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Abstract

For complex heat capacity measurements, various types of temperature modulated differential scanning calorimetry
(tm-DSC) can be used. However, three factors have influence on steady state of tm-DSC and hence cause errors in complex
heat capacity measurements. These factors are heat capacities along heat paths in the instrument, temperature distributior
within the sample, and thermal contact among the sample, the sample cell and its holder plate. They are theoretically investi-
gated by a set of comprehensive fundamental equations of heat balance based on a common model applicable to all existing
types of tm-DSC. For heat paths in the instrument, heat loss to the environment and mutual heat exchange between the sample
and the reference material are also taken into accounts, beside the main heat flows from the heat sources to the sample anc
the reference material. Rigorous and general solutions have been obtained, and useful relations for complex heat capacity
measurements have been derived for each type of tm-DSC. Examining the solutions, new insight into tm-DSC is obtained,
and errors and their correction are discussed. They are characteristic of tm-DSC types and compared with each other.
© 2002 Elsevier Science B.V. All rights reserved.

Keywords:Temperature modulated DSC; Heat flux DSC; Power compensation DSC; Photo-modulated DSC; Complex heat capacity
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1. Introduction have effect on the temperature oscillat[er9]. These
two factors were discussed together in a general the-
One of remarkable capabilities of temperature mod- ory for all existing types of tm-DSC by using a set
ulated differential scanning calorimetry (tm-DSC) is of comprehensive fundamental equations of heat bal-
complex heat capacity measurement. Since publica- ance based on a common mo@@|. Later, influence
tion of tm-DSC by Reading and coworkdis?2], this of temperature distribution within the sample (in other
method has been extensively studied. Thermal con- word, propagation of temperature wave in the sample)
tact between the sample cell and its holder plate was has been theoretically discus§é@-15].
pointed out for its influence on the temperature oscil- To measure heat capacity in high precision and
lation early in 1971 by Gobrecht et 4B] and later to detect the imaginary part of heat capacity, an ex-
by Hatta and Muramatsd]. The present authors also  act theoretical consideration for eliminating the influ-
elucidated that heat capacities along heat paths alsoence of these factors is essentially needed, because
these factors cause error. It is also of fundamental
* Corresponding author. importance for sound development of tm-DSC that
E-mail address:ozaw.7214@nifty.com (T. Ozawa). the potential capability of its complex heat capacity
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Nomenclature

List of symbol

c* the complex specific heat capacity

C(C*) the heat capacity (the complex heat
capacity)

d the thickness of the sample

t the time

T the temperature

p* the complex amplitude of the
oscillating thermal power input

Po the constant (non-oscillating)
thermal power input

K the heat transfer coefficient

X the vertical coordinate in the sample

Greek symbols
A the thermal conductivity
P the density

Subscripts for the temperature T and
the power input P

cs the sample cell

cr the reference material cell

f the furnace

fr the midpoint between the furnace
and the reference material

fs the midpoint between the furnace
and the sample

hr another similar point near the
reference material

hs a point in the heat path for the
mutual heat exchange

0 the environment

ps the sample cell holder plate

pr the reference material cell holder plate

Subscripts for the heat transfer coefficient K
cr that between the reference material
cell and its holder

1 The asterisks mean that the quantities are complex
express the amplitude and the phase difference. The abs
value of P* is equal to or less thaRg for each combination,
because the sum d¢t* and Py expresses the thermal powe
input and it must be not minus but zero or plus.

2 Subscripts for the power inpu indicate the points to
which the power is supplied.

blute

=

the thermal contact between the
sample cell and its holder plate

h the mutual heat exchange

the heat paths from the furnace to the
sample and the reference material
o] the heat loss to the environment
from the cell holder plate through
the temperature sensor leads and/or
by the purge gas

the heat loss from the top surface
of the sample by the purge gas

Ccs

SO

Subscripts for the heat capacities C an C

c the sample cell or the reference
material cell
h the heat path for the mutual heat
exchange
K the heat path between the furnace
and the sample or the reference material
p the cell holder plate

measurement should be realized on sound physical
base.

