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The partial-wave phase shifts for the scattering of neutrons by nuclei are considered with some emphasis on
large values of orbital angular momentum /. It is shown that a rather simple general approximation tech-
nique for obtaining the phase shifts follows from the scattering integral equation for the partial-wave ampli-
tudes. This method is used to study the electromagnetic scattering of neutrons by nuclei. It is shown that
the first-order approximation for the phase shifts gives a small}but non-negligible correction to the Born
approximation (zero order) even for large /. However, it is shown that higher order approximations tend to
reduce the correction significantly. The interference effects between the electromagnetic scattering and the
nuclear scattering are also considered. For large ! the scattering tends to be dominated by the electro-
magnetic scattering. However it is found that if the nuclear spin-orbit interaction is sufficiently strong then
the nuclear scattering can become important even for large I. It is suggested that this effect may be significant
in explaining the anomalous small-angle scattering of neutrons by Th, U, and Pu nuclei.

1. INTRODUCTION

HE scattering of neutrons by nuclei is influenced
by the long-range electromagnetic interaction
between a neutron and a scattering nucleus as well as
by the short-range nuclear interaction.! The electro-
magnetic interaction is of spin-orbit form and can give
rise to large polarization effects as well as large scatter-
ing cross sections at small scattering angles.! A part of
the nuclear interaction is also of spin-orbit form. Thus,
it is desirable to study the simultaneous effect of the
nuclear and the electromagnetic interactions in order
to interpret neutron scattering and polarization data.
Indeed it appears to be not only desirable but necessary
in order to interpret polarization data for scattering
angles as large as 24 deg.?

In a recent paper Monahan and Elwyn? (hereafter
referred to as ME) considered the influence of electro-
magnetic scattering upon the polarization of neutrons
scattered by nuclei. An important result of their paper
was the derivation of an approximate formula for the
phase shifts which includes the nuclear potential as
well as the electromagnetic interaction. In Sec. 2 this
formalism is summarized and made somewhat stronger.
It is then shown that a generalization of the approxima-
tion scheme given by ME can easily be made and that
the result should be generally useful in scattering
problems.

In Sec. 3 the formalism of Sec. 2 is applied to the
electromagnetic scattering of neutrons. In particular
the behavior of the phase shifts for large angular
momentum !/ is studied. It is shown that the integrals
for the first-order approximation can easily be evaluated
explicitly. With this result the behavior of the phase
shifts for large / is then established. It is shown that the
first-order approximation for the phase shifts gives a
non-negligible correction to the Born approximation
(zero order) even for large . However, it is also shown,
using the more general approximation technique of

1]. Schwinger, Phys. Rev. 73, 407 (1948).
2 J. E. Monahan and A. J. Elwyn, Phys. Rev. 136, B1678 (1964).

Sec. 2, that this first-order correction to the Born
approximation tends to disappear in higher order
approximation.

In Sec. 4 the interference effects from nuclear scatter-
ing are discussed with emphasis upon the phase shifts
for large I. The behavior of the phase shifts for the
nuclear interaction with a spin-orbit term is studied.
Using a simple model for the nuclear interaction it is
shown that for a sufficiently strong nuclear spin-orbit
interaction the phase shifts may be significant for large
I. In particular a scattering resonance can occur for a
large value of I (§=14%). It is then discussed how the
consequences of this unusual situation can perhaps
account for the anomalous small-angle scattering
observed with Th, U, and Pu nuclei (first observed by
Aleksandrov?®).

2. SCATTERING INTEGRAL EQUATION

Following ME consider the scattering of neutrons
from a spherically symmetric potential V(r) (with
possibly spin-orbit terms) which can be written in
the form

V(r)=Vi(r)+Va(r), (1a)

where
Vi(r)=0, r>r., (1b)
Va(r)=0, r<r.. (1¢)

The “cutoff” radius 7, is chosen such that Va(r) can
be treated as a perturbation. The following integral
equation for the partial waves ¥;;(r) was obtained in
ME:

w,,-<r>=j,<kr>[A ()~ f s xzuz,(x)m(kx)wu(x)]

Te

+nl(kr)[Bli(fc)+k f rdx x*U zi(x)jz(kx)“l'zj(x)], @

Te

3Y. A. Aleksandrov, Zh. Eksperim. i Teor. Fiz. 33, 294 (1957)
[English transl.: Soviet Phys.—JETP 6, 228 (1958)].
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where Uj; is the potential 2m#i2Va(r) acting on the
radial partial wave ¥y;(r), m is the neutron mass, and

Vi (re) = Aui(re) ju(kr o)+ Byj(re)miker.) 3)

is the value of the wave function ¥;;(r) at the cutoff
radius.

