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ABSTRACT

This paper develops a more accurate method of measurement for thermal diffusivity using photothermal
displacement spectroscopy. In previous studies, thermal diffusivities for materials with a finite thickness
have been determined by the angle of deformation and the phase difference, with regard to the relative
positions of the pump and probe beams. In this study, a complete theoretical treatment and experimental
measurement, through the photothermal displacement technique, have been conducted for semi-infinite
solid materials. To verify the method developed, the measurement has been carried out for an alloy of
pure copper and nickel with both finite and semi-infinite thicknesses. In the results of the study, the
measured values for semi-infinite materials differed from those reported in the literature by at most 1%
of the standard deviation, while the corresponding differences for finite materials were at most 3% of
the standard deviation. Consequently, the model for semi-infinite solids is proposed as a highly accurate

method for measuring thermal diffusivity.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

The photothermal technique is a very useful tool for measur-
ing thermo-physical properties of solids, liquids, etc. As methods
of measuring thermo-physical properties using the photothermal
effect, photothermal radiometry, photothermal refraction, pho-
tothermal deflection, and the photothermal displacement method
have been reported and developed by many researchers. Recently,
there are lots of studies going on about measuring thermal charac-
teristics of thin film, nano objects and layered structure, anisotropic
materials using photothermal effect [1-9].

Among the above methods, the photothermal displacement
method used in this study is useful for measuring the gradient
and phase of the thermoelastic deformation that is produced by
the absorption of light energy at the surface of materials dur-
ing a period of heating. In 1983, Olmstead et al. [10] introduced
a two-dimensional model wherein the pump beam was modu-
lated as a sine wave and the magnitude and phase difference of
the deformation gradient on the surface of material were calcu-
lated. By comparing theoretical results with experimental findings,
Olmstead et al. [10] suggested the possibility of measuring ther-
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mal properties through the photothermal displacement method. In
1991, Li et al. [11] developed a two-dimensional model, wherein
the pump beam was modulated as a square wave, and calculated
the magnitude of deformation at one point. They defined the char-
acteristic frequency as that modulation frequency at which the
magnitude of deformation drops rapidly. In 1999, by applying the
deformation gradient equation which had been presented by Olm-
stead et al., Ogawa et al. [12] determined the thermal diffusivity
from the relationship between the phase difference of the deforma-
tion gradient and the change of modulation frequency at one point.
In2000, Lee et al. [13] proposed a “minimum phase method,” which
uses the relative position at the minimum phase difference and the
length of thermal diffusion. However, this method has limitations
in practice, because it is difficult to experimentally find the relative
position at the minimum value of the phase difference.

Since previous studies have been conducted on samples with
relatively small thickness, the error in the measuring the sam-
ple thickness causes relatively large uncertainty because of the
sample preparation process such as surface polishing and remov-
ing the sample from the polishing mount after surface polishing.
But the infinite sample does not need further jobs after polish-
ing therefore it has lots of benefits. Also, in the case of materials
for which the length of thermal diffusion is small, the adiabatic
condition, between the back of the sample surface and ambient,
results in theoretical error. Therefore, a model, which is not influ-
enced by sample thickness, is proposed in this study by using
semi-infinite solid materials. To verify the accuracy of the model,
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Nomenclature

a radius of the pump beam (m)
f modulation frequency (Hz)

Jo zero-order Bessel function

N first-order Bessel function

k thermal conductivity (W/mK)
L thickness of sample (m)

L length of thermal diffusion (m)
P power of the pump beam (W)
Q heat source (W/m3)

T temperature (K)

t time (s)

u displacement (m)

Greek letters

P deformation gradient (radian)
a thermal diffusivity (m?2/s)
Oepy thermal expansion coefficient (1/K)

B integration variable (Hankel variable)
¢ displacement potential

A optical absorption coefficient (1/m)

0 phase difference (deg)

v Poisson’s ratio

o stress (N/m?2)

w angular frequency (1/s)

W love function

experimental measurements are carried out for a pure copper and
nickel alloy.

2. Principle and theory
2.1. Principle

Fig. 1 schematically shows the principle of the photothermal
displacement method. The method is based on the detection of the
deformation of the sample surface that is produced by the absorp-
tion of energy from a modulated light beam (pump beam) that is
incident upon the sample. The heating of the sample by the pump
beam produces a temperature distribution and thermoelastic defor-
mation of the sample, which can be measured by detecting the
deflection of the probe beam that is reflected by the sample sur-
face. Information on the thermophysical properties of the sample
can be obtained from the phase difference between the deflected
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Fig. 1. The principle of the photothermal displacement method and the theoretical
model.

probe and the modulated pump beam. Thermoelastic deformation
is affected by thermal and optical properties, such as thermal diffu-
sivity, absorption coefficient, etc. Therefore, under the assumption
that refraction by the air on the surface can be ignored, the differ-
ence between the incidence and reflection angles of a probe beam
is proportional to the gradient of deformation, as shown in Eq. (1).
du,

D= 2W o (1)
in (1), du,/dr is the gradient of deformation.

