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How do the mathematical models of calorimeters really work?
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Abstract

In the paper methods of the analysis of heat effects occurring in the calorimeter as well as mathematical models applied for the determination
heat effects involved in these devices are discussed. It was demonstrated that often mathematical models of the determination of heat effects
are rather poor. Whereas, more sophisticated, existing models are relatively rarely used in calorimetric practice. The range of application of
thermal–electrical and thermal–dynamic analogy methods were presented.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Without any doubt in the last decades a great progress
in calorimetric techniques was observed. It resulted mainly
from the application of modern electronic devices, automa-
tion and computerization of measurements, minimalization
of sample used and inertia of devices.

Calorimetry has been enriched by the new techniques ex-
tending the measurement possibilities for both low and high
temperature and pressure ranges.

Several techniques with use of laser technologies have
appeared; the number of targets for calorimetric studies has
been enlarged including living organisms, drugs, food and
environment.

Numerous specialized companies producing the calorime-
ters causes spreading application of calorimetric methods.
It is especially visible in differential scanning calorimetry
domain.

It should not be forgotten that at present days calorime-
try is not only method, that allows obtaining thermody-
namic data. Ribeiro da Silva[1] under the term “molecular
thermochemistry” enumerates several non-calorimetric
methods concerned with the study of thermodynamic sta-
bility and chemical bonds.
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The success of non-calorimetric methods in my opinion
lies predominantly with sophisticated elaboration of mea-
surement signal.

The progress in calorimetric methods in this way is also
possible. It requires undertaking an effort in elaboration and
practical applications of more precise methods of description
of the heat processes occurring in the calorimetric systems.

The present work is devoted to elaborate on these issues.
They are also described in the recently published monograph
[2].

2. Calorimetric methods of measurements based on
heat balance equation of simple body

Currently in calorimetry, almost all methods for determi-
nation of heat effect are based on the mathematical model
expressed by the linear, ordinary, first-order differential
equation of constant parameters as well as its simplified
forms.

Let us describe this equation in the form of the heat bal-
ance equation of simple body:

C
dT(t)

dt
+ G[T(t) − T0(t)] = dQ(t)

dt
(1)

or after integration in the form

CdT(t) + G[T(t) − T0(t)]dt = dQ(t) (2)
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where C is heat capacity of the calorimeter,G is heat
losses coefficient,T is temperature of calorimetric cell,T0
is environmental temperature (temperature of calorimetric
jacket/shield) andt is time. The first term of the left-hand of
Eq. (1)describes the quantity of heat accumulated through-
out the time interval dtin the calorimetric vessel, while
the second term describes the amount of heat exchanged
between the calorimetric vessel and the surroundings.
The right-hand term of the equation describes the amount
of heat dQ(t) released throughout the time interval dt
(changes of heat power within time, function called thermo-
kinetics).

It is evident that: (1) the first term of the left side ofEq. (1)
constitutes mathematical model applied in adiabatic method
of measurements. In this case, it is assumed that only heat
accumulation occurs in the proper calorimeter, whereas the
second left-hand term ofEq. (1)is neglected; (2) the second
term of the left side ofEq. (1) constitutes mathematical
model applied in flux method. In this method, it is assumed
that quantity of heat accumulated in the calorimetric vessel is
extremely small and generated heat effect correspond to the
amount of heat exchanged between the calorimetric vessel
and the surroundings; (3) both terms of left hand ofEq. (1)
constitutes mathematical model applied in dynamic method
of measurement. TheEq. (1)is equivalent to the Tian–Calvet
equation.

Adiabatic, flux and dynamic methods are applied in
isoperibol as well as in scanning calorimeters. In these cases
only change is related with the form of theT0 function
(isoperibol calorimeters,T0 = constant; scanningT0 = at)
in Eq. (1).

In the case of total heat effects,Eq. (2)is often used among
others in the method of the corrected temperature rise called
often Regnault–Phaundler correction method, well known
from application in “isoperibol” calorimeters.

There exist other measurement methods based on the de-
scribed model of the calorimeter. Most of them similarly as
in the case of scanning calorimeters, results from the princi-
ple of superposition, which is applied to all linear systems.

