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a b s t r a c t

The possibility of applying the Weibull mixture model for the fitting of the non-isothermal conversion
data for the combustion process of animal bone samples has been investigated. It has been found that the
conversion data at the different heating rates for the investigated samples, can be successfully described
by the linear combination of few Weibull distribution functions. An optimal fitting of the conversion
data has been obtained by a mixture of three Weibull distribution functions. It was established that the
eywords:
one
ombustion
eibull mixture model

pparent activation energy

conversion curves calculated by the proposed model, are in good agreement with the raw conversion data
of the investigated bone samples. The alterations of distribution parameters in the Weibull mixture model,
indicate a probably change of the kinetic nature of the particular reaction stage. A model with a continuous
distribution of the apparent activation energies (Ea) can adequately represents the individually stages
of the complex combustion process. The characterization of the estimated distribution curves, enable us
to receive the additional information’s about the kinetic behaviour of individual reaction stages, which

the re
does not attainable from

. Introduction

Bone is a composite material comprised of an organic matrix
nd an inorganic crystalline mineral component. The mineral
omponent has a structure which is related to that of the min-
ral hydroxyapatite (Ca10(PO4)6(OH)2, HAP). On heat treatment of
one to high temperatures, the organic components of bone are
emoved through combustion and the inorganic component under-
oes recrystallization and thermal decomposition.

In our previous paper [1] we are investigated the non-isothermal
ombustion process of animal (bovine) bones in air atmosphere.
he full kinetic triplet (pre-exponential factor (A), apparent activa-
ion energy (Ea) and function of reaction mechanism (f(˛)) for the
nvestigated process was established [1]. It was found that the com-
ustion process of bone sample is a complex one, which exhibits
hree reaction stages (designated as stage I, II and III), with the dif-
erent kinetic mechanisms. In addition, because the compensation
oefficients corresponding to the all three reaction stages are dif-
erent, it was concluded that the considered reaction stages cannot

e unified by simple kinetic model [1].

In present paper, the possibility of applying the Weibull mix-
ure model for fitting of the non-isothermal kinetic conversion
urves for the investigated combustion process was established.

∗ Corresponding author. Tel.: +381 11 2187 133; fax: +381 11 2187 133.
E-mail address: bojanjan@ffh.bg.ac.rs (B. Janković).

040-6031/$ – see front matter © 2010 Elsevier B.V. All rights reserved.
oi:10.1016/j.tca.2010.04.005
sults of conventional kinetic analysis.
© 2010 Elsevier B.V. All rights reserved.

The mixed Weibull distribution provides a flexible model to ana-
lyze the possible changes in the rate-limiting step (for example,
from autocatalytic to nth order reaction) of complex heterogeneous
process. The observed changes in the rate-limiting step of consid-
ered complex process can be easily detected from the alteration of
shape parameter in the Weibull mixture model.

In this paper, mixtures of three Weibull distributions are applied
in the context of modelling the kinetic data for combustion process
of animal bone samples.

The non-isothermal conversion (˛ − T) curves can be obtained
through the non-isothermal analysis. Different authors have stated
that the use of the differential conversion (d˛/dT − T) curves instead
of the conversion curves makes easier the identification of the
kinetics [2–4], mainly because small changes in the conversion
curves are magnified in the corresponding differential conversion
curves. Also, the small errors in the conversion curves are magnified
in the differential conversion curves. There are some high fluctua-
tions in the differential conversion curves, and some filtrations of
the data are needed for smooth curves. A large number of smooth-
ing algorithms have been developed, ranging from a polynomial
algorithm to the Gaussian smoothing algorithm [5–7]. The kinetic
analysis of complex reactions, such as overlapping reactions, has

received the attention of a great number of authors [8–10]. Over-
lapping reactions could be detected looking at the dependence of
the apparent activation energy (Ea) on the extent of conversion (˛)
[11]. To separate the individual steps of complex processes, many
methods have been proposed [12–17].

http://www.sciencedirect.com/science/journal/00406031
http://www.elsevier.com/locate/tca
mailto:bojanjan@ffh.bg.ac.rs
dx.doi.org/10.1016/j.tca.2010.04.005
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Table 1
Values of bone sample mass before and after of annealing procedure performed at the different temperatures: T = 400 ◦C, 500, 600, 700, 800 and 900 ◦C.

