ON THE DISTRIBUTION OF THE SUPREMUM FUNC-
TIONAL FOR PROCESSES WITH STATIONARY
INDEPENDENT INCREMENTS

BY
GLEN BAXTER AND M. D. DONSKER

1. Introduction. Let {x(t), 0<t< oo} be a separable stochastic process
with stationary independent increments whose sample functions vanish at
the origin. Such a process is characterized by

EfeitsD} = (v® 0<T< w
where ¢¥® is the Lévy-Khintchine representation of the characteristic func-

tion of an infinitely divisible distribution, i.e., for some real v and bounded,
nondecreasing function G(x), with G(— «) =0,

iEx )1 + x?
14 x?

Since the process is separable, the functional, supoe<:<r x(£), is measurable
and it is the object of this paper to obtain its distribution function, o(a, T)
=P{suposlsr x(t) <a}. One of the most important processes of the type be-

ing considered for which o (e, T) has been explicitly calculated is the Wiener
process, ¥(§) = —£2/2, for which
1/2

2 1/2 alT
(1.1) oa, T) = (—) f e=*"1%ds
™ 0

has been obtained by various techniques. Calculations of ¢(e, T) in important
special cases also have been carried out by Darling [4], Técklind [5], and
others. Although we cannot explicitly evaluate a(e, T) in the general case,
we do obtain a formula for the double Laplace transform of o (e, T) in terms

of ¥(£).

THEOREM 1. For all positive u and X\,

1) If Y (&) is real

uf f e vTregd o(a, T)dT
o Yo

(1.2)
B LR S S 1)
P {Zqu f_w Nt s(s— v(E) dgds}'
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(i) If Y(§) is complex, and for some >0, [3,|Y(£)/E]dt < ,

uf f e vTred o(a, T)dT

(1.3) ¢ T
1 == A ¥(®)
- P {ﬂf f EE— i\ s(s — ¥(8) dfds} '

This theorem depends essentially on an elegant combinatorial identity
by Spitzer [1]. (See formula (2.1) below.) Since [r¥(£)ds/s(s — ¢ (§))
=log (1—y(¢)/%), in both (1.2) and (1.3) if the integration on s can be
brought inside the integration on £ a slightly more elegant result is obtained.

In §4 of this paper we illustrate how Theorem 1 may be used to calculate
the double Laplace Transform of o (e, T') for certain processes (certain ¢’s) of
interest, and in some of these how the transforms can be inverted yielding
explicit formulae for o(a, T). As an example of the latter, consider the process
where Y(£) =a(cos £—1). The sample functions, x(¢), of this process can be
interpreted as the monetary gain in coin tossing at random times. More
specifically, x(¢) is the sum of a random number, N(¢), of independent, identi-
cally distributed Bernoulli variables with distribution P{x=—1} =P{x=1}
=1/2, and where N(t) is a sample function of the Poisson process (cf. [2,
p. 398]). This process is of fundamental importance in the theory of collective
risk and has been considered in detail by Ticklind [5]. In §4 it is shown once
again that for this process

(1.4) P{ sup () < n} =1- nfTe—“‘ I,.(tal) dt
0

0gt<T

where J,(x) is the Bessel function of the first kind, and where I, =1""J,(ix).

The techniques employed in §4 consist of various contour integration
methods for evaluating the integrals on the right of (1.2) and (1.3). These
methods can be applied to ¥’s other than those considered in the specific
examples of that section and in §5 we prove the following theorem in this
direction.

THEOREM 2. Let u be positive. Let Y(£) have an analytic continuation §(z)
in the lower half-plane (Im 2<0) and let §(z) —u have only (infinitely many)
simple zeros py, p2, P3, * (|p1| < |p2| < |p3| < - - ), in the lower half-plane.
Then, if |pr| > as u— o,

0 0 1
(1.5) uf f e v Tred o(a, T)dT = -
0 0 had I\ )
11 (1 — _> PPACY!
k=1 Pk

where the gi's are appropriately chosen convergence factors depending only on
V(&) and u. (The g¢'s are explicitly defined in (5.4) below.)
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We remark here that in case the integral

(1.6) f we"’“d‘,P{x(T) < af =

—00

exists for all 77> 0 and all complex z with Im 2<0, the condition in Theorem 2
that |p;| - as u— o is equivalent to the condition that for some T'>0,
P {x(T) >0} >0. Thus under (1.6), the condition on p; merely eliminates the
trivial case in which P{x(T) SO} =1 for all T>0.

