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Abstract

Extensive computer simulations have been carried out in order to obtain analytical expressions for such thermodynamic
properties as the Helmholtz free energy, internal energy, entropy, equation of state, isothermal compressibility, thermal
expansion coefficient, heat capacities at constant volume and constant pressure, etc., of a Lennard—Jones fluid. The proposed
expressions combine accuracy with simplicity and they are valid over the entire supercritical region. The number of simulated
states was 265, covering a range of temperatures 7 = (1.3~2.6) and densities from p = (0.1-0.844) (both in reduced units).
The given number of states permits us to fit the computer simulation data by the corresponding analytical expressions with a
total guarantee of confidence.

Because the heat capacity at constant pressure is related to the other quantities, such as the internal energy (through the heat
capacity at constant volume) and to the equation of state (through the isothermal compressibility and the thermal expansion
coefficient), in testing the goodness of our analytical relations we compared our C, values with other theoretical values taken
from the literature, and found excellent agreement. We also compared our C, results with experimental data for argon, using
our own recently proposed Lennard-Jones intermolecular parameters. Good agreement was again found. © 1997 Elsevier
Science B.V.
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1. Introduction 3]. This involves: firstly, laborious work in their
mathematical handling; and secondly, that other ther-
modynamic properties obtained from standard rela-

tions — usually containing derivatives — are seriously

Accurate, simple and reliable expressions to deter-
mine the thermodynamical behaviour of a system as a

function of the thermodynamic state (T, p) and over
the entire phase plane had long been a goal pursued by
theoretical physicists and chemical engineers. How-
ever, the global thermodynamics of a given system is
described with complicated and long expressions [1~
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affected because of the amplification of the errors.
This is the case, for example, when we have a rela-
tively accurate expression to determine the Helmholtz
free energy (HFE). The errors of its first derivative,
such as the internal energy and the pressure (or
equation of state, EOS) are extraordinarily amplified,
making the application of this EOS useless in local
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regions of the phase plane, such as in the determina-
tion of the vapour-liquid equilibrium (VLE) curve. Of
course, this amplification is more pronounced when
we work with the second derivatives of the HFE, such
as the heat capacities, isothermal compressibility,
thermal expansion coefficient, etc.

Previous work made by our research group [4,5]
was devoted to studying the vapour and liquid regions,
such as the VLE of simple fluids; the present one is
devoted to an extensive study of the supercritical fluid
zone, i.e. states above the critical point. There is an
increasing interest in the study of supercritical fluids
(SCFs) — with intermediate properties between the
liquids and gases — because they have application in
industry, e.g. the petrochemical, environmental and
food industries. For example, in the environmental
sector, the SCFs (ethylene, propane, carbon dioxide,
etc.) are used to eliminate dangerous waste products
by means of the supercritical extraction process.

Despite our being interested in the study of thermo-
dynamics of a simple SCF - as the Lennard—Jones one
— the mathematical models proposed in this paper will
be taken as reference, and these will be modified and
adapted to pre-cited real SCFs in a near future. It is
organized as follows: Section 2 treats the Helmholtz
free energy (HFE) of this supercritical region. In
Section 3, we propose the analytical expressions that
give the thermodynamics, of a Lennard-Jones (LJ)
system as function of the thermodynamic state. Sec-
tion 4 tests the goodness of our analytical expressions
by means of a comparison between theoretical and
experimental results. Finally, Section 5 presents the
most important conclusions.

