagnetic interactions of a given
electron are due to the presence of other electrons.
The momenta conjugate to A, are obtained in the
usual way: .
Tu=0L/3A,=Fu—Q,, )
where

Ou=ic / B Ty Col! ) i Col' ) T )%

The quantities 7, obtained above are identical with the
in or out fields of the Yang-Feldman formalism.” The
restriction to in or out field is determined by whether

7 C. N. Yang and D. Feldman, Phys. Rev. 79, 972 (1950).
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C, is obtained from the advanced or retarded Green’s
function. The relation of 7, to the asymptotic fields is
clear from the commutation relations, which are ob-
tained in precisely the same way as in I and are identical
at least in so far as the 7, are concerned. The equal-time
commutation relations are

[ru¢]=0, [¢'(x),6(x") ]r=(1/D)s(x—2"),
[T,.,ng =0, [¢ (x) 1¢(xl)]+ = [q;(x) ’$(x,)]+= 0,
[ﬂ'i,Fkl] = (1/1) [6,]:615(96"‘3?’) - 6,’131,5(3?— x’)] B

The commutation relations of F,o are not readily
obtainable in this formulation. F,, depends upon both
the 7, and the electron-field variables at all times. This
is, of course, a consequence of the fact that commutation
relations are not obtainable for interacting fields. If one
expresses Fo in terms of 7, and Q, and tries to deter-
mine the commutator [¢,F,], one obtains [¢,F ]
=[¢,0,]. This commutator cannot be evaluated ex-
plicitly owing to the occurrence of electron operators for
all time in Q,. However, one can expand the electron
operators in terms of the field-free functions. Thus to
first approximation

(10)

1
N=- | g4’
[6,0u(=")] ; _/ x

X{S(x—a") v 04A(x" —2") —v*9,A(x—2) Jo(x")} ,

where the term in square brackets represents the electro-
magnetic field associated with the electron and

S(x)= (iv*d,t+m)A(x).

III. LOCAL FORMULATION

It is more simple to observe the properties of the
gauge-invariant formalism in the local formalism, which
however is not manifestly covariant. In this case the
operators ¢ are defined by® ¢=¢¢"y, where

C’-_—/dax’c,(x,xl)A’(xl)’ (11)

3:.C (x—a")=—8%(x—x').

The method to be employed here is identical with the
procedure used above. The Lagrangian has the form,

L=/d4x(_%Fu€FuE+%i[‘57"au¢—0“¢7“¢]

— e / dsx«s(x)v»qs(x)c,(xf,x’)Fm(x')) . 12)
The field equations are
Y3 miptie [ By C (8 F (2 )p(x) =0, (13)

8 P. A. M. Dirac, Proc. Roy. Soc. (London) 235, 138 (1950).
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The momenta are defined by

m=Fu=0,  m=Fuytie f d3x'(a") v Co(w 2) () - (14)

It is clear that in this case the electric field is given by =, plus the Coulomb field of the electrons, since Yip=0'0,
the charge density, and C,(x,2')= (x*—2’*)/|x*—x’*|%. The commutation relations are identical with those above
except that it is now possible to determine the commutation relations between the electric-field operators and the
operator for the electric field Fs.

[ﬁ‘n,¢3=[m,¢3+z‘e[ / d3x’<5(x')~/4Cs(x’,x)¢(x’),¢(x”)]=ie / PO SN =) . (15)

This is just the electric field due to the particle. The Hamiltonian can be readily obtained in this formulation and
can shed considerable light on the nonlocal formulation.

H= /d3x T At rdt+atdt—L. (16)
The first term may be rewritten m,[ F,a+9,44]. The second vanishes as 74=0 and d,m,=0. Then
H= /dsxl:"rsFM—%F34Fs4+%FstFat"}"ie—/.dax’$(x)74‘£(x)cs(x;xl)F“(x’)

—ie / @' G(x)y'¢()Co(x,2")For(5')+5(dy0:0— 0spv'9) +mdo], (17)

where terms have been explicitly resolved into space and time components. This expression can be simplified by

noting that the fourth term may be written —ie /" d3x'¢(x')y*¢(x")C(x’,x) F :4(x), and when combined with the first
line may be written

H= / B3[FF P st 1FuF o +-3($7°0.0+0:6y°0) +mdo—ie / B(x)y°¢Ce(x,x")Farx')d%']. (18)

This is precisely the Hamiltonian that would be obtained if the transformation of Eq. (11) were applied to the
usual Hamiltonian, e.g., the Hamiltonian of I. As a simple test of the consistency of the commutation relations
we check the equations of motion obtained from the Hamiltonian:

1 1 1
o=—re, H]=— f 0 [(2) A o]~ f a' a5 G )y (& )Culaw)[m @), Fra)]; (19)
1 7

1
all other commutators vanish.

