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Abstract

This paper provides a pragmatic approach for calculation of equilibrium constants that have been determined from systems at equilibrium
by measuring a component of the equilibrium at several (minimum of three) different temperatures. The paper builds on previous work that
has shown by selecting appropriate temperatures so that the van't Hoff isochore could be written in terms of the total amount of a measured
analyte (Awa) associated with the equilibrium, equilibrium constants could be determined. This paper describes a mathematical method that
uses the linearity of the van't Hoff plot, K versus 1/Tas the basis to systematically test for an appropdatg value and derive the best
values of equilibrium constants. It will also show that this method is freed from constraints in choosing the study temperatures.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction in a study of water vapour uptake onto a drug surfigle
Briefly, the form of the equations used in the development of

Studies that are concerned with equilibrium are usually the strategy is illustrated in the reaction scheme shown be-

expected to conclude by reporting the equilibrium constant. low. Later, it will be shown that this strategy can be applied

This reaction parameter can give access to a great deal oto more complicated systems.

information about a process studied. For exampleG

and ArH can be determined directly from van't Hoff type

approachefl]. Knowing ARG andArH, ArScan be found. 2. Development of the equations

A previous publication2] included a brief discussion of

the application of the van't Hoff equation to the analysis of For a system at equilibrium such that it follows the rela-

calorimetric data. A general approach was proposed for thetionship:

calculation of equilibrium constant&, from calorimetric

data which in turn was used to obtakkG and AgH. A< A-B

This paper extends the approach and is concerned with the, e A interacts with an excess of substraeo form a

d_evelopment of a stra_lte_gy for the determination of equmb-_ complexA—B, an associated equilibrium constant can be ex-
rium constants from limited temperature-dependent experi- pressed by:

mental data inputs (not necessarily calorimetric) for simple
reaction systems. Indeed, the approach has already been use)g A

1
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are equal to 1, hence, quantities are adequate to describe théa has on the quality of measurédg values. Inspection

equilibrium.) Eq.(1) can be simplified if the quantity terms
are written for a common component of the equilibrium. For
example, the total amount éfreacting in the system is:

)

where Aptal IS the total quantity of a componehtin the
system andieq is the quantity at equilibrium with—Byq
Eq. (1) can, therefore, be written as:
__ Aeq
Atotal — Aeq

Atotal = Aeq+ A—Beq

®3)

The analytical measurement&fqin Eq.(3) can, of course,

be made by using any analytical method where the measurec{e

response is linearly proportional to the quantity/gf, For

example, absorbance where quantity is proportional to ab-

sorbance through AbssAl (where there is a linear relation-
ship in the Beer—Lambert Law).

As described in a previous publicati¢8], Aitar can be
found if the study is performed at a minimum of three dif-

ferent temperatures. In earlier treatments, it was shown that

providing the selected temperatures,(T> andTs, with cor-
responding measuremeft, A> andAg), satisfy the condi-

tions described in the following section and that the van’t
Hoff isochore relates equilibrium constants and temperature

through (for the three temperatures considered here):

N Ki —-AH (1 1
K, R n T
and

nKz_—AH 1 1
Kz R T T3

then provided that the right hand sides of each of the above

equations are equal then it follows that

K K
In—* =22 4)
K2 K3
The equality is achieved by recognising thetl andR are

constants and that the temperatures are related as:
T, — T1 T3 — 1>
= (5)
112 IEYE
for T{ =293 K andT,=298K, T3=303.2 K andl4 must be

equal to 308.5K, etc.
Hence Aiotal Can be made the subject of the equation:

AZA1+ AZA3 — 2A3A2A1
AZ — A3Aq

(6)

Atotal =

whereA;, A2 and Az are the measured quantity Afat the
temperaturd 1, T> andTs. This means that the value Afa

of Eqg.(6) shows that values @feqare made up of cubic mul-
tiples of A values. Even though the input experimental data
may be excellent (accurate, precise), error magnification in
this calculation represents a real hazard. Itis necessary, there-
fore, to manage the data so that “best possible” valuesgor

are determined. This can be done through a MatffJ4d
worksheet as outlined later.

