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ABSTRACT

Photothermal techniques and effective medium method combining with image method are applied to
investigate the non-steady effective thermal properties of semi-infinite unidirectional fiber-reinforced
composites, and the effect of the semi-infinite surface on the non-steady effective thermal properties is
considered. The dispersion relation for the effective wave number in the semi-infinite random composites
is derived. The image method is used to satisfy the adiabatic boundary condition at the semi-infinite
surface. The numerical solutions of the non-steady effective thermal properties are obtained by using an
iterative scheme. Analyses show that the variation of the non-steady effective thermal properties near the
semi-infinite surface is significantly different from those of the infinite composite structure. The effects
of the circular frequency of thermal waves, the volume fraction of fibers, and the properties contrast ratio
on the maximum non-steady effective properties near the surface are examined. Comparison with the

Image method
steady case is also given.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

Composite materials are extensively used in engineering fields
for thermal transfer applications. The effective thermal conductiv-
ity of composites is an important property applied in electronic
packing, thermal insulation, heat spreader, etc. [1]. To design and
manufacture an optimal material system, the development of
micromechanics models to accurately predict the effective thermal
conductivity of multiphase composite materials is desirable.

Extensive theoretical and experimental studies on the effective
thermal conductivity of a two-phase composite material under dif-
ferent loadings have received great interest in recent years. The
methods used to measure the thermal conductivity are divided into
two groups: the steady-state and the non-steady-state methods. In
the first one, the sample is subjected to a constant heat flow. In the
second group, a periodic or transient heat flow is established in the
sample [2-5]. In the past, much attention has been focused on the
problems of steady state.

The earliest models for the thermal behavior of composites
assumed that the two components are both homogeneous, and
are perfectly bounded across a sharp and distinct interface. The
Maxwell solution [6] is the starting point of finding the effective
thermal conductivity of two-phase material systems, but it is only
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valid for very low concentrations of the dispersed phase. Subse-
quently, many structural models, e.g., parallel, Maxwell-Eucken [ 7],
and effective medium theory models [8], were proposed. Recently,
Samantray et al. [9] applied the unit-cell approach to study the
effective thermal conductivity of two-phase materials. Based on
the effective medium theory, Bagchi and Nomura [10] developed
a theoretical model to predict the effective thermal conductivity
of an aligned multi-walled nano-tube polymer composite. Based
on an equivalent inclusion concept, Hasselman and Johnson [11]
extended Maxwell’s theory to the systems of spherical inclusion
with a contact resistance. The idea of the generalized self-consistent
model was also developed by Hashin [12] to determine the effective
thermal conductivity of two-phase materials.

In many high-temperature situations, non-steady heat flux is
more common. Due to the complexity of non-steady loading, up
to the present time, very little work treating the non-steady effec-
tive thermal properties has been done. Photothermal techniques
have become powerful tools for the thermophysical characteriza-
tion and non-destructive evaluation (NDE) of various materials in
the past few decades. Recently, Monde and Mitsutake [3] proposed
a method for determining the thermal diffusivity of solids using an
analytical inverse solution for unsteady heat conduction. By using
modulated photothermal techniques, Salazar et al. [2] studied the
effective thermal diffusivity of composites made of a matrix filled
with aligned circular cylinders of a different material. Most recently,
Fang and Hu investigated the distribution of dynamic effective ther-
mal properties along the gradation direction of functionally graded
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materials by using the Fourier heat conduction law [4] and the
non-Fourier heat conduction law [5].

It is well known that in non-destructive evaluation, the periodic
or transient heat flow is often established at the surface of a sam-
ple, so the model of the semi-infinite structure is more practical.
However, because of the effects of the boundaries of the investi-
gated areas, the complex problems such as multiple scattering of
thermal waves resulting from the semi-infinite surface may arise.
In the past, very few investigations on the thermodynamics of
semi-infinite composites have been engaged in. Recently, Terr6n
et al. have studied the multiple scattering of a plane thermal wave
between a subsurface cylinder and the material surface theoreti-
cally and experimentally [13]. The multiple scatterings of thermal
waves between two cylinders and the semi-infinite surface [14],
between a sphere and the semi-infinite surface [15] were also stud-
ied by Terrén and his coworkers. The image method has proven to be
an efficient way used to satisfy the adiabatic boundary condition.
It has been applied to analyze the multiple scattering of thermal
waves [13-15], flexural waves [16] and shear waves [17] resulting
from semi-infinite surfaces.

