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Time delay is considered in nonrelativistic scattering theory with two-particle inelastic channels present.
A comparison method is discussed, which in turn leads to a more natural definition based on the classical

definition of time delay for inelastic scattering.

I. INTRODUCTION

IME delay has been defined using wave packets
very narrow in energy'? and even by the use of
standing waves.? This is perhaps the most useful way
of defining it, as we are then left with just the energy
derivative of the phase of the S matrix. However, the
notion of time delay seems so physical that it should be
closely allied to some tangible measurements of time.
It would seem then that wave packets which do not have
a narrow energy spread but are fairly well located in
space should also be considered. For the elastic case,
such a treatment can be found in the recent text by
Goldberger and Watson.* In this paper, then, we look
for a “reasonable” definition of time delay for the case
when there are nonrelativistic two-particle inelastic
channels present.

In Sec. 2, we introduce a ‘“zeroth” wave packet of
free particles in the channel of interest and which, by
definition, emerges with zero time delay, thereby
defining the time delay. Section 2 is, in fact, an attempt
to generalize the Goldberger and Watson definition.*
However, another approach, given in Sec. 3, provides a
definition that is perhaps the most direct quantum-
mechanical translation of the ‘“classical” definition.?
The work, as usual, is done in the center-of-mass (c.m.)
system and the wave packets are the spherical wave
packets. For further simplicity, only spinless particles
are considered here. The paper concludes with a short
discussion in Sec. 4.

2. BY WAY OF COMPARISON

In this section, we make an attempt to generalize the
Goldberger and Watson approach.* The attempt is
somewhat unsatisfactory since it is left to the approach
of Sec. 3 to show exactly how reasonable is the definition
to be given in this section. The purpose of the following
work is the light it may throw onto the previous work
that has been done on time delay and the perspective
it gives to Sec. 3.
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We shall, for simplicity, consider the case when only
two channels are present. The extension to more than
two channels is evident. The two free Hamiltonians in
the c.m. system are then

Ho()) =M+ @ 2us), 1=1,2, (2.1)

where u; is the reduced mass in the ith channel and
Q= (My—My)c*

is the threshold energy for channel-1 particles to go
into channel-2 particles. The full Hamiltonian is thus

H=H,1)+H,(2)+V. (2.2)

As usual, we shall assume that there exists some sphere,
given by r=g, beyond which the potential ¥ vanishes.
The scattering operator .S now has also matrix elements
for cross channels:

<‘pl’m'¢’ 'Sl Satme): 01 Om md (5,— G)Slu (G) ’
(Et’m'e’ ISl ‘lec)= Bl’lam’ms(e,— G)Slm (5) ’
etc.,

(2.3)

where | ¢ime) is the free spherical wave with total energy
¢ for channel-1 particles and similarly for |&ime) which
belongs to channel 2.

The approach here is to define ““zeroth” wave packets
for each channel, ie., free wave packets that are
defined to emerge with zero time delay from some large
“sphere of observation” centered at the origin with
radius r=R>>a. The time delay is then given by com-
paring the actual wave packet in whichever channel
that is of interest with the corresponding zeroth wave
packet. The result should be independent of R so long
as R is large enough. For the elastic case, the zeroth
wave packet is @ priori the incoming wave packet
considered as free. The situation is evidently not so
simple for inelastic scattering.

We shall consider specifically an incident wave
packet consisting only of channel-1 particles and look
at the emerging wave packet in channel 2. The free
normalized incoming wave packet is then taken to be

|2())= [@um())= / de A(Je | grs). (20
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Consider now, in channel 2, the free wave packet

|%a(0)) = / de A (e E1ns),

where we assume that A4 (e) is zero below threshold. It
can then be shown that, for the wave functions,

Q=0=%a(r2; 1) = (ua/p1)**D((ua/p1) 133 1),

where

Xa(r2; ) =(r2| %2(9)), ®(r1; )=(r:|2(®)),

and r; is the position variable for the ¢th channel. That
is, for Q=0, the wave functions Xs(rs; ) and ®(r1;¢)
are ‘“‘similar.” Thus, in particular, the wave packet
| X2) reaches the midpoint of its traverse across any
large sphere centered at the origin in the c.m. system
at the same time as the free incoming wave packet, and
this is a reasonable criterion to demand of a zeroth
wave packet. But Q=0 in general, and we can only
expect to approximate this situation if the wave packets
lie in energy well away from threshold. Furthermore,
| S#(e)] is dependent on energy, so that the emerging
wave packet will have a different energy distribution
from that for the incident wave packet. To use |X2)
as the zeroth wave packet could then lead to a time
delay dependent on R. It is proposed here to use the
free normalized wave packet

|Xg) = N1 / de A(9|SA(| | g1y (2.5)

as the zeroth wave packet, where

N= { f delA(e>sel<e)|2}”" (26)

If, in fact, the wave packet is fairly narrow in energy
and lies away from threshold, |S#(e)| will be a slowly
varying function of energy over the range of 4 (¢) and

| X5) will be close to |Xz). In any case, there is a sub-
stantial overlap of | Xz) with |Xs), since

[ (X2() | X2(0)) 12> 5.