In this paper, the above three factors influencing
complex heat capacity measurements have been taken
into accounts together in a general theory for all exist-
ing types of tm-DSC. The types of tm-DSC dealt with
in this paper are direct temperature modulation either
for heat flux DSC (tm-hf-DSC|5] or power compen-
sation DSC (tm-pc-DSYy] and indirect temperature
modulation for hf-DSC by modulated light irradiation
(photo-modulated DSC; pm-DS@§]. The common
model and a set of fundamental equations of heat bal-
ance in this paper are similar to but a little bit different
from those in the previous papf]. They have been
revised in one point that mathematically the sample
is treated not as a point but as a continuum, so that
the temperature wave propagation within the sample
can be taken into account. In spite of this complicated
phenomenon, the mathematical method applied in the
previous paper can also be applied to the new funda-
mental equations, because the situation we are dealing
with is a steady state and the solutions for the tem-
peratures at various points can be assumed rigorously.
Thus, the mathematical derivation becomes relatively
easy, though it is complicated. Because the common
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model and comprehensive equations have been useds the mutual heat exchange between the sample side
the results can be applied to all types of tm-DSC, and  and the reference material side;

the comparison among them is feasible. The results e the heat supply from the micro-heaters and the light
and discussion on them are described in this paper. sources.

These heat flows are all considered in the follow-
2. Generalized models ing comprehensive fundamental equations of heat bal-
ance. The instrument is assumed to be symmetrical;

A generalized common model used in this paper for instance the heat capacities and the heat transfer
covers all existing types of tm-DSC, i.e. tm-pc-DSC, coefficients in the sample side are the same as those in
tm-hf-DSC and pm-DSC. In the generalized model, the reference material side, but an empty cell is used
the power is supplied to the sample and the referencefor the reference material in the model.
material from multiple heat sources; namely the com-  For describing the temperature wave propagating
mon furnace to the sample and the reference material,through the sample, approximations are introduced.
the micro-heaters specific to the sample and the refer- Usually, the disc-like sample pan is used, and its di-
ence material, the light sources beneath the cell holderameter is much larger than its thickness, so that it can
plates, and the light sources above the sample and thebe approximated as a disc of infinite diameter. There-
reference materig9]. For applying the solutions to  fore, the lateral temperature distribution is assumed to
each type of the actual apparatus, unnecessary heabe negligibly small and there is only the vertical dis-
sources are eliminated. tribution, as described iAppendix A.

In the previous papefs-9], the instrument and the Furthermore, the sample cell is made of aluminum
sample were represented by an equivalent electrical or other metal, and its thermal conductivity and ther-
circuit in which the thermal resistance and the heat ca- mal diffusivity are both large enough, so that the tem-
pacity of the sample, the heat paths etc. are assumed tgerature distribution within the sample cell material
be concentrated at points. They are represented withis neglected. Thermal contact between the sample and
discrete electrical resistors and capacitors in an elec-the sample cell is assumed to be good enough and
trical circuit of concentrated constants. As mentioned thermal resistance between them is also neglected. It
above, the difference of the new generalized model is also assumed that the temperature wave is propagat-
from the previous models is that the sample is not a ing in the sample cell material without thermal resis-
point but a continuum, through which the temperature tance, hence without the amplitude decrement and the
wave is propagating with decrease in the amplitude phase angle shift. Therefore, the temperature wave is
and shift of the phase angle (a distributed constant cir- penetrating into the inside of the sample equally from
cuit). However, the other parts are modeled with the both the bottom and the top (or the lid) of the sam-
above electrical circuit of concentrated constants, so ple cell. Then the temperature distribution within the
that the whole equivalent circuit is a mixed circuit of sample is symmetrical to its vertical direction and the
concentrated constants and distributed constants. lateral temperature distribution is assumed negligible.

Another important factor influencing the tempera- The heat does not flow at the half depth of the sample
ture oscillation is thermal contacts among the sample, because of the above vertical symmetry. By replacing
the sample cell and its holder plate. To take this factor the sample thicknessl, by d/2, therefore, the solu-
into accounts, the cell and the holder are separated intion for this model can be applied to the case that the
the model and thermal resistance is inserted betweentemperature wave is penetrating into the sample only
them. from the bottom, while the top surface is adiabatic.