A first-order approximation for the phase shifts was
obtained in ME by use of the approximation

Wi (r)=A1j(re) j1(kr)+Bi(rymkr), r>7e,
in the integrals of Eq. (2). Thus
(1+bi)tank;— a;;
1—byi4cij tanky; ’

tang=—Bi;(rs)/A1(rc),

*)

©)

tand;;=

where
(6)

and

= k/m dx * Uy (0)[fa (k) I ™

c

The coefficients b;; and ¢;; are similarly defined by
replacing [ 7, ? in Eq. (7) with [ 7] and [ %, respec-
tively. At this point it is worth noting (ME) that the
Born approximation for the phase shifts is tané;;= — ay;.
Itis then pointed out in ME that since the coefficients
a1, bij, and ¢; in Eq. (5) depend only on the interaction
Va(r), the phase shifts £; contain all the effect of the
short-range potential required to determine tand;;. It is
also stated in ME that this is true of all higher approx-
imations obtained by iteration of Eq. (2). This argu-
ment can be strengthened somewhat as follows. It is, of
course, clear that the approximation Eq. (4) is exact if
Va(r)=0, >0, and that the &; are the phase shifts
determined by the potential V(). However, even
without approximation it follows from Eq. (2) that

Wi (re) = A4j(ro) ji' (kre)+Bij(re)nd (kro), — (8)

where the primes denote differentiation with respect
to 7. Hence it follows from Egs. (3) and (8) that tan;;
is determined by the logarithmic derivative of ¥y; at
r=r,but this is determined only by the potential V(7).
Thus the phase shifts &; are just those obtained with
Va(r)=0, r>0. Further, from Eq. (2) the function
Wy;(r)/Ai; is determined by tan &;; and Uy; while tand;;
is determined by tangy, Uy, and Wi(r)/A4y. Hence,
except for the normalization of W;;(r) the solution is
completely determined by tanf; and Uy for r>r..
The normalization is fixed by the incident-plane-wave
normalization.

Higher-order approximations for Wi(r) can be
obtained from Eq. (2) by iteration;i.e., Born expansion.
Even in second order this iteration technique is very
cumbersome when the potential V() is nonzero over a
large volume. However, a different type of iteration is
suggested by Eq. (2). Thus, select a finite number of
radii 7,=re<r1<-:--<r,=o and approximate the
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wave function in each region by

Wit (r) = A4 (ri1) j1(kr)+ B (rio)na(kr) ,
ri1Sr<7i.

©)

The first-order perturbation theory used to obtain
Eq. (5) now gives

[1-+0:5(3) Jtand,; (i—1) — a45(0)
1— by (6)+ ey () tandy;(i—1)

i=1, -

tand;; (1) =

(10)

where tand;;(0)=tan¢;; and the coefficients a;;(2), etc.,
are given by integrals of the form of Eq. (7) with
ri-1(r;) as the lower (upper) limit of integration.
Clearly tand;;(%) will generally be a better approxima-
tion for tand;; than that given by Eq. (5). It is also
clear that the approximation tanéd;;(#) given by Eq. (10)
can be made as accurate as desired by selecting a
sufficiently dense set {r;}. The advantage of this method
of higher order approximation is that only single
integrations are involved and the choice of the 7; allows
one to improve the approximation in the » range where
it is most desired. The utility of this method will be
shown later when it is applied to the electromagnetic
scattering problem. However, the method should also
be useful in other scattering problems.

