INTEGRABILITY ALONG A LINE FOR A CLASS
OF ENTIRE FUNCTIONS

BY
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1. Introduction. Duffin and Schaeffer have recently shown [S] that if
f(2) is an entire function of exponential type ¢ < such that

(1.1) Sl |2 < =,

then for some K (independent of f(2))

(1.2) [ @ s < £ Z L0 I

provided that {)\n} is an increasing sequence of real numbers such that

INa—n| <L and |Nuy1—Na| 28>0. This is the L2-analogue of the theorem,

proved in different ways by Duffin and Schaeffer [6] and by B. Levin [8], that

f(x) is bounded if { f()\,.)} is bounded; the cases of the two theorems when

. =n are due respectively to Plancherel and Pélya [11] and Cartwright [3].
The object of this paper is to replace (1.1), (1.2) respectively by

(1.3) S ol foam]) < ©,
(1.4) flwhmbngiahmﬂx

with constants H and K independent of f(2), for a wide class of functions
¢(t) which includes ¢ for p>0. The proof is quite different from that given
by Duffin and Schaeffer for ¢(¢) =¢2; it involves a combination of ideas used
by Plancherel and Pélya for N\,=n, ¢(f) =¢?; an interpolation formula of
Valiron; and Levin's estimates for a product with zeros at the \..

The precise statement of the theorem is as follows.

THEOREM. Let f(2) be an entire function of exponential type such that
(1.5) lim sup y~* log | f(iy)f( — iy) | = 2¢ < 2.
Let {\,.} be a sequence of complex numbers, with No=0, [Na—n| L, [ Ngm—Na|

>26>0 (m>=0). Let B(x) be a nondecreasing function such that |B(x+L)
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—B(x—L)| b and (if L<1) |B(x+1/2)—B(x—1/2)| <b. Let ¢(x) be either
(i) an increasing convex nonnegative function or (ii) an increasing nonnegaiive
continuous function such that $(0) =0, ¢(x) =, ¢(x)/x decreases, and

(1.6) d(xy) = ¢(x)o(y).

Thenif 3. d>(| F\) I ) converges, there are numbers H and K, depending only
onc,L,38,0b,and ¢, such that

(1.7) o has) < K3 60100 s

in case (i), K=b; in case (ii), H=1.

If ¢(x) =x?, we have case (i) if p=1, case (ii) if 0<p<1. In case (i) we
can also, for example, take ¢(x) =eV* for x near 0 and it follows that if
> exp {—1/ | f()\,,)l } converges, then [, exp { —H/ | f(x)] }dx converges
for some H, a result which is new even when \,, =#. Functions satisfying (1.6)
have been discussed by Cooper [4], who showed (in particular) that they
satisfy ¢(x) £ Ax= for x near 0.

A converse theorem, when ¢(¢) =¢?, was given by Plancherel and Pélya
[11]: the convergence of

(1.8) fwcﬁ{ | f(2)] }da
implies that of
(1.9) f‘. olet| 1O | }

assuming only that the A\, are real and [)\,.+m—)\,,| >28>0, m>0, with no
restriction on the type of f(2) (except that it is finite). It is possible to modify
the direct theorem, by using a Stieltjes integral instead of a sum on the right
of (1.7), so that it includes this converse theorem. However, the converse
actually holds for a wider class of functions ¢ than that considered in the
theorem, namely when ¢(¢) is an increasing non-negative convex function of
log t. A proof can be given by a modification of Plancherel and Pélya’s
method, but I shall not give it here. I note only the lemma that

f_w¢{e’°‘”'|f(x+ iy)| Yd=x équb{ | ()| }dx,

and the form of the final result for real A\,:

S slealonl ) s & [Cotl @ | o,
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where f(2) is of type ¢ and K depends only on 6.
2. An interpolation formula. We need the following lemmas,

LEMMA 1. Let

G(z) = sz (1 = z/N)A — z/3),

n=1

where {7\,,} satisfies the conditions of the theorem. Then G(2) is an entire func-
tion of exponential type m, satisfying »

(2.1) |G(x + iy) | = A(| x| + D), | ] = 3L;
(2.2) |G| 2 ¢+ M) )5,

where A and C (>0) depend only on & and L.