The heat flows in various DSC instruments are: Thus the generalized comprehensive models have

been made, and they are commonly applicable to
e the main heat flow from the common furnace to the all types of tm-DSC. They can be shown in a form
sample and the reference material; of electrical equivalent circuits and it is similar to
e the heat loss to the environment by purge gas and that shown in the previous papg] except the dis-
through the temperature sensor leads; tributed constant circuit for the sample. Following
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these generalized model, a set of the fundamental It should be noted that the temperature distribution
equations have been formulated and solved. within the sample is not involved in these equations,
Fundamental equations of heat balance are solvedbut actually temperature gradient exists in the sample
assuming the equations for the temperatures in thefor heat flow from the sample cell to the inside of
steady state, as was done in the previous pgdpefy. the sample. In the above mathematical treatment, this
These are quite similar to the previous ones except temperature gradient has no effect on the measure-
the temperature wave propagation within the sample, ments, because the heat capacity is assumed to be in-
so that the mathematical derivations are described in dependent on the temperature. In actual conventional
Appendix A. To derive the equations for the steady measurements, the heat capacity measured is that

state in each type of real tm-DSC, some unneces-

sary elements should be eliminated from the general
solutions.

3. Comprehensive solutions
3.1. Solutions for constant temperature lags

As is described imPAppendix A, we have got the
general solution for the non-oscillating temperature
difference and the non-oscillating power inputs:

APy + APpo+ ABpK
ACh =0T TROT 2 (1)
ﬂ_prS

whereAC’, APy, APpo, ABp, K andg are difference
in the real heat capacity (at zero frequency) between
the sample and the reference material, that in the light
power input from above, that in the power input from
below and that in the constant temperature lag, sum
of the heat transfer coefficients in the instrument, as
defined inAppendix A, and the heating rate, respec-
tively, and the termg — ﬂés, expresses the heating rate
of the sample cell holder plate.

For hf-DSC where are no additional power inputs,
APy = APy =0, so that

Ac — ABoK

:B - IBE)s
This equation expresses the principle for conventional
heat capacity measurement by hf-DSC. Similarly for

pc-DSC where the temperature difference is controlled
to be zeroABp = APy = 0:

JNe— .
/3 - :365

(2)

3)

averaged for the temperature distribution within the
sample.

3.2. Solutions for oscillating temperatures

For differences in the oscillating temperature and
the oscillating power inputs, we have the following

solution:
* * * *
APF + APG — FipAAY

Aps

Fé"prC;‘

= 4
where Fg,, and F,, are both correction factors de-
scribed inAppendix A, andACg, APy, APg, AAg
and Ay are difference in the complex heat capacity
between the sample and the reference material (in-
cluding the sample cell), that in the complex ampli-
tude of the modulated power input from below, that
from above (some correction factors are included; see
Appendix A), the complex amplitude of the oscillat-
ing temperature difference between the sample and the
reference material, and the complex amplitude of the
oscillating temperature of the sample cell holder plate,
respectively. It should be noted thaiC{ is naturally
dependent on the frequency.

The factors Fg,, and F,, are very complicated as
given in theAppendix A. The former factorfg,, is
dependent on the experimental conditions, such as the
frequency, the sample thickness, the sample thermal
conductivity, the heat capacity per unit volume of the
sample and the thermal contact between the cell and
its holder plate. Thug'g,, should be called the exper-
imental correction factor.

On the other handf’,, is characteristic of the ap-
paratus dependent on the heat transfer coefficients and
the heat capacities of the heat paths in the instru-
ment, though it also depends on the frequency. There-
fore, it is the instrumental correction factor, which

The above equation has been used also for conven-does not change run by run for the same frequency

tional heat capacity measurement by pc-DSC.