Generally speaking, there are two ways of determining thermal
diffusivity through photothermal displacement: using the angle of
deformation from the surface of the specimen; and using the phase
difference between the pump beam and the deflected probe beam.
Since the pump beam is modulated, the gradient of deformation
is modulated with the same frequency as that of the modulated
pump beam. However, there is the time lag in the thermal dif-
fusion of the pump beam energy; as a result, a phase difference
occurs between the modulated pump beam and the deflected probe
beam. The phase difference can be experimentally measured for
unknown materials and also can be theoretically calculated for ran-
dom thermal diffusivities using Eq. (2), which is given below. Then,
thermal diffusivities can be determined by iteratively comparing
the theoretical phase difference with the measured value. The phase
difference (0) can be expressed as:

Im[q)]}
Re[ D]
Using the deformation and phase difference methods, the ther-

mal diffusivity can be determined by comparing the experimental
and theoretical results.

o(r,f,a,a) = tan~! [ (2)

2.2. Theory

To obtain the gradient of deformation in Eq. (1), the tempera-
ture distribution for the specimen must be determined. For this, a
two-dimensional solid model, which is infinitely long in the direc-
tion of r and z, is adopted as shown in Fig. 1 [13,14]. In the analysis
of temperature, the conduction of heat is considered to be signif-
icant whereas the convection and radiation of heat are treated as
being negligible. The governing equation is the 2 D heat-conduction
equation with the heat source in cylindrical coordinates.

(i=fs) (3)

In Eq. (3), T is the temperature, k is the thermal conductivity, «
is the thermal diffusivity, and Q is the heat source that is produced
by a pump beam. The temperature and heat source are functions
of the direction of the radius (r), the direction of the normal to the
surface (z), and the time (t). The subscript f indicates the front gas
of the specimen and the subscript s represents the domain of the
specimen.

The heat flux and temperature are assumed to be zero at z=o0
because the thermal effect of the pump beam cannot influence the
specimen when z approaches infinity. Also, as the rise in temper-
ature of the specimen by the pump beam is insignificant, the heat
transfer by either convection or radiation is not considered [14].
Therefore, the boundary conditions are

Ty
0z

aTs

=ks 57

z=0

kf

s Tflz=0 = Tslz=0, limTy= lim Ts =0.
Z—o00 Z——00
z=0
(4)

The heat source is the pump beam, which has a Gaussian distri-
bution of intensity and is controlled by the modulation frequency
(f). The radius of the pump beam is considered to be 1/e value of the
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maximum intensity and the absorption coefficient (1) is defined by
the exponential law of light absorption. At the front gas region, light
energy is not absorbed. Therefore the heat source is given by

Q=0 ”
and
Q= :T);Sze’rz/a2+ksz[1 + cos(wt)] oY

where P represents the energy absorbed into the specimen and is
decided by the output power of the pump beam and the reflec-
tivity of the specimen. The heat source, Q(r,zt), is comprised of a
time-independent term and a time-dependent term that always
oscillates with a given frequency. The time-independent term is
not considered since it does not affect the phase of deformation;
hence, only the time-dependent term is considered.

Due to the cylindrically symmetric geometry of the problem,
the differential equations that describe the diffusion process can
be solved by the Hankel transform method. The solution for the
temperature distribution is obtained through an integral over the
single variable 8, which represents the Hankel variable in the radial
direction.

iwt o0 _ —p2a? /4
Tir.z.0) = 2o / BABIo(Br) ("S‘SS "S“) (e )esfz
’ (62)

87ks keS¢ + ksOs 82 — A2

8mks B kf5f + kSSS

e*ﬁzaz/‘1
w [
8 -3
(6b)
in (6a) and (6b), Jo(Br) is the Bessel function of zeroth order and
8i=(B? +iw]oy)'2(i=f, ).
Assuming that the variation of the temperature field with time
is small, the inertia terms in the thermoelastic equation may

be neglected. Then, the thermoelastic equation with temperature
T(r,zt) is given in [13,15] and reproduced below.