In either approximation scheme, Eq. (5) or Eq. (10),
the cutoff radius 7, can be chosen with some arbitra-
riness. A larger cutoff radius improves the perturbation
approximation, since more of the interaction V(r) is
handled exactly, but it also increases the amount of
numerical work required to calculate tang;;.

* 1y

3. ELECTROMAGNETIC SCATTERING

The potential Va(r) due to the electromagnetic
interaction between an incident neutron and a scattering
nucleus is given by! V, where

Ue=2mh~2V ;=2vyr 30, r>r.>R. (11)
And where v=3u.Z(€%/fc)(h/mc), pn is the neutron
magnetic moment in nuclear magnetons, Ze is the
nuclear charge and R is the nuclear radius.

Schwinger! first studied the electromagnetic scatter-
ing of neutrons and obtained the well-known Born
approximation for the scattering amplitude

fe(6)= —4ye-n cotif, (12)
where koxk=nk?sinf and 7%k, (k) is the incident
(scattered) momentum vector of the neutron. Schwinger
then treated f.(f) as a perturbation to the nuclear
scattering amplitude fo(f) to obtain the total scattering
amplitude f(8)= fo(6)4 fc(d). In order to estimate the
polarization, Schwinger considered both hard-sphere
and black-nucleus approximations for fo(6).
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Sample* treated the potential V, as a first-order
perturbation in the Schrédinger equation; hard-sphere
scattering was assumed to obtain the zero-order wave
function. Sample’s method is not identical with the
method employed in ME (allowing for the different
zero-order approximation used) and hence these two
first-order approximations are not directly comparable.
However, Sample’s method does not appear to be as
direct as the method of ME when more general zero-
order wave functions are employed.

Baz® first used an optical-model potential to obtain
zero-order wave functions (a square-well complex
potential was used). The potential V, as well as the
diffuseness of the nuclear potential were then treated as
a first-order perturbation (the details of this calculation
are not given in Baz’s paper).

Monahan and Elwyn? (ME) have given the problem
its most general treatment. As already noted their
method allows the zero-order wave function to include a
nuclear spin-orbit interaction in addition to other short-
range interactions. The work of ME is therefore used as
a starting point in what follows.

For the potential V, given by Eq. (11) the coefficients
aij, etc., of Eq. (7) are given by

ay= 2‘)’kﬁlj/ dx a7 5, (kx) ]2, (13a)

¢

b= 2'ykﬁlj/ dx x5, (kx)n (kx) (13b)

¢

c1y=2vkBi; / d o [m (k) 1P, (13¢)

where 8i;;=1, j=14+%, and g,=—1—1, j=I—%. In ME
it is pointed out that these integrals can be evaluated
by a recursion relation given by Watson® (this was also
the procedure followed by Sample*). However, as is
shown in Appendix A these integrals can be evaluated
explicitly by using a relation also given by Watson.”
This result is very useful in applying Egs. (5) and (10),
particularly for large I. Thus, using the results from
Appendix A, the coefficients ay, etc., are given explicitly
as

ay= Dzj{ 1— 202[ (1—‘1.2-'c__2)_7‘l2 (Zc)
+ jr2(30)— 2271 (30) fia (301},  (14a)

bij=—DiaX{ (1—12:2) f1(30)n1(20) + f1-1(3c) w11 (20)

—[ju(ze)nis (@)t f1-1(2a)mi(z0) Iz},  (14b)
Clj= Dlj{ 1 _202[<1 —lzc—z)nﬁ (Zc>+ﬂl_12 (Zc)
— 2z (ze)miea(ze) 1} . (14c)

4J. T. Sample, Can. J. Phys. 34, 36 (1956).

5 A. I. Baz, Zh. Eksperim. i Teor. Fiz. 31, 831 (1956) [English
transl.: Soviet Phys,—JETP 4, 704 (1957)].

8 G. N. Watson, Tkeory of Bessel Functions (Cambridge Univer-
sity Press, London, 1944), 2nd ed., p. 136.

7 See Ref. 6, pp. 447, 137.

B 1269

In these expressions z,=kr, and Diy==kvBy/l(+1).
These formulas are very useful in determining the
asymptotic behavior of the coefficients for large I which
controls the small-angle scattering. Thus, asymptot-
ically for large I (I>z)

aij~Dyj, (15a)
blj’\' —D;jlzfl N (15b)
ciy~Dyil[ (21— 1) 1Pz 202, (15¢)

As already noted, — ay;is just the Born approximation
for tand;; and one expects this to dominate in Eq. (5)
for large J. Indeed it can be shown by the summation
technique of Sample* that the a;; given by Eq. (15a) do
in fact give the Born-approximation result, Eq. (12),
for small 6.