Effective medium method (EMM) is a more accurate method for
evaluating the effective field and computing the effective properties
of composites with randomly distributed inclusions, and has been
successfully used in analyzing the wave field in composite materi-
als [18]. By making use of this method, an original inhomogeneous
media can be replaced by a homogeneous one with the effective
thermodynamic parameters of the former (the homogenization
problem). This substitution essentially simplifies the analysis of the
propagation of various types of waves in composite materials (non-
monochromatic waves, non-plane waves). The effective media that
is equivalent to the original composite material is a media with
space and time dispersion, and hence, its parameters are functions
of frequency of the original field. Through analyzing the non-steady
effective parameters, one can obtain the non-steady behavior of
composites under high-frequency thermal impact.

The main objective of this paper is to investigate the non-steady
effective thermal properties of semi-infinite random unidirectional
fiber-reinforced composites by using photothermal techniques. The
adiabatic boundary condition at the semi-infinite surface is con-
sidered. The effective medium method is applied to analyze the
interaction of thermal waves between the randomly distributed
fibers in the matrix. The dispersion relation for the effective wave
number in the random media is obtained. In the one-fiber problem,
the image method is employed to satisfy the adiabatic bound-
ary condition at the semi-infinite surface. Through the numerical
examples, the effects of the phase properties, the volume fraction
of fibers and the incident wave number on the non-steady effective
thermal properties are analyzed.

2. Formulation of the thermodynamic problem

Consider a semi-infinite random unidirectional fiber-reinforced
composite material, as depicted in Fig. 1. The two-dimensional
composite material is common in many previous works [19,20]. The
composite material contains a large number N of fibers embedded
in the semi-infinite matrix. The long, parallel fibers with identical
properties are randomly distributed in the matrix. For simplicity,
the discrete fibers are assumed to be fully bonded to the matrix.
Let Xg, co, po be the thermal conductivity, specific heat capacity
and mass density of the matrix, and A, ¢, p those of the fibers. The
volume fraction of fibers is denoted by V.

The global coordinate system of the semi-infinite composite
material is denoted by OXY. The sample surface is heated by an
extended light beam modulated at a frequency w. The extended
light beam can generate a plane thermal wave that propagates along
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e

Fig. 1. The incidence of extended light beam and representative volume element in
a semi-infinite random fiber-reinforced composite material.

the X direction in the material. When the thermal wave propagates
in the semi-infinite composite material, the interaction of thermal
waves between the randomly distributed fibers and the multiple
scattering resulting from the boundary of the structures give rise to
the dispersion relations for thermal waves. The propagating wave
number of thermal waves varies because of the dispersion relations,
and it is denoted as the effective wave number k.

To analyze the interaction of thermal waves between the ran-
domly distributed fibers, a microscopic representative volume
element (RVE) is proposed to represent the microstructure in the
neighborhood of a material point in the semi-infinite composite
material. For any macroscopic material point Xy near the semi-
infinite surface, the corresponding microstructural RVE contains a
number of identical fibers embedded in a continuous matrix, so
that the overall volume fraction of fibers should be consistent with
the macroscopic counterparts V;. As seen in Fig. 1, the whole RVE
domainis denoted by D, and the microscopic coordinate system OXY
is constructed with its origin at the material point Xj. In the RVE,
the effective medium method is employed to derive the non-steady
effective thermal properties and wave fields. The image method
is also combined with effective medium method to consider the
boundary effect of the semi-infinite composite.

3. Dispersion relation in RVE of semi-infinite random
unidirectional fiber-reinforced composites

In the two-dimensional case, when the inner thermal source is
omitted, the heat conduction equation in materials is expressed as:

oT(r, t)
ot ' M

where v is the nabla operator, v2=0,/0x2+02/0y? is the two-
dimensional Laplace operator, T(r,t) is the temperature in materials,
and A(r), c(r) and p(r) are the thermal conductivity, specific heat
capacity and density of materials, respectively.

