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In the original system of Brown’s linear equations the components of the magnetic vector normal to the
applied magnetic field and the magnetostatic scalar potential are mixed. The present work shows how, for an
infinitely long prism along the applied magnetic field, Brown’s linear equations can be transformed into a
new system of equations, where the components of the magnetic vector normal to the applied magnetic
field and the magnetostatic scalar potential satisfy separate differential equations. The transformed system
of equations can ease the calculation of the nucleation field for long ferromagnetic particles with different
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cross sections.

I. INTRODUCTION

NTIL now a rigorous solution of Brown’s! linear
equations for an infinitely long prism has only
been obtained for a circular cross section.!~® In the case
of rectangular cross sections,*? however, only approxi-
mations to the nucleation field were obtained. One of
the reasons for not solving the problem for other cross
sections is the fact that the components of the magnetic
vector normal to the applied magnetic field, and the
magnetostatic potential function are mixed in Brown’s
linear equations.®

The aim of this work is to transform the system of
Brown’s linear equations into a system of separate dif-
ferential equations for the different functions. This ob-
ject is achieved for an infinitely long prism along the
applied magnetic field and with the easy direction of
magnetization parallel to the length of the prism.

In Part IV the case of an infinite circular cylinder” is
solved by using the transformed system of Brown’s
linear equations. This example is presented in order to
show a more systematic way of calculating the nuclea-
tion field from the Brown’s linear equations.

The transformed system can be useful also in ana-
lyzing the contribution of line defects to the parasitic
paramagnetism in ferromagnetic materials,® and in
using models®:!® for lowering the nucleation field.

II. BROWN’S LINEAR EQUATIONS

Consider an infinitely long ferromagnetic cylinder
magnetized to saturation along its axis taken as the z
direction and the direction of the easy magnetization
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along the cylinder. Brown’s linear equations® are

—A4"/I)V"’+3U"/dx+(2K/I,+H)'=0, (la)
—QA4'/1,)V*°8'+0U’/day+(2K/I+H)3'=0, (1b)
VU =4x1,(dd/dx+ 08"/ dy) , (1¢)

Vo =0; Uou™=0, (2)

where V'*=02%/9x249%/9y2+0%/9z?, o’ and B’ are the
direction cosines of the spin in the x and y direction, re-
spectively. U’ is the scalar magnetostatic potential in-
side the ferromagnetic crystal. U, represents the
magnetostatic potential outside the crystal. Here 4’ is
the exchange energy constant, I, the saturation mag-
netization of the material, K the magnetocrystalline
anisotropy coefficient, and H the applied magnetic field
along the 4-z direction.
The boundary conditions are

da'/dn=29B"/an=0, (3a)
U= Uout, y (3b)
A1, =3U’/dn— 93U’/ o1, (3¢)

where # is a unit vector normal to the boundary and,
I.=I,n; IL=I,(ai+8j).

It is assumed that the functions o, 8, and U,y  are
functions of the variable z as follows:

o' (x,y,2) =a(x,y) sin(kz) , (4a)
B'(x,y,2)=B(x,y) sin(ks) (4b)
U'(x,y,2)=U(x,y) sin(kz), (4¢)
Uout' (2,9,2) = Uous(,y) sin(kz) (4d)

where % is a real parameter.

From Egs. (1)-(4), and using the notations V2= 9%/ dx?
+98%9dy?, A=1,/24’, B=(I,/24")(2K/I,+H), and
C=4nrl,, the following equations are obtained:

Via=A0U/dx+ (B+k)a, (5a)
V28=10U/dy+ (B+k2)8, (5b)

VU —k2U = C(da/dx+08/9y) (5¢)
V2U =20 ot (6)
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with the boundary conditions:

da/In=9B/dn=0, (7a)
Ar(I,en)=9U/3n— 03U out/ 90, (7b)
U=Ups. (7¢)

Differentiating (5a) with respect to x, (5Sb) with respect
to v, and using (5c):