2. Spitzer’s identity and lemmas. Let {x:} be a sequence of independent,
identically distributed random variables with partial sums s;. Let s§ =s; if
sx>0 and O otherwise. For k=1, 2, 3, - - - let

or(N) =f e—“‘dP{max st < a}, vi(\) = f erdP{sit < al,
0 154K 0
and let ¢o(A\) =1. A theorem of Spitzer, [1], gives for ltl <1,
SRS S S
k=0 k=1 k

In addition to Spitzer's identity we will need two lemmas for the proof of
Theorem 1. The first of these is a straightforward generalization of the Lévy
inversion formula for characteristic functions.

LEMMA 1. Let F(a) be a distribution function with characteristic function
&(£). Let g(a) be piecewise continuous, of bounded variation on (— «, «), and
let g(c) be in Ly(— o, ). Then,

1 0
(2.2 — f_w[g("‘ +0) + gla — 0)]dF(a) = ——hm f_v f e eog(s)ds () .

1[' U—wo

The Lévy inversion formula is obtained from (2.2) by letting g(a) =1 for
a in a continuity interval of F(a) and 0 otherwise. To prove (2.2), let

Iy = & U[ f " iteg(s)ds f ”eiE“dF(a)]dz- - f_ : AU, o)dF(a),

27 = —w

where

1 U ©
f(U, @) = o eite f e ¢sg(s)dsdt
U —a0
1 £ sinU(s — a)
= — f — g(s)ds.
rJ_, s—a

Now
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1 ;e sinU(s — a) 1
lim — ——g(s)ds = 5 [ela 4+ 0) + gla — 0)].

U-w T —® S —

Furthermore, from dominated convergence of f(U, a) as U— « we have

1 0
lim Iy = f e+ 0) 4 gla = 0)JaFG).

U-w»

LEMMA 2. Let {x(t), 0<Lt< o } be a separable stochastic process with station-
ary independent increments whose sample functions vanish at the origin. Let
xt(t) =x(t) if the latter function is positive and O otherwise. Let

o\, T) = fwe—“daP{ sup x(f) < a} ,

0<<T

on(\,T) =f e—“‘daP{ max x+<—]—> < a}.
0 1< 2™ 2N

Then, limy .o, dx(\, T) =\, T) uniformly for T in any finite interval.

To prove Lemma 2, we note that since ¢x(\, T') is monotone decreasing
in N, it will be sufficient to show limy., ¢x(\, T) =@\, T) for each T in
the finite interval and that ¢(\, T) is a continuous function of 7.

The fact that limy., dx(\, T) =¢(\, T) for each fixed T follows from the
Helly-Bray Theorem, the separability of the process, and the fact that

P{ sup xt(f) < a} = P{ sup x(f) < a} . Let®(T) = sup x(4).
0<I<T 0<I<T 0<t<T
Since the process x(f) has no fixed points of discontinuity we have

lim [«(T + AT) — »(T7)] = lim [#(T + AT) — %(T)] =0
AT—0 AT—0

with probability one. From the continuity theorem for characteristic functions
we thus obtain

lim ¢\, T + AT) = ¢(\, T).
AT—0

3. Proof of Theorem 1. Again letting ¢(\, T) = [y e*doo(e, T), we can
write

uf f evTred g(a, T)AT = uf e*To(\, T)dT
o Yo 0

N
1— e’ & k 1
Y (et SR PR
Noo \ 1/2Y )i T\ 2N 2w

od k
lim (1 — e—“/zN) > ¢>()\, 2—N) eukiz

N—w k=0

3.1
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Let x+(¢) =x(¢) if x(¢) >0 and 0 otherwise. We show now that on the right
side of (3.1) we can replace ¢(\, £/2¥) by

