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1. Introduction

The feasibility of measuring the thermal conductivity («), thermal diffusivity () and specific heat (c,) of
an aqueous gel noninvasively by nuclear magnetic resonance (NMR) imaging is presented. NMR images
acquired with high spatial and temporal resolutions provide the means for a direct evaluation of Fourier’s
heat conduction relation and the simultaneous measurement of , @ and ¢, in a single experiment. An
aqueous gel is heated by a diode laser absorbed in a silicon wafer providing a planar constant heat
flux boundary condition, and the subsequent spatial and temporal variations of temperature in the gel
are measured by changes in the water proton resonance frequency and consequent nuclear spin phase
shifts in gradient echo images. The evaluation of the spatial and temporal variations of temperature
yields the diffusion length and thermal diffusivity, the ratio of nuclear thermal coefficient to the thermal
conductivity; and the temporal variation of the spatially averaged nuclear spin phase shift yields the ratio
of heat capacity to the nuclear thermal coefficient. The temporal trajectory of the diffusion length (1) is
found to be independent of heat flux (fy). Furthermore, a direct evaluation of nuclear spin phase shift
gradients corresponding to long times and short distances from the heat flux boundary directly yields
the ratio of nuclear thermal coefficient to the thermal conductivity per Fourier’s heat conduction relation.

© 2011 Elsevier B.V. All rights reserved.

ature differential scanning calorimetry (MTDSC) [5,6], the thermal
diffusivity is often measured by a thermal pulse method [7] and

The measurement of thermal properties of hydrated substances
is important in many fields including materials science, food sci-
ence, biology and medicine. Measurement techniques in thermal
science have focused mainly on calorimetry [1,2] and thermal
transport properties [3] which have a wide range of applications.
There have been many advances and variations in the methods
used for the measurement of specific heat, thermal diffusivity and
thermal conductivity depending on the experimental and ther-
modynamic conditions. The specific heat is mainly measured by
differential scanning calorimetry (DSC) [4] and modulated temper-
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the thermal conductivity is measured by a transient hot wire
(THW) technique [8,9] or a transient hot disk or transient plane
source (TPS) instrument [10]. However, all of these methods rely
on the measurement of temperature at the contact surface or at
a finite distance, and they do not detect the temperature gradi-
ents through the volume of a substance. Moreover, in substances
with low thermal conductivity, the diffusion length for heat is small
and temperature gradients form over a short distance, which leads
to further limitations for invasive measurements of the tempera-
ture gradients. A non-invasive measurement of thermal properties
using nuclear magnetic resonance (NMR) imaging may thus find
novel and practical applications. NMR images can be acquired from
proton-rich materials with high spatial and temporal resolutions
and thus can provide the means for the simultaneous measurement
of thermal conductivity («), thermal diffusivity (o) and specific heat
(cp) in a single experiment using Fourier’s heat conduction rela-
tion. NMR can directly map thermal gradients in aqueous media
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and the temporal evolution of temperature gradients can be mea-
sured noninvasively accurately using Fourier’s relation. We have
previously demonstrated NMR methods for the measurements of
thermal conductivity [11,12], thermal diffusivity [13-15] and spe-
cific heat [16,17] in liquids. Here, we demonstrate an NMR method
to measure all three simultaneously in an aqueous gel using a diode
laser and a silicon wafer as a planar heat source.

2. Theory

When a thermal flux is maintained at the surface of a station-
ary substance, a temperature gradient is formed in the direction
perpendicular to the plane of thermal flux. The thermal flux is
proportional to the temperature gradient through the thermal con-
ductivity by Fourier’s relation as

f=—«VT (1)

where f is the thermal (heat) flux, « is the thermal conductivity
and vT is the temperature gradient [18,19]. The heat increases the
temperature of the material and in water this changes the effective
nuclear shielding of the hydrogen nuclei (protons) [20,21] causing
a shift in the proton resonance frequency.