Contrary to the statement made in ME, the coeffi-
cient &;; can lead to a non-negligible correction to tand;;
in Eq. (5) even for large ! since by Eq. (15b)

byy~yFret, j=I+3. (16)
For uranium &~ F0.017Rr;~ which is small but not
negligible if 7,~ R. Thus, the first-order approximation
of Eq. (5) can modify the Born approximation for
tand;; even when [ is large. It will be seen, however, that
the higher order approximation given by Eq. (10)
suppresses the correction to tand;; obtained from Eq.
(16). If the cutoff radius is made large enough in Eq. (5)
it is also clear that the correction from Eq. (16) can
be made negligible. However, in this case some of the
effect is transferred to the tanf;; terms in Eq. (5) and
also the numerical work required to determine tan;;
is increased.

A more accurate estimate for the phase shifts can be
obtained from Eq. (10) as shown in Appendix B. Thus,
if the tang;; terms are neglected

tan&l,-z —015—47]661;] dx x‘l[j,(kx)jzblj(x) (17)

Te

where b;;(x) is defined by Eq. (13b) with x replacing 7.
as the lower limit of integration. Since most of the value
of ai; in Eq. (13a) comes from the range of integration
where kx>1 it can be shown from Eq. (17) and the
behavior of 5;;(x) that the first-order estimate

tandy; =~ — ay;(1—by;)™? (18)
overcorrects the Born estimate tand;~—a;; to some
extent. And in fact, the Born estimate for large / is
better than the first-order estimate.

When the phase shifts tan;; are not negligible but
|1 tangy;| <1, then Eq. (B7) can be used to obtain a
more accurate estimate than Eq. (5) for the phase
shifts. If the phase shifts are not small (in the above
sense) then a more accurate estimate than Eq. (5) can
be based upon the direct application of Eq. (10).



B 1270 ROBERT F.

If kR« and if tan§;; is near the hard-sphere value,
then the Il-wave scattering is dominated by the
electromagnetic scattering and the J-wave phase shift
is given by tané;j~—ay;. The Born approximation for
the potential of Eq. (11) is actually f.(6) (KR)™'sinKR,
where K =2k sin}f and f.(6) is given by Eq. (12). Thus,
fe(6) of Eq. (12) is the leading term from the Born
approximation when KR<1. The electromagnetic
potential for »<R is not very important. If U, for
7<R is approximated by 2yR—%l-¢ then the scattering
amplitude due to U, for #>0 is given in Born approx-
imation when KR<K1 by

fe(0)= —ivo-n[coti6—%(kR)?sind], (19)

where the last term inside the brackets results from U,
for <R plus the second term in the expansion of
(KR)™'sinKR. However, the sinf term in Eq. (19) is
small compared with the term of similar form which
results from the typical nuclear spin-orbit interaction.
An indication of this can be seen from the Born approx-
imation for the nuclear spin-orbit interaction of the
form — V4R(r— R)l-0 for KRK1; i.e.,

feo=(iR/3)a(kR)? sinfe-n, (20)

where a=2mVR*2 and typically « is of order unity.
Thus, even for uranium the nuclear spin-orbit term is
several orders of magnitude greater than the sinf term
of Eq. (19).

4. INTERFERENCE WITH NUCLEAR
SCATTERING

When the tang;; terms are not negligible in Eq. (5) or
Eq. (10), interference effects between electromagnetic
and nuclear scattering are expected. The tang; will
normally be negligible for I>>3, unless tan;; is near a
resonance. Generally, tang;; will not have a resonance
if I>KR where K is the wave number characteristic
of the internal region r<R; e.g., for a real square-well
potential (V=—Vor<R)K2=2mV -2+ k% A possible
exception to this which is of some interest may occur
when the nuclear spin-orbit interaction is sufficiently
strong. This will be discussed after the next paragraph.