It must, however, be left to Sec. 3 to indicate exactly
how reasonable it is to define |X,) as the zeroth wave
packet.

Defining |X,) as the zeroth wave packet, the time
delay, according to Goldberger and Watson,* is then

(2# 1k1
wh?

() (17 7).
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given by

T
Atm“—_—/ dt[ dl‘z{xz*(l'a; t)XQ(l'g; t)
To X-VRr

—¥2*(ra; Oalre; 1)}, (2.7)
where |¢2) is the normalized outgoing wave packet in
channel 2, X the total space, Vg the space inside the
sphere of observation, and where the times T and T
are such that, R having been chosen large enough, the
wave packets are totally in Vi at the time T, and
totally outside of Vg at time T.

Integrating by parts for the time variable, the
expression for this time delay becomes

7 3
Abyyo=— / tdt— / dra{X5*Xa—Ys*Pa}.
Ty at —VR

Therefore,
T
At21°=f tdlf as- G,p-ix) R
To SR

where /" s dS is the surface integral over the sphere of
observation and where jy and j, are just the probability
currents for [¢s) and |X,), respectively. For example,

(2.8)

Jo= (1) 2p98) W2* Vipa— 2 ViPo*) .

Since dt [ Ju-dS is just the probability of measuring
a time between ¢ and ¢+4df at the surface Sg for the
wave packet |), it is evident as to what is the “experi-
ment” being considered here. It consists of time
measurements made at the surface of the sphere of
observation. The average time for |¢2) to emerge from
Sk is measured, that for |X,) is calculated from in-
formation for the incoming wave packet (and for
|S#(e)|), and the time delay is then the difference
between these two times. In fact, as we shall see in Sec.
3, the direct consideration of such an experiment leads
to a more natural definition of time delay.

Now the actual wave packet is

@)= f de A()e ! |Yynet), (2.9)

where |{ime") is the outgoing eigenstate for the angular
quantum numbers (/,m) and energy e Since, the
computation is to be made at large distances, we are
only interested in the asymptotic form for |Ymet):

1/2
) 30— 90D =S ()0ur]

("‘ Ziklfl)
(2.10)

2poka\ 12 it ’
( ) Yim(82, 02)————[— S (e)Os(r2)]
wh?

(—2ikars)



B 764

where
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€= M162+k12/2ﬂ1=M202+k22/2F2 )

with

Jie(r) > dte*r as r—

and

Oue(r)=Gu*(r).

Since R has been chosen so large that only outgoing wave packets contribute to Eq. (2.8), we may rewrite it as

Atyo= f tit / a8 Giy—ix)out,
-0 Sr

(2.11)

where the subscript “out” indicates that the incoming part, i.e., any term involving Ji, is to be left out of the

computation of Afy°.

We can absorb the factor ¢ as an energy derivative of the time dependence of the currents to yield

f: tdt /s . dS- (y)out= / ) dt fs ) ds'zpz'zvﬂ / de / déA(e)SH () A*()S2*(¢')

=0

and similarly for |X,) except for absolute value signs on
the S-matrix factors. Now integrating by parts for the
energy variable ¢, then integrating over time to give a
5(e—€) term, and noting that 4 (e )=0 and that the
current vanishes for zero kinetic energy, we obtain for
the time delay

#2
At21¢=[gs dS'm/dezwﬁlA(e)Sfl(e)lz
a
X[-—exp(——Zitsz“)fzm*vb—{exp(21'5;’1)2;,,..}
€

ad
(XD (20 finc} VEine
€

<] a
+ Elme*v—'zlnu_ {—Elme} vElme*]cmt ’
Jde de

where we have written
S (e)=[SP(e)|@¥M @, sP=52(e). (2.12)

It might here be noted that for the elastic case, the
expression in the square brackets was also obtained by
Smith?® except for the oscillatory terms which do not
contribute here as they come from the cross terms
between the incoming and outgoing parts, It can be
seen now that in the wave-packet calculation these
oscillatory terms would in any case vanish as we take
R— o according to the Riemann-Lebesgue lemma,
In fact, in the one-dimensional case, the contribution
here due to such oscillatory terms would essentially
be the scalar product between the incoming free
Heisenberg wave-packet state and the corresponding
outgoing state with one of them translated through a
distance of 2R.