The spatial variation of nuclear shielding (o) can be related to
the spatial variation of temperature (T) as

do 9o oT
9z ~ T 9z
Substituting Eq. (2) in Eq. (1), the heat flux in terms of nuclear
shielding in one dimension becomes,

(2)

K do
__0 % 3
f o (3)
where o7=00/dT is the nuclear thermal coefficient for shielding
which can be measured using high resolution NMR techniques and
which varies for different substances depending on the atomic and
molecular configuration [21].

In the medium that is heated, the heat flux varies spatially and
temporally, but its variation in one dimension (z> 0, t>0) satisfies
the diffusion equation [18].
af 0*f
g2l 4
o~ %oz )
where o = k[ pcp is the thermal diffusion coefficient, « is the thermal
conductivity, p is density and ¢, is the specific heat of the substance.
For a semi-infinite medium with a constant flux boundary condition
(f=fo, z=0) the solution in one dimension is

f(z.t) = foerfc ( (5)

7vt)

where erfc is the complimentary error function.
With NMR, the change in nuclear shielding can be quantified

spatially by measuring the spin phase shift that evolves over a

known time interval in a gradient echo sequence

#(T)=y-(1-0(T)Bo - Tg (6)

where ¢(T) and o(T) are the nuclear spin phase shift and shield-
ing, respectively, and both are temperature dependent, y is the
gyromagnetic ratio, By is the magnetic field and T is the echo time.

The first order derivative of Eq. (6) with respect to space in one
direction is

3 o
i = —¥BoTg o= % (7)

and with respect to temperature is

09 do
aT = —¥Bo EaT (8)

Thus, we can write

¢r=-y-By-Tg ot (9)

where ¢r=0¢/dT and or=00/dT are the nuclear thermal coef-
ficients for nuclear spin phase shift and nuclear shielding,
respectively [21]. These thermal coefficients depend on the sub-
stance and can be determined experimentally by measuring the
change in resonant frequency as a function of temperature.
Substituting Eqs. (7) and (8) into Eq. (3), the heat flux becomes

K 0p(z,t)

flz. )=~ = (10)
and substituting Eq. (10) into Eq. (5) we find
3¢(Z t) _ ¢>r z

the nuclear spin phase shift gradient as a function of space and time.
For short distances and long times, the limit of Eq. (11) approaches
Fourier’s relation as

ok [0z 1)
fo - _a ( dz >2—>0,t—>oo (]2)

where a plot of fy vs. v¢ yields a slope equal to —«/¢r, the ratio of
thermal conductivity to the respective nuclear thermal coefficient.

The solution of Eq. (11) in terms of nuclear spin phase shift
results in

2
9Lz, =9z, o)1 21 {fo exp <_42M)

rfc(zfﬂ

(13)

And setting the ¢(z, oo)=0 using the nuclear spin phase difference
we have

2
Bz, t) = 0% [«jﬁ exp (;) _z-erfe (i)] (14)

where A = 2+/at is the root mean square diffusion length.
Experimental measurements of ¢(z, t) can be numerically fit to
Eq. (14) with a high level of precision and both fydr/k and A can
be measured experimentally. The nuclear spin phase shift can also
be evaluated at very short distances (z=0) from the constant flux
boundary when Eq. (14) can be reduced to the following relation.

b0 = for ¢T (15)

7
where ¢ = (0, t), the nuclear spin phase shift at the surface (¢q),
varying with diffusion length (1) linearly with a constant slope (Sp)
as

o _por 1

(16)

% Um
In the case of variable heat flux, the slope (So) will vary linearly with
heat flux (fy) as
S0 _ ¢r 1
— 17

ho ~ K Jx (a7)
Consequently, a plot of A vs. t1/2 will yield a line with a slope of 2./&
and a plot of ¢ vs. A will yield a line with a slope of fo¢r/x+/7 and
a plot of Sy vs. fy will yield a line with a slope of ¢7/k/7 as shown
above.

Over a narrow temperature range, a relation between the spa-
tially averaged thermal energy (Q) and spatially averaged nuclear
spin phase shift (¢) can be written as

aQ oT

BQ— %% 8¢—ﬁ%8 (18)

¢
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Fig. 1. Schematic diagram of the thermal cell and the experimental setup for 1D heat conduction. The laser energy is absorbed in silicon wafer providing a planar constant

flux boundary condition.

