THE POISSON TRANSFORM(})

BY
HARRY POLLARD

The Poisson transform is defined by the equation

(1) @W==["—1
s -:r—f_m1+(x—t)2 -

It is assumed that « is of bounded variation in each finite interval, and the

integral is interpreted as
) R
f = lim f
—0 R—)Q'S—no 8.
If « is absolutely continuous, (1) takes the form

1 0
@ f@=;£;¢%%&a

where ¢ is Lebesgue integrable in each finite interval. It will be proved that
the convergence of (1) or (2) for a single value of x implies its convergence to
a function f(x) analytic on the whole real axis.

The main problem with which we shall be concerned is the inversion of
(1) and (2) by suitable differential operators. The theory of convolution trans-
forms developed recently by Widder and his students(?) cannot be expected
to apply since the bilateral Laplace transform of the kernel has only a line,
and not a strip, of convergence. Consequently a new procedure is demanded.

Our inversion formulas for the Poisson transform are motivated by the
following argument. Let us consider (2) in the case that ¢ is in

L2(_ «©, w)'

Fourier transformation shows that (2) is inverted by(®) e!®lf(x)=¢(x),
where H=(1/7)D, D =d/dx. The problem is now to find an interpretation of
¢/#l which is applicable in the general case. Since
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(?) For the most recent account see Widder and Hirschman, Trans. Amer. Math. Soc.
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Math. J. vol. 13 (1946) p. 312.
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sinh x
el®l = cosh x + |x|, — o < x< o,
x
this suggests the choice
sin D
e#Hl = cos D + |H|

The natural interpretation in L? of | H|f is //, where g denotes the Hilbert
transform of g. Hence we are led to conjecture for (2) an inversion formula
of the form

sin D _
(3) ¢(x) = (cos D)f(x) + Tf’(x)-

Unfortunately, for a general function of the form (2) the Hilbert trans-
form f in its usual form(*) need not exist, and a reinterpretation of formula
(3) necessary. It will be shown that the formula can be made rigorous as fol-
lows. Define the operators —~, cos tD, (sin tD)/D and T by

- 1 @
@ ) = — — f w2 [g(x + w) — 28(2) + g(x — w)|dw,
™ A
) 2k
) (cos D)g(x) = 32 (=1)* r g#H(a)
sin tD © §2et1
©) 5 88 = T (-DF ),
™ Tug(%) = (cos 1D)g(#) + P 5(a).

Then (1) is inverted for all x by

®  late+) +alem))/2 — [o04) +a@-) )2 = lim [ @),
and (2) for almost all x by

) #(x) = .l_..nﬁ Tf(=).

The proofs of (8) and (9) constitute the main part of this paper, but we
must begin with an exposition of the elementary properties of the Poisson
transform.

1. Properties of the transform. The basic facts about the Poisson trans-
form are stated in the following theorem.

(4) Titchmarsh, Theory of Fourier integrals, p. 120.
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THEOREM 1.1. If the transform

(1.1) O e +i
. z) = — z =2+ iy,
- 1+ (z - t)2 4
converges for a single value of z in the strip ly| <11t converges uniformly in any
compact subset of this strip and defines a function analytic there. Therefore
differentiation of arbitrary order is permissible under the integral.

To prove this suppose that the integral in (1.1) converges at z=2,. For
each z such that |y| <1 define

U (R da()) R 14 (20— £)?
1.2 I(R = — = dF (),
wo s -2 o Lire e
where
d
Fi) = — f _ G
— 1 + (Zo bl u)’

Integration by parts of the right-hand member of (1.2) yields

1 — R)? 1 S)?

I(R,S) = LF(R} _ _L(Z_"_-l__)_p(_s)
14 (z — R)? 14+ (z49)2

R 1—(t—2)(¢—3
—2z—12) | F() ¢ = ) — =)
s T A+ G-y
Since F(t) is bounded it follows that I(R, S) converges as R—», S—® with
the uniformity asserted in the theorem. We have incidentally established
the fact that for |y| <1

1—(t—2)(— 20 i
1+ (=-9»)?
THEOREM 1.2. If (l.i) converges at a point 2o in the strip | yl <1 then
o)) = o(), |t — co.

9 S =f6) — 2~ =) [ FO

By the preceding theorem we may assume 2, =0. Since
a(t) — a(0) = fo 'dau)
we may write
o) = a0) = = [ 1+ waro),

where
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1 ® da
F.(t) = :f 1_’_(122'

Then, integrating by parts, we get
t
a() = a(0) = = (1 + OF) +Fi0) + 2 [ uFs(wdu.
0

Divide by {2 and let {—+ «. Since Fi(«)=0 we find that «(f)/t*—0 as
t—+ «. A similar proof applies for {—— .