Bone samples Initial mass (g) Mass after 4 h of annealing at
contributed temperature (g)

Mass (%)

Raw bone 70.00 70.00 100
Bone T = 400 ◦C 70.00 48.50 69.28
Bone T = 500 ◦C 70.00 47.15 67.35
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Bone T = 600 C 70.00
Bone T = 700 ◦C 70.00
Bone T = 800 ◦C 70.00
Bone T = 900 ◦C 70.00

Concerned about overcoming the smoothing problem when
nalyzing the non-isothermal data and problem of clearly sep-
rating of individual reaction steps in the complex process, in
his paper we aim to show a statistical method to model the
on-isothermal kinetic conversion data of bone combustion, by
he linear combination of few Weibull distribution functions. The

eibull distribution’s popularity resulted from its ability to be used
ith small data sets and its flexibility. Example of the above state-
ent was given by Kolar-Anić et al. [18,19], which applied the
eibull distribution function for the kinetically explanations of

ifferent heterogeneous processes.
The mixed Weibull distribution is a probability mixture of

eibull distributions which differ in scale and/or shape parame-
er. Titterington et al. [20] point out that the mixture distributions
ave been used as models throughout the history of modern statis-
ics and give a detailed list of references on applications of mixture

odels. Jiang [21] gives a detailed literature review on Weibull mix-
ure models. Also, the application of mixed Weibull distributions
an also be seen in works of Lancaster [22] and Lindsay [23]. Cai and
iu [24], applied the Weibull mixture model for the kinetic curves
escription of an epoxy-hexahydrophthalic anhydride degrada-
ion and the thermal decomposition of foamed polyurethane in air
tmosphere. Also, Cai and Alimujiang [25] are used the Weibull and
ogistic mixture models for fitting the kinetic conversion data cal-
ulated from thermogravimetric (TG) measurements, during wheat
traw oxidative pyrolysis. The statistical results showed that the

eibull mixture model fitted the experimental data better than
he logistic mixture model and can accurately reproduce the kinetic
onversion data.

In this paper, the mixed Weibull distribution model was applied
or modelling the kinetics of non-isothermal combustion process of
nimal bone samples.

. Experimental procedure

.1. Bone samples

The sample used in this study originated from bovine (femur)
ones. Bones were cleaned from meat, cut into smaller pieces,
oiled in distilled water in order to remove fat and subsequently
ried in the oven at 80 ◦C. Fraction of particle size 45–200 �m,
btained by milling and sieving, was used for the TG–DTA measure-
ents. The details about sample preparation and characterization

re published elsewhere [26].

.2. Thermal measurements

Simultaneous differential thermal analysis (DTA) and ther-

ogravimetric analysis (TGA) were performed on STA-1000

imultaneous Thermal Analyzer, Stanton Redcroft, UK. The bone
amples with approximately m ≈ 5–10 mg were heated at three dif-
erent heating rates ˇ = 2.5, 5 and 20 ◦C min−1, in air atmosphere (air
ow ϕ = 20 ml min−1) in the temperature range of �T = 20–650 ◦C.
45.29 64.70
44.56 63.65
43.16 61.65
42.85 61.21

Table 1 shows the results of residual mass of bovine bone sam-
ples (including the raw bone sample) after 4 h of annealing at the
six different temperatures (T = 400, 500, 600, 700, 800 and 900 ◦C).

It can be observed from Table 1 that the mass of bone sam-
ple (starting from the raw bone sample) manifests the progressive
decreasing with increasing of temperature. At the higher anneal-
ing temperature (T = 900 ◦C), the value of mass loss is the largest
(Table 1). These results are in good agreement with mass loss val-
ues detected from the experimentally obtained thermogravimetric
(TG) curves of the investigated bone samples [1] at the considered
temperatures (Table 1).