measurement.
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Similar to the above equations for conventional heat To measure the complex heat capacity, these two
capacity measurements by DSC, the next equation iscorrections should be done. The correction factor,

obtained for tm-hf-DSC. Fapp Is first considered. It is for the amplitude decre-
FipAAS ment and the phase shift by the instrument, and this
F&pACs = —% 5) is needed only for hf-DSC including pm-DSC. (The
ps amplitude decrement and the phase shift due to elec-
becauses Pj = AP = 0. tronics in the instrumgnts oceur in all types qf tm-DSC
For tm-pc-DSC, where\ P, = AA% = 0, [3].) These effects including thg electrlonlcs effect
can be detected and measured in a region, where the
F*OACK — APy ©) imaginary part of the sample heat capacity is zero,
exp=s — At with the experimental conditions of negligible effect
of the thermal contact and the negligible effect of
For pm-DSC irradiated from below, temperature distribution within the sample, using the
APY — Fi AAY sample of known heat capacity. Thus we can estimate
FgpACs = % (7) F3pp Dy this conditions.
ps To elucidate the effect of the other correction factor,

Fgp 1t has been calculated as a function of the influ-
encing factors, i.e. the sample thickness, the thermal
contacts, the sample thermophysical properties and the
frequency. The calculation has been made for polymer
FEOACH = AP — FappAAy ® and ceramics, because their thermal diffusivity is low,
exp—s A and it is easily imagined that the correction is needed
for these samples even if the sample is thin. The ther-
In this equation, it should be noted thaPg; is notthe  mophysical properties used in the calculation are listed
difference in the power input by light irradiation but  in Table 1. The samples are corresponding to polymer
the corrected difference, for which the thermal contact (polystyrene) and ceramics (silica glass and titania),
effect is taken into accounts (Appendix A). which are not powder but nonporous plates. The val-
ues inTable lare those for zero frequency, and the
imaginary parts of heat capacity are zero. Therefore,
4. Discussion the ratio of the imaginary part of the heat capacity to
the real part, tas is hypothetically assumed and in-

It becomes clear from the above solutions that the dicated in the figures of the calculated results.
oscillatory quantity directly measured by any type The thermal contact assumed in this calculation is
of tm-DSC is not the complex heat capacity nor its one-hundredth of perfect contact. The thermal con-
difference between the sample and the reference ma-ductance for the perfect contact is assumed to equal
terial, ACZ, but uncorrected apparent complex heat to that of aluminum of 0.em thickness, and this
capacity difference or effective complex heat capacity contact (113.1 W/K) seems good contact. For these
difference, Fg,,ACg, which is a quantity effective
for influencing the temperature oscillation and is Table 1
corresponding to thermal inertia against the tempera- Density, heat capacity and thermal conductivity used in calculation
ture oscillation. Because the experimental correction sample o (kg/m?) cs (kJ/kg K) % (W/mK)
factor, Fg,p,, is complicated and dependent on the

becauseP; # 0 andAPg; = 0.
Similar but somewhat different equation is applied
to pm-DSC irradiated from above.

. . . s eps Polystyrene 1050 1.23 0.135
various factors, the correcupn is very difficult. In gy glass 2200 0692 138
addition to this, for hf-DSC, including pm-DSC, the Titania 4175 0.692 8.4
instrumental correction factorf3,, is additionally Air 1.3 1.1 0.02

needed to correct the temperature difference oscilla- The data in this table are cited froffhermophysical Properties

tion due to the temperature wave propagation (heat Handbookedited by the Japan Society of Thermophysical Prop-
flow) in the apparatus. erties, Yokendo, Tokyo, 1990.
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parameters the correction factdt;,,, was calculated
by usingEq. (A.31).
Taking the complicated calculation &, into ac-
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heat flow (i.e. the out-of-phase heat flow) is exper-
imentally observed forx-alumina powder than for
a-alumina plateg16]. This fact clearly shows the ef-

count, the realistic way for us to measure accurately fect of sample thermal diffusivity on the complex heat

the complex heat capacity is to find a region where

capacity measurements. Powdered sample and porous

the correction for the sample thickness is not needed sample are not suitable for this measurement.

because of negligible effect. The errors of uncorrected

It is very interesting to present the calculation re-

data are calculated for this purpose, and the errors aresults in a way such as the Cole—Cole pJat11]. It

defined as follows; for the real paf€g(1— Fgyp) / C&l
and for the imaginary parfCg(1 — Fg,p)/Cgl, re-
spectively, where || means the absolute value and

o= c2+ e ©)
ékxp = Féxp - iFé/xp (10)