This principle can be formulated as follows: the tempera-
ture responseT(t) of a linear systems to the several heat ef-
fects generatedQ1(t),Q2(t), . . . ,Qi(t) is equal to the sum
of T1(t), T2(t), . . . , Ti(t) responses of the calorimeter to all
individual heat effects generated in the calorimetric system.
The application of this principle is independent on the place
of generation of heat effect. It can be the heat effect (or
heat effects) generated in calorimetric cell or on calorimetric
shield or both in calorimetric cell and calorimetric shield.
Such calorimetric model describes the modulating method
used in scanning calorimeters; this method comes from AC
isothermal calorimeters.

The principle of superposition is also applied to various
methods in which the heat generated during the process
examined is compensated by generated heat power (in-
volved by heat-pulses or use proportional compensation,
others).

Sum up, the mathematical model presented byEq. (1)
and their simplified forms are used in the following meth-
ods of the determinations of heat effects:

Adiabatic Scanning adiabatic

Dynamic (isoperibol) Scanning dynamic
Flux Flux DSC
AC Modulating
Compensation DSC compensation

It can be noted, that methods basing onEqs. (1) and (2)or
its simplified forms are used in calorimetry for a very long
time: method of corrected temperature rise—since more than
hundred years, adiabatic method—since about 100 years.
Between presented methods, there are new ones (like modu-
lating method) or those, which became very important, like
conduction method, in a period of last 20 or 30 years.

This model is rather poor. As it was shown in[2], the
correct use of this equation take place when: (1) the process
takes place in isobaric conditions; (2) thermal conductivity
coefficientλ, specific heat capacity at constant pressureCp
and densityρ are constants, independent of both pressure
and temperature; (3) velocity vector is equal zero; (4) tem-
perature in total volume of the body (proper calorimeter) is
homogeneous and only the function of time; (5) tempera-
ture on the whole surface of the body (proper calorimeter)
is homogeneous and only the function of time; (6) the above
temperatures are identically equal one to another, that are
the same in each time moment; (7) heat capacityC and heat
losses coefficientG are constants and not functions of time
and temperature.

Some of those conditions are very difficult or impossi-
ble to met. Without doubt, the most hard is the one which
requires homogeneity and identity of temperature in total
volume and on whole surface. It is hard to assume that in
the calorimeter there are no thermal resistances and thermal
bridges and that imperfect contact between touching sur-
faces does not cause the lack of thermal equilibrium and
presence of temperature difference.

It has long been known in calorimetry about the difficul-
ties in realizing these conditions. And so, in 1941, King and
Grover[3] concluded that according the method of corrected
temperature rise evaluated heat capacity of a calorimetric
bomb as the sum of the heat capacities of particular parts of
the calorimeter was not equal to the experimentally deter-
mined heat capacity of the system; Calvet[4] distinguished
µ0 andµ∞ heat capacities of calorimeter; Madejski, Utzig
and Zielenkiewicz demonstrated that applying the model ex-
pressed byEq. (1), it is possible to obtain the relation of the
heat capacity to the time of generation of a constant-power
Joule’s effect[5]; there exist also a great number of pa-
pers devoted to the analysis of the sources of errors in
the determination of the heat effects in DSC devices based
in which the heat effects ate determined using discussed
model.
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There is one more cause of the poorest of the model
described byEq. (1). This is the existence of tempera-
ture difference between the temperature of calorimetric cell
and shield temperature. The better is the heat exchange
proper calorimeter-surroundings the temperature difference
is higher. According to the Boussinesque theorem as well
as general solution of Fourier equation[2], in the case of
temperature gradient between proper calorimeter and sur-
roundings, the temperatureT(x, y, z, t) changes at any point
of the proper calorimeter:

T(x, y, z, t) =
∞∑

n=1

Anun(x, y, z)e
−βnt (3)

or

T(x, y, z, t) =
∞∑

n=1

Anun(x, y, z)e
−t/τn (4)

is the sum of infinite number of exponential functions. The
sequence of time constantsτ1, τ2, τ3, . . . , τn is the sequence
monotonically decreasing. As more accuracy of determina-
tion of temperatureT(x, y, z, t) is needed, the bigger number
of exponential terms must be used. In the limiting case, it is
possible to neglect all the exponential terms excluding the
one having in the exponent the value of theτ constant.

Such a course of temperature changes occurs, e.g. in con-
duction calorimeters. The assumption, thatT(t) function rep-
resents the course of heat power in time is not always correct.
This occurs only in the case of slow enough heat changes.
Generally, calorimeter can not be treated as a device in which
the measure “heat flow” which if often suggested nowadays.