Having determined?yta, the equilibrium constants at
each temperature can be determined. From the values of
K, other parameters can be determinégiG = — RTInK,

ARH is determined from the slope of thelrversus 1/Tplot
(slope =— ARH/R; intercept =ARS/R).

The development outlined above requires that, over the
mperature range studied, the system conforms to the van't
Hoff isochore relationship, i.e. iK is linear with 1/T.

This relationship may fail to hold if: (i) there is a mecha-
nism change within the temperature range of interest and/or
(i) ArH is not independent of temperature.

However, it is clear that the test for appropriateness is
based upon conformity of the experimental data with the van't

"Hoff relationship.

3. Data management

A MathCad® algorithm was written to optimise the calcu-
latedAsotal Value by iteration ofyiq Over a defined range of
values. The best value &§,t5 is chosen on the basis that the
resultingK-value (see E((3)), determined at each tempera-
ture, conform as closely as possible to van't Hoff’s theorem.

The principle of the analysis is to measug, at a mini-
mum of three different temperaturégq values are then used
with a series of ascribefota Values to construct a vector
consisting of a string oK-values (calculated from E¢3)).

In the algorithm Astq is a range variable starting Agyax
(i.e. the maximunfeg measured at any of the study tempera-
tures) and ending at an arbitrary number that is considerably
larger tham\max (see below for clarification).

A matrixis thus constructed #f-values thatis Tcolumns
wide andmAyta rows long (wheren represents the number
of temperatures used amd is the number ot values
tested). The mathematical form of the matrix is given in Eq.
).

The range of\ta) chosen should start &ax (i.€. Arotal
should have a number that is equal to or greater than any
of the measuredeq values in the study) and increase to the
maximum theoretical absorbency, i.e. the total amour# of
that is physically added in the system. For practical applica-
tion, a wide range is chosen with a small number of intervals
to gain an approximate value 8ftq. Having gained an ap-
proximateAyiq value, the range can then be reduced and the

does not have to be known, it can be calculated from the aboveinterval number increased to converge at the Bggt value.

equation.

This method has an added advantage in#ga4; is selected

These mathematical treatments detailed in previous pub-from a string of values that are derived independently of
lications[2,3] are shown here to emphasis the dependencetemperature. Therefore, it is not a requirement thgd
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values are measured at predefined temperatures, as in th
case wheré\a is calculated using Eq6). “0‘_ :<°\.\./- ——
forpel...Row 0.8+ \
_ forzel...Col Q]
Matrix = A, (7 S 06
Kpz < @,-a; £
[ %] [ ]
K £ 044
Here, A; is the measuredeq at temperatures of “z”. gt
H H H 13 " 027 \
is a range variable and consists of “p” values fgfia. In “_ R
this example, a matrix containing valueskthat is “Col” ] . A"
columns wide and “Row” rows deep would be constructed. 0.0 B
Each row in the matrix is made up #&fvalues derived . T Y L
290 300 310 320 330 340

at each of the different temperatures and with each of the
Aspotal Value. Testing for linearity is achieved by calculation
of the linear regression coefficient forKnwith the associ- Fig. 1. Simulated absorbance vs. time datasets where there is a change in
ated 1/Tdata for each row oK-values. The row that has @  mechanism during the observation perid) tepresents the case where both

linear regression coefficient closest to 1 indicates the mostmechanisms have a small change in absorbaBjeytiere one mechanism
appropriate value oApta. has a large change in absorbance and (a) where the mechanism starts off
exothermic and switches to endothermic.