When |¢i; tang;|<<1 the nature of the interference is
apparent from Egs. (B7) and (B8). When tang;; is not
this small the interference is more complicated. In this
regard Eq. (5) would be expected to give a poor estimate
when tang;; is not this small. Again the violation of the
inequality |c¢y; tangy;|<<1 will require tangy; to be near a
resonance. As an extreme example if tan;; is at reso-
nance, Eq. (5) indicates that tand;;= (1+54;)/ci;. How-
ever, for 2,&1, ¢i; can be quite large [see Eq. (15¢)]
and thus tané;; from Eq. (5) can be quite small. This, of
course, is an erroneous result as can be shown by an
application of Eq. (10).

As indicated above a resonance for tang; may occur
for a large I value (>>KR) if the nuclear spin-orbit
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interaction is sufficiently strong. This can most readily
be seen by considering a simple model for the nuclear
interaction. Let the nuclear interaction be given by
V (r), where

V(r)=—Vo(r)—VsuRi(r—R)l-a (21)
and Vo(r)=V,, r<R, (=0, r>R). The phase shifts for
this scattering potential can be written exactly® as

tang P +afix 51 (%) f1(x) — tankiPni (%) ]
14-aBeni (x)[ 71 (x) — tanyfn: (%) ]

where £;;0 is the phase shift for the potential V(7). This
result can be obtained by means of the Wronskian
theorem? or by means of Eq. (2).

Let x=FER, Xo*=2mV R, and X?= X*+42 Then
for <! and X away from where 7, 1(X)=0, tan;”
= j1(x)/ni(x)+A4 where 4= j1(X)[ X j11(X)wn(x) T
With this approximation Eq. (22) gives

Ji(@)/m(@)+ AL —aBiixfi(x)m(x) ]

tang;=

» (22)

tang;j~ - - (23)
1—aB1jji(X)/ X ji1(X)
Tt is clear that tang;; will have a resonance when
Xjr1(X)/ ju(X) =By (24)

If X< then X7, 1(X)/71(X)~2l+1 and Eq. (24)
indicates a resonance for j=I+43% if I=(a—2)~%, while
no resonance can occur for j=I/—%. Thus a resonance
can occur for j=1I4% at a large / value if a=2. Further
a resonance of this type may occur for I>X if 0<a<2
11 since

0<Xja(X)/71(X)<21+1, I>X>1. (25)

For example, if /=X then tan;; will be resonant when
ao=j1-1(?)/ 71(}) which gives the resonant combinations
(Lao): (6,1.66); (8,1.61); (10,1.55); (12,1.51); and
(13,1.49). In each case the resonant value of ! will be
increased (keeping X fixed) as « is increased from aj
to 2. It might be noted here that « values inferred from
scattering data® are typically 0.5-1.5.

The shifting of the resonances of tang;;, j=I+3%, to
large I values when the nuclear spin-orbit interaction is
strong (i.e., 1.5<a<2) may have some significance
with regard to the small-angle scattering of neutrons.
In particular, the anomalously large small-angle scatter-
ing of neutrons from Th, U, and Pu targets (observed
first by Aleksandrov?®) might be explained by this effect.
In this connection, for I>>X Eq. (23) has the asymptotic
form

tangy~aBya? 1 (214 D) U [1—aBy;(20+1)"1T1. (26)

From this expression it is clear that if tang;; is near

(1;%.) F. Redmond, Phys. Rev. 136, B112 (1964); 139, AB1(E)
65).

9 P. A. Moldauer, Nucl. Phys. 47, 65 (1963); E. H. Auerbach
and S. O. Moore, Phys. Rev. 135, B895 (1964).
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resonance for a large / value there will be a strong energy
dependence from the x?+! factor. Further, the partial
waves for nearby / values will also be important and
their importance should increase with increasing
neutron energy. At small scattering angles these partial
waves interfere constructively while for larger angles
they tend to interfere destructively. Thus, the scattering
cross section would tend to be peaked at the small
scattering angles and increasingly so with increasing
neutron energy.