Taking the temporal derivatives of both sides and rearranging will
yield

. Cr,
Q=— 19
or (19)
where Q = 3Q/dt is the thermal power, Cy = 3Q/dT is the heat capac-
ity, o7 =0db/0T is the nuclear thermal coefficient for spin phase shift
and ¢ = d¢/dt is the rate of nuclear spin phase shift. A first order
derivative of Q with respect to ¢ yields
Q_Cr (20)
dp o

A plot of Q vs. ¢ will yield a line with a slope of Cr/dr, the ratio
of heat capacity to the respective nuclear thermal coefficient. The
heat capacity (Cr) is proportional to specific heat (¢,) through the
mass (m) as Cr=mcp and from this the specific heat (cp) can be
determined experimentally for the substance [17].

3. Experimental methods

As a demonstration of the proposed method, an aqueous gel
sample of 3% agarose and water was subjected to heating at the
surface by adiode laserin a 2 T magnet and the temporal and spatial
variation of the temperature in the gel was measured using the
proton resonance frequency [21] and nuclear spin phase shift from
the water [22].

A continuous wave (CW) laser beam with a wavelength of
810 nm was used as a thermal source and an electronic grade sil-
icon wafer with an absorptance (A) and a contact surface area (s)
was used to absorb and confine the thermal energy into a planar
heat source and provide a constant flux boundary condition. The
absorptance (A=0.16) was optically measured [23] and the surface
area in contact with the gel was measured (s =7.854 x 10~> m?) for
the cell. The laser beam was aimed through an optical fiber directly
at the silicon wafer in contact with the agarose gel. A schematic
diagram of the thermal cell and the experimental setup is given in
Fig. 1.

The agarose gel in a cylindrical cell (D=10mm, L=50 mm) with
its axis aligned with the direction of By field (z) was subjected to
heating at one end (z=0) using the laser power (P) levels of 0.16,
0.24 and 0.32 W corresponding to heat flux (fy) levels of 2037.2,
3055.8 and 4074.4W m~2 and incident laser power (Pp) levels of
1.0, 1.5 and 2.0 W, respectively. The thermal power (P) is propor-
tional to incident laser power (Pg) through the absorptance (A) as
P=PgyA.The cell was thermally insulated in a polystyrene foam coat-
ing to minimize the heatloss from the sample into the environment.
The direction of thermal diffusion was along the direction of the By
field corresponding to the z direction.

The spatial and temporal variation of thermally induced nuclear
spin phase shifts in the gel were measured in a coronal plane by a

gradient echo (GRE) imaging sequence [24] using a 2 T NMR System
(Bruker Biospin, USA). The imaging parameters were; bandwidth
(BW) 16 kHz, echo time (Tg) 11 ms, repetition time (Tg) 90 ms, field
of view (FOV) 64 mm, matrix size (M) 128 x 128, slice thickness
(Ay) 4mm, flip angle (6) /4, acquisition time (t;) 23 s, number
of excitations (NEX) 1 and the number of experiments (n) 30. The
dimension of imaging volume was 10 mm x 4 mm x 50 mm in the
cell.

The nuclear spin phase differences from voxels in the imaging
slice were measured in space and time. The nuclear spin phase
maps were constructed and unwrapped in two dimensional space
(2D) using Flynn’s minimum weighted discontinuity algorithm
[25]. Using the symmetry, the measurements were reduced from
3D (xyz) to 2D (xz) and then to 1D (z) by successively averaging
nuclear spin phase shifts in y-direction and xy-plane, respec-
tively. Subsequently, the spatial and temporal variations of spin
phase shifts were numerically fitted to the analytical heat con-
duction equation (Eq. (14)) using a least squares fitting algorithm,
Levenberg-Marquardt Algorithm (LMA) [26,27], implemented in
Matlab software (Mathworks, USA).

