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ABSTRACT 

Following their earlier ideas concerning the temperature integral, in order to obtain 
correct approximations for the temperature integral the authors present a general criterion for 
the comparison of various approximations as well as a new third order approximation. 

INTRODUCTION 

In a previous paper [l] the temperature integral 

I( T, Y) = ~Ty~ epEjRy dy 

was approximated through the relationship 

T 
r+l -_x 

Y’e +Qrb) 

where 

(1) 

The function Q,(X) is an approximate solution of the differential equation 

Q;(x)-(l+G)Q,(x)+l=O 

where Q:(x) indicates dQ,( x)/dx. As differential equation (4) does not 
admit exact solutions a method to obtain approximate solutions was pre- 
sented in Ref. 1. 
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A NEW CRITERION TO COMPARE THE ACCURACY OF VARIOUS APPROXIMA- 
TIONS 

Let us consider an approximate solution of eqn. (4), QJx, p), where p is 
a set of constant or variable parameters [l]. Introducing Q,(x, p) into eqn. 
(4) we obtain 

CX(x, P) - (I + $+!,(x* P) + 1 = &(x9 P) (5) 

where the function p,( x, p) appears due to the appro~mate character of 

Qrb~ ~1. 
In order to obtain a relationship between p,( x, p) and the error e(x) in 

the temperature integral corresponding to the use of the approximate 
function Q,(x, p) in relationship (2), we shall express E(X) as follows 

From eqn. (6), taking the derivative with respect to x, one obtains 

~=(~)F+l~[Q:(x, p,-(l+$)QJx, p)+l] 
or, taking into account eqn. (5) 

(7) 

From eqn. (8) throu~ inte~ation between x and 00 and taking into 
account that 

f(OO) = 0 (9) 

we get 

(10) 

which, after performing the detailed calculations, becomes 

which is the desired relationship between E(X) and p,(x, p). 
We shall use a theorem concerning the sign of the integral according to 

which, if the integral retains the sign in the interval of integration, the 
integral is a number of the same sign as the function 121. Taking into account 
this theorem and the obvious inequality 

e - .X 
->Oforx>O *g+2 
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it is easy to observe that 

C(X) < 0 if p,(x, p) > 0 

and 

03) 

C(X) > 0 if p,(x, p) < 0 04) 

The idea valid for most of the approximations that p,(x, p) does not 
change its sign was accepted. The cases corresponding to the change of sign 
will be discussed in a future paper. 

For a given value of x, the lower the value of 1 p,( x, p) 1, the lower is the 
value of 1 c(x) 1; thus in order to compare the approximations it is enough 
to compare the values of the corresponding p,(x, p) without having to 
evaluate numerically the integral in eqn. (11). 

Table 1 lists some approximations, for r = 0, taken from [I] and the 
corresponding functions p(x, p) for various values of x. 

The comparison between the data given in Table 1 and those listed in 
Table 3 of Ref. 1 shows that the sign inequalities (13) and (14) are fulfilled _ 
and that the values p(x, p) can be used in order 
approximations of the temperature integral. 

The relative error of the temperature integral 

4-4’ T 

44 x 100 

J Y’ e --E/RY d y 

0 

taking into account that 

J 
T 
Y' e - E/RY d y= 

0 

and relationship (ll), turns into 

J m~~r(z, 
fs(X)= - x “_, 

P> dz 
x 100 

fiTTe,tx. P> 

The approximate evaluation of the integral from eqn. 
open problem. 

to compare various 

(15) 

(16) 

07) 

(17) still remains an 

ON A NEW THIRD ORDER RATIONAL APPROXIMATION 

The second order rational approximation valid in principle for any Y 

C&(x> = 
x2+x(4+r) 

x2+x(6+2~)+~~+3)(~+2) 081 

was suggested in our earlier paper [l]. 
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In order to derive a third order rational approximation we shall start from 
an approximation of the following form 

Q,(x, P) E Qr[x, b(X), Ci] = x~~cJ~‘,“’ 
obtained from eqn. (18) through generalisation. 

Using the procedure suggested in Ref. 1 we have 

i=3 

cl = a; c2 = c; c3 = d 

The term b,( x, a, c, d) will be sought by solving the equation [l] 

~Q,[.T h,(x, a, c, d), a, c, d] 

=(1+ r;2; Q,[x, h,(x, a, c, d), a, c, d] + 1= 0 

Substituting eqn. (19) in eqn. (22) we get 

(2x+a)(x*+cx+d)-(2x+c)[x*+ax+b,-,(x, a, c, d)] 

(x2 + cx + d)’ 

an equation whose solution with respect to bO( x, a, c, d) is 

&(x9 a, c, d) = 
(~*+cx+d)[x~+~*(~+2)+x(a+d)] 

x3+x2(c+4+r)+x[c(r+3)+d] +(r+2)d 

-X2 -ax 

(19) 

(20) 
(21) 

(22) 

(2% 

(24) 
Introducing this result into eqn. (19) we obtain the desired approximation 

Qr<x, P) = 
x3+x2(c+2)+x(a+d) 

x3+x2(c+4+r)+x[c(r+3)+d] +(r+2)d (25) 

Taking into account the fact that relationship (19) was obtained from 
relationship (18) through generalisation, we shall introduce into eqn. (25) the 
following values for a, c and d 

a=4+r (26) 
c=6+2r (27) 
d= (r+3)(r+2) (28) 
In such a way we obtain the following final form of the third order 
approximation 

Q,(x) 
x3 + x2(8 + 2r) + x(r* + 6r + 10) 

x3 + x*(10 + 3r) + x( r + 3)(8 + 3r) + (r + 2)2( r + 3) 
(29) 
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Table 2 lists the relative errors corresponding to the appro~mation (29) for 
various values of x and P. The reference values of Q,(x), with which the 
values of Q,(x) given by eqn. (29) are compared, have been taken from [I]. 
The expression “ 2: 10e5 ” means that an accuracy within 2 x 10-5% is 

considered as significant [l]. From an inspection of Table 2 one can 
conclude that the third order approximation given by eqn. (29) leads to very 
good results. For r = l/2,1, 3/2 and 2, the above mentioned approximation 
is better than all the approximations given in [l]. For Y = 0 the same 
approximation is comparable, from the accuracy standpoint, with approxi- 
mation (10) (Table 3) and eqn. (3) (Table 4), the best of those given in [l]. 

CONCLUSIONS 

1. The relations~p (11) between the error of the temperature integral and 
the function p,(.x, p) was derived. 

2. It was shown that to compare the accuracy of various appro~mations 
it is enough to compare the values of p,(~, p). 

3. A new third order rational approximation of the temperature integral 
was proposed. 
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