ON APPROXIMATION TO FUNCTIONS SATISFYING
A GENERALIZED CONTINUITY CONDITION

BY
H. MARGARET ELLIOTT()

1. Introduction. Let C consist of a finite number of mutually exterior
rectifiable Jordan curves in the complex z-plane; denote the sum of their
closed interiors by C. Let #(z) be harmonic in the interior points of C and
continuous on C. The purpose of the present paper is to study the relation
between the modulus of continuity of #(z) on C and approximation to u(z)
on C by harmonic polynomials when degree of approximation is measured (i)
in the sense of Tchebycheff and (ii) in the sense of least pth powers. The cor-
responding problem for analytic functions is also treated. The special case
that u(z) satisfies a Lipschitz condition of order @, 0 <a =1, has been ex-
tensively studied (for example [11])(2).

Let w=¢(z) map the exterior of C conformally (not necessarily uniformly)
onto |w| >1 so that the points at infinity in the two planes correspond. De-
note by Cg the locus |¢>(z)| =R, R>1, which lies in the exterior of C. Our
study of approximation to functions by sequences of polynomials is divided
into Problems a and 8. In Problem o we investigate the relation between
continuity properties on C of the function and degree of convergence on C
of approximating polynomials; in Problem 8 we investigate the relation be-
tween continuity properties on Cg of the function and degree of convergence
on C of the approximating polynomials. For each of these problems, results
obtained are of two types: direct theorems and indirect theorems. In a direct
theorem given certain continuity properties of a function, we establish the
existence and degree of convergence of a sequence of approximating poly-
nomials; in an indirect theorem given a sequence of polynomials converging
to a function with a certain degree, we establish continuity properties of the
function.

We shall understand by a karmonic function or harmonic polynomsial a real
harmonic function or polynomial. The letter s will denote arc-length measured
along the curve in question; 0*u(z)/ds* will indicate the kth derivative of u(z)
with respect to arc-length s. For any function F(z), F(®(2)=F(z). The letter
k will be reserved for positive integers and zero. The letters L and M with or
without subscripts denote positive constants which may vary from one
theorem and its proof to another and may depend on the point sets involved,
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2 H. MARGARET ELLIOTT uly

but which are independent of w, 2, 8, m, and =.

We use throughout the Lebesgue integral. Measure on a rectifiable Jordan
curve is defined in terms of arc-length s.

2. Properties of the modulus of continuity. We study in this section cer-
tain properties of the modulus of continuity which will be needed in the re-
mainder of the paper. Let E be a closed bounded set in the z-plane which
consists of the mutually disjoint Jordan arcs, Jordan curves, and closed
Jordan regions E;, j=1, - - -, u. Let F(2) be a real or complex function
which is continuous on each E;. The modulus of continuity w;(6) of F(2) on
E; shall be defined as the maximum of |F(z1)—F(22)| for all z; and 2, in E;
such that |zl—22| <6. The modulus of continuity w(8) of F(z) on E shall be
defined as the maximum of w;(8), 1 £j=<u. If F(2) satisfies a Lipschitz condi-
tion of order « on E, then clearly w(8) < Lé=. It follows from the definition of
w(6) that w(8) is a nondecreasing function of & and that lim;.ww(6) =0.

Moreover, if w(8;) =0 for some 8;#0, then F(z)=L; for z in E;, and hence
w(8) =0. For let 3o be any point of E;; F(z) is constant on the set of points
¢ which belong to E; and are such that Ig‘—zol <6:. By covering E; with a
finite number of suitably chosen overlapping circles, we obtain that F(z) is
identically constant in E;.

THEOREM 2.1. If the E; are convex and \>0, then o(A\8) = (A +1)w(d).

The method used by de la Vallée Poussin [4, p. 8] to prove the cor-
responding theorem for real functions of a real variable yields w;(\0)

S (A\+1)w;(8); hence w;A8) = A+1)w(d), and w(Ad) = N+ 1)w(8).

THEOREM 2.2. Let the E; consist of a finite number of mutually disjoint
rectifiable Jordan arcs and curves. If for every arc of each E;, the ratio of the
length of that arc to the length of its corresponding chord is less than a constant A,
and tf N\>0, then w(N8) = (AN+1)w(9).

Suppose F(z) = F}(s), z on E;. Denote by w#(6) the modulus of con-
tinuity of F;(s) on 0<s=0;, o, the length of E,. By the use of Theorem 2.1
we obtain

©i(A) < w; (AM) £ (AN + Da; () £ (AN + Dwi(8) < (AN + 1)w(8),
and the theorem follows.

THEOREM 2.3. Let the sets E; consist of the respective closed interiors of the
mutually exterior Jordan curves Cj; let z=x;(w) map |w <1 one-to-one and
conformally onto the interior of C;. If for all w, and w, on w| =1 we have

(2.1) Li| wy — wa| < | xi(w1) — xi(ws) | € La| w1 — w2,
J=1yu
and if N>0, then w(N8) < (LoN/Li+1)w(8).
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Under the hypothesis on the Cj, it is known (see for example [7, Theorem
1.2.7]) that inequality (2.1) is valid for |wi| <1, |ws| 1. A slight modifica-
tion of the method used to prove Theorem 2.2 then yields Theorem 2.3.

THEOREM 2.4. If the sets E; satisfy the hypothesis of any of Theorems 2.1,
2.2, or 2.3, and if w(6)#O0, then there exists a constant L depending only on E
such that

2.2) 3 < Lo(®), for0<s=1.

The hypothesis implies w(1)0. If §>0, it follows from the appro-
priate one of Theorems 2.1, 2.2, 2.3 that w(1) <(L3/6+1)w(8). Hence &
< [(Ls+1)/w(1) Jw(8) for 0S6=1.

We shall in the remainder of this paper frequently use the notation w(5)
for a majorizing function of the modulus of continuity rather than for the
actual modulus of continuity. When w(8) does denote the modulus of con-
tinuity, this fact will always be stated. If w;(8) denotes a majorizing function
of the modulus of continuity w(8), then Theorem 2.4 is clearly valid when
w() is replaced by w;(8) in inequality (2.2).

By the use of simple algebraic inequalities the following result is easily
proved:

THEOREM 2.5. Let F(z) and G(z) be two real or complex functions continuous
on E, where E is composed of a finite number of mutually exterior Jordan arcs,
Jordan curves, and closed Jordan regions. Suppose the respective moduli of con-
tinuity of F(z) and G(2) on E are not greater than »(8). Then (i) the modulus of
continutty of F(z)-G(2) on E 1is less than Myw(8); (ii) of | F (z)l 1s bounded from
zero on E, the modulus of continuity of 1/F(z) on E is less than Mw(8); (iii)
if F(2)2ZL>0 on E, the modulus of continuity of [F(2)]Y? on E is less than
Mxw(9).