2. The Weeks—Chandler-Andersen theory and the
Helmbholtz free energy

The Weeks—Chandler—Andersen (WCA) [6] theory
of fluids has been a successful tool for investigating
the thermodynamic properties of these systems. Thus,
many papers have been devoted to studying the most
important implications of this theory in both three-
dimensional (3D) and two-dimensional (2D) cases
(see, e.g. Rull et al. [7], Cuadros et al. [8], Cuadros
et al. [9], Cuadros and Mulero [10-12]). The principal
advantage of using the WCA theory to predict the
thermodynamics of fluids is that the intermolecular

forces can be separated into repulsive and attractive
parts, such as those suggested by van der Waals (vdW)
[8,13]. This permits one to follow the effect of the
intensity of the attractive forces in the calculation of
the thermodynamic properties of fluids [5,9,14]. For
LJ systems, the WCA separation of the intermolecular
potential is

ury(r) = uo(r) + up(r), (1)

where uy j(r) is the well-known (LJ) interaction poten-
tial, and ug(r) and uy(r) are the repulsive and attractive
parts of this potential, respectively.

1 < — 21/6
uo(r) = {g”(’) s me @)
Ll m

and

_ -1 r < Fm,
up(r)—{uu(r), r>re

In the Egs. (2) and (3), ry is the minimum of the
potential, i.e. the distance at which the force changes
from repulsive to attractive, and A a perturbative
parameter providing the different contribution or
intensity of the intermolecular attractive forces in
calculating the thermodynamic properties. When
A =1, we have the full LJ potential. In Egs. (1)-
(3), and the following equations, all the properties
are expressed in reduced LJ units.

Similar approaches based in other separations of the
intermolecular forces have been used to decribe the
thermodynamic behaviour of simple fluids (see, e.g.
Ref. [15] and references therein).

From the WCA theory and making use of some
statistical mechanics arguments, the excess with
respect to the ideal gas of the Helmholtz free energy
(HFE) per particle has the exact expression [6]:

A =A0+,00¢/\(T7 ,0), C)
where Ag is the HFE excess of the so-called reference
system (molecular interaction due only to the repul-
sive part, up(r), i.e. A = 0). The quantity Ay is given by
the Carnahan-Starling equation [4,5,9,16]

3)

4y — 3y?
Ag=T2 2 ®)
(1-vy)
where
T3
y—6pd ©)

and 4 is the hard sphere (HS) equivalent diameter,
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given by the Verlet-Weis [17] criterion

~0.3837T + 1.068
042937 + 1

In previous papers [4,18], we have shown that

M

11

combined Eqgs. (5)—(7) give a good picture of the

reference system properties.

The function o) (T, p), that gives the contribution of
the intermolecular attractive forces to the HFE, is
given by [19]

Table 1

Values of «(T, p) obtained from MD results of the RDF for the supercritical region, with asymptotic contribution from Eq. (9)

T p @ T P a T p a T p a T p o T p a

1.3 0100 6.154 15 075 7533 1.8 0200 638 20 055 7.169 22 0.700 7420 24 0825 7.546
0.125 6.194 0.800 7.602 0250 6.506 0.600 7.263 0.750 7.485 0.844 7.566
0.150  6.305 0.825 7.629 0.300 6.630 0.650 7.352 0.800 7.542 25 0.100 6.130
0.550 17.196 0.844 7.652 0.350 6.741 0.700 7.426 0.825 17.560 0.125 6.195
0600 7.300 16 0.100 6.072 0.400 6.860 0.750 7.497 0.844 7.583 0.150 6.262
0.650 7.391 0.125 6.142 0.450 6.966 0.800 7.557 23 0.100 6.107 0.200 6.376
0.700 7.480 0.150 6.295 0.500 7.070 0.825 7.580 0.125 6.203 0.250 6.501
0.750 7.559 0200 6.391 0.550 7.178 0.844 7.599 0.150 6.252 0300 6.632
0.800 7.623 0250 6.485 0600 7271 2.1 0.100 6.131 0.200 6.398 0350 6.734
0.825 7.656 0.300 6.628 0.650 7.361 0.125 6.232 0250 6.516 0.400 6.856
0.844 7.671 0.350 6.762 0700 7.444 0.150 6.241 0300 6.633 0.450 6.949