The non-steady and periodical solution of the problem is inves-
tigated. Let T=Ty +Re[¥(r) exp(—iwt)], Eq. (1) can be changed into
the following equation:

AV + VAHVI(r) + iwp(r)c(r)(r) =0, 2)

AMr)V2T + VA(r) - VT = p(r)c(r)

where T is the mean temperature in materials, ¥/(r) is the amplitude
of temperature, and w is the circular frequency of thermal waves.

Suppose that A(r), ¢(r), and p(r) may be presented as the follow-
ing sums:

Mr)=Ag +AS(r), A1=A-Ag, c(ry=co+5(r), c¢1=c-co,

p(r)=po + p5(r), p1=p-Po, (3)
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Fig. 2. Schematic of the wave incidence and image method in the effective medium
with one-fiber.

where 5(r) is the characteristic function of the region s occupied by
the fibers (5(r) = 1, ifres, 5(r) =0, ifr ¢5).

From Egs. (2) and (3), the governing equation of temperature in
the RVE can be obtained:

Ao V20(r) + ipgcowd(r) = =V A E(r)s(r) — iwp ¢ O(r)s(r), (4)

where t(r) = V().

Applying the operator (Agv2 +ipgcow)~! to both sides of Eq. (4),
we obtain the integral equation for the temperature field 9(r) in the
form:

(r) = vo(r) + /[VG(r — 1A E() +iwG(r — ") prc1 9()Is(r') dr’,
’ (5)

where (1) is the temperature field that would have existed in the
medium without fibers (A =0, c=0, p=0), and s is the whole area of
the RVE. G(r) is the Green function of the operator Aqv2 +ipgCow.
Applying the image method shown in Fig. 2, it is expressed as:

i

¢ =-7

HEY(kolr1) + H§ (kolr'1)], (6)
where |r'|=(r2+4b%+4br cosf)'/2 with b being the distance
between the center of RVE and the semi-infinite edge, Hél)(~) is the
zero order Hankel function of the first kind, kg is the complex wave
number of thermal waves, and kg = (1 +i)k with k = \/ pocow/2A¢.

According to the hypotheses of EMM [17], the interaction of tem-
perature field between many fibers in the RVE can be reduced to the
one-fiber problem. This problem is the diffraction of a monochro-
matic thermal wave on an isolated fiber embedded in the effective
medium with the properties Ae, ce and pe. The effective thermal
wave field is Pe(r) = Deeilke ™20 with Ke = ken. Note that ke is the
effective wave number.

Thus, the integral equation denoted by the effective temperature
field in the one-fiber region is described as:

B(r) = De(r) + / [VGe(r — ' VeerE() + i0Ge(r — I')per ()] dr.
N (7)

Here sy is the area of the fiber cross-section, Ge(r)is the
Green function of effective medium, and Ae1 =A — Ae, Co1 =C— Ce,
Pe1 =L — Pe-

Let the general solution of Eq. (5) be known, and the temperature
field 9¥(r) inside the fiber with the center at point 1% =0 be presented
in the form:

9(r) = (Ae)(r) = A[Dee™e"], (8)

where A is a linear operator that depends on the non-steady prop-
erties of the effective temperature fields and fiber.

If the fiber occupies area Sy with the center ata pointr® = 0, one
can present the field ©¥(r) inside such an inclusion in the following
form (resp):

Hr) = A[l'sxeeike»(r—ro)eike«ro]
_ A[eike-(r—ro)]&eeike-ro :A[eike-(r—ro)]eike-(r—ro)l'%eike-r

= AV(r —10)e(r), AP(z) = Aleke?]e ke, (9)

Similarly, from t(r) = Vi¥(r), the following can be obtained:
B(r) = VA[Deetke T Deike 1] — AT(r — 10)0e(r),
Al(z) = VAleke?]eTkez, (10)

note that A?(z) and Af(z) do not depend on the position r=0 of the
center of the fiber. They can be constructed from the solution of the
one-fiber problem for the fiber centered at the point r=0.