We study next the effect of certain conformal mappings on the modulus of
continuity. Let C be a rectifiable Jordan curve in the z-plane; let z=x(w),
where w=re®, map ] 'wl <1 one-to-one and conformally onto the interior of C.

Set x(e¥) =£(8)+n(9).

THEOREM 2.6. Let C be a rectifiable Jordan curve such that for every arc of C
the ratio of the length of that arc to the length of its corresponding chord is less
than a constant A; suppose there exist constants Ly and Lo such that L1| 6]
= | x (e36+9) —x(e"")l =< L2| 8|. Let F(z) be continuous on C, and suppose
3*F(2)/0s* is continuous on C with modulus of continuity w(8). If k=1, suppose
(@), n®(0) exist and are continuous on 0=0=2mw with moduli of continuity
not greater than Lyw(8). Set F[x(e®)]=h(6). Then the modulus of continuity
of h®(0) on 0<60=<2x is less than Mw(9).

Except in the trivial case that F(2) is identically constant, we have w(d)
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#£0. For k=0, Theorem 2.6 is easily established by the method used to prove
Theorem 2.2.
For k=1, the hypothesis on C and Theorem 2.4 yield for ]01-—02| =<é:
3F(z1)  97F(z2) < f’? dIF
ds? asi | = J,, | asitt
(2.3) 0=sj=k—1;

6kF(Z‘) 6kF(z2)
P — 35t =< w(Lza) = M3w(6)v

ds = M1|01—02| = MW(a)’

where z, =x/(e®).

It is readily shown by applying Theorems 2.4 and 2.5 to d*s()/df*, when
the latter is expressed in terms of the derivatives of {(8) and 7(f), that
d*s/df* has modulus of continuity on 0=<6=2r less than M,w(8). This fact
together with Theorem 2.5 and inequalities (2.3) yields the desired result
when 2® () is expressed in terms of dis/df? and 87F/ds?, j=1, - - - , k.

To relate the moduli of continuity of F®(z) and d*F/ds* we have

THEOREM 2.7. Let C be a rectifiable Jordan curve such that for every arc
of C the ratio of the length of that arc to the length of its corresponding chord
is less than a constant A. Let z=1t(s) be the equation of C; suppose t*)(s),
k=1, is continuous with modulus of continuity not greater than w(d). Let F(z)
be defined on C. Then a necessary and sufficient condition that F® (2) exist and
be continuous on C with modulus of continuity not greater than Lw(d) s that
OkF/ds* exist and be continuous on C with modulus of continuity not greater
than Liw(0).

Theorem 2.7 is readily established using methods employed above.

3. Problem «, direct. Tchebycheff approximation. By a harmonic poly-
nomial p,(2) of degree n we shall mean the real part of a polynomial in z of
degree n. The degree of a polynomial will always be indicated by its subscript.
None of the coefficients of p,(2) is assumed to be different from zero. When
polar coordinates (r, #) are introduced in the z-plane, the problem of ap-
proximation on the unit circle by harmonic polynomials becomes a problem
in trigonometric approximation. A trigonometric sum of order n, T.(6)
= > % o (ar cos k9+Db; sin kf), may be regarded as the boundary values on
|z| =1 of a harmonic polynomial p,(z) of degree »n, and conversely.

THEOREM 3.1. Let C consist of a finite number of mutually exterior analytic
Jordan curves. Let u(z) be harmonic in the interior of C and continuous on C.
Suppose 0*u(z)/9s* exists and is continuous with modulus of continuity w(8) on
C, w(8) 0. Then there exist harmonic polynomials p.(2) such that

w(1/n)

nk

) z on C.

| u(s) — pale) | < M
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When we refer to a function of z which is harmonic or analytic in several
mutually exterior regions, we do not imply that there is any relationship be-
tween the values of the function for z in different regions. Here and through-
out we write “there exist polynomials” rather than “for each#,n=1,2, - - -,
there exists a polynomial of degree n.”

The case that d*u/ds* satisfies a Lipschitz condition of order a on C is
treated in [11]. The method used below to prove Theorem 3.1 is a modifica-
tion of one due to Curtiss [2]. Curtiss mentions without elaborating that his
method may be used for analytic functions in connection with the modulus of
continuity.

We now prove Theorem 3.1. Let C consist of the Jordan curves C*,
v=1, .-, N\ Let z=x,(w), w=re®, map the interior of Iw] =1 one-to-one
and conformally onto the interior of C?; set u[x,(e®)]= U,(8). It follows by
Theorem 2.6 that U®(0) has modulus of continuity on 0<0< 2r less than
Mw(8),v=1, - - -, \. It is known (see Achyeser’s [1] formulation of certain
of Jackson’s results) that there exist constants d,,,; which depend only on j, m,
and & such that

< » » Lw(1/m
U,(0) — 2 dm,;(a; cos 760 + b; sin j6) | < #,
=0 m

where aj, b} are the Fourier coefficients of U,(#). Define P, n(w), m=1,2, - - -,
as the harmonic polynomial of degree 7 which is identical on |w| =1 with
Do dm,i(a) cos j84b; sin j8). If P, n(w)=F,n(z), we then have

w(1/m) ,

mk

z on C".

(3'1) l u(z) - Fv.m(z) I é M2

Let w=Q,(2) denote the inverse of z2=x,(w). Since the curves C*are analytic
and mutually exterior, there exists an R>1 such that the curves I'”: Q,(z)|
=R are analytic and mutually exterior and such that Q,(2) is analytic and
schlicht in T%, »=1, - -+ | \.

Let Q,,m(w) =G, n(2) denote the conjugate of P, .(w)=F, n(2), Q..n(0)
‘=0. It follows from (3.1) that the IP,,,,.('w)| are uniformly bounded on
|w| =1; hence by a known result [11, Theorem 9.6] we have

| Fyom(3) + iGym(z) | < MsR™, zon I”.