V(V-i)  2(1+)
1-2v ~ 1-=-2v

with stress-free boundary conditions

iwt 0
T(r, 2, t) = D / BABIo(Br) <eksz "S“"f‘sfeﬁsz)
0

Vi + an VT (7)

Orzlz=0 = 0, 0z|,20 =0, lim 4 =0, (8)
Z—>—00

where v is the Poisson ratio, i is the displacement vector, ay, is
the thermal expansion coefficient, o, and o, are the two stress
components, and T is the temperature inside the sample, which
is previously obtained from Eq. (6). Owing to the geometry of the
pump beam, the solution u(r,z) can be expressed in cylindrical coor-
dinates by introducing the displacement potential ¢ and the Love
function v as follows:

2(1 = v)V>Y = V(V - )
(1-2v)

where ¢ and i are expressed by the following differential equa-
tions,

i=Ve+ 9)

+Vv

1
V2= - (10)
and

Vi =0 (11)

Note that to express the deflection angle as shown in Eq. (1),
one needs only the normal component of the displacement (i.e.,

u; at z=0) for calculating the gradient of the displacement in the
r-direction as given below.

0 _5202/4
- (el [ gty s
0

=0 4rks 82 — A2

« 1 _ kshs + kf&f (12)
As+ B (8s + B)(kedr + ksds)

in Eq. (12), J;(Br) is the Bessel function of the first order.

For a known radius of the pump beam, the phase difference is
determined by integrating Eq. (12), which consists of a complex
number and a rather intricate integral term that includes thermal
diffusivity, etc. In terms of the thermal diffusivity and the modula-
tion frequency, the length of thermal diffusion can be expressed as

Lin =(c/mef)112.

du,
dr

3. Experiment

The experimental arrangement is shown in Fig. 2. The pump
beam is obtained by the acousto-optic modulation of a continuous-
wave laser beam that is delivered by an Ar+ laser (wavelength:
488 nm). Typically, 0.7W of energy was used to heat the sam-
ple. The power of the beam decreases to 0.3 W when the beam
approaches the surface of the sample after passing through the
acousto-optic modulator, the lens, mirrors, and the collimator. Fur-
ther, after accounting for the reflection from the surface of the
sample, the absorbed energy eventually becomes about 0.2 W. Also,
itis critically important that the spatial profile of the pump beam be
Gaussian. The typical size of the spot of the pump beam on the sam-
pleis 55 puminradius, based on the 1/e point of the intensity profile
of the pump beam. The probe beam is provided by a He-Ne laser
(wavelength: 633 nm), with a power of 5mW and a beam diameter
of 30 wm. The size of the beam on the sample surface is determined
by the knife-edge method. Both the pump and the probe beam are
expanded through collimators.

The pump beam is periodically modulated at a frequency (f) to
create a steady, periodic, thermoelastic deformation in the sample.
The deflection of the probe beam is measured by using a two-
dimensional position sensor. An interference filter is fitted in front
of the sensor to detect only the wavelength of the probe beam.
The amplitude and the phase difference of the signal are measured
by a lock-in amplifier, which is synchronized with the modulation
frequency.

The position of the probe beam is aligned with the centerline
of the spot of the pump beam. After the positions of the probe
beam and the pump beam are aligned, the measurement is car-
ried out by moving the probe beam along the centerline of the
deformation. The probe beam is moved along the centerline from
the center of the spot of the pump beam set the relative posi-
tion of a probe beam by using an arrangement of mirrors and
micro-positioners. The micro-positioners are controlled with an
accuracy of +£0.5 pm. Experiments were carried out for samples of
an pure copper and nickel alloy, which was polished using alumina
paste.

4. Results and discussion
4.1. Critical thickness

The model for semi-infinite solids can be formulated by setting
the thickness in the z-direction as being infinite for the purpose
of theoretical analysis. However, for experimentation, we need to
come up with a sample of finite thickness that can be considered
as being physically similar to a semi-infinite solid. Therefore, the
reasonable thickness for the sample is decided through a compari-
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Fig. 2. Schematic diagram of the experimental setup.

son of the model for semi-infinite solids and the slab model [16,17].
This thickness was defined as the critical thickness.

Since the area of thermal diffusion varies with the length of
thermal diffusion (L, =(o/7f)1/2), the critical thickness is ascer-
tained by varying the length of thermal diffusion. In this study, the
range of the length of thermal diffusion is 100-400 pm. A length
of 350 wm for thermal diffusion is used to investigate the effect of
thickness. In case the sample thickness is greater than 12 mm, the
result agrees with the curve for the semi-infinite solid model, with
the relative error being less than 1%, as shown in Fig. 3. Accord-
ingly, for this experiment, samples are prepared with a thickness
exceeding 12 mm. Fig. 4 represents the amplitude of photothermal
displacement signal for verifying of experimental setup and theo-
retical analysis, and it also shows that a good fit of the experimental
result is obtained with the theoretical curve.