3. Weibull mixture model

The model proposes decomposition of a non-isothermal conver-
sion curve into several Weibull distribution functions, assuming
that decomposition kinetics of each component of the sample is
represented by one or the sum of few functions. Even in the case of
homogeneous materials, it is supposed that several different struc-
tures may exist, each one following its specific kinetics that may be
different from the others [15,16].

In this mathematical model, it is assumed that a kinetic conver-
sion curve may be fitted by one or the linear combination of few
Weibull distribution functions:

˛(T) ≡ F(T) =
m∑

i=1

wi

(
1 − exp

[
−
(

T − T0

vh�i

)ˇi
])

(1)

where i = 1, 2, . . ., m represent different components from the
kinetic conversion process, not necessarily different chemical
compounds, F(T) is the cumulative probability function of the
Weibull m-mixture (where ˛(T) is the extent of conversion under
non-isothermal conditions, identical to F(T)), T is the tempera-
ture (T ≥ T0, T0 is the onset temperature of the process and acts
as the location parameter of the Weibull distribution function),
wi stands for the weight of the ith component of the Weibull
mixture model, �i is the scale parameter of the ith Weibull dis-
tribution function, where �i > 0, ˇi is the shape parameter of the
ith Weibull distribution function, where ˇi > 0, and vh is the lin-
ear heating rate. According to the dimensional analysis, ˇi is
expressed in dimensionless, and �i is expressed in min. If the
components follow the Weibull distribution, the investigated sys-
tem would follow the proposed Weibull mixture model allowing
positive weights. In addition, Eq. (1) can be shortly written as
MW(m, ˇ, �, w1, . . . , wm−1). A pure Weibull distribution (m = 1)
is denoted by W(ˇ, �).

When T → ∞, the value of ˛(T) function has to tend to 1. There-
fore, from Eq. (1), the following relation can be obtained:

m∑

i=1

wi = 1 (2)

Additionally, the reaction rate of the Weibull m-mixture model pro-
cess can be given by the first derivative of Eq. (1) with respect
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o temperature. The obtained function represent, the continuous
robability density function (p.d.f.) of reaction temperatures at a
iven heating rate of the system. In that case, the following relation
s valid:

d˛

dT
≡ f (T

∣∣ˇi; �i ) =
m∑

i=1

wi
ˇi

�ivh

[
T − T0

�ivh

]ˇi−1
exp
[
−
(

T − T0

�ivh

)ˇi
]
(3)

here constants ˇi and �i stand for Weibull shape and scale param-
ters of the component densities. They are limited according to the
haracteristics of the Weibull distribution ˇi > 0 and �i > 0 for i = 1,
. ., m.

.1. Estimation of distribution parameters

For fitting the non-isothermal conversion data with Weibull
ixture model, some estimation of the parameters in Eq. (1) is

eeded. To evaluate the parameters, the residual sum of squares
f deviations of actual and calculated values is commonly used. It
s defined by the following equation [27]:

SS =
n∑

j=1

(˛ac,j − ˛calc,j)
2 (4)

here ˛ac,j is the actual value of the extent of conversion in the data
oint j, ˛calc,j is the value calculated from Eq. (1) in the correspond-

ng point, and n is the number of data points.
There are a number of algorithms for minimizing the Eq. (4)

nabling us to find best values of the parameters. The fundamen-
als of the optimization methods were described in detail form by
ongen et al. [28]. In this study, the Levenberg–Marquardt method
as been used for the calculation of the values of the parameters
hat minimize Eq. (4). This method represent non-linear optimiza-
ion, which minimizes the function that is a sum of squares of
on-linear functions. Many methods use the gradient of the func-
ion to be minimized. From the mathematical point of view, the
evenberg–Marquardt method uses a Jacobian instead of gradient
29].