Define H,u(2) = F, m(2) +1Gy.m(2) for z2in I”, v=1, - - -, \. By the method
used in [11, Theorem 8.1] we obtain that there exist polynomials 7,(2) in z,
m=1, 2, - - -, such that

(3.2) | Hu(z) — Tgm(3) | < Marm, zinC,

where ¢ is a fixed positive integer and 7 is a constant, 0<r<1. Set py.(2)
=R[r}.(2)]. (We denote by R[F(z)] the real part of F(z) and by §[F(2)] the
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imaginary part of F(z) divided by ¢.) Then inequalities (3.1) and (3.2) yield

1
SA/m L e/
mk mk

| 4(z) — pem(z) | < M2

) Z on 6,

since by virtue of Theorem 2.4, r™ < Mg/m*+1 < Mw(1/m)/m*.
Define the polynomials p,(2) in the statement of the theorem as p,(z) =0

for n=17 2) ) q_l, and Pqi+h(z)EP:j(z) for h=0’ 11 R q_l; j=17
2, -+ + . There exists a constant M3 independent of j such that
w(l./J) < M, w(l/.(qj + h) }
J* (g7 + h)*

for using Theorem 2.3 we have

1/4 j + h)* j + & j + B\*
w(1/7) (g +h) <(L1 qj-!- +1)(q1-!- )<M&
j

¥ w(1/(gj + h) J
Hence Theorem 3.1 is established.

LEMMA 3.2. Let f(3) be analytic in |3| <1 and continuous in |z| <1. Sup-
pose f®(2) exists and is continuous with modulus of continuity w(8) on |z| =1,
w(6) #0. Then there extist polynomials m,(2) in 2 such that

w(1/n)

)
nk

| f(2) — ma2) | = M |z] = 1.

Here and in following similar situations it is sufficient to assume the
existence of f®(z) on the boundary merely in the one-dimensional sense.

Set f(2) =u(z)+1v(z). It follows by Theorem 2.7 that d*u(e¥)/96* and
d*v(e®) /36%, z=re®, have moduli of continuity on 0 =<0 <2 less than M w(9).
If the Fourier coefficients of u(e®) are a;, b;, then those of v(e®) are —b;, a;,
where we assume without loss of generality that v(0) =bo=0; hence in the
notation of Theorem 3.1 we have

id 1/n
u(e®) + iv(e®) — D dy.i(a; — ibj)ei?| < L o /k ) .
4==0 n
Lemma 3.2 follows if we define 7,(z) as 1o dn,;(a;—1b;)2".
Lemma 3.2 and the method used to establish Theorem 3.1 yield

THEOREM 3.3. Let C consist of a finite number of mutually exterior analytic
Jordan curves. Let f(2) be analytic in the interior of C and continuous in C.
Suppose f®(z) exists and is continuous on C with modulus of continuity w(9d),
w(8)#£0. Then there exist polynomials w.(2) in z such that

w(1/n)

nk

) z on C.

[ f@) — m(a) | = M
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4. Problem «, direct. Integral measures of approximation. Let C be a
rectifiable Jordan curve in the complex z-plane. Let w=(2), with inverse
z=x(w), map the interior of C one-to-one and conformally onto the interior
of the circle |w| =1, where w=re#; denote by T, the locus |Q(z)| =7, r<1.
Let u(z) be harmonic inside C. Suppose p>1 and

f Iu(z)lpds§M, 0<r<i,
rf

where M is independent of 7. Set u[x(w)]= U(w). If I Q’(z)[ =L for z inside
C, it follows that

f“ | U(re®) |do = r‘lf | @) |7| ()| ds < LM, 0<r<1.

By a well known result we thus have that for almost all 8, U(w) approaches
a limit U(e®) as w approaches e¥ in angle from the interior of |'w| =1, and
U(e®)EL? on 0<0=<2r. Since at almost every point of |w| =1 the trans-
formation z=x(w) is conformal [5, pp. 85-87], it follows that the limit %({)
of u(z) as z approaches { in angle from the interior of C exists for almost
every point { of C. Furthermore, |u(§‘)| ? is summable Lebesgue on C.

We shall use frequently the following well known inequality:

(4.1) ¢ +alr < M| c|?+ |07, >0,

where M depends only on p.
To aid in the establishment of further direct results for Problem a we
prove

THEOREM 4.1. Let C be a rectifiable Jordan curve and let 2o be a point inside
C; let z=x(w) map |w| <1 onto the interior of C so that z0=x(0). Suppose that
for all wy and w, on |w| =1 we have

(4.2) Li| wi — we| < | x(w) — x(ws) | £ Lo| w1 — we.
Let u(2) be harmonic in the interior of C and suppose |, prl u(z) | rds< M,0<r<1,
where p>1. If f(2) =u(z)+1v(z), wherev(z) is conjugate to u(z), v(2,) =0, then

(4.3) J 156 lrds = @armiat, [ |uce) s,

(4.4) 1] félf(Z)l"dA < @/, | [ | ute)|ras,

where M, depends only on p.

In Theorem 4.1 and following similar situations we suppose f(z) to be de-
fined for z on C as the limit of f({) as { approaches z in angle from the interior
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of C. Under the hypothesis of Theorem 4.1 this limit exists and is independent
of the path of approach for almost all z on C, as will appear from the proof of
Theorem 4.1.

Inequality (4.3) has been established for the unit circle by M. Riesz [6, p.
225].

Under the hypothems on C, it is known (see for example [7, Theorem 1.2.7])
that inequality (4.2) is valid for |w1| =1, Iwgl =<1. Hence it follows that
L= [x (w)| =L, for [w[ <1, and |Q’(z)] <1/L, for z inside C. Thus «[x(e®)]
€L? on 0<60=<27; by Riesz’s result [6, p. 225] and (4.1) we therefore have
that for almost all 8, f[x(w)] approaches a limit f[x(e?) ] as w approaches &%
in angle and

.5) f | 7Txe®)] |»d0 < M, f wlx(e®)] |»db,

where M, depends only on p.

From the hypothesis on C it follows (see for example [11, §9]) that al-
most everywhere on |w| =1, x'(w) exists and L; < |x’ (w)l =< L,. Suppose arc-
length s measured along C has equation s =s(@). Then [11, §9] almost every-
where on Iw] =1 we have s'(0) = Ix’ (w)l ; hence by virtue of (4.5) we have
[3, p. 467]

) _ T ) ot 27 0 ,
J @l = [ fixenl @ s 2. [ ] i) [oa

< LM, fo ) | w[x(e?)]|?do < (Lo/L)M, fcl u(z) |#ds.

Inequality (4.3) is established.
It follows by (4.3) that

ff | (z) |rd4 = Lgf rdrf | flx(re®)] |»do

< LM, f rdy f | u[x(re®)]|>d6

< (Lo/L1)*M, f fa | u(z) |#dA.

The proof of Theorem 4.1 is complete.