2. The function f(x). The first step in establishing the inversion formulas
is the proof of the following theorem.

THEOREM 2.1. If f(x) is defined by the formula (1.1), then the integral
- 1 ©
fr = = = [ w0l + ) = 20 + S = )law
mJo

converges for all real values of x and

2.1) LI el Gl L) SRR
mJ o 1+ (x—0%)°
By (1.1)

ut[f(x + u) — 2f(x) + f(x — )]
= fwu—z[k(x 4 u—1) — 2k(x — 1) + k(x — u — 1) ]da(t),

—00

(2.2)

where k(x)=(1/7)(1/(14+x2%)). By the same argument used to establish Theo-
rem 1.1 it can be established that for each real x the right-hand side of (2.2)
converges uniformly in any interval —R=<u#=<R. Consequently we may
integrate with respect to # under the integral sign from 0 to R. After a change
of variable x —¢=v we find that

R
- %f w2 [f(x + ) — 2f(x) + f(z — w)|du

1 © 1___ 2
(2.3) = - EI—-I-—:Z)—z [arctan (R — ) 4 arctan (R + v) |dya(x — v)
. ™ —0
1 p> v 14+ (R + v)?
_ d, -
y Bl unyr et Sl
Ell + Iz, say.

(The separate convergence of I; and I, follows from subsequent arguments.)
Next we must let R—« in each of the integrals Iy, I;.
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First we dispose of I;. Let x be fixed and define

G() i v 1_52
R+ e

dra(x — §).

Then

1 ©
I =—-— f [arctan (R — v) + arctan (R + v)]dG(v)
TJ

[ e@l-4® -9 + k& + 9)ao

- f °oG(u + R)k(u)du + f ”G(u — R)k(u)du.

Then by the principle of dominated convergence
lim I; = — G(®) + G(— =),

R

since

fj k(u)du = 1.

But G(— =) =0. Hence

im I, = — G(oo _i RSl Gl
i T T ) ar e Y

Since this is the right-hand side of (2.1), it remains only to show that
limg..,, Iz=0.
Let x be fixed and define

da(x — §)
Hw =< f o 148
Then

1+ (R+9)?
= — d
xl, f_” e log1+(R_ e H(v)
R—v

v
=2 H d H
f_w @77 =1+(R+ v t? f ® 1+ R Sy
1 — 92 14 (R+ v)?
+f_wH(v) 1+ o) logl+ ® =) v
E]1+J2+Ja,say.




546 H. POLLARD [March

Since H(v) is bounded in v we have

= 1 1
|11|§A1f dv.
w14+ o] 14+ |R+|

An explicit evaluation of the integral shows that J;—0 as R— . Similarly
for J,.
As for Js we have

© 1
|J:|§A2f 1
o 1+ 22

Since the integrand is even and R>0,

© 1 1 R)?
| T3] §2Agf log sl )dv
o 1427 14 (v — R)?

“ v+ R v — R
< 4A2f [—— — arctan v:H: — ]dv.
0 2 1+@+R?* 14 (v — R)?

This last integral approaches zero as R— », by the same argument that was
used for J; and Js.

This establishes the formula (2.1). Now interpreting x as a complex vari-
able we can apply to (2.1) the same technique used to establish the properties
of (1.1). We find that f(z) is analytic in the strip | y| <1 and that differentiation
of arbitrary order under the integral in (2.1) is permissible.

3. The differential operators. Let the operators cos tD, sin tD/D be
defined respectively by (5) and (6) of the introduction. We shall prove that
if f(x) is defined by (1.1), and hencef(x) by (2.1), we have

1+ (v+ R)?
%1+ 0-Rr

1 © 1 —¢ 1+4¢
L IR e e ey e
and
sin tD . 1 ® 1—1 14¢
32— f(")=2_«f..°{<1—t>2+<x—y)2_(1+t>2+<x—y)2} de()

provided 0=t <1.
We give the details only for (3.2). For (3.1) they are similar and slightly
easier.

LEMMA 3.1. Let n be a fixed integer, and define
L(n, k, §) = f ulktngivkeg-lulsgn uduy.