For performing the Levenberg–Marquardt method, either gen-
ral purposed mathematical software or a computer program
eveloped in any programming language is used. In this study, the
riginLab 8.5® software (Advanced Visual Version (C++) (AVVC))
rogram has been employed for performing the ideal optimization
rocedure.

One of the problems that appear when using the method is to
hoose some initial values for the parameters to estimate [15]. One
f the easier method for estimation of the Weibull model param-
ters, represents the double logarithmic plot (DLP) method or the
eibull probability plot method. In that manner, we have proposed
method based on the idea of assuming that the data follow one
eibull distribution function (see Eq. (1)). In that sense, we use the

inear form of Eq. (1) (‘lnln’ plot), given by the following relation:

n[− ln(1 − ˛(T))] = ˇ ln
(

1
�

)
+ ˇ ln

[
T − T0

vh

]
(5)

he values of distribution parameters ˇ and � would be obtained
rom the slope and the intercept of the plot of ln[−ln(1 − ˛(T))] vs.
n[(T − T0)]/vh.

. Distributed activation energy model (DAEM)
The distributed activation energy model (DAEM) has been
roved successful in describing the decomposition kinetics of var-

ous complex materials, such as coal [30] and oil shale [31]. The
odel assumes that the distribution of reactivity can be described
Fig. 1. Overlay of the raw data, the Weibull 3-mixture curve-fitting and the sin-
gle model components obtained by the fitting procedure, in the case of the bone
combustion process in air atmosphere at 2.5 ◦C min−1.

by a set of independent and parallel reactions, each with its
own pre-exponential factor and the apparent activation energy.
Usually, it is further assumed that all reactions share the same pre-
exponential factor, so the reactivity distribution is represented by
a continuous distribution of the apparent activation energies [32].
Therefore, the corresponding model of reactivity and the kinetic
parameters will fit a larger range of reaction temperatures than the
single reaction model [32].

Previous studies assumed only a Gaussian distribution of the
apparent activation energies [33–36]. However, this assumption
may be questionable when the apparent activation energy values
are widely distributed, in which case the pre-exponential fac-
tors do not necessarily remain constant [37]. In this work, the
Miura’s [38,39] computational procedure was used to estimate the
distribution function g(Ea), which is obtained by the differentia-
tion of the ˛(Ea) function with respect to the apparent activation
energy:

g(Ea) = d˛(Ea)
dEa

(6)

The ˛(Ea) function, that relates the total extent of conversion
with the apparent activation energy, is calculated from the exper-
imental data of ˛ vs. T; the Arrhenius (kinetic) parameters are
calculated for each conversion at the different heating rates [1].
It can be pointed out, that Braun and Burnham [40] clarified
that the conversion-dependent Ea values obtained by Friedman’s
isoconversional method [2] result from the distribution of the
apparent activation energy. This is the correct interpretation
because conversion-dependent Ea values actually are obtained by
Friedman’s method when Ea is assumed to be a function of ˛ [1].

5. Results and discussion

The experimental conversion data of combustion process of
bone sample was obtained from our previous paper [1], based
on the thermogravimetric (TG) measurements. The experiments
were performed using a linear heating regime, at the different
rates (vh = 2.5, 5 and 20 ◦C min−1) in air atmosphere. The realised

experiments are showed that the investigated combustion process
of bone samples occurs through the three reaction stages, giving a
complex conversion curve at all heating rates (Figs. 1–3).

The best fitting of experimental results was obtained with three
Weibull distribution functions at all heating rates, and consider-
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Fig. 2. Overlay of the raw data, the Weibull 3-mixture curve-fitting and the sin-
gle model components obtained by the fitting procedure, in the case of the bone
combustion process in air atmosphere at 5 ◦C min−1.
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ig. 3. Overlay of the raw data, the Weibull 3-mixture curve-fitting and the sin-
le model components obtained by the fitting procedure, in the case of the bone
ombustion process in air atmosphere at 20 ◦C min−1.

ng the residual standard error, a higher number does not improve
ignificantly the quality of the fitting.