THEOREM 4.2. Let C consist of a finite number of mutually exterior analytic
Jordan curves. Let u(z) be harmonic in the interior of C and continuous on C;
set f(2) =u(z)+1v(s), where v(z) is conjugate to u(z). Suppose d*u(z)/ds* s
continuous with modulus of continuity w(8) on C, w(8)#0. Then there exist
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polynomials w.(2) tn 2 such that

(4.6) fcp(s) | /(z) — wa(3) |7ds = M[w(:lin)]”,
(.7 [ #1150 - m0)|as 5 316 [“’(Z")]p,

where p(s) is a bounded, measurable, non-negative function of s; p1(2) is bounded,
measurable, and non-negative for z on C; and p>0.

We establish in detail only (4.6); the same method of proof establishes
(4.7), provided we substitute in the proof use of (4.4) for use of (4.3).
By Theorem 3.1 there exist harmonic polynomials p,(2) such that

w(1/m) —

(4.8) . I u(z) — p,,.(z)] =L T zon C.
m

Let C be composed of the mutually exterior curves C*, v=1, - - -, \. Let 3,

be a point interior to C?; set P ,»(2) = pm(2) +1¢m.»(2), where ¢u,.(2) is conju-
gate to pm(2), gm.»() =v(z,). If p>1, by Theorem 4.1 and (4.8) we have

f If(z) — Puy(2) I"ds =< le I %(z) — pm(2) l"ds
c’ o

4.9
(4.9) " w(1/m) ]”

=M,
| m*

If 0<p =1, from Hélder’s inequality and inequality (4.9) we obtain

»/2
156 = Paste) s < 315 fc" | /2) = Pum(s) lzds]

C L
< Milw(1/m)/m*]>.

Choose R>1 such that the curves Cy, v=1, - - -, \, are mutually ex-
terior. (Cg denotes, in conformity with our usual notation, the locus [¢,(z)|
=R, where w=¢,(2) maps the exterior of C’ onto |'wl >1 so that the points
at infinity in the two planes correspond.) It follows from (4.8) that | pm(3)]
< M; for z on C; hence by a known result [11, Theorem 9.6] we have | P ,.(2)
—9(2,)| £ MsR™ and thus | P ,(2)| < M:R™ for 2 on Cp. Set Fu(2) =Pu,(2),

(4.10)

zin C, =1, - - -, \. By the method used in [11, Theorem 8.1] we obtain
that there exist polynomials 7j,(2) in 2, m=1, 2, - - -, such that
(4.11) | Fu(z) — mom(z) | < Moo, zin C,

where ¢ is a fixed positive integer and 7, is a constant, 0 <7, <1. Inequalities
(4.1) and (4.9)-(4.11) yield
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w(1/m)

[ #0150 = w5 = 31| S L] 4 drs”.

c

The conclusion of Theorem 4.2 now follows (cf. the proof of Theorem 3.1) if
we define the polynomials 7,(2) in the statement of the theorem as m,(2) =0,
n=1, - -+, ¢—1and mg;1s(2) =m(2), h=0,1, - - -, ¢g—1;j=1,2, - - -

5. Problem ¢, indirect. Tchebycheff theorems. In the preceding two
sections from given continuity properties of a harmonic or analytic function
we have derived results on degree of convergence to the function of a sequence
of approximating polynomials. In this section we study the converse ques-
tion for approximation in the sense of Tchebycheff. We establish our theorems
for a single closed Jordan region, but the same theorems clearly hold for a
finite number of such regions which are mutually exterior.

DEeFINITION 5.1. 4 curve C is said to be of Type D if (i) C is a rectifiable
Jordan curve such that for every arc of C the ratio of the length of that arc to the
length of its corresponding chord is less than a constant A ; and (ii) there exists a
number 8o>0 such that through any point P of C there is a circle of radius
whose closed interior lies in C.

We shall need the following two theorems [11, Theorems 7.2, 7.4], the
first of which is essentially due to Szegé:

THEOREM 5.1. Let C be a curve of Type D; let w.(2) be a polynomial in 2
of degree n. If |R[m.(2)]| <K, z on C, then |7 (2)| <Kn/8, z in C, where &
is the constant of Definition 5.1.

THEOREM 5.2. Under the hypothesis of Theorem 5.1 we have
I Tn(31) — Tn(22) l < AKn|z — Zzl /8o, 21, 22 on C,
where A and 8, are the constants of Definition 5.1.

We henceforth assume Q(x) to be a real, non-negative function which is non-
increasing for x sufficiently large and which is such that [*[Q(x)/x]dx exists.

The method to be used in proving the following theorem is a modification
of one employed by de la Vallée Poussin [4, chap. IV] to establish results on
trigonometric approximation.

THEOREM 5.3. Let u(z) be defined in C, where C is a curve of Type D;
suppose harmonic polynomsials p,(2) exist such that

(5.1) | u(z) — pa(3) | < Qn)/n*, %z in C.

Then u(z) is harmonic in the interior of C and continuous on C with modulus of
continuity w(8) which satisfies the condition

(5.2) @) < L[a f Yoz + [~ dx], 0<s<1/a,

175 X
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where a>1 is a constant independent of 8. Set f(2) =u(z)+1v(2), where v(z) is
conjugate to u(z). If k=1, then f®(z) exists and is continuous on C with mod-
ulus of continuity which satisfies a condition of form (5.2).

The harmonicity interior to C and continuity on C of u(z) follow from
(5.1). Let a>1 be an integer such that Q(x) is nonincreasing for x>a. By

use of the triangle inequality and (5.1) we obtain, for j=1, 2, - - -,
(5.3) | pain(z) — pui(z) | < 20(a?)/ai¥, zin C.
We write
u(z) = par(z) + 2 [pain(z) — pai(@)] + 2 [pain(z) — pai(3)], zin C,
=2 J=p+1

where u is a positive integer to be determined later.

Let { be a fixed point on Csuch that f({) is defined ; set m,(2) = pa(2) +1¢.(2),
g.($) =2(¢). Since |paz(z)| S M for z in C, it follows from Theorems 5.1 and
5.2 that for v=0, &,

(5.4) | w.(,;)(zl) — w.f;)(m) l =M, I 21— %2 | , 2; and 25 on C.

By the use of inequality (5.3) and Theorems 5.1 and 5.2 we obtain for
z1and 23 0on C and » =0, k:

(5.5) | [rene) — 7 (an)] — [ren(es) — 75(@)]| = Ma(a)a’| 21 — 2]

izl [rotei (1) — meilzr)] — [mem(ze) — 7ai (22)] |

(5.6) s
= Msl 2z — Zzl > Qai)(ai — ai) Mal Z1 — 22|f Q(x)dx.