Let us introduce random functions x?(r) and x!(r) in the 2D-
space. These functions coincide with A?(r—rt) and Af(r—r) if r
is inside the fiber centered at point ¥ (r=1, 2, 3, ...), and they are
equal to zero in the matrix. Substitution of Egs. (9) and (10) into Eq.
(5) yields the following:

o(r) = ﬁo(r)+/[VG(r—r’)Mxt(r’)z?e(r’)
So

HwG(r — 1) p1c1 xT(r)De(r)]S(r) dr'. (11)

In order to find the mean wave field, let us average both sides of
Eq. (11) over ensemble realization of the random set of fibers, and
take into account the condition of ¥e(r)=(J(r)), the following can
be obtained:

(0(r)) = 75‘o(r)+Vf/[VG(rf i AC

+iwG(r — r')p1c1 Ap[(O(r")) dr, (12)
Ay(ke) = lim 1 x?(r)dr = 1 AY(r) dr (13)
P 2-Vif2 Jg )\ Js ’
Af(ke) = lim b xH(r)dr = 1 Al(r) dr (14)
- Vi§2 [ )\ Js '

where A, and A€ are constant scalar and vector, respectively, §2
is the two-dimensional plane (x,y) in the RVE, and s is the area
occupied by the typical fiber.

Let us apply the Fourier transform to Eq. (12) and multiply the
result with Lo(k) = Aok? — ipgcow. Taking into account the equations:

Lo(k)G(k) =1, Lo(k)Vo(k) =0, (15)
the following can be obtained:

Le(k)(D(k)) =0, Le(k) = Lo(k) + ViA1ik; A°(ke) — Vepriw A p(ke)
—Viciiw A p(ke). (16)

Because the vector A€ in Eq. (16) is a function of the vector ke
only, A¢ may be written as:

AC(ke) = —ikeHc(ke), ke = |kel, (17)

where Hc(ke) is a scalar function. If the mean temperature field
(¥(r)) is a plane thermal wave ((9(r)) = UeeikeT), its Fourier
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transform is (9(k)) = (27)" ' Oed(k —

Le(Kk)§(k — ke ) =0, namely:
Le(ke) = Lo(ke) + Veh1(ke*He(ke) — Veprio A p(ke)
—Vfc1iwAp(ke) =0. (]8)

ke), Eq. (16) takes the form

This equation may be simplified as:
Le(ke)k2 — ho + VedqHe(ke),
pe(ke) = po + Vip1 Aplke). (19)

Note that Eq. (19) is the dispersion relation for the effective wave
number k. of the mean thermal wave field in the RVE.

iw[ pe(ke) + ce(ke)] =0, Ae(ke) =
Ap(ke), ce(ke) =co+ Vicy

4. The one-fiber problem and image method

By using effective medium method, the multiple scattering of
thermal waves between the random fibers in the matrix is reduced
to the one-fiber problem in the effective wave field. To solve the
multiple scattering of thermal waves around the fiber resulting
from the semi-infinite surface, the image method is used to sat-
isfy the adiabatic boundary condition at the semi-infinite surface,
as shown in Fig. 2. The radius of the cylindrical fiber is a. The dis-
tance between the semi-infinite edge and the center of the fiber is
b.

Let the effective thermal wave field be incident in the positive x
direction. The incident waves can be expressed as:

O = el o0 _ gy, Z " (k.)e" exp(—iwt), (20)

n=-o00

where ¥+ is the temperature amplitude of the effective thermal
wave field, and J,(-) is the nth Bessel function. Note that the sub-
script 1 denotes the wave field around the actual fiber, and the
superscript (i) denotes the effective incident waves.The reflected
thermal wave at the edge of the semi-infinite composite structure is
described by the virtual image fiber. For the image fiber, the incident
waves propagate in the negative x’ direction, and can be expressed
as:

ﬁ(i) — 9, ell-ker-ot) _

2% *

D, Z (k. )e exp(—iwt), (21)

n=—o0

note that the subscript 2 denotes the effective incident waves
around the image fiber.

Considering the multiple scattering of effective temperature
field between the actual and image fibers, the scattered fields of
thermal waves produced by the actual fiber are described, in the
localized coordinate system (r,0), as:

9% = ZA,,1H( J(k,r)e" exp(—iwt), (22)

n=-o00

note that the superscript (s) denotes the scattered thermal waves.

In the same way, the scattered waves produced by the image
fiber, in the localized coordinate system (/,0) of the image fiber, are
described as:

o0
19(23*) = ZAnzHgl)(k*r’)ei"G' exp(—iwt), (23)

n=-—o0

note that A,; and A,; are the modal coefficients of the scattered
waves for the actual and image fibers, respectively. They are deter-
mined by satisfying the continuity boundary conditions of the
fibers. In this paper, they are also dependent on the boundary con-
ditions at the semi-infinite surface.