14 0.100 6.054 0.400 6.862 0.750 7515 0.200 6.39 0.350 6.725 0.500 7.054
0.125 6.179 0.450 6.968 0.800 7.577 0.250 6.509 0.400 6.845 0.550 7.156
0.150  6.259 0.500 7.073 0.825 7.599 0.300 6.605 0.450 6.956 0.600 7.242
0.200 6.400 0.550 7.176 0.844 7.617 0.350 6.733 0.500 7.056 0.650 7.323
0.250 6.508 0.600 7280 1.9 0.100 6.151 0.400 6.849 0550 7.164 0.700  7.397
0.300 6.627 0.650 7.372 0.125 6.172 0.450 6.959 0.600 7.250 0.750 7.463
0.350 6.763 0.700 7.457 0.150 6.233 0.500 7.065 0.650 7.336 0.800 7.518
0.400 6.870 0.750  7.533 0.200 6.396 0.550 7.168 0.700 7.412 0.825 7.540
0.450 6.978 0.800 7.593 0.250 6.535 0.600 7.263 0.750 7.479 0.844 7556
0.500 7.090 0.825 7.619 0.300 6.621 0.650 7.347 0.800 7.535 26 0.100 6.118
0.550 7.189 0.844  7.636 0350 6.749 0.700 7.423 0.825 7.553 0.125 6.203
0600 7290 1.7 0.100 6.121 0.400 6.868 0.750  7.490 0.844 7575 0.150 6.270
0.650 7.388 0.125 6.192 0.450 6.960 0.800 7.550 24 0.100 6.107 0.200 6.376
0.700 7472 0.150 6.254 0.500 7.072 0.825 17.573 0.125 6.161 0250  6.502
0.750  7.549 0200 6.386 0.550 7.173 0.844 7.594 0.150  6.268 0.300 6.627
0.800 7.611 0250 6.535 0.600 7262 22 0100 6.109 0200 6.370 0350 6.742
0.825 7.642 0300 6.635 0.650 7.352 0.125 6.138 0.250 6.501 0.400 6.854
0.844 7.662 0.350 6.745 0.700 7.436 0.150 6.272 0300 6.622 0.450 6.947

1.5 0.100 6.084 0.400 6.853 0.750 7.504 0.200 6.377 0350 6.735 0.500 7.056
0.125 6.138 0450 6.962 0.800 7.564 0.250 6.488 0400 6.851 0.550 7.153
0.150 6.240 0.500 7.070 0.825 7.592 0.300 6.608 0.450  6.961 0.600 7.242
0.200 6.381 0.550 7.178 0.844 7.611 0350 6.732 0.500 7.059 0.650 7.320
0.250 6.515 0600 7280 20 0.100 6.124 0.400 6.839 0.550 7.155 0.700  7.390
0.300 6.663 0.650 7.367 0.125 6.207 0.450 6.952 0.600 7.243 0.750 7.456
0.350 6.746 0.700 7.447 0.150 6.257 0.500 7.057 0.650 7.332 0.800 7.509
0.400 6.852 0.750 7.520 0.200 6.380 0.550 7.159 0.700 7.407 0.825 7532
0450 6.979 0.800 7.582 0250 6.524 0.600 7254 0.750 7470 0.844 7541
0.500 7.083 0.825 7.607 0.300 6.621 0.650 7.340 0.800 7.525 e —
0.550 7.187 0.844 7.628 0.350 6.732
0.600 7.287 18 0.100 6.133 0.400 6.846
0.650 7.376 0.125 6.172 0.450 6.956
0.700  7.462 0.150 6.262 0.500 7.066
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~ax(T,p) = 27r/r2up(r)g0(r)dr
0

1 00
+27r/d/\/r2up(r)[g,\(r)

0 0
—~ go(r))dr. ¥

Note that u,(r) is the attractive part of the intermo-
lecular LJ potential. Here, g, (r) is the radial distribu-
tion function (RDF) of the system when the molecules
interact with the potential given by Eq. (1), and go(r)
is the RDF of the reference system (A = 0).