3. Methods of determination of heat effects based on
linear differential equation of N-order

For the first time for description of the short duration
heat processes, investigated in the Calvet microcalorimeter,
Camia[4] proposed the following equation:

T = �Q(a1e−ω1t + a2e−ω2t + . . . ) (5)

This equation demonstrate, that the Calvet microcalorime-
ter was described by the linear differential equation of sec-
ond or higher order.

Then, several mathematical models of calorimeters based
on linear differential equations of higher that first-order have
been subsequently created. The common basis of the elab-
orated models is the acceptance of a number of general as-
sumptions, which are as follows.

Generally, calorimeter is treated as an object described by
N-order linear differential equation.

AN

dNT(t)

dtN
+ . . . + A1

dT(t)

dt
+ A0T(t)

= b0P(t) + b1
dP(t)

dt
+ . . . + bm

dmP(t)

dtm
(6)

where t is time, T is temperature,P is heat power, and
AN, . . . , A0, A1, b0, b1, . . . , bm are coefficients. It is as-
sumed that the calorimeter is a linear and stationary object;
and object of exactly defined initial conditions.

As can be seen, mathematical model expressed byEq. (6)
is a model of an infinite order. In fact, it is necessary to
limit the order of this equation. Generally, this is due to
the compromise between the available information and the
possibility of applying it.

The way in which the equation is applied while the
transformation equation of a calorimeter is being formu-
lated differs depending on the methods used. There are
the mathematical models based: (1) on physical parameters
of the calorimetric system, e.g. method of finite elements
[6], multidomains method; (2) on neglecting the physical
parameters of the system, e.g. harmonic analysis method
[7–9], optimalization method[10–12], method of state
variable[13–15], the inverse filter method[16,17].

The evaluation of the presented methods was made more
than 20 years ago[2]. It was stated “it is clear that the ob-
jective is not complete reconstruction of thermokinetics, but
rather decrease of the influence of thermal lags in calorimet-
ric data; thus after reconstruction, the residual time constant
which appears in the data is∼200 times smaller than actual
1st order time constant of the instrument used”.

In others words, it means that in the conduction calorime-
ter having the time constant of 60 s, the use of discussed
methods allows to apparently lower the time constant to
60/200= 0.3 s.

Despite undoubful advantages of these numerical meth-
ods, they did not find enough wide applications in the deter-
minations of thermokinetics, particularly, kinetic investiga-
tions of fast reactions. Also the advantages of the multibody
method[8,9] based on knowledge of physical parameters of
particular distinguishing parts of the calorimeter, treated as
a system of various configuration were not widely applied.
This method should be enormously useful in the determi-
nations, in which there takes place a change of physical
parameters of the calorimeter during the calorimetric mea-
surements, e.g. in titration calorimeters. So far the biggest
practical application in the reconstruction of thermogram
has the inverse filter method. This method is based on the
assumption that the time constants of the calorimeter being
inertial object have been determined previously. For exam-
ple, when the calorimeter is treated as a object of second
order, the relation betweenP(t) and T(t) can be expressed
according toEq. (6)in the form of the following differential
equation:

A2
d2T(t)

dt2
+ A1

dT(t)

dt
+ T(t) = bP(t) (7)

Using Laplace transformation and replacing the coeffi-
cients A1 and A2 by the time constantsτ1 and τ2 of the
calorimeter:τ1 + τ2 = A1; τ1τ2 = A2, Eq. (8)becomes:

T(s) = 1

τ1s + 1

1

τ2s + 1
bP(s) (8)
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The purpose of the inverse filter method is the application
of a procedure which allows elimination of the influence of
inertia units in the determination of the relation betweenT(s)
andP(s), and thus, that betweenT(t) andP(t). It consists in
the introduction (by the numerical or analogue method) of
termsτs + 1 providing inverse function to the terms 1/(τs
+ 1). In the case, an individual corrector becomes:

T ′(s) = b(τ′ + 1)

(τ1s + 1)(τ2s + 1)
P(s) (9)

In the case of two correctors becomes:

T ′′(s) = b(τ′s + 1)(τ′′s + 1)

(τ1s + 1)(τ2s + 1)
(10)

For an ideal correction, this would lead to the case, when
the input function corresponds to the output function, as
represented by the relationship:

T ′′ ∼= P(s) (11)

In practical application of the inverse filter method on
numerical way thermal, electrical analogy method is often
used.