AR2U = V*(da/ dx+ 3B/ 3y)
—(AC+ B+k)(3a/0x+38/3y). (8)

Differentiating (5a) with respect to y, (5b) with re-
spect to x

V%(da/ dy— 8B/ dx) = (B+£2)(da/dy—3B/dx). (9)

Differentiating (8) with respect to v, (9) with respect
to x and subtracting (9) from (8):

ARQU/dy=V— (B+E2)V?B

—AC(8/3y)(3a/ dx+3B/dy). (10)
Operating with V2 on (10) and using (5b),
V88— 2B+ AC+3k*) V484 (3k*+AC+ B)
X (B+k)VB—EkA(B+kE2)26=0. (11a)

The differential Eq. (11a) is equivalent to the equation

(V2= )(V2—19)(V2—73)8=0, (11b)
where
71=B+k?, (11¢)
To=3{AC+ B+ 2k?
+L(ACHBH2k2)2—4k2(B+E) ), (11d)
13=3{AC+ B+ 2k?
—[(ACH B+ 2k2)2—4k*(B+E2) ]2} . (11e)

The general solution of Eq. (11a) can be repre-
sented as

B=pB1+P2+Bs, (12)

where the functions B;(i=1, 2, 3) are general solutions
of the differential equations,

V261= 7101, (13a)
ViBy=19032, (13b)
V2B3=T14f33. (13¢)
Similarly the general solution for the function « is
a=artastas, (14)
where
Vo= 1101, (15a)
Vias= 10, (15b)
V2as=1303. (15¢)
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By operating with V2 on (5¢) and using (8)

VAU — (AC+ B+ 2E)V2U+EX(B-+HE)U=0. (16)
The general solution of (16) is
U=U,+Us, (17)
where U, and Uj are solutions of the equations
V2Uy= 12, (18a)
V2U3=13UT5. (18b)

The solution of the system of Eq. (5) contains 6 con-
stants of integration, but the solutions represented by
the functions (12), (14), and (17) contain 16 constants
of integration between which there must be some
relationship.

The functions (12) and (14) must satisfy the relations:

da1/dx=—3B1/dy, (19a)
dara/dy =032/, (19b)
6a3/6y= 663/630 . (19(‘)

The function U can be expressed by using (8), (13b),
(13c), (15b), and (15c¢) as

U= 24k Y (— AC— B+[(AC+ B+2k2)*
—4k2(B+k2) 11/?)(das/ 3+ B2/ y)
—(ACH B+[(ACH B+2k2)2— 4k (B+k?)]'/2)
X (9as/dx+98s/dy)}. (20)

From the relations (19) and (20) it is obvious that
the solution of the transformed system, will contain at
most 6 integration parameters different from zero.

III. CASE k=0

If the dependent functions of the system of the Eq.
(1) are not functions of the coordinate z, then Brown’s
linear equations will be represented by (5) and (6)
with £=0.

The solution of the system of equations will be repre-
sented again by (12), (14), and (17), but the different
functions «;, 8:;, and U; will satisfy different differential
equations and there will be different relationships be-
tween them.

The differential equations are

Va1= Ba;, (21a)
Viay=(AC+ B)ay, (21b)
Viay=0, (21¢)
V281=Bp, (21d)
ViBe=(AC+ B)Bs, (21e)
Vi8;=0, (211)
V2s=(AC+B)Us, (21g)
V2Us=0. (21h)
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The relationships between the different functions are:

Ao/ dx=—9P1/dy, (22a)
daz/dy= 02/ dx, (22b)
daz/ dx=—0983/9y, (22¢)
dats/ dy=0PBs/ dx, (22d)
U;,=[C/(ACH+ B)](3as/dx+0B2/3y), (22€)
OUs/dx=—(B/A)as, (221)
aUs/dy=—(B/A)Bs. (22g)

IV. THE SOLUTION OF AN INFINITE
CIRCULAR CYLINDER

Suppose an infinitely long circular cylinder of radius
R, along the applied magnetic field H, which will be
taken in the direction of the z axis. The direction cosines
of the spin in the cylindrical coordinate system (r,¢,2)
are a, and a,.

