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An investigation of the effects of bridge arm configuration, i.e., arm impedance 
ratios, of a Wheatstone bridge circuit are presented. Although the generalized treat- 
ment given can -be applied to any resistance change transducer in a Wheatstone bridge, 
particular emphasis has been placed on the use of thermistors in solution phase 
calorimetry. The work presented characterizes the various bridge configurations in 
terms of their sensitivity, linearity, and theoretical temperature resolution. 

Much of the instrumentation in analytical calorimetry involves the use of a 
thermistor in conjunction with some type of Wheatstone bridge circuitry. Ahhough a 
myriad of special purpose bridge configurations exist, the use of the simple d-c. 
Wheatstone bridge, in both equal and unequal arm arrangements, is predominant. 
Such a system, with present day high gain, high input impedance eiectronic amplifiers 
has been used extensively in numerous applications of thermometric titrimetry’*2 and 
direct injection enthaipimetry3 as an unbalanced, continuously recording temperature 
change detector. There are several inherent disadvantages in the equal arm system 
which manifest themselves when thermal changes are being monitored. One such 
disadvantage, the non-linear relationship between the bridge output and the actual 
temperature change, has been discussed by Gunn4. The present work is a completely 
gcncral study of various bridge configurations, i-e_, arm ratios, in terms of their 
sensitivity, signat-to-noise characteristics, and linearity. The results -of a recent 
thermistor study’ are also used to compare the theoretical temperature resolution of 
the various configurations_ 

DISCUSSION 

If one considers a Wheatstone bridge circuit such as that shown in Fig. 1, the 
exact output of the bridge (e,) can be shown6 to be: 

e0 =EB 
RI&-%& 

(R,+R,)(R,+W 
(1) 

To whom all axrcspond~n~~ should be addrssed. 
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Fig. 1. W7xXstone bridge circuitry commonly used for unbaknced continuous recording enthal- 
pimetric rneasuremetits. 

under conditions u-here the voltage source (EB) has zero equivalent resistance and 
the voltage measurin g device has effectively infinite input impedance. Hence, the 
output with any resistance \?alues substituted can be calculated. In choosing viable 
resistance values for the various arms of the bridge, we are limited by the maximum 
acceptable equivalent resistance of the bridge and by the null condition which requires 
thatr 

R1Rr=R3RT (2) 

The equivalent resistance of the bridge xvith respect to the output is important 
for impedance matching of the signal source (the bridge) and any subsequent amplifier. 
This output impedance can be easily computed using the null condition which yields 

(3) 

where I$ is the ratio RJR1 and 6 is the ratio of R, to R, _ If we assume an equal arm 
cotiguration, we lind that eqn (3) reduces to R, = RI and only the choice of the 
transducer impedance afkcts the choice of the following ekctronics. If we choose 

Fig- Z The nonnaked equivalent output resistance of the bridge as a function of the bridge wnfigu- 
raticn. Curve a represents the mathematical form u-hen the independent variable is the ratio of the 
transducer impedance to the resistance of the parallel element (q5)- In curve b the independent vari- 
abIc is the ratio of the transducer and the se&s ekmeut (6). In both cases, the second independent 
variabIe is unity. 
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other values for 4 and 0, several interesting situations arise. If 4 is set equal to one 
and 0 is made large, one can reduce the impedance of the source. If we assume that 
8 = I and vary 4, we cannot significantly reduce the source impedance even by making 
Q very large. This can be seen graphically in Fig. 2. The source impedance is important 
since all derivations assume no loading and therefore the value of the equivalent 
source resistance is required_ Secondly, the bridge impedance determines to a large 
extent the magnitude of the limiting Johnson noise and hence effects both the signal- 
to-noise performance and the limit of detection of the device_ Although the Ioading 
phenomenon does merit discussion, the consideration of sensitivity, signal-to-noise 
ratio characteristics, and limit of detection are more significant factors in the choice 
of a bridge configuration. 

SensitiL-iZy 

The use of a thermistor as the transducer-resistance element makes the output 
of the bridge a function of the solution temperature. The resistance of the device can 
best be described6*’ by an equation of the form 

R 

where R,, B and K are constants of the thermistor_ 
the functional relationship between resistance and 

by 
RT= R”,-f-ART= R;tR;zAT 

(9 

For smzll temperature excursions, 
temperature can be approximated 

(5) 

where RT is the impedance of the transducer at any temperature, ART is the temper- 
ature dependent resistance change, R, c is the thermistor resistance at a convenient 
reference temperature. r is the temperature coefficient of resistance about (0.04 QjQ - ‘C), 
and AT is the solution tern_perature change. For present considerations, the linear 
proportionality of eqn (5) will suffice, since we wish to describe the behavior of the 

Fig_ 3_ The vokage drop across the thermistor (eT = iz R,) per Volt applied to the bridge as a function 
of the ratio 8 (see Fig. I). 