=2

Inequality (5.3) yields for z in C:

© 2 0 Q(ai

S | g = pui| 5 — 3 2D i gy
(5.7) J=p+1 a — =p+1 a
<M f°° _Q(x) dx.
= 4 - x .

From (5.4), (5.6), and (5.7) we thus have, if w(8) denotes the modulus of
continuity of #(z) in C,

(5.8) w(®) < M + My f

a

auﬂ(x)dx + 2M4fw[ﬂ(x)/x]dx.
ok

Let & be arbitrary, but fixed. Choose the integer u such th‘at e 121/6<a
this is possible for all §, 0 <§<1/a. It then follows that w(3) satisfies a rela-



12 H. MARGARET ELLIOTT [July

tion of form (5.2).
Now suppose k= 1. Theorem 5.2 and inequality (5.3) yield for z in C:

| mains(2) — 7ai(a) | | par(§) — pui(®) | + MsQ(a)ai | 5 — ¢ | /ai* £ M(a?);
gl raini(s) — 7ai(s) | < My f " [0(2)/x)dz.
Hence by virtue of (5.1) we have
1@ = 7ala) + }_: [ron(e) — 7(@)], sinC.

By the use of Theorem 5.1 and inequality (5.3) we likewise obtain for
y=1, ey, k’

I 1r.§;+)-1 (2) — w:;%z)l = MsQ(aj)a(iH)' /aik = MgQ(ai), zin C;
(5.9 > e (2) — rf:i)(z)l =< Mmf [Q(x)/x]dx, zin C,
F=p+1 ak

where u is any positive integer. Thus

3 [rin(e) — 7eia)), y=1,---,k,

i=2

converges uniformly in C, and we have (cf. the treatment of a similar situa-
tion in [11, §8])

P = 226 + 3 1) — v D]+ D [rhe) — v )],

i=2 j=pt1

f

The continuity of f®(2) in C is now evident. Let w;(8) denote the modu-
lus of continuity of f®(g) on C; it follows from inequalities (5.4), (5.6), and
(5.9) that w,(8) satisfies a relation of form (5.8). We choose p as before and
the proof of Theorem 5.3 is complete.

Theorems 5.3 and 2.7 yield

THEOREM 5.4. Let the equation of C be 2=1(s). In addition to the hypothesis of
Theorem 5.3 suppose that t® (s) exists and is continuous with modulus of con-
tinuity which satisfies a condition of form (5.2). Then 0*u(z)/0s* exists and is
continuous on C with modulus of continuity which satisfies a condition of the
same form.

To obtain Theorem 5.4 for k=1 the stronger hypothesis on C is necessary,
for suppose C does not satisfy the additional hypothesis of Theorem 5.4. Then
either R[t®(s)] or $[t®(s)] fails to be continuous with modulus of con-
tinuity which satisfies a condition of form (5.2). In the former case we take
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as a counterexample u(z) =p.(z) =x (where z=x+1y); in the latter case we
take u(2) =p.(2) =y.

THEOREM 5.5. In addition to the hypothesis of Theorem 5.3 [Theorem 5.4)
suppose there exists an o<l such that x*Q(x) is nondecreasing for x>a,,
where a and ao are constants. Then the conclusion of Theorem 5.3 [Theorem 5.4]
is valid when inequality (5.2) is replaced by the inequality

N 0 Q(x)
w®) £ L, f dx, 0<6 =4y,
/s X

where 6, is a suitable constant.

De la Vallée Poussin [4, pp. 56-57] has established the corresponding
theorem for the trigonometric case by proving that the quotient

xf: Q(xx) dx/fa:ozﬂ(x)dx

is bounded from zero as x becomes infinite. Hence his proof is a valid one for
Theorem 5.5. For certain theorems which follow we clearly have an exten-
sion of the nature of Theorem 5.5; the statement of such extensions will be left
to the reader. From the results of [11, §2] and the theorems just proved,
one may easily establish continuity properties of the partial derivatives of
u(z) similar to those established in Theorem 5.3 for f®(2).

Indirect theorems may also be proved for curves not necessarily of Type
D.

DEFINITION 5.2. A rectifiable Jordan arc or curve C is said to be of Type t,
1=t=2, of (i) for every arc of C the ratio of the length of that arc to the length
of its corresponding chord s less than a constant A; and (ii) for R>1 we have
min lz—z*| =K(C)(R—1)¢, where z&C, 2*&Cr, and K(C) s a positive
constant depending on C but independent of R.

The method used to establish Theorem 5.3 together with known results [7,
Theorem 2.1.4], [11, Theorems 2.1, 2.2] yield

THEOREM 5.6. Let f(2) be defined in C, where C is a rectifiable Jordan arc or
curve of Type t; suppose there exist polynomials w.(2) such that

Q(n)

nkt

| /() — ma(a) | < , 2 on C.
Then f(2) 1s analyt_ic in the interior of C and continuous on C; f*®(z) exists and
is continuous on C with modulus of continuity which satisfies a condition of
form (5.2).

6. Problem o, indirect. Integral measures of approximation. In indirect
theorems for harmonic functions where degree of approximation is measured



14 H. MARGARET ELLIOTT [July

by a line integral, continuity properties of u%(z) are concluded from the
existence of a sequence of harmonic polynomials p.(z) which satisfy a relation
of the form

fc o(s) | 4(z) — pu(a) |"ds < €&,

Since the Lebesgue integral is used, the value of #(2) on a point set on C of
measure zero has no effect on ¢,. Therefore unless #(2) is assumed to be con-
tinuous on C, our results must concern the behavior of #(z) almost everywhere
rather than everywhere on C. A corresponding remark applies to the ana-
lytic case. As in §5, it is sufficient to consider only a single curve.

The following theorem on polynomials will be useful:

THEOREM 6.1. Let C be a curve of Type D let p.(2) be a harmonic polynomial.
If p>0, then

1/p
| paz) | < Ln‘/f'[fc | $a(2) |"ds:| , z on C,

where L depends only on C.

Set p, = [max ]p,.(z)l ,zon C];let ¢ be a point of C such that [p,.({)l = ln.
Then by Theorem 5.2 we have

| pa(2) — 2a(®) | < Anpa| 2 — ¢ /50, zonC,

where 4 and 8, are the constants of Definition 5.1. Hence |pa(2)]
gy,.(l—Anlz—g'l /80), 2 on C. Let ¢ denote the closed arc of C which con-
tains { and whose end points are the two first points of intersection of C and
the circle Iz——g' | =00/2nA as one proceeds along C from { in the positive
and in the negative direction. Such points of intersection clearly exist. We
then have that |p,.(z)| =ua/2 for z on o. Hence

f | pa(2) |Pds 2 f | pa(2) |?ds = (ua/2)P80/An.
c 4

Theorem 6.1 now follows.