Likewise, the refracted thermal waves inside the actual and
image fibers are standing waves, which can be described as:

19({*) = Z Anafn(kr)e™ exp(—iwt), (24)
n=-—o00

ﬁ(r) ZAndn(kr Yel"? exp(—iwt), (25)
n=-—o0

where A;3 and A4 are the modal coefficients of the refracted waves
for the actual and image fibers, respectively. Note that the super-
script (r) denotes the refracted waves.

Substituting Eq. (24) into Eqgs. (12), (13) and (16), the following
can be obtained:

Ap= Augn, Hc= ) Augm, (26)
n=—oo n=-—o0
21" K1 (ka)n(k Ko Jn(h I 27
8n = ' m[ Jni1(ka)n(kea) — ki Jn(ka)ni1(kea)], (27)
2i"
&in =8&n+ p- In(ka);,(k.a). (28)

According to the continuous boundary conditions of the tem-
perature and heat-flux density around the fibers, the boundary
conditions for the effective thermal waves can be written as:

31— = 9 la + 9l rma + 95 1r—a = 9 e, (29)
qr1*|r:a = qr'1*|r:a + qrsl*|r:a + qr§2*|r:a = qrq*|r:av (30)
O r—a = 09l ma + 9 lv—a + Oz = O v, (31)
0 lvma = 4%, r—a + @) lrma + 45, lvma = 403, lr—ar (32)

where 19(]2 is the total temperature field around the actual fiber, and

q(rfl)* —A*(E)z?gtj |or) is the total heat-flux density around the actual
fiber.

To make the computation tractable, the expressions of thermal
waves in the localized coordinate system (r’,6) should be translated
into the coordinate system (r,6). According to the addition theorem
of Graf [21], the following relations can be derived:

HO(kr)e™ = ™ (<1)™"H ) (2kb Y (kr)e™, (33)
m=—oo
similarly:
H{(kr)ein = Z H o (2kb)m(kr )e™'. (34)
m=—oo

The expressions of the temperature and heat-flux density are
substituted into Egs. (29)-(32). Multiplying e~s? on both sides of
Egs. (29)-(32), and then integrating over 6 € [—m,7], a set of alge-
braic equation system is obtained. After arrangement, the equations
can be simplified as:

[EN{A} = {f}, (35)

where E is a coefficient matrix of 4 x 4, and f is a vector of 4 ranks,
whose elements are shown in Appendix A. After solving the linear
equation system (35), the modal coefficients Asq, Asz, As3 and Agy
(s=0, £1, £2,...) can be obtained.

5. Determination of non-steady effective thermal
properties

According to the dispersion relation in Eq. (19), we construct
the numerical solutions of the effective thermal properties. Based
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Fig. 3. Comparison of the steady effective thermal conductivity with Hasselman and
Johnson (Ref. [11]) (A*=5.0, c*=2.0, p*=2.0, k*=0).

on Eq. (19), the numerical solutions are obtained by the iterative
procedure, i.e.

AL =20 e[ AL — Ao(1 + VEAHC(KE, AZ-1))], (36)

P8 = P31t +e[pl~1 = po(1 + Vo1 Ap(kE=T, p2=1))], (37)

=l e[l — co(1 + Vigy Ap(kE1, B 1)), (38)
1/2

n_ : chQw) __)‘71 -_ P -_C

w-a+(B5) L A-g p=tle-2 o)

where k%, A7, c and p? are the effective parameters for the nth iter-
ation, and functions Hc(ke,Ae), Ap(ke,p0e) and A p(ke,ce) are defined
in Egs. (26)-(28). Parameter &(|&| < 1) is to be chosen for conversion
of the iterative process. As an initial (zero) approximation, the static
solutions k& = (1 +2i)y/[(po + p1)Villco + c1 Vslwfas and AL =
As are applied. As is the static thermal conductivity, and is proposed
as [11]:

aVi[1+ Vip? /4] +[1 - V]
aVi(ho/M)[1+ VeB2 /4] +[1 - V] |’

where @ =3A/(A+2ko), B=(A — Xo)J(A+2X0).