5 o j
= | ered.p (L .
¢”( 2~> fo ‘ {gfgkx <2N) < “}

To show this, let an €>0 be given, and let K be a fixed positive integer so
large that e—*?X <¢/4. From Lemma 2, we have for sufficiently large N,

#(3) =)

Therefore, for sufficiently large N

o Bl
k

N+K

(3.3) <1 — e Z

k=0

(3.2)

E=01,--. 6 2N+K,

L]

+2(1 — ety 3 gwrn

f—oN1tK

<405
— ‘—=e.
=7 4

From (3.1) and (3.3), we obtain
° k

(3.4 u f g\, TYIT = lim (1 — eul?'y Z¢~<>\ 2_> .y
0 k=0

Let y(X, T) =f5°e‘“d.,P{x+(T) <a}. We now apply Spitzer’s identity (2.1)
to the right side of (3.4) with xz=x(k/2¥) —x((k—1)/2¥) k=1,2, - - - and
with t=¢~%/?" obtaining

(3.5) ufwe"”fﬁ()\' T)dT = exp {lim i ("I’_()"_kﬁv)_—i> e—uk/2N} ‘
0

N—w oy k

Now clearly for >0

f ) f me—”(\lx()\, T) — 1)dTds
u [ ]
0 0 k N
=L£ﬂ§@(ﬁ—%wwS
i (60D -)e )
yoe J, E Whow) —1 )%

= |im E(W)e—'uhﬂfv.

No®  fu} k
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Hence, from (3.5) we get(!)

(3.6) ufowe‘“%()\, T)dT = exp {Lw j;we"T('P()\, T — l)des}.

We now use Lemma 1 to express the integral on the right of (3.6) in terms of
Y (£). We will have to consider separately the two cases of Theorem 1. First
of all let us note that

(3.7 YO T) — 1 = fw(e"“' — 1)d.P{x(T) < a}.

Case (i): ¢(¥) real valued.
Using Lemma 1 with

(@) {e"‘“ a =0,
a =
8 0 a<O0

we obtain, since ¢(£) is real valued,

fwe“"daP{x(T) <a} - % P{x(T) = 0}

1 v 1 1 2 A
(3.8) = lim — — TV df = —f eTV B dE.
U-w 21y N+ i 2rJ_ N2 4 g2

Also, since ¥(£) real valued implies x(¢) is symmetric we have

w 1 1
doP{x(T) < a} = 7+ 7P{x(T) =0}
(3.9 ’
ST LT e = o
wd g g MY T

From (3.7), (3.8) and (3.9) we get

00

ANT) —1 = — T — 1)d
e ) et 1)d,

and therefore

fwe—ﬂ(w(x, T) — 1)dT = L [ L_ i]dg
0 2rd o M4 ELs =) s

R S S 26
200 N £ 5(s — ¥(®)

(") Formula (3.6) was obtained by the authors after seeing a statement of (2.1) in Spitzer,
Bull. Amer. Math. Soc. Abstract 61-6-819, November 1955. Subsequently they were informed
by Spitzer that he is aware of a continuous analogue of (2.1).

(3.10)

dé.
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Finally, from (3.6) and (3.10) we have (i) of Theorem 1,

- o flpere 26
ufo e To(\, T)dT = exp {wau f_w N E 6= ) dsds} .

Case (ii). Y(£) complex, and for some §>0, @) k| dE< .
Again we apply Lemma 1, but this time with

\X) =
§ 0 a<0

so that (e>0)

f”(e‘“‘ - e“"‘)daP{x(T) < a}

1 pus o1 1
(3.11) — lim —f < __ ,)Jwvdg
gow 21 g \N+ iE et it

L A—e (eTv® — 1)d.
21 J o (£ — IN)(E — de)

Hence,

T f ”(e"*“ — ) d P{a(T) < a}dT
3.12) ° ’

it (-9 LG
2w 6= N =9 s — v

Now, for |£[ <8 and since the real part of Y/(£) is negative, we have for suffi-
ciently small e,

dt.