THEOREM 6.2. Let U(z) be defined on C, where C is a curve of Type D.
Suppose there exist harmonic polynomsials p,(z) such that

[o(n) ]»

nketl

(6.1) [ o106 - p@lras s : >0,
c

where p(s) is positive, integrable, and bounded from zero. Then lim,... pa(2),

g on C, exists. If u(z) =limn.. pa(2), 2 on C, then U(z) =u(3) almost everywhere

on C; u(z) is harmonic in the interior of C and continuous on C with modulus
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of continuity w(0) which satisfies a condition of form (5.2). Set f(2) = u(z) +w(2),
where v(3) s conjugate to u(z). If k=1, then f® (2) exists and is continuous on C
with modulus of continuity which satisfies a condition of form (5.2).

Let a>1 be an integer such that Q(x) is nonincreasing for x>a. Since p(s)
is bounded from zero, it follows from (4.1) and (6.1) that

j;l pain(3) — paiz) |Pds < M[Q(a?)]?/aitkr+v,

By Theorem 6.1 we thus have
| puin(2) — pui(z) [ < M \Q(a?)/a’*, zin C.

The method employed to prove Theorem 5.3 now yields the desired con-
tinuity properties of u(z) and f(z). That u(z) when defined as u=p.
+ X7 (pairi—pai) is the same function as lim,.. p.(2) follows from the
inequality

(6.2) | = pa| S|t = pun| + | pum — pa| S|4 = pun| + MQ(n)/n*,

where m is chosen so that ™1 <# <a™. Clearly the last member of (6.2) ap-
proaches zero as # becomes infinite.
By the use of (4.1) we obtain

(6.3) f|U—u|?ds§M3f|U—p,,|"ds+MafIu—pulﬂ’ds.
C c c

The right side of (6.3) can be made arbitrarily small by choosing # sufficiently
large, and the left side is a constant; therefore [¢| U—u|?ds=0, and
U(2) =u(2) almost everywhere on C.

Theorems 2.7 and 6.2 yield

THEOREM 6.3. Let the equation of C be z=t(s). In addition to the hypothesis
of Theorem 6.2 suppose that t®(s) exists and is continuous with modulus of
continuity which satisfies a condition of form (5.2). Then 0*u/ds* exists and is
continuous on C with modulus of continuity which satisfies a condition of the
same form.

The method used to establish Theorem 6.1 may be used to prove

THEOREM 6.4. Let C be a curve of Type D; let w,(3) be a polynomial in z.
Then

1/»
l 1r,.(z)' =< Mn”"[f | ma(2) I"ds] , zonC, p > 0.
c

Theorem 6.4 together with the method of proof of Theorem 6.2 yields a
result that treats the case £ =0 more fully than does Theorem 6.2:
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THEOREM 6.5. Let C and p(s) satisfy the hypothesis of Theorem 6.2. Let F(z)
be defined on C and suppose there exist polynomials w,(2) in 2 such that

fp(s) lF(z) — ma(2) Ipds < [Qm) ]2/nie, where p > 0.
c ;

Set f(3) =lim,., m.(2), 2 in C. Then f(z) = F(z) almost everywhere on C; f(2)
is analytic in the interior of C and continuous on C; f® (z) exists and is continu-
ous in C with modulus of continuity w(8) which satisfies a condition of form (5.2).

The methods used in proving Theorem 5.7 and Theorem 6.2 together
with the analogue of Theorem 6.4 for curves of Type t [7, Theorem 2.2.1]
may be used to establish

THEOREM 6.6. Let F(z) be defined on C, where C is a curve of Type t; if
polynomials w,(2) in z exist such that

[e(n9]

n(kp+1)t ’

fc 0(5) | F(z) — ma(a) |7ds <

where p(s) is positive, integrable, and bounded from zero and p>0, then the
concluston of Theorem 6.5 1s valid.

For surface integrals we prove

THEOREM 6.7. Let C be a curve of Type D. If p.(2) is a harmonic polynomial,
then

1/p
| pa(2) | < anlp[ff_ | £ (2) IPdA:I , zonC, p > 0.
¢

The proof of Theorem 6.7 is similar to that of Theorem 6.1. If as in
Theorem 6.1 we set u, = [max lp,,(z)] zon C] and let { be a point of C such
that Ipn(g—)l = HMny then

| pa(2) | 2 wa(l — An |z — ] /50), zonC.

Under the hypothesis on C there is a circle ' through { of radius 80/4nA
whose closed interior lies in C. It follows that in T we have | pa(z)| Zua/2.
Hence

6a)  [[ 1@tz [ [ |06z u2ommar

Theorem 6.7 now follows.

To show that for p =2 the exponent of #» cannot be improved in Theorem
6.7 we take C as the unit circle and p.(z) = Z7=o ri cos jo.

Theorem 6.7 together with the method used to prove Theorem 6.2 yields
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THEOREM 6.8. Let C be a curve of Type D. Let U(z) be defined in C; suppose
there exist harmonic polynomials p,.(z) such that

Qn)l?
[[ 00106 = puer a5 T, p>0,
c n

where p(2) is positive, integrable, and bounded from zero on C. Then lim, .., pa(3),
z on C, exists. If u(2) =lim, ., pn(2), 2 on C, then U(z) =u(z) almost every-
where on C, and the conclusion of Theorem 6.2 is valid.

The analogue of Theorem 6.7 for a polynomial w.(2) in 2 can clearly be
proved by the method used to prove Theorem 6.7. We also have for surface
integrals theorems corresponding to Theorems 6.3 and 6.5. The statement
and proof of these theorems are left to the reader.

7. Problem (3, direct. Let C consist of a finite number of mutually exterior
Jordan curves. Let z=y(w) map | w| >1 conformally onto the complement of
C so that the points at infinity in the two planes correspond to each other.
Walsh and Sewell [10] make the following definition:

DEFINITION 7.1. Tke set C s called a contour if C consists of mutually ex-

terior Jordan curves Cy, Cs, + - -, C\ having the properties (i) each C; has a
tangent at every point; (ii) the function

w) — (v
(7.1) log 'l/—————( ) ¢E )

w— W

for every possible definition of Y(w) and Y (w') is locally bounded in the two-
dimensional sense for lwl =1 and |w’ | =1 in the neighborhood of each point of
continuity of Y(w); (iii) the function (7.1) satisfies on each arc v; of |w| =1
corresponding to a curve C; of C a Lipschitz condition of order unity in w, uni-
formly with respect to w' on any closed arc of |w’ | =1 interior to a vi.