0
X (E‘""’*vslﬂu'— Elmev&mc’*)outiha_ri(e—!') Hr )
€

Substituting in the asymptotic form for &im., we get
that

Atgl“=N‘zfde]A(e)Sf‘(e)]22h(65121(e)/8e). (2.13)

3. A QUANTUM-THEORETIC FORMULATION
OF THE “CLASSICAL” DEFINITION

Taking the “‘experimental” situation mentioned in
Sec. 2 as the basis of our discussion here, we then have
the average times for the incoming and outgoing wave
packets at the sphere of observation. Furthermore, we
can, in principle, extrapolate these wave packets as if
free and find then the average times the incoming
state would emerge from and the outgoing state enter
this same sphere. Using these average times in the
“classical” definition, see Eq. (1) of Ref. 3, the time
delay is then given by

Aty =3 (T4 Ty — 3 (To+Tow), (3.1)

where Ty and Tt are the average in and out times,
respectively, for the state |ys) at the sphere of obser-
vation and similarly for T and ¢ for the state |®).

Performing the same type of computation as was
done in Sec. 2, it can then be shown that

T 0
T(’out_—_‘/' tdtf dSi@=/ tdl/ as- (j‘l’)out
To SR —o0 Se

. =To+7e,
with

TFRC/SR ds,(_;:%)/de 2] 4 (9)|*

X (¢ *Va Plme a‘lee
I —
™ de de

v ﬂolme*)

out
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and

Py
T<1>=/ ds-(—-—-—)/de 2rh| A (e)|%
SR 2m

da(e)
X

(Solmc*v Pime™ (Wmev ‘lel*)out )
€

where we have written

A(e)=|A(e)|e 9. 3.2

Similarly,

To w
T(bin=/ tdt/ (—ds~iq,)=—/ tdtf ds'(jd’)in,
-7 Sr - Sr

where the subscript “in” denotes that the out part, i.e.,
any term involving Oy, is to be left out of the compu-
tation of the integral. Then, putting in the g;. factors
explicitly and noting that gi(r)=0;*(r), we obtain

Toir=—To+7e.
%(TQ“‘-‘-TQ"“) =T7.

Now the wave function of the outgoing state |¥2) is
given asymptotically as

Therefore,

1
Ya(rs; t)=; f de A(€)SA(e)e /P (£1me)out, 72 large.
Thus, the outgoing state considered as free is just
1
|¢2(t))=—]\—7/deA(e)SF‘(e)e_“""IEzme). 3.3)

By applying the same type of computation as before,

we get that 1Tyt Tty =1y,
where

e fs R ds.(_;i) Jdezmmiacsaar

d
X'a_{a(e)'i'zaln (e)} (Elmz*vflme—' Elmevflme*)out .
€

7¢ and 7y are evidently the times at which the respec-
tive free wave packets reach the midpoint (in time)
of their traverse across the sphere of observation.

Since R is large, we can now substitute in the asymp-
totic forms for the spherical wave functions to obtain
for the time delay

Aty =18—1y

=N”[ / de| A(S2(e) lzzhaa'; ©

€

2 da(e) 1(e) |2— A2
+/de|A(e>| (IS }], (3.4)

with

N2=/deIA (e)SA(e) 2.
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4. DISCUSSION

The result for the elastic channel and the extension
to more two-particle channels and to spin are evident.
In fact, this present work rests mainly on being able
to write the asymptotic expression for the stationary
spherical scattering state |¢imt) in a form similar to
that of Eq. (2.10). The result then is valid for any
local or nonlocal potential with a finite range. More
strongly, since we assume that we can take the sphere
of observation to infinity, it should be valid for any
potential for which scattering theory is applicable. In
practice, the particles going in and coming out are
detected asfree particles, so that the range is “naturally”
finite or else is finite owing to some form of shielding,.