The estimated parameters are listed in Table 2. From Table 2,

e have that ˇ1 > ˇ2 < ˇ3 and �1 < �2 > �3 at all heating rates, which

ndicates that the reaction mechanism for the second stage of
he investigated process is significantly different from the others.
his statement is confirmed in our previous paper [1]. Figs. 1–3
how the overlay of the raw data, the Weibull mixture curve-

able 2
alues of the parameters of the Weibull mixture model obtained in the case of three-stag

Heating rate, vh (◦C min−1) Stage Components

2.5
I 1
II 2
III 3

5
I 1
II 2
III 3

20
I 1
II 2
III 3

a Residual sum of squares.
Fig. 4. The comparison of the experimentally obtained non-isothermal rate curve
(d˛/dT against T) (symbol �) and the calculated rate curve using Eq. (3) (the prob-
ability density function), which represents the Weibull 3-mixture curve-fitting for
the investigated bone combustion process.

fitting, and the single model components obtained by the fitting
procedure.

It can be seen from Figs. 1–3 that a good match between the
experimental data and the fitted model can be obtained. It was
concluded [1] that the first, second and third stage corresponds to
the dehydration, degradation and combustion processes, respec-
tively. The first reaction stage can be described by the reaction
model, which contains competing reactions with different values of
the apparent activation energy [1]. In addition, it was established,
that the autocatalytic two-parameter Šesták–Berggren (SB) model
can best describes the second stage of the investigated process [1].
The complexity of the investigated process can be easily verified by
comparing the experimental rate curves in the form of d˛/dT vs. T
and the numerically evaluated rate curves, using Eq. (3) and results
from Table 2, which represent the Weibull 3-mixture curve-fitting
approach.

The Weibull mixture model [41,42] can be used for smoothing
procedure of the differential conversion data obtained by experi-
mental means [24,25].

Fig. 4 shows the comparison of the experimentally obtained
non-isothermal rate curve (d˛/dT against T) and the calculated
rate curve using Eq. (3) (the probability density function), which
represents the Weibull 3-mixture distribution model, with corre-
sponding parameters from Table 2. The comparison is achieved at
the heating rate of vh = 2.5 ◦C min−1. It can be seen from Fig. 4, that

the excellent agreement exists between the observed reaction rate
curves expressed as d˛/dT vs. T at the considered heating rate. The
similar results are obtained for the other values of heating rates
(for vh = 5 and 20 ◦C min−1). Making use of the data fitted by the
Weibull mixture model, some data required for the isoconversional

e combustion process of the bovine bone samples.

ˇi �i (min) wi RSSa

1.61708 69.58942 0.80112
0.019510.41397 3504.38223 0.10125

4.12863 124.06948 0.09763
1.27143 55.95971 0.72563

0.025420.32684 6340.47059 0.17110
3.62939 65.06181 0.10327
1.49098 13.66867 0.70445

0.003350.44882 315.45741 0.18524
3.78333 14.19446 0.11031
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Table 3
Values of the polynomial coefficients evaluated for the second (II) reaction stage of the bone combustion process at the different values of heating rates: vh =
2.5, 5 and 20 ◦C min−1.

vh (◦C min−1) c0 c1 c2 c3 c4 c5 Ra

k
o
e
d

c
e
k
d
t
d

w
a

v

I
o

v

F
a

2.5 −0.02496 0.31614 −1.56517
5 −0.00763 0.01501 0.23832

20 0.13272 −2.38266 14.06323

a Linear correlation coefficient.

inetic analysis, such as ˛ vs. T˛ or (d˛/dT) vs. 1/T˛ (Fig. 4), can be
btained. Based on the fitting of Weibull mixture model, the appar-
nt activation energy values (Ea) can be calculated using Friedman’s
ifferential isoconversional method [43].