As a direct theorem for Problem 8 we prove

THEOREM 7.1. Let C and Cgr, R>1, be contours. Let u(z) be harmonic in the
interior of Cr and continuous on Cr; suppose d*u(z)/ds* exists and is continuous
with modulus of continuity w(8) on Cr, w(8)#£0. Set f(2) =u(z)+1iv(z), where
v(3) 1s conjugate to u(z). Then there exist polynomials w.(2) in z such that

w(1/n)

, zinC.
n*Rn

[f(2) — maa) | = M

By Theorem 4.2 there exist polynomials P,(2) in z such that
(7.2) f | fz) — Pale) [*ds < Llw(1/n)/n*].
Cr

It is known [8, pp. 345-346] that Cauchy'’s integral formula is valid for f(z)
where the integral is taken along Cz. Choose 7,(2) as the polynomial in z of
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degree # which interpolates to f(z) in 41 equally-distributed points on C.
(The “n+1 equally-distributed points” are the images in the z-plane of the
(n+1)st roots of unity under the conformal map of lwl >1 onto the exterior
of C by z=y(w).) Then Theorem 7.1 follows from (7.2) and known results
[10, Theorems 3.3, 4.7].

Corresponding direct theorems for Problem 8 when approximation is
measured by line and surface integrals are trivial corollaries of Theorem 7.1;
their statement is left to the reader.

8. Problem (3, indirect. Tchebycheff theorems. Let C be a rectifiable
Jordan curve; suppose 2z is a point interior to C. Let g(2o, 2) denote Green’s
function for the interior of C with pole at 2y, and let » denote the inner normal;
g(20, 2) is chosen to become positively infinite at z,. With this notation we
make

DEeFINITION 8.1. A curve C is said to be of Type B if C is a rectifiable
Jordan curve such that for some q>0 the integral [¢[dg(z0, 3)/0v]~2 ds exists.

We prove now

THEOREM 8.1. Let C be a curve of Type B. Let u(2) be defined on C and sup-
pose there exist harmonic polynomials p,(2) such that

Q(n)

) zonC, R > 1.
nk+1Rn

8.1 | u(z) — pala) | <

Set f(z) =u(z) +1v(2), where v(z) is conjugate to u(z). Then f(z) is analytic in the
interior of Cr and continuous on Cg; f®(2) exists and is continuous on Cr with
modulus of continuity which satisfies a condition of form (5.2). Hence 0*u/ds*
exists and is continuous on Cr with modulus of continuity which satisfies a condi-
tion of the same form.

Here and in Theorem 8.2 below, if #(2) and f(2) are not originally assumed
to be defined on the entire point set considered, the supplementary definition
is to be made by means of the convergent series of polynomials.

Let 20 be a point inside C. Define m.(2) = pa(2) +1¢.(2), ga(20) =v(20). It
follows from (8.1) that

| para(s) — pa(z) | < MiQ(n)/n*+1Rx, zonC.
Hence by a known result [11, Theorem 9.6] we have
(8.2) | Tas1(s) = Ta(2) | £ MoQ(m)/n*, z on Ch.
By virtue of (8.1) and (8.2) we thus obtain
1) = m(2) + [m() — m(z)] + [rs(s) — me(x)] + - -

(8.3) | 1) — ma(®) | £ M2 0(1)/* < M)/, 2 on C.

i=n
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Theorem 8.1 now follows from (8.3) and Theorems 5.6 and 2.7.

For the analytic case a similar theorem can be established under a weaker
hypothesis on C by employing a well known result [9, pp. 77-78] together
with the method used to prove Theorem 8.1:

THEOREM 8.2. Let E with boundary C be a closed limited point set whose
complement is connected and regular; let Cr, R>1, be a contour. Let f(z) be
defined on E, and suppose there exist polynomials w,(z) in 2z such that

| /(2) = ma(3) | < Qm)/n*1R, z on E.
Then the conclusion of Theorem 8.1 is valid.

When we say that the complement E* of E is “regular” we mean that E*
possesses a Green’s function with pole at infinity.

Walsh and Sewell [10] have established Theorem 8.2 by the same method
for the special case Q(n) = Myn—=.

9. Problem B, indirect. Integral measures of approximation. To prove
indirect theorems for Problem 8 where approximation is measured by a line
integral, we shall need

THEOREM 9.1. Let C satisfy the hypothesis of Theorem 4.1; let 2o be a point
inside C. Let w,(2) =pn(2)+1¢.(2), ¢(20) =0, be a polynomial in z. If p>1,
then

lnwlng[ﬁjm@PwTﬁ zonCr, R > 1.

Theorem 4.1 and the hypothesis yield

T rds < n rds.
LI@”MSMLM@Hs

Theorem 9.1 now follows from a result due to Walsh [9, pp. 92-93].
As an indirect theorem for approximation measured by a line integral
we prove

THEOREM 9.2. Let C satisfy the hypothesis of Theorem 4.1. Let U(2) be de-
fined on C, and suppose there exist harmonic polynomials p.(z) such that

9.1) [ o106 = ptor s < | 9) TR St
c .

’
nk+1Rn

'where_ p(s) s positive, integrable, and bounded from zero. Then lim, .. p(2),
2 in Cg, exists. If u(z) =lim,.,, pa(3), 2 in Cr, then U(z) =u(z) almost every-
where on C and the conclusion of Theorem 8.1 is valid for u(z) and f(2).

From (9.1) we obtain by the use of (4.1)
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J 1206 = £ute) a5 5 bala/wrsimele

Choose 7, 1 <r <R; then by Theorem 9.1
| Prt1(z) — p,.(z)[ = M Q(n)/n*+1R*, z on C,.

On expanding %(2) in the usual way we have for z in C,:

| 4(z) — pa(z) | £ M1 rQu)/u*Re S MsQ(n)/n*+(R/r)".
p=n
Theorem 9.2 follows from Theorem 8.1 if we take as the curve C of that
theorem the present C, and as R of that theorem the present R/r.
The method used to establish Theorem 9.2 and a result due to Walsh
[9, pp. 92-93] enable us to prove

THEOREM 9.3. Let C be a rectifiable Jordan curve; let p(s) be positive, inte-
grable, and bounded from zero. Let F(2) be defined on C; suppose polynomials
m.(2) 11 2 exist such that

[ #6110 = @) 285 < [a)/mRelr, >0, R > 1.
c

Then limy . 4(8), 2 in Cr, exists. If f(2) =1im, . Ta(2), 2 in Cr, then F(z) =f(z)
almost everywhere on C and the conclusion of Theorem 8.1 is valid for f(2) and
u(2).