bridge conf&uration. The apparent temperature measured by the thermistor is not 

onIy a fmction of the ambient temperature, but akc of the power dissipated in the 

deice’. Thus, in order to equitabIy compare the sensitivity of the various configu- 
rations, the current applied to the transducer must be e_xamined_ This reIationship 

is given by the following equation which is shown graphically in Fig. 3, 

0 63 
i2=(lfO)jg (6) 

It is apparent from this equation that the current in the transducer side of the bridge 

is independent of +_ 

The sensitivity; defined as the output voltage per unit temperature change, is 
@en by 

(7) 

provided that the denominator of eqn (1) is held constant, i.e., AR is smaI1, Again the 

output is independent of 4 while the dependence on 0 is very strong. This is shown 

in Fig_ 4. It is readiIy apparent that an equaI arm configuration yields the highest 

sensitivity_ This is not a serious issue since “state of the art” d-c. and a-c. amplifiers 

are ava.iIabIe with input noise Iess than 10 nV_ 

Fig_ 4. The bridge response to a 1OOp’C change per Volt applied to the bridge as a function of the 
ratio B <set Fig- I)- 

Signal-to-noise considerations 

In a recent publication 5, the rms temperature noise of thermistors under the 
conditions of solution phase entbaIp,imetry has been characterized by an equation of 

the form 

AT_ = 
J 

$+ B+CE;: 
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where A is a Johnson noise dependent term, B is a solution inhomogeneity coefficient, 
and C is a power dissipative term. The Johnson noise 8 is given by 

ejZN = 4 kT AfReq (9) 

where k is the Boltzmann constant, T is the ambient temperature, Af is the system 
bandwidth, and Req is the system impedance. Combining eqns (3), (7) and (9), a 
temperature noise equivalent to the electrical variations can be given by the equation 

ATj~= 4--kTAf ( ,Rr( l+ ~)(1+0)3,) (.10) 
c�91 2 ~b0 2 

In a similar manner, the noise due to the power dissipated in the sensor can be derived 
by combining eqn (6) and the relation between the temperature and the applied 
power 7, resulting in the equation, 

_ i ~ R ~  _ 0 ~ 

AT2 - f2 (ti) - f2 (~5)R~(1 + 0) 4 E4 (11) 

wheref(6) is a function of the dissipation constant 5. if these noise sources are summed 
as statistical deviations and put in the forro of eqn (8), it is found that 

4 k T A f  (1 +0)(1  +0) 3 
A = o~ 2 (/)0 2 R T  

and 

(12) 

0 4 
c = (~3) 

f 2 (fi) R~.( l  +O)4 

It has been shownS that if Bis assumed to be zero, the minimum temperature resolu- 
tion is given by the relation 

AT~~...~m~ ~ 2.2 A 1/3 C 1/6 (14) 

Substituting for A and C, 

ATmi,. _ _ 2 . 2 ( 4 k T A f )  1/3 (1 +~b) 1/3 (1 +0) ~/3 _ _ (1 +(/))1/3 (1 -]-0) I/3 
~2/3 f l / 3  (ti) 41/3 K 41/3 (15) 

The optimum bridge voltage is given by 

• / " •  (1 +,~)~/2 (1 +o) -,/2 
E B , o p t .  = - -  K' (16) ~:/2 0 3 

Inspection of eqn (8) indicates that ATm~,. will mereiy be increased by an increase in B 
without changing its dependence upon A or C (see eqn (11)); further, B has no effect 
on E~ ~ This function is shown graphically in Fig. 5. It can be easily seen from this 
representation that for a given value of 0, the temperature resolution improves as 
is made larger. Conversely, for a specified value of qS, a smaller value for 0 gives better 
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temperatvre resolution. To carry this extrapolation to a lo@cal conclusion, the ulti- 
mate temperature resolution will be obtained for an infinite value of + and a zero 0 
value. Substituting these values into eqn (IS) the maximum improvement in resoIu- 
tion, one can obtain over the equal arm case, is a factor of 1.59. 

Fig. 5. The normalized :xnpcraturc minimum as a function of the ratio 0 in curve I and 4 in curve t. 

(See Fig- 1 for the definition of q3 and 0.) For both cases. the second independent variable was assumed 
to bc one. 

As was mentioned previously, for sufficient!y small temperature excursions the 
resistance response of the thermistor is linear. For the present purposes, a linear 
response will be assumed to simplify the relationship between the normalized bridge 
output and the temperature change. As stated above, modern Iinear d-c_ amplifiers 
preclude the necessity of obtaining maximum bridge sensitivity-. In order to compare 
the non-linearity inherent in the various configurations with a minimum of distortion 
due to changes in sensitivity, the sotution obtained from eqns (I), (2), and (5) was 
normalized with respect to the sensiti\-i;ity and the temperature change to yield 

e&l +U)’ = 2 
(17) 

The -phical representation of the normalized function is shown in Fig_ 6 for several 
va!ues of & a,ld 8_ The absoIute deviation of the response of the various bridge 
arrangements from the horizontal line (- - - in Fig. 6) is an indication of the 
absolute non-linearity of the bridge output as a function of temperature change. 