Mathematical descriptions of the various types of reaction pro-
ess are available. The experimental data of the non-isothermal
xperiment can be fitted to the most appropriate form and the
inetic parameters deduced via mathematical manipulation of the
ata. The empirical kinetics can be used to describe a process when
he aim is to utilize the model as a predictive tool rather than to
etermine the reaction mechanisms [44].

An alternative empirical method use the polynomial function
ith a suitable number of terms to approximate the kinetic function

s in Eq. (7):

h
d˛

dT
= c0˛p + c1˛p+1 + c2˛p+2 + . . . (7)
f we extricate the term c0˛p from the right-hand side of Eq. (7), we
btain the following equation:

h
d˛

dT
= c0˛p

(
1 + c1

c0
˛ + c2

c0
˛2 + . . .

)
(8)

ig. 5. The comparison of experimentally obtained rate curves and corresponding 5th ord
t the considered heating rates.
4.49317 −5.92300 2.76389 0.99740
0.57685 −2.26665 1.48533 0.99723

−30.81616 28.95851 −9.98083 0.99545

However, Eq. (8) can be reduced to a simpler expression as:

vh
d˛

dT
∝ ˛m(1 − ˛)n (9)

which represents the empirical two-parameter autocatalytic
Šesták–Berggren reaction model. The exponent n is normally an
integer for simple reactions ranging from 0 to 3 and refers to the
number of molecules involved in collisions that lead to a reaction.
In contrast to homogeneous reactions, for heterogeneous reactions
fractional reaction orders are often observed. Fractional orders sig-
nify complexity of the process and that the chosen model is thereby
empirical. For the second stage of bone combustion process, the
value of n higher than 3 (n > 3) was obtained (n = 3.22) [1]. This result
indicates a more complex degradation process of organic phase in
the investigated bone sample.

Fig. 5 shows the comparison of the experimentally obtained rate
curves and corresponding 5th order polynomial fits for the second
stage of bone combustion process at considered heating rates.
It can be seen that exist very good agreement between the
experimentally obtained and polynomial expressed reaction rate
curves for the second reaction stage. The corresponding polynomial
coefficients evaluated for the second reaction stage at considered
heating rates are presented in Table 3.

er polynomial fits for the second (II) stage of the bone sample combustion process
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Table 4
The values of the apparent activation energy (Ea) calculated from the Kissinger equa-
tion, using the values of Tmax determined from the experimental TG–DTA curves [1]
and from the Eq. (11) using the values of Tmax(W) in Eq. (10), for the corresponding
reaction stages of bovine bone combustion process.

Reaction stage Bovine bone sample

Ea (kJ mol−1)a Ea (kJ mol−1)b

I 53.7 ± 0.7 54.3 ± 1.4
II – –
III 138.6 ± 1.9 115.6 ± 0.8

vation energies (Ea) can be attributed to the existence of pore size
distribution in the investigated bone samples [1]. Further increas-
ing of ˛ leads to the lowering the energy barrier (from ˛ = 0.20 to
˛ = 0.70), where the apparent activation energy value decreases. In
ig. 6. The Kissinger plots of ln(vh/T2
max(W)

) vs. 1/Tmax(W) for the first (I) and third (III)
eaction stage of the bone combustion at the considered heating rates (R ≡ linear
orrelation coefficient).

These results confirm that the reaction model expressed
hrough the autocatalytic kinetic equation (Eq. (9)) is the best
eaction model for describing the degradation process of organic
omponents (mainly collagen) in bone sample [1].

The third reaction stage corresponds to the combustion process
f the organic components, which arise from the degradation of
ollagen molecule. This reaction stage can be best described by an
th reaction order (ROn) model with n = 1.5 (vhd˛/dT∼(1 − ˛)1.5)
1].