As=Ao |1+ (40)

6. Numerical examples

To find the effect of the semi-infinite surface, the volume frac-
tion of fibers, the wave frequency of thermal waves, and the thermal
property contrast ratio of the two phases on the non-steady effec-
tive thermal properties of the composite, the numerical examples
are given. In the following analysis, it is convenient to make the vari-
ables dimensionless. To accomplish this step, we may introduce a
representative length scale a, where a is the radius of the reinforcing
fibers. The following dimensionless variables and quantities have
been chosen for computation: k*=kga=0.1-5.0, X* =X/a=1.0-10.0,
A*=A[Ag=0.1-10.0, c*=c/cy=0.1-5.0, and p*=p/pg=0.1-5.0. The
dimensionless effective thermal conductivity is Ai = Ae/Ag, The
dimensionless specific heat capacity is ¢ = ce/cp.

To validate this thermodynamic model, the steady effective ther-
mal conductivity of two-phase composites is given in Fig. 3. As
k* — 0, the non-steady effective thermal conductivity tends to the
steady solutions. In Fig. 3, the results obtained from the present
model, and Hasselman and Johnson [11] are plotted. Close agree-
ment is seen to exist between the two models.

When k*=0, comparison of the effective specific heat capac-
ity with the combing method is also illustrated in Fig. 4. It can

1.25 T T T T T T T T T
Present model

120 | ®—® (Combing method

-

-

(4]
1

Effective specific heat capacity
=

1.05 1

1.00 . . . . . . 1 . .
0 002 0.04 006 008 010 012 0.14 0.16 0.18 0.20

Volume fraction VJ,

Fig. 4. Comparison of the effective specific heat capacity with the combing method
under steady state (A*=5.0, ¢*=2.0, p*=2.0, k*=0).

be seen that the agreement between the two methods is very
good.

In Figs. 5 and 6, we plot respectively the non-steady effective
thermal conductivity and specific heat capacity of the semi-infinite
composite material under different dimensionless wave number as
a function of X* with parameters: A*=10.0, c*= p*=2.0 and V;=0.1.
It can be seen that the non-steady effective thermal conductivity
and specific heat capacity decrease with the increase of X*. The
maximum values of non-steady effective thermal conductivity and
specific heat capacity occur at the semi-infinite surface. The phe-
nomenon results from the multiple scattering of thermal waves
between the semi-infinite surface and the fibers. Near the semi-
infinite surface, the multiple scattering of thermal waves is strong.
With the increase of the value of X*, the diffusion of thermal waves
from the randomly distributed fibers becomes greater and greater.
So, the non-steady effective thermal conductivity decreases with
the increase of X*. Near the semi-infinite surface, the non-steady
effective thermal properties increase with the incident frequency
of thermal waves. With the increase of the value of X*, the effect of
the incident frequency of thermal waves becomes weak. It is also
clear that the greater the incident frequency of thermal waves, the

1.8 - T 1 + t T T T T
1 k'=15
14 2 =10 1
3 k=05

Fig. 5. Effect of wave frequency on non-steady effective thermal conductivity
(A*=10.0,¢*=2.0, p*=2.0, k*=0.1).
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1.20 T T T T T T T T T

I k=15
1.15 z k=10
' 3 k=05
1.10 b .
1.05 1

Fig. 6. Effect of wave frequency on effective specific heat capacity (A*=10.0, c*=2.0,
0*=2.0,V;=0.1).

greater the effect of the semi-infinite boundary on the non-steady
effective thermal properties.

Comparing the results in Figs. 5 and 6, it can be seen that the
effect of thermal wave frequency on the non-steady effective ther-
mal conductivity is greater than that on the non-steady effective
specific heat capacity.

In Figs. 7 and 8, we plot respectively the non-steady effective
thermal conductivity and specific heat capacity of the semi-infinite
composites under different volume fraction of fibers as a func-
tion of X* with parameters: A*=10.0, c*=p*=2.0, and k*=1.0. It
can be seen that the non-steady effective thermal properties near
the semi-infinite surface increase with the increase of the volume
fraction of fibers. However, when the value of X* is greater, the non-
steady effective thermal properties decreases with the increase of
the volume fraction of fibers, and the variations of them with the
volume fraction of fibers are little. This phenomenon results from
the diffraction and attenuation of thermal waves.