Temperature / K

bined dataset (of IK versus 1/T) ranged from 0.98 to 0.44,
4. Method robustness exploring how the degree of change in mechanism affected
the results and for datasets that start off exothermic and end
Three different types of datasets were simulated to testendothermic. Selections of the extremes of these simulated
the robustness of the algorithm: a dataset that was made Upyata are shown ifig. 1. The program was then run to deter-
of two different processes: a dataset wherk lvas notlin-  mjne if the initial values oK could be returned. In all cases,
early proportional to 1/&nd a dataset with the addition of a  the equilibrium constant could be returned without any sig-
random error to simulated measuring error. The aim of thesenjficant error (less than 1%), s€g. 2.
simulations was to explore the types of datasets that might
be expected from “real” systems and to test the ability of the 4 5 patasets were In K versus 1/T is not linear
mathematical program to recover the simulated equilibrium
constants. To construct the simulated ditaalues were de- These data were simulated using E8), that is InK is
termined from the van't Hoff equation using ascribed values expressed as an exponential functiorTof
for ARH and ArSand a series of values. As a reminder, a

linear plot of InK versus 1/has the slope of ARH/Randan ~ INK = A exp(—=Bx T) (8)
intercept ofARS/R(whereRis the gas constant). Having de-
terminedK-values fromArH/RandARS/R, ascribing a value 6
to Arotal allows a series of simulated measuregvalues Agq ] /‘
was then used as absorbance va!uasa(s given a value of 1 4 ./' /‘
in the Beer—Lambert Law). The simulated datasets consisted o \ /' .
of eight data points, absorbance versus temperature. i - * /_/
bl |}
4.1. Datasets simulating a change in mechanism « 0 _/ /
= L\A /‘
Datasets made up of two processes were simulated by join- ] \‘A\A /A/‘
ing two separate, linear datasets each containing four values
of InK and 1/T. It is assumed that a change in mechanism ] ——_
would not affectAyts (Se€ comments aboBtyt, later). As- 1 - e
cribing a value foryta, the simulated equilibrium constants | "
were then used in E§3) to determine the correspondifgq 6 1 . u - r - . ' :
0.0030 0.0031 0.0032 0.0033 0.0034

and then absorbance and together with temperature they wert
entered into the Mathcad program. Various combinations
of data were constructed; where the Slmulatgd absforbancel:ig. 2. The resulting calculated equilibrium constants derived from the ab-
ranged from 0-?_“_) 1 and from 0-98 t0_0-991 simulating ex- sorbance vs. temperature datasets showfign1 are plotted here in their
tremes of sensitivity; where the linearity {Rof the com- linear form, InK vs. 1/T. The symbols used correspondFig. 1.

1/a
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22 Table 1
20 N Selection of equilibrium models that can be incorporated into the Mathcad
program
18
16 \ A=B K= Aeq/Atotal — X
1 » 2A=B K= Aeq/ (Avotal — Aeq)?
A+B=Z K= Aeq/(Atotal — Aeq)(Brotal — Aeq)
12 2A=Y+Z K=(Y = Aeq)(Z — Acg)/(A — Acg)?
10 ®
h'a
£ 3 \\0 . i o i
. S using the reaction model shown in line 1Table 1, an addi-
4 a o DE;\\\"\_\u tion of 5% random error was added. Six different datasets
, A H\D;;_:c.,_‘l_,_ﬂ were constructed and analysed, the results of the analysis are
A u] .
o L+ shown inTable 2.
2 £ Ta%
T T T T T T T j !
0.0030 0.0031 0.0032 0.0033 0.0034 5. Practical exploitation of the strategy
1T