The value of maximum temperature, which corresponds to the
aximum rate, can be obtained when the first derivative of Eq. (3)

s equal to zero, and this value is given by the following relation:

max(W) = vh�

(
ˇ − 1

ˇ

)1/ˇ

+ T0 (10)

here we assumed that Tmax(W) value follow one Weibull distri-
ution function. Values of Tmax(W) calculated at particular heating
ate (Eq. (10)), can be used for calculation of the apparent activation
nergy (Ea) for corresponding reaction stages of bone combustion
rocess. The Kissinger equation [45] in which temperature Tmax(W)

s defined from Eq. (10), enable us to calculate the value of Ea as

n

(
vh

T2
max(W)

)
= ln(Cf ) − Ea

RTmax(W)
(11)

here vh is the heating rate, Cf is the constant and Ea is the value
f the apparent activation energy for corresponding values of the
aximum temperature (Tmax(W)).
The Kissinger plots (Eq. (11)) obtained for the first and third reac-

ion stage of bone sample, with corresponding linear correlation
oefficient values (R), are presented in Fig. 6.

Table 4 shows the values of the apparent activation energy (Ea)
alculated from the experimental TG–DTA curves [1] and from Eq.
11) using the values of Tmax(W) in the Eq. (10), for the first and third
eaction stage of the investigated bone samples.

We can see from Table 4, that the values of Ea for the first reaction
tage are in good agreement. However, if we look at Fig. 6, we note
hat the linear correlation coefficient is very poor (R = −0.91202).
herefore, the value of Ea resulting from the Eq. (11) for Tmax(W)
alues calculated using Eq. (10) should not be considered as a

eliable value. On the other hand, the value of the linear correla-
ion coefficient for third reaction stage (Fig. 6) is quite satisfactory
R = −0.99474), but the value for Ea obtained using Eq. (11) differs
ignificantly from the value of Ea calculated from the experimental
G–DTA curves [1]. The reason for these differences in the values of
a Ea value calculated from the Kissinger equation, using the values of Tmax deter-
mined from the experimental TG–DTA curves [1].

b Ea value calculated from the Eq. (11), using the values of Tmax(W) determined
from Eq. (10).

Ea lies in the appearance of the second term in Eq. (10) (the onset
temperature, T0). Namely, the corresponding value of the onset
temperature can, to the implicit way, bring the significant error
in calculating Ea using Eq. (11). Thus, Eq. (11) is not suitable for
the calculation of Ea values due to uncertainty in the Tmax(W) val-
ues. Another reason for these differences in the values of Ea may
come from the strong influence of heating rate on the values of
distribution parameters (ˇ and �) (Table 2). This influence can be
eliminated in the procedure of determining the values of distribu-
tion parameters, for the case of introduced approximation when
the heating rate approaches zero [46].

Fig. 7 shows the plotting of the ˛(Ea) function, which is derived
using the Friedman’s isoconversional method, where the proce-
dure is based on the Weibull 3-mixture curve-fitting approach
(Figs. 1–4).

It is observed that as the conversion increases (from ˛ = 0.05
to ˛ = 0.15), the energy barrier that must be surpassed is higher.
This result due to the water molecules which are strongly bounded
in bone structure, and in such a manner the higher value of Ea is
needed for their liberation. It was found that the obtained values of
Ea (from Ea = 70.2 kJ mol−1 to Ea = 93.3 kJ mol−1) can be attributed to
the liberation energy of bulk water which fills the pores of the calci-
fied matrix [1]. These values of Ea are much higher than values of Ea

needed for the pure desorption of water molecules from the bone
surface. The observed relatively wide range of the apparent acti-
Fig. 7. The total extent of conversion (˛) as a function of the apparent activation
energy (Ea) derived from the Friedman’s isoconversional method using the Weibull
3-mixture curve-fitting approach, for the bone combustion process in air atmo-
sphere.
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Fig. 8. Distribution function of the apparent activation energy (g(Ea)) for the

his step, the degradation process of organic components (mainly
ollagen) is evident [1]. From ˛ = 0.75 up to ˛ = 0.95, the slightly
igher energy barrier occurs, which lead to the increasing of the
pparent activation energy value (Fig. 7).