In the elastic case, since |S;"(e)| is then unity, we
get back the Goldberger and Watson result for a
general wave packet.* For a wave packet with a narrow
energy spread, such that |S2(e)| and 35 (e)/de can
be considered as constants as far as Eq. (3.4) is con-
cerned, the result of Eisenbud is obtained.! The interest
of the present result is that it is for inelastic scattering
with a general wave packet incident. This result, Eq.
(3.4), depends, however, on how the wave packet is
made up. Though, away from threshold we can assume
that |S#(e)|?, which expresses the probability of
finding the inelastic channel, is so slowly varying over
the energy range of the wave packet that we can
consider it as constant, in which case the second
integral vanishes. Such an assumption for a wave packet
about the threshold energy would, of course, be ridicu-
lous. For this case, even if such time measurements
could be made, we need, in order to be able to say
something concerning the phase of the S matrix, to
know not only the energy distribution of the wave
packet as well as [SP(e)| but also the phase of the
energy amplitude 4 (e) for the wave packet. This would
seem to belie the usefulness, at least hypothetically, of
time delay in giving information concerning the phase
of the S matrix about the threshold energy. On the
other hand, it is amusing to conjecture that, if we did
know the S matrix, then perhaps we might through time
delay be able to say something about the phase of the
energy amplitude of a wave packet.

Note added in proof. After this manuscript had been
submitted for publication, the author became aware of
similar work done by T. Ohmura [Progr. Theoret.
Phys. (Kyoto) (suppl.) 29, 108 (1964)], to which the
present work can be thought of as complementary.
Ohmura considered the problem of a burst of particles
and defined a time delay for particles emerging at some
angle not in the incident wave packet, so that it is the
T-matrix which then determines the time delay. The
S-matrix could also have been used. However, when
the computation is made over all partial waves, the
contribution due to the incident wave packet vanishes
as the incident wave packet has value zero in this
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region, and thus the result is the same as when only the
T-matrix is considered.

Although the present result is only for a spherical
wave packet, it is easily extended to any general wave
packet if we consider times as averaged over the whole
sphere of observation, i.e., including also the particles
emerging in the direction of incidence. Then, because of
the integration over all angles and the orthogonality
of the spherical harmonics, the expression for the time
delay, defined in the spirit of this paper, has added
just a summation over the spherical quantum numbers.

Finally, it is interesting to note that for Ohmura’s

R. FONG

result the dependence on the phase of the energy ampli-
tude 4 (¢) of the wave packet is already important for
elastic scatttering, whereas here, as we had noted above,
it is only crucial for wave packets “near” and around
threshold.
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For a reaction from any number of particles in the initial state to any (possibly different) number of
particles in the final state, it is shown that Lorentz invariance and conservation of total spin imply con-
servation laws involving the velocities of the individual particles. Conservation of spin is defined as in a
definition of SU(6) for quarks. The implied conservation laws are too restrictive for the description of any

interesting interaction of the spinning particles.

HE relativistic definition of SU(6) for quarks
suggested by Mahanthappa and Sudarshan and

by Riazuddin and Pandit! avoids many of the diffi-
culties encountered in other relativistic versions of
SU(6). Those difficulties which can be traced to the
failure of the spin matrices of the Dirac equation to
commute with the {ree-particle Hamiltonian—for
example, the troubles with unitarity—are obviated by
using the Wigner-Foldy? canonical particle-spin oper-
ators. None of the negative group-theoretic theorems?
are applicable because, as is shown explicitly below,
there is no Lie group with a finite number of parameters
which contains both the Lorentz transformations and
the transformations generated by the spin. A problem
appears, however, when one asks for an invariant
interaction. In a previous paper* it was shown that for
the scattering of two particles, each with positive mass
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and spin }, the symmetries generated by the total spin
and by the commutator of the total spin with the
generator of Lorentz transformations restrict the scat-
tering amplitudes so severely that no interesting inter-
action can be described. In the present paper
conservation laws are constructed from the entire
(infinite-dimensional) Lie algebra generated by the
total spin and the generators of the Poincaré group
for a reaction involving any number of particles with
any positive masses and integral or half-integral spins.
These conservation laws are too restrictive for the
description of any interesting interaction of the spinning
particles.

Consider a system of NV particles, each with positive
mass and integral or half-integral spin. We describe
the nth particle (n=1, 2, - - -N) by Hermitian position
and momentum operators Q™ and P (which satisfy
canonical commutation relations) and Hermitian spin
operators S (which commute with Q¢ and P and
satisfy angular-momentum commutation relations) in
terms of which the generators of the Poincaré group for
N noninteracting particles have the form?

H= EIE (P32, 2)12 ,

ne=]

N
P= Z P(ﬂ) ,

ne=]