In order to obtain an analytical expression for the
a (T, p) function, we carried out extensive computer
simulations over a wide range of densities and tem-
peratures, using the molecular dynamics (MD)
method. The RDF data for five values of the pertur-
bative parameter (A = 0, 0.25, 0.50, 0.75 and 1) were
introduced into the integrals, and then the integrals
solved for each thermodynamic state. The results were
fitted with an analytical expression for a (T, p), fol-
lowing the procedure already described in previous
papers [9,10,12].

On the other hand, if one wants to obtain valid and
useful analytical expressions of the HFE, of its first
derivatives (EOS, internal energy, etc.), of its second
derivatives (heat capacity, isothermal compressibility,
etc.), and so on, for chemical engineering applications,
one needs to make the (T, p) fit as accurately as
possible, not only globally but locally ~ for each
thermodynamic state. Thus, in order to obtain very
good global fits of the HFE and/or EOS - even
containing a great number of adjustable parameter —
there is no assurance of arriving at good expressions
for the second derivatives of the HFE, heat capacity,
isothermal compressibility, etc. Of course, if one is
interested in an expression for the HFE alone, a
coarser fit can be tolerated. Another important
requirement in technical applications is the
simplicity of the analytical model. The simplicity
of our model is guaranteed because the (T, p)
function is linear in density and cubic in temperature.
This fact will be reflected in the EOS where, as we
will see, the proposed EOS is a vdW-type one, and
it has the same structural form as that in previous
works (4,5].

For the supercritical fluid region study, we have
used the a(7,p) (with A =1) values shown in
Table 1, obtained from MD results for the RDF. As
we can see, the range of temperatures from 7' = 1.3
2.6 and densities from p = 0.1-0.844 (265 states in
total) covered is sufficiently wide range to ensure a
good fit. We would like to enphasize that the values of
a(T, p) shown in Table 1 take into account the asymp-
totic contribution (AC) because of the truncation of the
LJ potential at distance r. = 2.5. The contribution is

[4]
9 3
Aczﬁm[(i) 5() } o)
9 re re

The result is the following expression for
T, p):
(T, p) = (5.709 + 0.360T — 0.158T>
+0.0257°%) + (2.347 — 0.179T
—0.00272 + 0.004T°)p, (10

The percentage mean deviation, when the calculated
a(T, p) values (Eq. (10)) are compared with the simu-
lation ones, is less than 1%. This equation will be used
to obtain other thermodynamic properties in the super-
critical fluid region.

3. Thermodynamic properties of LJ fluids as a
function of the thermodynamic state

Starting from Eq. (4), and using standard thermo-
dynamic relations, we were able to determine other
thermodynamic properties as a function of tempera-
ture and density. These thermodynamic properties are:
the internal energy, U, entropy, S, pressure, P, iso-
thermal compressibility, xr, thermal expansion coef-
ficient, ., and heat capacities at constant volume, C,,
and at constant pressure, C,.

As is well known, x7, . and C,, are easier proper-
ties to determine experimentally than U, C,, and,
of course, S. These properties are related as follows
[20]:

Tvag

C,—-C, = , (11)
Xr

with T being the temperature, v = 1/p the molar
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volume, and where

ou
G = (ﬁ)v, (12)

is the molar heat capacity at constant volume, obtained
directly from the internal energy equation. The ther-
mal expansion coefficient,

1 /ov
e = "\ Apr] !
l(®)
and the isothermal compressibility,
1 /0v
=~—|%z 14
X S ( 6P> . (14)

can be obtained, as we noted above, from the EOS.
The internal energy, EOS and entropy are obtained
from the following thermodynamic relations:

O0A
U=A-— T(BT)V’ (15)
0A
P = 2<_) , 16
p 90/, (16)
OA
=), an

As we can see, Egs. (15)-(17) contain the first
derivatives of the HFE, whereas the quantities such
as Cp, C,, o, and xr are obtained through the second
derivatives. Finally, the analytical expressions for all
these properties, taking into account Egs. (4) and (10),
are:
excess of the HFE,

A(T, p) = Ao(T. p) — p(C\(T) + pCo(T) + C3),
(18)
excess of the internal energy,

U(T, p) = Uo(T, p) — p(C(T) + pCo(T) + C3)
+ pT(C\(T) + pCy(T)),
entropy,
S(T, p) = So(T, p) — p(C\(T) + pCy(T)),

(20)
pressure (EOS),
P(T, p)= Po(T, p) — p*(C1(T) + pCo(T) + C4)

- p*Co(T), 21)

isothermal compressibility,

OP,
Xt = (P(%) —2pC(T)
P/r
-1
—6p°Cy(T) «2p2C4> ,

thermal expansion coefficient,

G, =
(8Po/3T), — P Cy(T) — 20 C4(T)
p(c’)P()/ap)T - 2,02C] (T) — 6,03C2(T) - 2p2C4 ’
(23)

molar heat capacity at constant volume,
C(T.p)=3/2+ (8E0/8T)V+pT(C§’(T)
+pC3(T)), (24)

where E; is the potential energy per particle of
the reference system whose parameters are defined
in Table 2, and finally, the molar heat capacity at

Table 2
Definition of the parameters involved in Egs. (18)-(24)

Ao(T,p) = T2,

ad(T 2v
UolT.p) = 27420 4 67 s (%) 2

gy L () s
So(T,p) = == ~ 673(—7‘)( 3T )‘f"f(,, "

Pry+y? =y
pT (1-¥)

Po(T,p) =
Ep(T.p) = 6T d(lT (d?i(r)) (21‘ :

C\(T) = 5.7087 + 0.3602T — 0.157872 4 0.02497*
Cy(T) = 2.3475 — 0.1787T — 0.0017T? + 0.0037T3
Cy = 0.5354343

Cy4 = 0.5339657

_ (d( W7 )p

c (T = (d( (n )
ern = (25,

o = (P51

]
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constant pressure,
C,(T, p) = 5/2 + (9Eo/dT) ,+pT(CY(T)
+ pCy(T)) + Tva} /xr, (25)

where we have made use of Eq. (11).

Eqgs. (18)—(25) give the analytical expressions for
determining the thermodynamics of LJ fluids as a
function of the thermodynamic state. The meaning
of the symbols in these equations are listed in Table 2.

4. Comparison with theoretical and experimental
results

The results obtained using Egs. (18)—(25) were
compared with theoretical and experimental results.
When the HFE data were compared with theoretical
values [2], a good agreement was found (mean devia-
tion < 10%) despite our simple HFE equation (the
HFE equation of Johnson et al. contains 32 para-
meters). Also, when our EOS (Eq. (21)) was tested
against other EOS [2], a good agreement was again
found. On comparing our results of internal energy
(Eq. (19)) with other published theoretical results [2],
the agreement was good once again (mean deviation
<5%). Fig. 1 shows the differences (AX), between
our values obtained from Eqgs. (18),(19) and (21),
respectively, and similar values obtained by Johnson
et al. for one temperature (7 = 1.9). The goodness of
the entropy can be tested through the results for C,,
because this thermodynamic property is related to the
entropy by

oS
C, = T(a—T>v. (26)

The comparison of the C, data obtained from Eq. (24)
with other published [1,21] results again showed good
agreement.

Another theoretical test was made for C, and the
expression (Eq. (24)), in the neighbourhood of the
critical point. For temperatures near the critical point,
the C, of fluids satisfies the proportionality [22]

C, o |T — T.|*, Q27

T, being the critical temperature and ¢, (written with
the subscript ‘c’ to distinguish it from the a(T,p)
function and from the thermal expansion coefficient

0.25 e e .