Lemma 1 was proved by Levin [8]; less sharp estimates which would,
however, be entirely adequate for our present purposes (and also for proving
the boundedness of f(x) when {f(\.)} is bounded) were given much earlier
by Levinson [10].

LEMMA 2. For lz—)\,,[ >8/2, and each positive o,
(2.3) exp {=r(|sin 0| — o)}/ | G(re?) | = O(1).

Lemma 2, which is true whenever {)\,.} has density 1 and satisfies the
separation condition of the theorem, follows from a theorem proved by
Levinson [9, pp. 92-93].

We may suppose instead of (1.5) that lim sup |y[ —1log | f(iy)l =c<T as
y— =+ =, since otherwise we can consider f(z)e**s with a suitable real «; and
then it follows by a Phragmén-Lindel6f argument that

(2.4) If(,eio) | = O(er(c’Isin 81+d]cos 81 r— o,

for some ¢’ <7 and finite d, and each 6.
Now let ¢ be an integer, not less than 4L+ 3, and put

&, GEW [z
) = k..z_., G'(\)(z — xk)( )

where the prime indicates the omission of the term with 2=0. Let P(z) be
the sum of the first ¢+1 terms of the Maclaurin series of 2f(z)/G(z), and put

_ f(2) — H(z) — G(2)P(2)/2 )
29G(3)
In the first place, since ¢(x) T © when xT , the convergence of Y ¢(|f(\a)])

implies that the numbers f(\,) are bounded; hence by (2.2) and our choice of
g, the series for H(z) converges uniformly in any bounded region; hence H(z)

Ak

¥(2)
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is an entire function taking the values f(Ar) at z=M\;, k5£0. Since f(2)
—G(2)P(2)/z has a (¢+1)-fold zero at 0, ¥(2) is also entire, and it is easy to
verify that it is actually of exponential type.

We next estimate y/(re®) more precisely for large » and 0 near +7/2. We
have

f(2) H(z)
29G(2) 29G(2)

Then T3=0(1) since P(2) is of degree at most q. For T; we have by (2.3)
and (2.4)

P(2)

ZQ+1

()| = =Ti+ T2+ T

Tl § Mer(c'lsin 8]+d|cos 8])—xr(|sin 6|—c)

— Mer(—ﬁ[sm 0 |+d|cos 0|+a),

where >0, and M depends on f(z), o, and 0, while ¢ is arbitrarily small;
thus T\ is bounded on arg z=0 if 8 is so near +w/2 that —p|sin 8| +d| cos 8|
+0<0. For T, we have by (2.2)

o 4L+1

(2.5) T <R Z (itl_)\’i__,
IR

where R is a constant, and this is bounded for ]yl = 2L, say, since l E}()\k)| <L

and ¢=4L+3.

Hence y/(2) is an entire function of exponential type bounded on four rays,
any two consecutive ones of which make an angle of less than =, and hence
by a Phragmén-Lindelsf theorem y(z) is bounded everywhere and so is a -
constant. Finally, this constant must be zero, since for z=1y, |y[ — o,
T1—0, T3—0, and T,—0 because liy—)\k| — o uniformly in (2.5).

Thus we have the formula

2,  GESM) <z )“ ~
2.6 = —_— — 2)P(z),
(2.6) f(z) k=z_:@ TG =0 \n + z7G(2) P(2)
which is due to Valiron [12]. (Valiron’s hypotheses are somewhat different,
and it is somewhat easier to follow the lines of Valiron’s proof with our
hypotheses than to verify that our hypotheses imply his.) The same formula
was established by Ahiezer [1] by another method under more general
hypotheses which are irrelevant for our present purposes; the same degree
of generality can be attained by Valiron’s method by using a lemma of Boas
[2, p. 479].