Fig. 8 shows the distribution curves of the apparent activa-
ion energy values of the considered bone combustion process. As
hown, they do not resemble a Gaussian curve proving the disad-
antage of assuming ‘a priori’ forms for the g(Ea) function.

It can be seen from Fig. 8, that the obtained g(Ea) function for the
rst reaction stage exhibits asymmetrical behaviour with clearly
efined maximum at Ea = 212.4 kJ mol−1 for ˛ = 0.15. From this
esult, it is evident that the first reaction stage cannot be approx-
mated by the symmetrical bell-shaped Gaussian distribution. In
ddition, the distribution curve is denser for the higher values of
he apparent activation energy (for Ea > 120 kJ mol−1 (Fig. 8)), which
epresents a result in the agreement with a heavier liberation of
ater molecules (see above discussion).

Finally, Fig. 8 compares the corresponding distribution curves
or the second and third reaction stage of bone sample.

From the presented figure, we can observe that the shapes of dis-
ribution functions are significantly different, which indicates that
he second and third reaction stage of investigated bone samples
re governed by the different reaction mechanisms. The distribu-
ion function for the second reaction stage exhibits maximum at
he exactly of Ea = 94.5 kJ mol−1 for ˛ = 0.55, while the distribution
unction for the third reaction stage exhibits maximum value at
he exactly of Ea = 100.5 kJ mol−1 which corresponds to the con-
ersion value of ˛ = 0.85. Namely, this behaviour is an evidence

f multi-steps reactions and the consequently changing of the
eaction mechanisms at the selected conversion range. The con-
rmation of these results using the conventional kinetic analysis

s given in our previous paper [1]. Generally speaking, the estab-
ished model gives a very good approximation of the temperature
(I), second (II) and third (III) reaction stage of the bone combustion process.

range where the investigated combustion process will take place
even now at the higher heating rates (vh = 20 ◦C min−1).

The main advantage of the proposed Weibull mixture model for
modelling the kinetics of non-isothermal combustion process of
animal bones is that the model can be determined by relatively few
parameters. The shape parameter (ˇ) should indicates the kinetic
pattern of the process within a limited range of temperatures (refer-
ring to the individual reaction stages). The established distribution
parameters in the considered Weibull mixture model, enable us
that from the fitted data, we can evaluate some data required for
the isoconversional kinetic analysis.

6. Conclusions

In this paper, we were applied the statistical method to opti-
mize the fitting of the kinetic conversion data for animal bone
combustion process, by the linear combination of the few Weibull
distribution functions. The separation into single functions pro-
vides an approach to separate the different reaction stages, because
every reaction stage was characterized by one Weibull distribu-
tion function with specific values of distribution parameters (ˇi,
�i). The alterations of distribution parameters in the Weibull mix-
ture models, indicates a probably change of the kinetic nature of
the particular reaction stage.

A model with a continuous distribution of the apparent acti-
vation energy can adequately represent the individually stages of
complex bone combustion process. From the characterization of
the estimated distribution curves, we can bring some important

conclusions about the kinetics of the considered bone combustion
process.

The calculated distribution parameters in the Weibull mixture
model, enable us that from the fitted data, we can evaluate some
data required for the isoconversional kinetic analysis.
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30] M. Güneş, S. Güneş, Energy Source A: Reco. Utiliz. Environ. Effects, 27 (8) (2005)

749–759.
31] H.J. Schenk, V. Dieckmann, Marine Petrol. Geol. 21 (2004) 79–95.
32] A.K. Burnham, R.L. Braun, Energy Fuels 13 (1999) 1–22.
33] M.J. McGuinness, E. Donskoi, D.L.S. McElwain, Appl. Math. Lett. 12 (1999) 27–34.
34] C.C. Lakshmanan, M.L. Bennett, N. White, Energy Fuels 5 (1991) 110–117.
35] A.K. Burnham, M.S. Oh, R.W. Crawford, Energy Fuels 3 (1989) 42–55.
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