4.2. Experimental results

When the thermoelastic deformation in the sample surface is
generated by the pump beam, we determine the thermal diffusiv-
ity through the value of the offset between the phase curves of
the probe beam and the pump beam. The slope of the phase sig-
nal of the probe beam, with respect to the relative positions of the
pump and probe beam, is quite sensitive to the thermal diffusiv-
ity of the sample. Even if the many parameters such as the probe
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Fig. 3. Critical thickness for the semi-infinite solid model.

beam, thermal diffusion length, modulation frequency and relative
position which can influence the phase of the deflection angle exist,
the modulation frequency and relative position have been known
critical [7,8]. The measured and calculated phase difference curves
are matched with each other in the region of between a quarter and
three-quarters below the relative position of the minimum phase
difference. The thermal diffusivity is determined when the standard
deviation between the measured and calculated phase difference
curves in Eq. (2) is minimized by using the bi-section method.

In the case of the slab model, thermal diffusivities are measured
by using pure metal samples of 1 mm thickness. In the case of the
model for semi-infinite solids, samples with thickness exceeding
12mm are called semi-infinite solids, for experimentative pur-
poses. The results, shown in Fig. 5, of the phase difference for
semi-infinite solids confirm that experimental results agree very
well with the theoretical analysis. The analysis is carried out under
conditions wherein the frequencies of the modulated pump beam
are 300 Hz and 400 Hz for pure copper, and 200 Hz and 300 Hz for
nickel alloy (UNS N02201), respectively.

Table 1 shows the results on thermal diffusivity that are obtained
by comparing the phase curve that is measured through experi-
mentation with the curve that is obtained from theoretical analysis.
The measured thermal diffusivities for semi-infinite materials agree
with the values from the literature to within 1% percent of the stan-
dard deviation, while those for finite materials show about 3%[9,10].
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<
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<
I
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Fig. 4. Verification experiments for experimental setup and theoretical analysis.
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Comparison of thermal diffusivities from the literature [18,19] with those measured in the study (f: modulation frequency, L,: thermal diffusion length, L: literature value,

M: measured value).

Model Material f[Hz] Lin [pm] Thermal diffusivity (m?/s) x 10 Relative error (%)
L M
Slab Silver 728 275 17.3 16.94 2.03
Copper 763 220 11.6 11.13 4.05
Zinc 185 275 44 4.26 3.18
Iron 269 165 23 222 3.61
Serai-infinite Nickel Alloy [UNSN02201] 200 176 1.947 1.96 0.69
300 144 1.947 1,956 0,43
Copper 300 351 11.6 11.656 0.48
400 304 11.6 11.495 0.91

This result shows that the finite-thickness slab model yields rel-
atively greater measurement error compared with the model for
semi-infinite solids. Therefore, it can be said that the model for
semi-infinite solids yields more accurate measures of thermal prop-
erties, as the method does not need to consider the thickness of
samples.

Now, we compare the results of an analysis of uncertainty of the
model for semi-infinite solids and the slab model with constant
thickness. Through a parametric study of the slab model [17], it is
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Fig. 5. Experimental results for the model for semi-infinite solids.

verified that the sample thickness and the radius of the pump beam
greatly impact upon the thermal diffusivity. On the other hand, in
the model for semi-infinite solids, only the radius of the pump beam
is the cause of error because sample thickness has no effect. The
uncertainty is 1.7% in the slab model and 0.2% in the model for
semi-infinite solids.

5. Conclusion

The photothermal displacement method is used for the quite
accurate determination of the thermal diffusivity of materials, but
most studies on the measurement of thermal diffusivity using the
photothermal displacement method have considered samples with
finite thickness. Since the thickness of samples causes many kinds
of error in the measurement of thermal properties, a novel theoret-
ical analysis and an associated experimental measurement, which
are independent of sample thickness, were accomplished in this
study. The main advantage of the approach, compared to classi-
cal methodes, is that it can be applied on semi-infinite media, it is
non-contact, and it only needs a small scanning spot on the sample
surface. The contributions of the study are itemized below.

(1) Thermoelastic analysis of the sample surface has been con-
ducted, using the results from thermal analysis for obtaining
the gradient of the deformation that is caused by the pho-
tothermal effect. Thermal analyses are conducted using the
two-dimensional cylindrical heat conduction equations and
the Hankel transform. Then, the deformation gradient on the
sample surface, through thermoelastic analysis, is obtained by
applying the Hankel transform.

(2) The experiment for the sample of semi-infinite solids showed
that thermal diffusivity can be accurately measured, i.e., to
within 1% of the standard deviation compared with the values
stated in the literature.

(3) An analysis of uncertainty for the model for semi-infinite solids
and the slab model reveals that the former model is relatively
more accurate. The reason is that in the model for semi-
infinite solids, error factors such as the sample thickness and
the assumption of adiabatic boundary conditions can both be
excluded from consideration. Therefore, it is concluded that
the model for semi-infinite solids suggested in this study will
improve the reliability of measurement of thermal properties
using the photothermal displacement method.
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