[N ST NN NN U RS W
>

ax 0F--=en- R Cm e ‘
] L

|
7
~0.05 \
|

vt

-0.15

IR

Fig. 1. Differences (AX) vs. density, between our results and those
obtained from reference [2] for Helmholtz free energy, A, internal
energy, U, and EOS, respectively.

a,) an exponent that, in the critical region, equals
—0.1. Table 3 lists InC, and In (T — T), as well as
values of the critical exponent, «., given by

InC,

= lim —————. 28
-7 In|T — T (28)

a
One can see that when T, = 1.27 and p. = 0.35 then
a. >~ —0.1. Again these values of the critical point are
in accordance with others obtained from more com-
plicated statistical mechanics theories [22-25]. For
example, the critical point of LJ system reported by
Lotfi et al. is T, = 1.31 and p, = 0.31. So the relative

Table 3

Critical behaviour of C, (Eq. (24))

T 0 InC, In(T - T,) Q.
1.271 0.35 0.5786 —6.9077 -0.08
1.272 — 0.5786 ~6.2146 -0.09
1.273 — 0.5787 ~5.8091 -0.10
1.274 — 0.5787 -5.5215 -0.10
1.275 — 0.5787 —~5.2983 —0.10
1.276 — 0.5787 -5.1160 —0.11
1.277 — 0.5788 —4.9618 —0.11
1.278 — 0.5788 —4.8283 —0.12
1.279 — 0.5788 —4.7105 —-0.12
1.280 — 0.5789 —4.6052 -0.12
1.281 — 0.5789 -4.5100 -0.13
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Fig. 2. Plots of C, vs. density: (a) (*) ~ curve from our Eq. (25),
experimental results from Ref. {24]; (b) dotted line from Eq. (25),
(o) — theoretical values from Ref. [21], and (A) - from Ref. [1].

deviation between these values and those proposed by
us are —3.15% for T, and 11.4% for p.

Since the relation between C, and C, (Eq. (11))
involves four of the thermodynamic properties studied
here, we think that the comparison of our C, expres-
sion (Eq. (25)) with other published theoretical and
experimental results appears to be the most complete
that is possible, because agreement between C, values

implies that the expressions for the C, (or S), o, and
xr must also be good (at least, excepting a very
improbable fortuitous cancellation of errors). Fig. 2(a)
and (b) show the comparison between our C,, expres-
sion and other theoretical C, data [1,21] as well as
with experimental data for argon [26]. Two comments
must be made with reference to the comparison
between our C, data and the experimental ones. First,
the connection between the two sets of data for Ar was
made using our own recently published LJ parameters
[27] which are o =3.623 A, and ¢/k = 111.84 K.
Second, the available C,, experimental data for argon
refer to the gas region (T = (0.7493-1.2071) and
p = (0.0029-0.0934) [26], hence, for the comparison,
we extrapolated our C, expression - valid for the
supercritical region — to the gas region. This compar-
ison therefore permits us only to estimate the beha-
viour of the C,. Nevertheless, the agreement between
the two sets of results was very good.

5. Conclusions

We have proposed analytical expressions to give the
thermodynamic behaviour of LJ fluids. These expres-
sions were obtained by taking into account the WCA
theory of fluids by fitting MD results over a wide range
of temperatures and densities. The proposed expres-
sions combine accuracy with simplicity, thus permit-
ting a straightforward and reliable use in chemical
engineering and theoretical applications. Despite their
mathematical stmplicity, the comparison of our ther-
modynamic expressions with other published theore-
tical and experimental results appears to be very good.
In particular, the expression for the calculation of C,
has an excellent behaviour in the critical region when
it is compared with modern theories of the critical
point. The C, expression, obtained from combining
the C,, o, and xr expressions, supports very well its
comparison with theoretical and experimental values
of C,, implying that our C, expression is very good.
Finally, we would like to indicate that all these results
will be used in the near future in further investigations.
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