4. Thermal–electrical analogy method

This method analogy is based on the similarity of the
equations describing the heat conduction and electrical con-
duction. Such a study generally involves both the use of
circuit theory and principle of dimensional similarity.

In a corresponding network analogue the thermal resis-
tances and capacities are simulated respectively by electrical
resistors and capacitors. In constructing such circuits, it is
considered that there is an equivalence between the quanti-
ties: electric current and heat flow; electric voltage difference
and temperature difference; electric resistance and thermal
resistance; electric capacity and heat capacity.

For example: (1) J. Rouquerol and P. Boivinet in book
“Differential Thermal Analysis”[18] presented analogues

Table 1
Dictionary of thermal–dynamic analogy method

Calorimetry Steering theory

Calorimeter Dynamic object
Heat Q generated in the calorimeter in the timet Input functiony(t)
Quantity directly measured in the calorimeter, e.g. temperature in timeT Output functionx(t)
Q(t) → equation→T(t) y(s) → transmittance→ x(s) transmittanceH(s) = x(s)/y(s)

Heat balance equation of simple body
C(dT(t)/dt) + G[T(t) − T0(t)] = dQ(t)/dt (dynamic method)

Inertial objectC(dx(t)/dt) + k(x) = y(t) of transmittances:
H(s) = 1/(Cs + 1) or H(jω) = 1/(Cjω+ 1)

Accumulation term of heat balance equationC(d(T)/dt) = dQ(t)/dt
(adiabatic method)

Integrating type objectC(d(x)/dt = y(T) H(s) = 1/Cs or H(jω) = 1/Cjω

Heat exchange term of heat balance equation
G[T(t) − T0(t)] = dQ(t)/dt (flux method)

Proportional objectkx(t) = y(t) H(s) = 1/k or H(jω) = 1/k

Short duration heat effect of relatively high amplitude Unit pulse function (impulse function, Dirac function)
Constant heat effect in time Unit step function
Heat effect that is constant in time over a determined interval of time Input step function
Heat effect rising linear in time Ramp function
Heat effect of periodically change Period input function

of electric circuits for following heat-flux and power com-
pensation devices: the conventional DTA instrument of
Mauras, differential scanning microcalorimeter of Arndt
and Fujita, the Tian–Calvet microcalorimeter; (2) Wilburn
et al.[19] use both passive and active analogs to investigate
the effect of holder design on the shape of DTA peaks;
(3) thermal–electrical analogy for analyzing the problem
of reconstruction of heat flux curve was applied Nicolaus
[20]; (4) Ozawa and Kanari in[21] illustrate the discussed
heat balance equations for constant heating rate DSC by an
equivalent electrical circuit; (6) The method of analogy is
used in the paper of Claudy et al.[22–24].

The thermal-electric analogy method is useful to repre-
sent the accepted structures, that distinguish the domains
and way of their connection with themselves and the envi-
ronment. Simultaneously, it is also useful to formulate the
suitable system of the balance equations for the bodies (do-
mains). The increase of the number of its applications has
been related to the development of the analogue computer
calculation methods.

5. Thermal–dynamic analogy method

There is another method allowing the relatively simple
analysis of the course of heat effects within time. This is
thermal–dynamic analogy method. It has advantage to ap-
ply the known from theory of steering terms and relations
applied in the analysis of the course of heat effects in-
volved. The similarity of the terms and equations used in
heat transfer theory and steering theory was demonstrated
in the presented “dictionary” of thermal–dynamic analogy
method (Table 1).

Thermal–dynamic analogy method find the large appli-
cation for analysis of heat effects of calorimeters based on
multibody method, in which physical parameters of dis-
tinguished parts of device were distinguished. In this way
the simple calorimetric system weres analysed, in which
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two or three domains of differently located heat sources
and temperature sensors were distinguished as well as the
calorimetric systems of great numbers of domains The ap-
plication of this analogy method in the multibody method
of the determination of heat effects in elaboration of various
types of calorimetrers was in detail demonstrated in mono-
graph “Theory of Calorimetry”[2]. May be its application
will be helpful in development of new calorimetric methods
of heat determinations.
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