The value for the a parameter is rather crucial for the
occurrence of a resonance at a large / value. Typically
the « parameter has a value near 1 as determined by
optical-model parameter fits to scattering data.® How-
ever, unless polarization data are included the data
fittings are not very sensitive to the spin-orbit interac-
tion strength. (The interference effects from electro-
magnetic scattering appear to be important in the
interpretation of the polarization data.?) It might be
noted that Auerbach and Moore® found for U8 a
spin-orbit parameter comparable to a=1.5, although
they did caution against drawing conclusions from this
finding and further they did not find as large a value
for Th.

Several complicating features will tend to smear out
the resonance effect noted above. The spin-orbit
potential has some spatial extent and the spherically
symmetric potential is not appropriate for the deformed
nuclei (such as Th, U, and Pu). In addition, a more
realistic complex optical-model potential will modify
the resonance behavior to some extent. Nevertheless,
one might expect that the resonance-like behavior for
large ! will still be evident if the spin-orbit interaction
is sufficiently strong.
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APPENDIX A. INTEGRAL EVALUATION
The following integral is given by Watson?:

4r—1) f i CA(8)i2dt

=41 @+ 8)—{ [5G, (@) +C) (@) T
21— @HC @), (AD

where C,=aJ,(x)+bN,(x) with ¢ and & arbitrary
constants. This relation can be put in terms of spherical
Bessel functions by means of the definitions 7:(x)

(7r/2x) 1/2.7”.1/2(96) and %1(:)6) (7!'/296) 1/2N1+1/2(x) The
expressions for a;; and ¢;; given by Egs. (14a) and (14c)
can be obtained from Eq. (A1) by taking (¢=1, 5=0)
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and (¢=0, b=1), respectively, and by using some
Bessel function identities. The relationship for b;; given
by Eq. (145) can be obtained from Eq. (A1) by letting
C,=J,(x)+N,(x) and then subtracting the contribution
of J,2(x)+N,%(x) to the integral.

APPENDIX B. PHASE-SHIFT FORMULA

When the terms ai, by, tangy, and ¢y tang; are
sufficiently small in magnitude it is possible to apply
Eq. (10) to obtain an accurate integral formula for the
phase shifts. Thus, let Iaz;|<<1, |bz,l<<1, | tang; | <1
and |ci; tang;;|<<1. For convenience, in using Eq. (10)
let @i=ai(4), etc., and tand;=tand;;(z). Then as a good
approximation

tand;= — A ;+ B; tand; 1—C; tan%; i, (B1)

where A,;= di(l—l—b,'), B.'= (1—}—2b,~+a,~0;), and C,‘= Cq
X (1+0;). Starting with ¢=11in Eq. (B1) the calculation
of tand, over some set {r;}, =1, - -, # can be carried
out. Since the set {r;} can be made arbitrarily dense,
terms in the expression for tand, which involve products
of A’s and C’s become negligible. For example,

tand;= — A+ B; tandy— Cy tan?,, (B2)
and
tand,=—A4 2+Bz["—A 1+ B tando—Cy tan260]
—Co[— A1+ B; tandp—Cj tan2 2.  (B3)

Since A1, 42, C1, and C; can be made arbitrarily small
by choosing 71—, and 73—, sufficiently small to a good
approximation, Eq. (B3) gives

tande= — A 9— A 1B2+ B1B, tand,

- (BzC1+312C2)ta,n250. (B4)
Continuing in this fashion, one obtains
n n n
tand,=— Z A; H Bi+ H B tand,
=1 k=i+1 k=1
-1
- Z C; II B2 H B, tan?,. (BS)
i=1 k=1 8=1i+1

In the product expressions of Eq. (B5), if the upper
limit is less than the lower limit the product is inter-
preted as unity. The product expressions can be written
as a good approximation as

142 ¥ by=1+2by,

k=1

etc. (B6)