The results are shown frigs. 1 and 2. From these
figures we can learn the maximum allowable sample
thickness in relation to the frequency (or the period,
p) for the measurement of required accuracy without
the correction. For polymers (s€&. 1), if we wish to
measure the complex heat capacity within 0.5 % inac-

is the plot of the imaginary part of the apparent heat
capacity, i.e Cg Fgy, versus its real parCsFe,,,. The
results are shown ifrig. 3. As is seen in this figure,
the calculated data of the real and imaginary parts
of apparent heat capacity for these three samples are
roughly on arched curves like the Cole—Cole plot for
dielectrics. The real and imaginary parts of correct
heat capacity are located at the right end point. The
influencing factors, i.e. the sample thickness and the
period, have the similar effect of shifting the data to
the left side on the arched curve. The deviation is the
larger for the thicker sample and the higher frequency.
(Note that the complex heat capacity has the fre-

curacy, the thickness of the sample should be less thanquency dependence in its nature, so that the effect of
0.25 mm for the period larger than 100 s. For ceramics the sample thickness is different from the frequency

the restriction is not so tight as seenhig. 2, and it
is about Imm. Naturally, the restriction is much loose
for plate metal sample. In relation to this, it is interest-

effect.) Low thermal diffusivity has the same effect, as
is clear in comparison between silica glass and titania.
Dividing the apparent values hyZ, (normalization),

ing to note that larger apparent so-called non-reversing we have very interesting results, as seehim 4. All

0.2

0.15

dy/mm

0.05

150
pPls

200 250 300

Fig. 1. Allowable thickness and period of polystyrene sample for indicated hypothetical tan
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Fig. 2. Allowable thickness and period of silica glass sample for indicated hypothetical tan

data for the three different samples are on an archedcorrect values are located at the right ends. Again
curve. interesting results are obtained by normalization, as

By changing tad arbitrarily, we have different  seen inFig. 7. However, it is not sure that the similar
arched curves as iRigs. 5 and 6. In these cases, the results can be obtained for other values@f and

0.6————F——r———r—r—r———r—r—

Fig. 3. Cole—Cole plots of imaginary part of apparent complex heat capacity vs. real part for polystyrene, silica glass and titania for
tans = 0. The period and thickness are indicated in the figure, and the others are for the data obtained under other conditions. The
thickness and the period are changed from 0.1 to 2mm and from 300 to 1s, respectively. The symibland (] are for polystyrene,

silica glass and titania, respectively.
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cs"ap ’ cs*oy

Fig. 4. Normalized Cole—Cole plots of imaginary part of apparent complex heat capacity vs. real part for polystyrene, silica glass and titania
for tans = 0. The period and thickness are indicated in the figure, and the others are for the data obtained under other conditions. The
thickness and the period are changed from 0.1 to 2mm and from 300 to 1s, respectively. The symidbland [ are for polystyrene,

silica glass and titania, respectively.
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Fig. 5. Cole-Cole plots of imaginary part of apparent complex heat capacity vs. real part for polystyrene for different hypothétical tan
The period and thickness are indicated in the figure, and the others are for the data obtained under other conditions. The thickness anc
the period are changed from 0.1 to 2mm and from 300 to 1s, respectively. The symbols are indicated in the figure.
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Fig. 6. Cole—Cole plots of imaginary part of apparent complex heat capacity vs. real part for silica glass for different hypothétical tan
The period and thickness are indicated in the figure, and the others are for the data obtained under other conditions. The thickness and
the period are changed from 0.1 to 2mm and from 300 to 1s, respectively. The symbols are indicated in the figure.
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Fig. 7. Normalized Cole—Cole plots of imaginary part of apparent complex heat capacity vs. real part for polystyrene, silica glass and
titania for hypothetical values of t@n= 0.3. The period and thickness are indicated in the figure, and the others are for the data obtained
under other conditions. The thickness and the period are changed from 0.1 to 2mm and from 300 to 1s, respectively. TheCsymbols,
A and [ are for polystyrene, silica glass and titania, respectively.
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other thermal diffusivity, because the result§-igs. 4
and 7are obtained as numerical solutions.