4. Results and discussion

The spatial and temporal variations of thermally induced
nuclear spin phase shifts, following application of the constant
power laser beam at t=0 and z =0, for a water-agarose gel are given
in Figs. 2 and 3, respectively. Fig. 2 shows the nuclear spin phase
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Fig. 2. Nuclear spin phase shift vs. space and time for three experiments corre-
sponding to three power levels of 160, 240 and 320 mW (first, second and third
rows) and three time points of 230, 460 and 690 s (left, middle and right columns),
respectively.
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Fig. 3. Experimental nuclear spin phase shift vs. space (top row) and time (bottom row) at three power levels of 160, 240 and 320 mW (left, middle and right columns).
Nuclear spin phase shift profiles gradually grow in space and time during heating. Absolute spin phase shift is shown here.

shift vs. space and time at high spatial resolution for three experi-
ments corresponding to three different thermal power levels. The
absolute magnitudes of the phase shifts for three time points and
power levels are shown altogether in the xz plane for visualization.

Fig. 3 shows the phase shift spatially averaged in two dimensions
(xy plane) and plotted vs. space (z) and time (t) for three power
levels of 160, 240 and 320 mW.

The experimental plots of A vs. t1/2, ¢y vs. A and ¢ vs. t are shown
in Fig. 4.

The slopes of lines in Fig. 4 correspond to 2/« fo¢r/x+/7 and
(}5 which yield, the thermal diffusivity (), thermal conductivity (k)
and specific heat (¢p), respectively, in a single experiment. The dif-
fusionlength (A)is independent of heat flux (fo) butitis a function of
thermal diffusion coefficient («) and time (t) only whereas nuclear
spin phase shift, both at the surface (¢¢) and spatially averaged
(@), is a function of heat flux (fy) as shown in Fig. 4. Therefore, the
thermal conductivity and specific heat can also be measured by fit-
ting the data from multiple experiments corresponding to multiple
power levels or heat flux levels. )

The plots of average A vs. t1/2, Sy vs. fy and Q vs. ¢, yielding
thermal diffusivity («), thermal conductivity (k) and specific heat
(cp), respectively, are shown in Fig. 5. The slopes of these lines
correspond to 2./«, ¢r/k+/7 and Cr[br, respectively.

The results from three different transient experiments corre-
sponding to three different power levels or flux levels and the
results of fitting the data from three experiments at three flux levels
are given in Table 1.

All three thermal parameters, thermal diffusivity, thermal
conductivity and specific heat, can simultaneously be measured
through a single experiment or multiple experiments as shown in
Table 1.

Alternatively, for long times and short distances (t»0 and z« 1),
the limit of the transient solution will approach the steady state

solution, and Fourier’s heat conduction relation (Eq. (12)) from
which the thermal conductivity can be measured directly by eval-
uating the nuclear spin phase shift gradients at each power levels.

Using the Eq. (9) and experimental NMR parameters of
Tg=11 ms, y=2.674x108rs 1 T-1, B4=2T, or=—0.01 ppmK-!
and ¢r=—0.05885rK"!, the temperature gradients and rates can
be calculated through the nuclear spin phase shift gradients and
rates as

o1 A
0z ¢ 9z’

1 d¢

* o it (21)
The variation of nuclear spin phase shifts corresponding to long
times and short distances from the planar heat flux boundary for
three flux levels is shown in Fig. 6.

For a known heat flux, by experimentally determining the tem-
perature gradients, the thermal conductivity of the medium can be
determined directly through Fourier’s relation in a single experi-
ment as shown in Table 2.

The heat flux levels of 2.0372, 3.0558 and 4.0744 mW/mm? in
a plane perpendicular to the direction of magnetic field, By, in
a 2T magnet produced temperature gradients of —4.3, —6.0 and
—7.8 K/mm along the direction of magnetic field (z).

The thermal conductivity of the 3% agarose-water gel was
measured experimentally by two different methods, the transient
method (Eq. (14)) and the steady state method (Eq. (12)), by evalu-
ating the nuclear spin phase shift and its gradients near the planar
heat flux boundary at three sequential experiments corresponding
to three different heat flux levels as given in Tables 1 and 2, respec-
tively. The results of fitting the data from all three experiments are
given in the last columns of Tables 1 and 2.