II By~
k=1
In this way one obtains finally

tand;; = ——az,-——4'yk/31j/ dzx a1 jy (k) 12by; (%)
+ (1+4284;) tando+{ — c1;(1+4045)

+4vkBi; / dx x~ [y (kx) 2615 (x) }tan2s,, (B7)

Te
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where bi;(x) in the integrals is defined by Eq. (13b)
with 7, replaced by x in the lower limit of integration.
The expression Eq. (B7) should be compared with the
analogous expression obtained from Eq. (5):

tandy; =~ — ay;(14-by) -+ (142044 asjcy;) tand,
“Czj(l—*-sz)tan%o. (BS)

The limitations put on the magnitudes of the param-
eters of Eq. (10) to obtain Eq. (B7) are probably more
restrictive than necessary and can probably be relaxed.
The more general restriction appears to be that tand(z)
should not pass through a resonance at any step of the
recursion process for solving Eq. (10). Of course, if this
more general restriction is violated it is still possible to
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use Eq. (10) in difference equation form. However, in
this instance it is evident that the points 7, where
tand (k) passes through resonance give some difficulty,
ie., that the set {r;} must be dense at ;. Also it is clear
that the accuracy of this method will then depend on
the accuracy in locating the largest »; where a zero for
tané(s) occurs and perhaps the largest r; where a
resonance occurs. Thus, if a zero occurs at 7, [tand (k)
=07 and no zeros or resonances occur for 7;>r;, then
only the potential for »> 7, contributes to the scattering,
but that part nearest to 7, will frequently be the most
important. If, however, a resonance occurs for 7;>7y
then the potential beyond 7; as well as the actual
location of 7; becomes of greatest importance.
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Calculation of the (z~, =°) Reaction on Complex Nuclei*
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The excitation function for the reaction zA4 (z~, #%z_14 has been calculated using the Fermi-gas model
of the nucleus and the impulse approximation. Experimental data on the differential cross section of the
free-particle reaction 7=+ p — 7%+ was used, and the effect of the momentum distribution of the nucleons
on the kinematics was included. The predicted cross section shows a minimum near 200 MeV and maxima
near 100 and 350 MeV. This structure, if confirmed experimentally, would lend support to this simple model,
which is frequently used to interpret high-energy nuclear reactions.

INTRODUCTION

ANY features of high-energy nuclear reactions

can be successfully predicted by calculations

based on a simple model: the nucleus is represented by
a degenerate Fermi gas of protons and neutrons with
which the incident particle interacts. The impulse ap-
proximation is assumed to hold, and free-particle cross
sections are used. Extensive Monte Carlo calculations!+?
have been performed using essentially this model and
have given good agreement with experiment, with the
notable exception of those for simple nuclear reactions
such as the (p,pn) reaction. It is possible to treat such
reactions in explicit calculations without resorting to
the Monte Carlo method, as was done by Benioff,? who
used a shell model with harmonic-oscillator wave
functions to calculate (p,pn) cross sections. Ericson,
Selleri, and Van de Walle* have calculated the excitation
function for (p,prt) reactions, using a Fermi-gas model

* Work supported by the U. S. Atomic Energy Commission.
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of the nucleus, and Remsberg® has improved their cal-
culation and obtained good agreement with experiment.

The present calculation has been done in order to
extend this model to pion-induced reactions. One of the
simplest of such reactions is charge exchange:

7tt 74 — 10+ 7204 1)

According to the model under discussion, reaction (1)
occurs by a charge exchange involving a single nucleon®

+p— +n, 2

in which the neutron remains in the nucleus. In order
that the final nucleus not evaporate any particles, its
excitation energy must be low, and therefore the mo-
mentum transfer to the nucleon must also be low. The
incident and outgoing pions are required not to undergo
any interactions with other nucleons, since in that case
the nucleus would gain too much excitation energy.
Using experimental values for the cross section of re-
action (2) with the limitations imposed by the low
energy transfer to the nucleus, we can calculate the
cross section for reaction (1).

5 L. Remsberg, Phys. Rev. 138, B572 (1965).
6 In the following we consider incident #~ mesons; the calcula-
tion also holds for #* mesons if Z is replaced by N.