5.1. Application of the MathCad analysis to gravimetric

Fig. 3. shows the plot of IK vs. 1/Tfor a series of datasets with varying vapour sorption

degrees of curvature as determined from the linear regression coefficient,
R. Open symbols represent the calculated equilibrium constants. The linear
regression coefficients for the simulated datasets (closed symbols@are: In a recent publicatiorj3] showing the application of
0.954, (W) 0.947 and (a) 0.937. GVS to calculation of drug—vapour equilibrium constants,
mass changes were measured at various water vapour partial
AandB are constants arranged to produce typical absorbancepressures at three different temperatures. From these data,
values in conjunction with Eq3) with an assigned value of  an equilibrium constant was determined and it was shown
Awtal- Various datasets were constructed with different cur- that a plot of InK versus 1/Tis linear over the temperature
vature, determined from a linear regression coefficient (R) It range studied. These data were subsequently analysed using
was found that the program could return the corkesllues  the mathematical approach above. Unsurprisingly, this study

providingRwas no worse than 0.954, sém. 3. also results in a linear relationship for a plot olrversus
1/T, however, the important conclusion is that the slope of
4.3. Datasets with a random error added to simulate the line for the van't Hoff type analysis in the GVS study
measuring error is comparable to the “optimised” slope resulting from this
study.Table 3summarises the results of this study.
Absorbance versuB datasets were constructed from val- A second comparison was made of this method for calcu-

ues ofAH, ASandAya. A percentage error, ranging from1  lation of equilibrium constants for the equilibrium between
to 10%, was selected. The error was applied to a dataset as @imeric rhomboid and trimeric hexagon supra molec[Bgs
range+ of the chosen percentage error, randomized betweenln this study, it was found that an equilibrium existed between
0 and the number corresponding to the percentage error chodimeric and trimeric macromolecules. The equilibrium was
sen. Thus, an error of 10% applied to an absorbance value ofdetermined by measuring the ratio of the dimer and trimer by

1 gave a random number between 0.9 and 1.1. IH NMR at temperatures 253, 273, 293, 313, 333 and 353 K.
K data was constructed for eight temperatures using theA correction was made for the activity coefficient in this
following values: study; however, the observed equilibrium constants were also

ArRH=68kJImot?, ARS=229Jmot?! and a tempera-  reported. The published data showing speciation as a function
ture range of 293.15-332.28 K. Converting to absorbance of temperature was analysed using the procedure in this paper

Table 2

Six simulated datasets were constructed fronkthalues shown in the second column of the table above

SimulatedAeq values with 5% SimulatedK-values MCAD results, meatk (N=6) S.D. T(K)
random error added

0.44697 0.41244 0.41455 0.01091 283.15
0.62038 0.68083 0.68733 0.02008 288.15
0.77989 1.12389 1.10507 0.0199 293.33
0.97804 1.85525 1.8154 0.08702 298.70
1.15582 3.06253 3.11821 0.16513 304.27
1.25721 5.05544 5.19391 0.18575 310.05
1.3231 8.34529 8.33495 1.01663 316.05
1.38801 13.77592 12.43221 2.28913 322.28

From these values, corresponding absorbance values were determined to which a 5% random error was added. The calculated equilibrium constants, colut
3, were calculated from the absorbance vs. temperature data.
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Table 3
A comparison of published equilibrium vapour pressiygsand the analysis of the mass change data in the Mathcad program
0.2P/Py literature 0.2P/Py 0.3P/Py literature 0.3P/Py 0.4P/Py literature 0.4P/Py 0.6 P/Py literature 0.6P/Py
values MCAD values MCAD values MCAD values MCAD
0.271 0.270 0.244 0.246 0.232 0.241 0.220 0.221
0.127 0.127 0.123 0.124 0.121 0.125 0.117 0.118
0.060 0.059 0.062 0.063 0.063 0.065 0.062 0.063
Table 4 may be tempted to write:
A summary of published daf&] showing calculated equilibrium constants
for dimeric and trimeric macromolecules at equilibrium I% [A] aq (9)
T (K) % Trimer Kobs K determined by MCAD " Asolid
253 725 2.63636 2.3833 In this context,Asoig has an activity coefficient of 1 and,
273 67.5 2.07692 1.905703 theref . It Thist . fi f d
203 61 15641 1455153 ereforeK is equal to [Adg. This term is sometimes referre
313 57 1.32558 1.241289 to as the solubility produd].
333 52 1.08333 1.02121 However,Asqlig can be written as:
353 48.7 0.94932 0.898193