We turn now to indirect theorems for Problem 8 when degree of approxi-
mation is measured by a surface integral. We must first establish certain
results on polynomials. Theorems 9.4-9.6 which follow are valid for any poly-
nomial 7,(2) in 2z of degree n. Western [12, pp. 861-863] has proved:

THEOREM 9.4. If C is an analytic Jordan curve, then

. ffz,l 7n(3) [PdA < Mn? ffz-l ma(2) |?dA4, s> 1

To be sure, Western states that the theorem is true for n sufficiently
large; however, if the constant M is chosen suitably, the theorem will clearly
hold for all positive integers #, since a polynomial of degree % is also a poly-
nomial of degree m=n.

Western’s result enables us to prove

THEOREM 9.5. Let C be an analytic Jordan curve; then

f | wa(3) |Pds < Lnff_ | wa(z) |24, p> 1
c c
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Let z=x(w) map le <1 one-to-one and conformally onto the interior
of C. Set F.(w)=wr.[x(w)], w=re®. Suppose 0 is such that F,(re¥)0,
0<r=1. Then for every ¢, 0 <e<1, we have

10

< d
[P = et = [ = ([Fuw) ),

ce

where we choose a particular branch of [Fa(w)]? and take the integral along
the straight line joining ee® and e®. It follows that

1
9.2) | Fule®)|? < | Falee®) |7 + # f | Fulre®) || Fa(re®) | do.
Let e—0. Since both terms of the second member of (9.2) are continuous,

single-valued functions of ¢, 0=<e<1, and F,(0) =0, we obtain for all such 6
the relation

(9.3) |Fa(e?) |? < p j; 1 | Fa(re®) |71 | Fu(re®) | dr.

Now let 6o be such that F,(roe®) =0 for some 7y, 0<ro=1. Since F,(w)
has at most #+42 zeros in |'w[ =1, there exists an 7>0 such that F,(re®)#0
for 8o—n=0<6,, 0<r=1. Therefore inequality (9.3) is valid for all 6, 6o—17
=0<0. On allowing 6 to approach 6 we obtain (9.3) for 8 =0,; thus (9.3) is
valid for all 8. Hence

2r
Tn rds = M F,(e®) [»dp
S Im@las s 7 ren)|
< om [ ao [ Baen) || Furen)|
0 0

= I)Mf‘fl 121 I"rn[X('w)] Ip_ll 27‘-”[X(w)]

+ wra [x(w) X' () | r dr db

< lefal ma(2) [7dA + Mgffalm(z)l"‘ll‘lr;(z)ldA

< M;ffal 7a(2) |Pd4 + Mz[ffal Wn(Z)I"dA:ll—w
[ f fa Iw:.(z)lpdA]”P,

Application of Theorem 9.4 yields the desired inequality.
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We are now in a position to prove

THEOREM 9.6. If C is an analytic Jordan curve and p>1, then

1/p
| ma(z) | < Ln””R"[ff_ | 7a(2) l"dA:I , zonCg R>1.
c

Let w=¢(z) map the exterior of C one-to-one and conformally onto the
exterior of Iw| =1 so that the points at infinity in the two planes correspond
to each other. Then

1r,,(z) _ Tn(t)
W - 21r1f [¢(;) mH(p — ) dt, zonCg R> 1.

Hence using Theorem 9.5 we obtain

Im@]| = MR”fcln(t)Hdtl < MIR"I:fc| a(d) || dtl]”p

1/p
< Mml/vR»[ f f_ | 1r,.(t)|"dA] , z on Cr.
C

As a consequence of Theorems 4.1 and 9.6 we have

THEOREM 9.7. Let C be an analytic Jordan curve; let 3o be a point inside C.
Let 74(2) = pn(2) +1¢4(2), gn(20) =0, be a polynomial in 2. If p>1, then

1/p

| ma(3) | < Ln”"R"[f _ | £a(2) I”dA] , zomCg R>1.
¢

The method used in proving Theorem 9.2 together with Theorem 9.7
yields

THEOREM 9.8. Let C be an analztic Jordan curve; let p(z) be positive, inte-
grable, and bounded from zero on C. Let U(z) be defined on C and suppose
there exist harmonic polynomials p.(2) such that

[[ @106 = pate) raa s LWl kst

nkp+p+anp

Then lim,. pa(2), 2 in Cg, exists. If u(z) =lima.. pa(2), 2 in Cg, then U(2)
=u(z) almost everywhere on C, and the conclusion of Theorem 8.1 is valid.

BIBLIOGRAPHY

1. N. Achyéser, Uber den Jacksonschen Approximationssatz, Communications de la
Société Mathématique de Kharkow (4) vol. 8 (1934) pp. 3-12.

2. John Curtiss, A note on the degree of polynomial approximation, Bull. Amer. Math. Soc.
vol. 42 (1936) pp. 873-878.



1951] FUNCTIONS SATISFYING A CONTINUITY CONDITION 23

3. C. de la Vallée Poussin, Sur l'intégrale de Lebesgue, Trans. Amer. Math. Soc. vol. 16
(1915) pp. 435-501.

4 , Legons sur approximation des fonctions d'une variable réelle, Paris, 1919,

5. J. Privaloff, Sur certaines propriétés métriques des fonctions analytiques, J. Ecole Poly-
tech. (2) vol. 24 (1924) pp. 77-112.

6. M. Riesz, Sur les fonctions conjuguées, Math. Zeit. vol. 27 (1928) pp. 218-244.

7. W. E. Sewell, Degree of approximation by polynomials in the complex domain, Annals of
Mathematics Studies, no. 9, Princeton, 1942,

8. V. Smirnoff, Sur les formules de Cauchy et de Green, Bull. Acad. Sci. URSS Sér. Math. (7)
vol. 3 (1932) pp. 337-371.

9. J.L. Walsh, I'nterpolation and approximation by rational functions in the complex domain,
Amer. Math. Soc. Colloquium Publications, vol. 20, New York, 1935.

10. J. L. Walsh and W. E. Sewell, Sufficient conditions for various degrees of approximation
by polynomials, Duke Math. J. vol. 6 (1940) pp. 658-705.

11. J.L. Walsh, W. E. Sewell, and H. M. Elliott, On the degree of polynomial approximation
to harmonic and analytic functions, Trans. Amer. Math. Soc. vol. 67 (1949) pp. 381-420.

12. D. W. Western, Inequalities of the Markoff and Bernstein type for integral norms,
Duke Math. J. vol. 15 (1948) pp. 839-869.

WASHINGTON UNIVERSITY,
St. Louss, Mo.