The measurement of temperature gradients by NMR may be
superior to any other invasive methods in substances with low
thermal conductivity and shorter diffusion lengths over which the
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Fig. 4. Experimental plots of A vs. t'/2, ¢ vs. A and ¢ vs. t for three experiments corresponding to power levels of 160 mW (O), 240 mW (A) and 320 mW (¢), respectively.
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Experimental parameters and results of measurements of &, k and ¢, by three transient experiments at three heat flux levels for a 3% agarose-water gel.

Parameters Experiment 1 Experiment 2 Experiment 3 Experiments 1-3
Py (W) 1.00 1.50 2.00 1.00-2.00

P (W) 0.16 0.24 0.32 0.16-0.32
fo(Wm=2)x 1073 2.0372 3.0558 40744 2.0372-4.0744

a(m?2s1)x 107

K (Wm-1K-1)

cp (Jkg 1K 1)x 1073
Kk|pcy (m?s~1) x 107

1.1705 + 0.0166
0.5633 + 0.0255
4.1903 + 0.1509
1.3443 + 0.0125

1.2028 + 0.0134
0.5603 + 0.0235
4.5699 + 0.1228
1.2260 + 0.0185

1.2962 + 0.0146
0.5914 + 0.0335
4.3561 + 0.1312
1.3578 + 0.0360

1.2226 + 0.0100
0.6225 + 0.0443
4.4831 + 0.4849
1.3887 + 0.0520

0 1 1 1 1 1
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Fig. 6. Experimental ¢(z, t) vs. z over a distance of 6 mm from the planar heat flux boundary (top) and experimental fy vs. V¢ (bottom) for three experiments at three heat

flux levels.

Table 2

Nuclear spin phase shift gradients, temperature gradients and the thermal conductivity measured by three steady state experiments at three different heat flux levels for a

3% agarose-water gel.

Parameters Experiment 1 Experiment 2 Experiment 3 Experiments 1-3
fo(Wm=2)x 1073 2.0372 3.0558 4.0744 2.0372 to 4.0744
Ve (rm1)x 1073 —0.2547 +£0.0170 —0.3570+0.0245 —0.4618 +£0.0324 —0.2547 to —0.4618
vT(Km™1)x 103 —4.3286 +£0.2905 —6.0674 +£0.6173 —7.8478 £0.5517 —4.3286 to —7.8478
Kk(Wm K1) 0.4706 +0.0316 0.5036 +0.0346 0.5192 +0.0365 0.5789 4 0.0040

temperature gradients are formed and which must be measured by
a non-invasive and non-contact method. The thermal properties of
3% agarose-water gel measured by NMR method here are close to
the thermal properties of water in the literature.

The agreement between the theory and the experiment was
very high with mean r-square of fitting of 0.988, 0.989 and 0.988
for experiments 1, 2 and 3, respectively. The standard errors of
the measurements for each of the three thermal parameters were
similar for the three experiments. The percent errors (%) for the
experiments 1, 2 and 3 were 1.41, 1.11 and 1.12 for thermal dif-
fusivity; 4.52, 4.19 and 5.66 for thermal conductivity; and 3.60,
2.68 and 3.01 for specific heat, respectively. The measurement of
thermal diffusivity is independent of the magnitude of the heat
flux whereas the measurements of thermal conductivity and spe-
cific heat are not. The standard errors for the results of the linear

regression of the data from three experiments were 0.82, 7.12 and
10.82% for thermal diffusivity, thermal conductivity and specific
heat, respectively. The variation in the mean values of the thermal
parameters may be due to the variations in the laser power, laser
beam profile, beam alignment, absorption or heat loss between the
experiments.

5. Conclusion

Fourier’s heat conduction relation has been experimentally
evaluated using NMR imaging. Appropriate analyses of the spatial
and temporal variations of changes in proton resonance frequency
yield three thermal properties; thermal diffusivity, thermal con-
ductivity and specific heat, simultaneously in a single experiment.
This is made possible because of the relatively high spatial and tem-
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poral resolutions achievable with NMR imaging. This NMR method
can effectively be applied to the measurement of thermal proper-
ties of a wide range of materials.
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