It is quite interesting that a decrease in 0, which results in temperature resolution 
improvements, also advantageously affects the bridge linearity. It should be noted, 
however, that in Fig. 6 the maximum temperature excursion is 3’C from balance. Thus 
the error in even the least favorable case (shown in Fig. 6d) results in only a 2.0% 
deviation from linearity in the course of a I.O’C temperature change. It is therefore 
apparent that for small thermal excursions, the bridge configuration is not important, 
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at Ieast in terms of the iinearity. For large magnitude temperature monitoring, an 
un-quai arm bridge would seem more appropriate if a high degree of linearity were 
required. A thorough treatment of these relationships is given by Gunnj. 

Fig. 6. The bridge sensitivity normalized with respect to the bridge driving voltage and the bridge 
resistances as a function of the solution temperature. For curve a, Rx = Rr and R2 = 10 RT; curw b, 
R,=O.l RTand R==10RT;forcurvec,RT=R,=R2;andforcu~ed,R,=0.1RTa~dR,=RT- 

The generalized treatment given above can be applied to any resistance change 
transducer in a Wheatstone bridge configuration with the exception of the signal-t& 
noise considerations which apply only to transducers in which the major noise is a 
result of the Johnson noise and dissipaticepherzomena. The presentation of the data in 
the previous section iIIustrated the mathematica1 form of variations in the bridge 
confi_aration. From this, several important trends arise. First, the resistance element 
in the same arm as the transducer is important in the determination of the sensitivity 
and linearity. In the latter case, the impedance should be as large as possible for optimal 
results. Another possibIe benefit is an increase in the voltage applied to the bridge with 
an accompanying increase in tke output voltage. It has been shown’ that a voltage 
optimum exists corresponding to the temperature minimum alluded to in eqn (8) and 
is given by eqn (16). Hence, the smaller 8 (the ratio of the resistance elements in the 
transducer side of the circuit) the larger the optima! bridee voItage. The sensitivity 
derived in eqn (7) and shown in Fig. 4 is normalized with respect to EB, so that by 
increasing the appIied voltage, an enhanced output can be achieved. This is a direct 
result of the considerations as discussed in the section on sensitivity. Secondly, the 
impedance of the arm parallel to the transducer has a lesser effect on the bridge 
system. Its influence on both the equivaIent resistance and the temperature minima 
are somewhat secondary in importance. In spite of this, the impedance of this parallel 
resistance should be made as small as possible for optimum bridge signal-to-noise 
behavior. 
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The performance of several specific configurations is summarized in Table l_ 

These specific cases were chosen to illustrate the trends discussed above. 
Making RI greater than RT and R2 less than RT constitutes a reversaI of these trends 
and is characterized by decreases in the sensitivity, resolution, and linearity as com- 
pared to the equal arm case as illustrated in the last row. Another interesting facet 

TABEL 1 

SUMMARY OF THE PERFORMANCE OF SEVERAL SPECIFIC COKFIGURATIONS 

Bridge configurahm R, Sensikiry ( X I06). Resolutionb Deriafiotf (X0) 

RI=Rr;Rz=IMRr 
RI = Rr; Rt = 10RT 
Rx = R= = RT 

RI = 0.1 Rr; Rx = Rz 
Rx = 0.01 RF; R2 = Rr 
Rx = 0.1 z?:; R, = 10 Rr 
R, = O-Of RT; R2 = 100RT 
R, = 0; Rx = m 
Rx = 10 Rr; Rx = 0.1 Rr 

1.9s Rr 

1.82 Rr 

RT 
0.55 Rt 

0.50 Rr 

RT 

R7 
RT 

RT 

0.039 I.26 I-94 

0.33 I 22 1.78 
1.0 1.00 0.990 
1.0 1.22 O-182 
1.0 1.26 0.020 
0.33 1.50 0.330 
0.039 1.57 0.040 
0 1 s9 0 
0.024 0.11 0.330 

a Scnsitiity was calculated from cqn (6) as the dimensionkss quantity eo.!Ea. assuming a IO0 p’C 
tanpxxturc chan_ge- D RcsoIution here is defined as the ratio of AT,,,_ as caIcuIated from eqn (15) 
for the gual arm use fo the AT,l,_ for the given bridge configuration. c The deviation is expressed 
as the % diKerencc IJCLWccn the Iinear case and the result of cqn (17) for a I ‘C temperature change. 

is the linearity exhibited by all of the arrangements. Even in the least favorable case 

shown, a I “C change results in less than 2.5% error. For high sensitivity work, this 
deviation would be neghgible for a millidegree temperature excursion_ Of particuiar 

interest is the improvement in resolution Seen in rows 6-8. Choosing RI = 0.1 RT. 

R, = IOR, and R3 = Rr (see Fig. 1) yields a bridge configuration which realistically 

approximates the theoretic4 Iimits of signal-to-noise behavior, Iinearity, and sensi- 

tivity. The improvement over the equal arm bridge arrangement, however, is at best 

modest. The ultimate chaise of a bridge configuration, then, should be based on the 

application and a thorough investigation of the bridge behavior such as that presented 
here. 
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