The % speciation datawas put through the Mathcad program and the resultingAsoIid = Atotal — [A] aq

calculated equilibrium constants are reported.

and the results are givenTiable 4. Fixing trimepaxat 100%
resulted irk-values that, unsurprisingly, match the published
values oKgps. If MathCad is allowed to optimise the value of
trimernnax the program returned an optimised trigageval-
ues of 103%. The resulting van't Hoff plot of the optimised

(10)
Therefore,
[Alaq
K = —[A
Atotal [ ]aq

ClearlyK is not directly proportional to [A} as not all the
solid Ain the system is involved with the equilibrium.
The various simulations outlined in Sectiare intended

data gave a linear regression coefficient of 0.99883 comparecto show the robustness of the method to handle “real” data

to the regression coefficient of 0.99881 for the raw data.

6. Discussion.

The application of the algorithm requires that the mathe-
matical form of the equilibrium can be written, and hence, is
known. The model described in E) is for a simple equi-
librium whereA < A-B.Table 1gives other, but not exhaus-
tive, forms of mathematical expression for reaction models
that can be entered into E{). For example data taken from
Cox and Haymaij6] that describe the equilibrium of CIO
dimers indicates an equilibrium process of the type:

2CIO = (Cl02)

The mathematical form of this process is shown in(BY.
below. The data provided by Cox and Haynj@hwas also

where there will be some degree of analytical error. The ef-
fects of outliers were simulated (data not shown here). Where
a single data point was increased by 40%, no significant er-
ror in the returned equilibrium constants were noted, except
for the equilibrium constant corresponding to the outlier. The

error was reduced if the values ofdnare interpolated from

a linear fit of calculated IK versus 1/T.

7. Conclusion

The MathCa@ algorithm has been constructed to allow
the calculation of equilibrium constants from a set of data
where a quantity at equilibrium is determined as a function
of temperature. Where the relationships betwiéamdT for
a system at equilibrium conform to the van’t Hoff isochore,
this method will select the most appropriate valuégfy to
give the most linear relationship betweerkland 1/T. The

tested and for the nine temperatures published, the Mathcadessence of the algorithm is to construct a range variable of

results were consistent with the literature values.

Aeq

K=——— 8
(Atotal - Aeq)2 ( )

The meaning of\ta in EQ. (3) is not the total amount ok

in the system but the total amountAthat is involved in the

equilibrium. That is Awtal iS NOt Necessarily the same as the

quantity ofA added to the system. For a solid in equilibrium

with its solution, in the case of solubility experiments, one

Aiotal Values. For eachyotal, an equilibrium constant is cal-
culated from the measurédg and the value ofytal. AS Aeq
is measured at a minimum of three temperatures, the result-
ing K is tested for linearity using a van’t Hoff approach. This
process continues for every valueAfiq in the range. The
most linear van't Hoff analysis gives the optimum associated
K-values.

Where a change in mechanism occurs over the temperature
range studied, providingotal is Not changed and that there
is a linear relationship betweenknand 1/Tthroughout, then
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the equilibrium constants can be returned. Whelit€ imnot atures, are somewhat scarce. However, the study used for this

a linear function of 1/T, the equilibrium constants can be paper together with previous sorption analysis and simulated

returned providing that the deviation from linearity does not data has shown the method to be robust and reliable. As with

result in a linear regression coefficient (R) of less than 0.954. most types of mathematically modeled studies, some knowl-

This is, of course, dependent on the range of Xhand Y edge of the mechanism is required so that a mathematical

experimental values selected. form of the model can be written into the mathematical algo-

Random error, when applied to the datasets unsurprisingly rithm.

results in the poorest returned equilibrium constants were the

change in absorbance over the observed temperature range

is small. To maximize the accuracy of this method, a good References
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