Comparing the results in Figs. 7 and 8, it can be seen that the
effect of volume fraction of fibers on the non-steady effective ther-
mal conductivity is greater than that on the non-steady effective
specific heat capacity.
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Fig. 7. Effect of volume fraction of fibers on non-steady effective thermal conduc-
tivity (A*=10.0, ¢*=2.0, p*=2.0, k*=1.0).
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Fig. 8. Effect of volume fraction of fibers on effective specific heat capacity (A*=10.0,
c*=2.0, p*=2.0, k*=1.0).
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Fig. 9. Effect of properties contrast ratio of the two phases on non-steady effective
thermal conductivity (k*=1.0, Vy=0.10).
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Fig. 10. Effectof properties contrast ratio of the two phases on effective specific heat
capacity (k*=1.0, V¢=0.10).
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To illustrate the effect of properties contrast ratio of the two
phases on the non-steady effective thermal properties of the semi-
infinite composite structure, Figs. 9 and 10 are plotted. It can be seen
that the non-steady effective thermal properties in the composite
structure increase with the increase of the properties contrast ratio
of the two phases. Near the semi-infinite surface, the variations of
non-steady effective thermal properties with the properties con-
trast ratio of the two phases are greater. Comparing the results in
Figs. 9 and 10, it can be seen that the effect of properties contrast
ratio of the two phases on the non-steady effective thermal con-
ductivity is greater than that on the non-steady effective specific
heat capacity.

7. Conclusion

Photothermal techniques are presented to analyze the non-
steady effective thermal properties of semi-infinite random
unidirectional fiber-reinforced composites. By using effective
medium method, the problem of random media is simplified to
the one-fiber problem, and the dispersion relation in the semi-
infinite random composites is obtained. The one-fiber problem is
solved by employing the wave function expansion method and the
image method. The numerical examples of the non-steady effective
properties of the semi-infinite composite structure are graphically
presented. The satisfactory agreement with the static solution has
been observed.

It has been found that the non-steady effective thermal con-
ductivity and specific heat capacity decrease with the increase of
X*. The maximum values of non-steady effective thermal conduc-
tivity and specific heat capacity occur at the semi-infinite surface.
The greater the incident frequency of thermal waves, the greater
the effect of the semi-infinite boundary on the non-steady effective
thermal properties. With the increase of the value of X*, the effect of
the incident frequency of thermal waves becomes weak. The non-
steady effective thermal properties near the semi-infinite surface
increase with the increase of the volume fraction of fibers and the
properties contrast ratio of the two phases. Near the semi-infinite
surface, the variations of non-steady effective thermal properties
with the volume fraction of fibers and the properties contrast ratio
of the two phases are greater. Through comparison, it is also found
that the effects of wave frequency, the volume fraction of fibers
and the properties contrast ratio of the two phases on the non-
steady effective thermal conductivity are greater than that on the
non-steady effective specific heat capacity.

Appendix A.

The elements of coefficient matrix E and vector f are given by:

EM = HV(k,a), (A1)
E2 - Z (=1)""HD (2kb)s(k.a), (A2)
E® = Js(ka), (A3)
E% =0, (A4)
f1=-iJs(k.a), (A5)

k.
B = 5 [H (kua) — HY, (k)] (A6)
> 3 k.
B2 = ) " (<) "H 2k 5 Us-1 (k) = Jsia (o)), (A7)
n=—o00
Aok
E? = 2= sa(ka) — Jora (ka)], (A8)
E24 _ 0, (A9)
f? = =2 Usa(kea) = Jspa (kea)], (A10)
E3 = Z H (2kb)Js(k.a), (A11)
n=-—o00
E32 = HY(k,a), (A12)
E¥_0, (A13)
E3* = Jy(ka), (A14)
f3 _ —iisjs(k*a), (A]S)
= Tk
B = ) " HO(2kb) = s (k) — Joa (o)), (A16)
n=-—o0
Ak
E2 = 22 (HY (kaa) - HY, (k@) (A17)
E¥ =0, (A18)
Aok
E* = 22 Us-1(ka) = Joua (ka)], (A19)
s Ay
=72 o (k) ~ Jsaa(kia)]- (A20)
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