Then
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202k + n)!
(1 + g2)r+iistars

i sin uf
f u2k+n e *du R
0 cos u¢
according to the parity of ». Hence

©
<2 f wlktngiute—udy |,
0

An explicit computation of the last integral completes the proof.
Our starting point in proving (3.2) is formula (2.1) which can be written

[L] =

For

| L(n, k, 8| =2

| L(n, &, 8|

- 1 © ©
(3.3) f = — f da(y) f e C—vye1el sgn udu,
T —
By the final remarks of §2 it is permissible to differentiate indefinitely under

the outer integral of (3.3). This differentiation can be carried under the inside
integral to yield

~ 1 ) )
(—1)+feb (x) = 2__f da(y)f ety htig—lul son ydy
(3.4) ;’ o -
= —f L1, k, x — y)da(y).
27 J o

According to Theorem 1.2 and the preceding lemma we may integrate by
parts to obtain for this last integral the value

1 p d

— — L1, &, x — y)dy.

o B L k= 9y
According to the definition of L(n, k, §),

digL("’ k,§) = iL(n + 1, k, §).

Hence
(~049() = = = [a)L2 b =~ ay.
TV —o
Formally
sin ¢tD .. ( %) = 1 i $2k+1 f” (DL, b Y
T8 = = & @y 1 ) AN B = )y
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By use of Lemma 2.1 for n=2 and k=1 it is easily verified that the last ex-
pression converges when the integrand is replaced by its absolute value,
provided 0 <t <1. Consequently

sin tD . 1

o /@ =-—

3.5)

[}m«-»m

where the expression in brackets is
1 = t2k+1

2y o k-
R TR G

i ®©
= —Ef u(sinh ut)e* = ve~¥l sgn udu

d ©
= — f (sinh uf)e=™ cos u(x — y)du
dy 0

1 d T 1
=—-—[ - ], r=1—tn=1+1
2 gyl t (z—9)* A+ (x— )
Substitute this for the bracket in (3.5) and integrate by parts once again.
Since a(y) =o0(y?) the result is formula (3.2).

4. The inversion formulas. According to formulas (3.1), (3.2) and the
definition (7) of T'; we have
1 p= rda(y)
4.1 T = A
(4.1) i@ =—) e

for any function of the form (1.1).

r=1-—1,

LEMMA 4.1. If (1) converges and R, p are positive numbers such that R>p>0,
we have

® - T
4.2 T 0, -
(4.2) (fn+f_,°R>72+(x_y)2 a(y) = o(1) r—0 4
uniformly in —p<x=<p.
Let

1=y,
Lﬂ+u—w ()

Then

= 1+ 9y
I= ——— dF(y),
T+ (2 — ) ®)
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where

v da(f)
mw=Ll+?-

Therefore
2y + (2 — y)(xy + 1)
(7 + (x — 9)?)?

Since F is bounded in y and x satisfies | x| <p, the integrand is dominated for
72<1 by

I =1F(») — sz:F(;‘v)

y+ G +eky+1)
(y — o)

constant

Hence I=0(r), 7—0. A similar argument applies to the integral [~ and this
proves (4.2).

Combining (4.1) and (4.2) we have proved the following lemma.

LEMMA 4.2. If f(x) is defined by (1), then

1 B T
4.3 T =— ——— 1), 0+,
(4.3) I =~ | a0 + o r—0 4
uniformly in —p <x=p, provided R>p>0.

According to this lemma we may integrate both sides of (4.3) to obtain

: 1 r® x—y y
f Tif(u)du = ——f (arctan + arctan ——) da(y) + o(1), 704,
0 ™ —R T

T

provided R> |xl . If we integrate by parts in the right-hand side we find that
the integrated part is 0(1) as 7—0+. Consequently

f zT,f(u)du
4.9 '

R - .
B - _Ra(y) {72+ (x — )2 - 24 yz}dy + o(1), T—0+.

Since R> |x|, standard arguments(®) show that as 7—0+ the integral on
the right-hand side of (4.4) approaches
[a(z+) + a(x—)]/2 — [2(0+) + a(0-)]/2.

This completes the proof that the Poisson transform (1) is inverted by the
formula (8).

‘ (®) Titchmarsh, Theory of Fourier integrals, pp. 28-31.
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THEOREM 4.1. (1) is inverted for all real x by (8).
The treatment of (2) is similar. Now (4.3) takes the form

R

1
Tif(x) = - Y m¢()’)d}’ + o(1), 7—0 4,

provided R>|x|. The uniformity is not needed. It is known(®) that the
integral on the right approaches ¢(x) for almost all x.

THEOREM 4.2. (2) is inverted for almost all real x by (9).
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