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For the sake of the simplicity of the mathematical deductions, several 
researchers have proposed the use of hyperbolic temperature programs in 
non-isothermal reaction kinetics [ l-31. For hyperbolic temperature pro- 
grams, the reciprocal of the temperature is a linear function of time 

l/T=u-vt (1) . 

where u and 0 are constant parameters. 
Since the differentiation of eqn. (1) gives dt = - v-‘d( l/T), the integra- 

tion of e- E’RT by t can be carried out analytically 

J e-E/RTdt= -L e-E/RTd-= J 1 R -E/RT 

V T ze (2) 

Let x be the reacted mole fraction, and f(x) be a function with positive 
values in the interval (0, 1). If eqn. (1) is valid and the kinetic equation of the 
studied process has the form 

dx/dt = A esEiRTf( x) (3) 

then, by simple integration [I] 

AR -E/RT 
Id-d =oE e 

Here g(x) is the integral of 1 /f(x). Equation (4) is considerably simpler than 
the corresponding equations of the linear temperature programs and in this 
way evaluation of the unknown kinetic parameters is also simpler. Although 
it is doubtful whether the mathematical simplicity is well worth developing 
sophisticated instruments, the study of the fundamental properties of the 
thermoanalytical curves for non-linear temperature programs has some theo- 
retical interest. 

In the present paper, the shape of the thermoanalytical curves is ex- 
amined. Following the conception of Horowitz and Metzger [4], the shape of 
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the curve is characterized by the reacted mole fraction at the peak maximum 
(for symmetrical curves this quantity is 0.5). The present paper aims to: 

(I) provide simple mathematical examples for the study of the effects of 
non-linearity of temperature programs [5]; and 

(it) give Information for the kinetic evaluation of measurements for 
hyperbolic heating programs. 

THE SHAPE OF CURVES x(t) 

In this section. the reacted mole fraction, x, is regarded as a function of 
time, and the value of x at which dx/dr is maximal is determined. By the 
combination of eqns. (3) and (4), dx/dr can easily be expressed as a 
functron of x 

The conditton of the peak maximum of curve (dx/di)(r) is d2x/dt2 = 0. 
Differentiating eqn. (5) and dividmg it by the factors common in the arising 
terms grves 

f(s) dg,/dx + g(x) df/dx = 0 (6) 

Smce g(s) is the integral of l/f(s), the first term is equal to 1 and 

-g(s) df/dx = 1 (7) 

A similar equatton can also be obtained for linear heating programs [6], but 
in that case the value of the right-hand stde depends on E and A. Substitut- 
ing actual f(s) functions into eqn. (7), relattonships can be obtained between 
the unknown parameters of f(s) and the reacted mole fraction of the peak 
maximum. If f(x) = (1 - x)” and n > 0. the solution of eqn. (7) gives 
Gorbachev’s equatton [3] for the reacted mole fraction at the peak maximum 

s = 1 _ ,*L’(+“) n # 1 

x-=1-f-’ II = 1 

Equation (8) was origmally deduced by Horowitz and Metzger [4] for lmear 
heating rates. However, it can be shown that at high values of N eqn. (8) is a 
poor approximation of the correct equation for the linear heating programs. 
At ~1 = 2, for example, the apphcation of eqn. (8) at a linear T(t) results in 
an error of An = -0.25. while at n = 3 the error would be about -0.5 [5]. 
(Since )I is usually only a formal reaction order m solid state reactions, we 
cannot exclude the possibility of values of 11 higher than 2.) 
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THE SHAPE OF CURVES x(T) 

In this section, the reacted mole fraction, x, is regarded as a function of 
temperature, and the value of x at which the slope of curve x(T) is maximal 
is determined. Since dx/dT= (dx/dt) (dt/dT) and eqn. (1) gives dt/dT= 
u-1 T-2, eqn. (5) should be transformed into 

dx/dT =;f(x)g(x)F (9) 

The condition of the maximum of dx/dT is d”x/dT2 = 0. Differentiating 
eqn. (8) by T and dividing it by (E/R) (dx/dT)T2 gives 

f(x) dg/dx+g(x) df/dx-2f(x)g(x)T-‘(dx/dT)-‘=O (10) 

Substituting eqn. (8) for dx/dt and considering that dg/dx is equal to 
1 /f(x), gives 

-g(x) df/dx = 1 - 2R7’/E (11) 

Since E/RT is usually between 20 and 50, the right-hand side is between 0.9 
and 0.96. 

In the case of linear temperature programs, the followmg equation can be 
deduced [ 61 

-g(x) df/dx = q( E/R?-) (12) 

where q( E/RT) 1s the function arising from the integral of emLjRT by T 

/ 

T 
esEiRTdT= RT2E-iq(e/RT)e-E/RT (13) 

0 

If eqn. (13) is regarded as the definition of the function q( E/RT), then eqn. 
(13) is exact. If a finite series or a Pad&. approximation is substituted in the 
place of q, then eqn. (13) is obviously an approximation. Equations analo- 
gous to eqn. (13) are widely used in the literature of thermal analysis. The 
simplest of the available approximations of q is 

q( E,/RT) = 1 - 2RT/E (14) 

This approximation can be found, among others, in the works of Kissinger 
[7] and Coats and Redfern [8]. A comparison of eqns. (1 l), (12) and (14) 
shows that the reacted mole fraction belonging to the maximum of dx/dT is 
approximately the same for hyperbolic and linear temperature programs 
while, as shown in the previous section, the reacted mole fraction belonging 
to the maximum of dx/dt may be significantly different for hyperbolic and 
linear T(t). 
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