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CORRECTIONS TO THE SPECIFIC HEAT EXPRESSION IN ORDER TO INCLUDE
ANHARMONIC EFFECTS ™
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ABSTRACT

The aim of this work is to develop a formalism allowing a direct and
simple analysis of the temperature dependence of the specific heat at con
stant pressure (C_ va T), which is the quantity rendered by experiment.
This formalism peFmits to determine some of the crystal normal mode fre-
quencies and their temperature dependence (W_ vs T; x=8s; ¢ and s indicate
a phonon wave vector in the first Brillouin ¥one and its polarization, re
spectively), anharmonic contributions to C_ vs T, activation energies,
temperature dependence of the Debye tempergture (TD v8 T), ete.

In this work we will closely follow the notation and relevant results
obtained by Wallace (1). The thermodynamic functions (free energy, entro-
py, specific heat, etc.) may be written in terms of the harmonic ('x) and
anharmonic (l&x) contributions to wx-'x+lkx. These W _, which are the nor-
mal mode frequencies measured by means of spectroscopic techniques (ine-
lastic neutron scattering, Raman and Infra-Red Scatterings, etc.), corre-
spond to those of the renormalized phonons. The point is that, if we try
to evaluate thermodynamic functions employing the harmonic formulas with
the Ix substituting the L the anharmonic contributiorn will not, in gen-
eral, be correctly evaluated (1).

There are two ways to solve the problem. The first is to experimen-
tally separate the harmonic and the anharmonic contributions to Wx. The
second is to work out correct formulas, l.e. formulas in which only the
experimentally measured Wx are used, which properly evaluate the thermody
napnic functions. Simce, in general, only the Wx are determined we will
stick to the second alternative, and also, from now on we will restrict
ourselves to the analysis of C_ vs T.

It has been shown that in an expansion of the crystal potential ener
gY, in a power series of the displacements of the atoms measured from
their equilibrium positions, the cubic and quartic terms contribute to the
same order giving complicated expressions, which are given in full in Ref.
1, to evaluate ﬂ&. It is also shown in Ref. 1 that, to leading order, Ja)
are volume independent, and therefore they will be considered to depend

X

on T, since the L depend only on volume (V) we may write
W (V,T) = w (V) + A (T) (1
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Following Ref, 1 it can be shown that

s 'Zi Ve = T (_g';z '—g’;i()v (2)

where h is Planck's constant divided by 6.283185, and n, is the x-phonon
Bose population factor. The following comments on Eq. 2 are in order:

1) It may be generalized to anysotropic cases.

2) The first term contains the harmonic specific heat, which reaches
a constant value given by the Dulong and Petit law (1) at high T, while
the second term gives, in first order, a linear temperature contribution
wvhose sign depends upon that of (wa/aw)p, as expected (1),

3) It may be considered valid as far as the amharmonicities are only
a small perturbatiom, which is the general case.

4) It allows a direct and inmediate comparison of C_ vs T theory and
exper%yent, requiring as additional information lk(T,P), which are easily
determine by spectroscopic means.

5) It makes unnecessary the knowledge of the thermal expansion and
bulk modulus tensors as functions of temperature. This quantities are
needed in order to correct the experimental informatiom (C_) which is ob-
tained at constant pressure to that which would be obtaimned had the strain
been kept constant (Cv or equivalent), therefore allowing a meaningful com
parison of theory and experiment. It may also be mentioned that the vast
mayority of specific heat data is gathered at constant room pressure,

6) Assuming that: a) the acoustic and optical modes may be treated
with Debye's and Einstein's models; b) the Wx exhibit a linear temperature
dependence, reflecting the strains effect due to temperature changes, writ

ten in the form

Wo=W,(Q-c T (3)
where wox is wx at T=0 K and Cx is a, generally positive, constant; and
¢) the optic modes exhibit negligible dispersiom, then Eq. 1 may be writ-
ten as

2 3
XS exp(X.) 9 (T/7,) 4L x
c (™ = R E 1 i i + D x_o dx

G 9] (L)
T (exp(xJ) -1 @ - cp) (e¥-1)°

optic
where R is the gas constant; the sum extends over all of the opticgl
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branches; xjd‘h WJ/kT (k being Boltzmann's constant). This expression for
Cp vs T reduces to that well known (1) by simply considering 'x to be tem
perature independent.
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