3. Proof of the theorem. We shall now use for the first time the fact that
the constants 4 and C of Lemma 1 depend only on L and § and are otherwise
independent of the position of the \,.

Let m be an integer and put A™ =X\,ym—An, so that AP =0, |\ —»|
<2L, and |)\f,'”)—)\,(c"‘)| =26. Let Gn(z) denote the function of Lemma 1,
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formed with \™ instead of \,. Then Gn(z) satisfies (2.1) and (2.2), with L
replaced by 2L, 4 and C being independent of m. Let h.(z) =f(z+\n) sin? gz,
where now ¢=8L+3 in case (i), and in case (ii) ¢ is so large that D _¢(ksL+2—q)
converges; the latter choice is possible because ¢(x) <Ax* for small x and
some positive a. If 5 is so small that gn<w—¢, ka(2) is of type less than ;
and lh,,.()\f{"))l =< | f()\,.+,,.)‘ =0(1). Hence (2.6) applies to k.(2). Since P(z) is
of degree ¢ at most, and %..(2) has a g-fold zero at 0, P(z) =0 in this case and
we have

(m)

Gn(2) hn(Ne ) ( 4 )q
N .

m
(k)

— ’

G-D 0 = L D) )

We may suppose that L=1 and n<1/L. By the maximum principle, if T'

is the boundary of the square of side 4L with center at the origin and sides

parallel to the coordinate axes, and u,, is the maximum of I f(z-l—)\m)[ for z

inside T', un < maxp lf(z+)\,,.)|. OnT, ]sin" zl has a positive minimum, 1/v;
and | BON™)| | fOhesm)| ; 50

(m)

8L+l q
S Gm )\ m 1 Ax: 3[)
(3.2)  pm S C' D max @ | O [N T )
k=—ew T 3 — )\(;,n) [ )\(;‘”) |2
If 2€T and |2—\"| 21, by (2.1) we have
Gn(2)
max < AGL)™.
rolz— A

On the other hand, if z&T" and |z—)\§c"’)[ <1, then Gn(2)/(z—N™) is regular
on I', and the maximum of its absolute value does not exceed

Gn(2)
max max |— < AQ3L + 1)
z2EF Jz—wl=1| 2 — W
by (2.1). Hence we have
-, (m)
(33) Mm é N Z lf()‘k-i-m) l bk )
k=—c0

where b{’”)=(1+|)\£’")|)8L+ll)\£’")|*q and N depends only on L and § (not on
m). Now for k=0, [x;"‘)l =6 and kE4+2L = |)\£”‘)| =k—2L; hence

= (1 + k42D - 207, | &| > 2L;
b < (14 40)™ 5 | k| < 2L;

and so, by our choice of ¢, we have b{™ < b, where b; is independent of m and
> bi converges in case (i), qu(bk) converges in case (ii).
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Thus from (3.3) we have (with b,=0)

(3.4) fm < N i | f\im) | b = N i | M) | Bacom.

k=—o0 N=—o0

From this the theorem follows easily. Let 1/H=N >_%, b;. Then in case (i)
we have by the properties of convex functions [7, p. 72]

o(Hun) = ¢(H 3 70w an_m) S HY Nowws(| O]

hence
3.5) Z ¢(Hpn) = Z &( I f(\a) I )
and

0 0 L
J sl s s [ o] e+ m)| asta

m=—o0

< bi ¢(H max If(x+m)|)
M=—oo —LgzsL

=53 6 max |f(x+mtm—2r)])
—L=z=sL

<02 ¢(Hu) S5 3 o] 0],

which is the conclusion of the theorem in case (i).
In case (ii) we return to (3.4) and now we have, first since ¢(x)/x de-
creases [7, p. 83] and then by (1.6),

$(im) S 3 S| FO) [ Bom) S 32 6(] 10D | J6Gam)d (),

3 6l S 6 3 (1S ) S 6B,

and the conclusion follows as before by starting from this inequality instead
of (3.5).
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