In order to get the transformed Brown’s linear equa-
tion for a.(r,¢,3), a(r,¢,2) and the magnetostatic
scalar potential U(r,¢,2), two transformations are re-
quired, one for the components of the magnetic vector:

a=aq, COSp—a, sing, (23a)
B=a, sinp+a, cosp, (23b)
and a second for the coordinates:
x=7r cosgp, (24a)
y=rsing. (24b)
From (23) and (24) is obtained
V= cospVi’a,;—sineVi2a,,—r%a,; cose
+7r2a,, sing—2r~2(sin¢day;/d ¢
—[—COS(paa‘a‘-/a(p) , (25a)
V23;=sin¢Vi?a,;+coseVila,,—r%a,, sine
— 120, cosp+2r~2(cospda,,/d¢
—singda,,/d¢), (25b)
where V2= 9%/9x?+92/dy? and
Vi2=0%/9r2+r=19/dr+r"20%/d 2.
The relations equivalent to (19) are
dayy/ o= —(rdar,/Ir+ay) (26a)
for (19a), and
Aary 3/ 3o =7001p, 3/ I7+aty, 4 (26b)

for (19b) and (19c), respectively.
Using (25), (26) the expressions (13) and (15) are

Vilan+r2a,+2r 190,/ 0r= 110, ,
or

%,/ 9r*+3r19a,,/dr+r2ay,
+r298%,,/d =110/, ,

aa¢1/a§0= - (raan/ar—{-an) ’

(27a)
(27b)
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0%y o/ O +3r 19y, 5/ Ir+1 20ty o

Fr720%y, 4/ 972 = 72,304, 5,
aarz,x/a‘P: raava,s/ar—"am.; y
and from (20)

U= (24F*R)"{(2k?R>—13)
X [0ar,/dr+r'a,,+7r10a,/d¢ |— (12— 2k?R?)

(27¢)
(27d)

X [dary/ Or+7 Y07 10a0,/00]} . (27€)

Supposing solutions of the form:
(1, €)= A1, (7) sin(me— eum) (282)
Uy, 3(7,0) = A gy 5(r) COS(2,30— Pony ), (28D)

where the parameters ¢om, ¢on,; are real and m, #us,
and #; are integers, then in order to fit the boundary
conditions at =R, it is necessary that @om= @on, , and
m=mne,3.

The Eq. (27) will be
3%4,,/91*4-3t7194,,/dt

+[—m/+(1—m?)2]4,,=0, (29a)
mA =104,/ +A4,,, (29h)
9%°4,, /024317104, ,/ 0t
F[—r2s'+(1—m?)*]4,,,=0, (29¢)
mA =104, ,/0t+ A, ,, (29d)
where /= R?r;, t=r/R.
The solutions of (29) are
An()=Au T u([[—7/]%), (30a)
mA () = A1(— 7)1V {m(— 1) 12 1
XIn({=7 120 =T ma([— ' T*)},  (30D)
Ay ()=As st T ([— 72,5 ]2%), (30c)
mA , () = Aa,3(— 72,8 ) 1 H{m(—79,5) %1
XIm([ =725 1) = Tma([— 72,5 ]/2)} . (30d)

The magnetostatic scalar potential will be

U= (24k2R){ (4 — 28R A g 19/ T ([ — 72/ JV2)
Fm(m—1)2T W[ (— 72/ V%) 1+ (14— 2k2R2) A4
X[rs' Tm([— 731 72) +m(m— )2 ([ — 75" 1V2) ]} .

By adding and subtracting 4,; and 4,,(i=1, 2, 3) it is
obvious that we obtain the same set of solutions as
Aharani and Shtrikman.?

The transformed system of Brown’s equations can be
successfully applied to the calculation of the nucleation
field of an infinitely long ferromagnetic prism with
rectangular or ellipitcal cross sections. This will be the
subject of a future paper.
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