Since }F,=3H? and [7*(x),H(x')]= €:ud:8(x— '), the first integral reduces to VX H(x). The second term is

+ie / @' PG (2 )y ¢ (6 )Co(a' 2" erul e, Hi ]

=ie//d3x’d3x”$(x’)7'¢(x’)Ct(x’,x”)[:6,,.6,,,——6,,6,,.]6,,8(x—x”)
e f / 0503, [3( Yy b ) ICH )+ B Yy ()0, "Col ) (5
Ie)
—ie / PG ) Hiod Dy o(e), (20)

since

we= E°—|—ie/d"‘x’q?(x’)74¢(x’)C'.,(x’,x) .
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This equation is identical with the usual equation

dE/at=—VXH+].
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(1)

T he other equations of motion can be obtained in the same way.

.1 1
H=-[H,H]=-[Hjrx]=VXE,
4 1

1
=6, H]=1'(yd.:—mo)+ick f 5oty Co(e ) F & Yy C(x,) e / Cula I Ful@)d'9(x). (22)
7

The term involving F,4 brings up the problem of factor
sequence since F,4 and ¢ do not commute. If the interac-
tion term which has the form /@37 ,(x)C(x,x")F ,s(x")
is symmetrized to take the form

/ B AL ()T 5T S o) TC o)

this difficulty will be removed and equations of motion
derived from the commutation relations will be identical
with the Euler-Lagrange equation. This approach, as
has been pointed out, is not manifestly covariant, but it
enables us to approach the covariant formalism with the
knowledge that a manifestly gauge-invariant formalism
does not suffer from internal inconsistencies.

The Hamiltonian for the covariant formalism cannot
be obtained uniquely by forming the function

H=/d3x(aL/aya)ya—L ) (23)

where the y, represent the field variables, owing to
the nonlocality of the interaction term. However, if
one transforms the usual Hamiltonian for quantum
electrodynamics,

H= [ d% (B4 H2) +-3 (0.5~ P0ab)
+mpy+iepyyA,,

one arrives at the correct Hamiltonian formulation. This
makes use of the fact that the only difference between
the theory we are describing and the nonmanifestly
gauge-invariant approach is a unitary transformation.
The two forms of the Lagrangian differ by a unitary
transformation and therefore the two forms of the

Hamiltonian should differ by the same transformation.
Then

(24)

= [ B+ Y Gy 6= 00

i / Py ) Co V(). (25)

In the preceding sections we have indicated a somewhat
different approach to the gauge-invariant formulation
of quantum electrodynamics. One of the major reasons
for undertaking such an approach was to find a pertur-
bation theory which is gauge invariant and to determine
its relationship with the usual approach. It should be
pointed out that the method of Feynman is gauge-
invariant although the gauge invariance must be ex-
plicitly checked to ensure that no diagrams have been
omitted. We can readily see the relationship between
our formulation and some of the other approaches to
quantum electrodynamics by examining the interaction
term

Liumie | [ mro@CieaFu), @0
Ling=—1e / / d*xd %' d(x) v p(x)3:A(x—x' ) F (')
= —ie? / / drxd*x'd(x)yrp(x) 27

X A(x—2")(x" )y e (x'),
Ce=9:A(x—x").

In this picture all electromagnetic interactions occur as
a result of electron-electron interactions and if A(x—y)
is chosen to be the photon propagator the integral looks
like the term one would write down for electron-electron
scattering in the usual formalism. In this paper we have
attempted to shed further light on the role of gauge
invariance in quantum electrodynamics. The above
formulation is manifestly gauge-invariant and does not
require either subsidiary conditions or indefinite metric
to guarantee consistency.
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