For the effect of thermal contact among the sam-
ple, the sample cell and the cell holder, similar calcu-
lation was made. When the results are plotted in the
Cole—Cole plot, different arched curves are obtained
for different thermal contact, and a larger arched curve
is observed for lower thermal contact, but the correct
value at the right end is common.

We should consider the other correction for the ther-
mal contact effect. One of the ways for this purpose
is to use heat resistant grease or liquid metal to keep
thermal contact good enough. Because this effect ap-
pears as imaginary temperature difference oscillation
in a region where the imaginary part of the sample
heat capacity is zero, it can be detected as this imagi-
nary oscillation. Methods for this correction have been
discussed elsewhef8], and they can be applied to
the data, for which the effect of the temperature dis-
tribution can be neglected by using the sample of the
appropriate thickness.

In order to consider these error factors in the mea-
surements, it is very helpful to plot the estimated
imaginary part of complex heat capacity versus the
estimated real part of complex heat capacity, such
as inFigs. 3—7. It was done by Toda et al. For the
measured datfl7]. The data located at the right end
of the arched curve should be the most accurate. Fur-
thermore, when the data does not shift for a certain

range of the sample thickness, the sample thicknessCC?

can be in a region where the effect of the temperature
wave propagation is negligible.

5. Conclusion

1. For all existing types of tm-DSC the errors by
the sample thickness (due to the temperature wave
propagation) and the thermal contact among the
sample, the sample cell and its holder plate are the-
oretically considered with that due to the heat flow

in which the correction factor for the former error,
the experimental error, is separately involved with
that for the instrumental error due to the heat flow
within the instrument.

. Therefore, the correction for the experimental error
can be done separately with the instrumental error.

K. Kanari, T. Ozawa/Thermochimica Acta 399 (2003) 189-201

3. The instrumental error correction factor can be
obtained by the measurement with the sample of
known heat capacity.

Because the experimental error is dependent com-
plicatedly on the sample thickness, the thermal con-
tact, the sample thermophysical properties and the
frequency, it is realistic to find the region in which
the error is less than allowable error. The region
was found by the calculation of specific cases. Then
the correction can be made for the thermal contact
separately.

The plot of the imaginary part of measured appar-
ent heat capacity versus its real part, such as the
Cole—Cole plot, is very helpful to see these error
effects.

4,

5.

Appendix A.

A.1. Fundamental equations of heat balance

First, a set of comprehensive fundamental equations
is formulated for the models, as follows. For the con-
centrated constants circuit, the following equations are
applied as in the previous papé:

dTts

Ck—— @ = 2Kk (Tt — Tys) + 2Kk (Tps — Tts) (A1)
dT: 0Ts(x, t
CS — KCS(TpS — TCS) + 2)\.5S <%)
X x=0
+ Pisexpliot) + Peso (A.2)
dTps
Cp a 2Kk (Tss — Tps) + 3Kn(Ths — Tps)
+ Ko(To — Tps) + Kes(Tes — Tps)
+ P;SeX[:(iwt) + Ppso (A3)
dTi
hg = 3Kn(Tos— The) + 3Kn(Th — The)  (A4)
dTh
5 = 3Kn(Tpr — Th) + 3Kn(Ths — Th) ~ (A5)
Cp d = 2Kk (Tyr — Tpr) + 3Kn(Thr — Tpr)
+ Ko(To — Tpr) + Ker(Ter — Tpr)
+ P* expliot) + Ppro (A.6)
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Ce ar = 2Kcr(Tpr — Tor) + Pc*r expiwt) + Pero
(A.7)
and
dTs
CK? = 2Kk (Tt — Ttr) + 2K (Tor — Txr)  (A.8)

A.2. Temperatures distribution in the sample

For the distributed constants circuit expressing the
sample temperature distribution,

As02Ts(x, 1) cipsdTs

A9

92x at (A-9)

with boundary conditions:

T5(0,¢t) = T,s atx =0andx =d (A.10)

AsdT-

AT D) g = @ (A.11)
ox 2

The asterisks fo€} means that the heat capacity is

assumed to be complex heat capacities consisting of

the real and the imaginary parts as follows:
Cé=ci—ic{ (A.12)

where i,C%, C;andC{ are the units of imaginary num-
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and

A* expiowt) = A'cos(wt)+ A”sin(wt) +iA”cos(wt)
+iA’sin(wt) (A.15)

where

A=A +iA” (A.16)
For the temperature within the sample, the next

equation can be applied similarly,

Ts(x,1) =Tp + A7 (x)expliot) + B(x)t
— Bi(x)t — Bi(x)

In this equationTs(x, t), A (x), B(X), B/(x) andB;(x)
are functions of the vertical coordinate.

In these equations related with the temperatures,
only the real part has physical meaning and the imagi-
nary part should be neglected. This is the same for the
temperatures and the temperature differences below.

The comprehensive general solutions are derived
from the fundamental equations of heat balance, and
the derivation is described below.

First of all, Eq. (A.13)for i = cs andEq. (A.17)
are introduced int&q. (A.9) with the boundary con-

(A.17)

bers, the frequency-dependent complex sample heatditions, Egs. (A.10) and (A.11), and the coefficients

capacity, its real part and its imaginary part, respec-
tively.

A.3. Derivation of comprehensive solutions

In the steady state, any temperatufe, changes

at a fixed frequency, an amplitude and a constant

underlying heating rate, so that
T; = To + Af expliot) + Bt — Bit — B; (A.13)

whereTy, A¥, w, B, B/ andB; are the initial tempera-

in these equations are compared as was done in the
previous papef6]. Thus, we have the next equation
for Tg(x, t).

Ts(x, 1) =To + (B — Beo)t

ture, the complex amplitude expressing the amplitude \yhere

and the phase angle, the angular frequency, the pro- i R
grammed underlying heating rate, the decrease of theé = ¢ tl¢

underlying heating rate due to the heat loss to the

environment, and the constant temperature lag, re- ./

spectively. The subscriptis one of the subscripts for
the temperatures (f, fs, s, r, cs, cr, ps, pr, fr, hs or hr).
In this equation,

expiwt) = cos(wt)+ isin(wt) [Euler equation]

(A.14)

cosHe*(x —d)}\ ., .
(W) AcsexXpliwr)
s - 2
) {W} <dx— %) + fes

(A.18)

(A.19)
_ . |wcspsh

~H 2, (A.20)
vy |@CsPsf2

TN (A.21)

fi=+v1+tans? +tans

(A.22)
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f1=+/1+ tam? — tar (A23)  Apt_ Pes __Fa

y 1t iwtes+ JoCLKS(G*/Kps) 1+ iwter
tans = = (A.24) (A.32)

Cs

. o . and
Between the symmetrical points in the instrument,
the following equation holds: Fapp=S1+1i52 (A.33)
ATy =T, — Tj = AA} expliot) — ABjt — AB; where
(A25) g 2K +3Kn+ Ko) — — K

whereA means the difference of the quantity and the 0 o
subscripts andj are the symmetrical points (fs versus _ kn 20°Cetg (A.34)
fr, ps versus pr and hs versus hr), the subs&nipean- 1+ a)zrﬁ) 1+ w2t
ing the difference between them (f for fsfr, p for
ps— pr and h for hs- hr). Similarly, for the symmet- S5 Cx Ch

rical points we have the next fundamental equations

e +
2 K2 2
of the heat balance. o  AHl+o°TK?) 91+ w?rf)

C
dAT; __—c
Ck—— = 2K ATy — 4Ky ATy (A.26) T aren " Cp (A.35)
dATh LS (A.36)
C
and =g (A37)
dAT, h
Cp =2Kx ATi + 3KnATh C
dr Tes = =% (A.38)
— (2KK + 3Kn + Ko)ATy ©7 4Kes '
+ {Kps(Tcs— Tps) - Kpr(Tcr - Tpr)} o — Ce (A 39)
+ AP} explior) + APpo (A.28) T 4K, '
S
CL = 2Sdéps (A.41)
and
AP} = P* — P} (A.30) and
P ' G* = tanhe*d) (/11 + v 1) (A.42)
IntroducingEqgs. (A.18) and (A.25)n Egs. (A.26)—
(A.28), we can get the final equations we are deriving,
as was done in the previous pagb}. They are the  References
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