(3.13) P | L @[
(£ = N(E — i) s(s — ¥(¥) st ¢

and for |£| >8

(3.14) ‘ AT e |2

(€ — iNE— ie) s(s — w@®) |~ s £

Thus, since we are assuming fi5]¢(£)/£|d£< ©, we obtain from (3.12) and
from dominated convergence on taking the limit as e—0,

Cpr f °°(e—u- — 1)d.P{%(T)<a}dT

1 = A ¥(§)
- — dé.
2T f_.o EE — i\ s(s — ¢(8) :

0

(3.15)
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Finally, from (3.6) and (3.15) we have (ii) of Theorem 1,

- B 1 e w(®
“f 7o )T = exp {zwf., f_ HE— N s(s — (&) dfds}'

4. Examples. In this section we consider four examples in which we use
Theorem 1 to calculate the double Laplace transform of o(«, 7). In the first
three of these examples the s involved are all entire functions, and the same
sort of contour integration method applies in each of the three cases. The
method is quite general and applies to many other processes than those con-
sidered. The fourth example concerns certain symmetric stable processes, and
the calculation of the integral on the right of (1.3) requires a special technique.

For the special case where y/(£) has an analytic continuation J(z) into the
lower half-plane (Im z<0) we start by deriving an identity useful in what
follows. Let A>0 be fixed, let s>0, and let I be a simple closed curve in the
lower half-plane. Moreover, suppose ¢¥(z) #s for all zon I" and let (2) —s have
only simple zeros at points p1, ps, * - * , p» inside I'. We may then write

(41) ‘//(Z) = (h0D H( )
P

for all zinside or on T and where k(s, 2) is analytic inside and on I'. Taking the
logarithmic derivative of both sides of (4.1) we obtain
¥(s)
(4.2) —_—=—— i(s, z) | +
s(s —¢(s))  9s L ] 1; or(pr — z) ds
Multiplying both sides of (4.2) by (27)~'(A\/2(z—2\)) and integrating both
sides around T in a clockwise direction we obtain the desired identity:

z de

(4‘3) _1_ ___):_Ls_)_dz_:i:_i__ip_k
2rJdr z2(z — iN) s(s — ¥(2)) =1 pr(pr — IN) ds

ExXAMPLE 1. The Gaussian case. Suppose Y (&) =iyt —a22/2. Let T, consist
of the semi-circle lz| =n (Im 2<0), together with the portion of the real axis
—n<Rez<n.

For sufficiently large #, there is exactly one zero of Y(z) —s within T',,
namely, p,=1(y/a?— ((v/o?)2+2s/a?)1/?). Applying (4.3) and noting that as »
becomes infinite the part of the contour integral over the semi-circle tends to
zero, we get

1 r= A 1463 2 dps

(4.4) — , g = : )
—o §(E — 1N s(s — ¢() ps(ps — IN) ds

which becomes on integrating with respect to s
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1 bl © A ¥(§) < i)\)
4.5 — déds = — 1 1 —-——).
(*.5) 21rf., f_m K= s6—p) " e

Thus, from (1.3)

Y Pu

f f e Tred o(a, T)dT = — -
0o Yo u(py — IN)
v 2 2u 1/2 %
o (G)+3) -5
¥ 2 2“ 1/2 %
D)+ -2

An easy inversion of (4.6) with respect to # and A vields the density function

2 \U2 1/« 2
(= 1/2
<1rT02> exp( 2¢72<T”2 ol ) >
do(a, T)

Y
da — — e2@/s” erfc [

o?

4.7

1 a
(209172 <T1/2 + ‘YT1/2>] a>0,

0 a < 0.

We note that in the special case ¢2=1, ¥=0, (4.7) reduces to the density
function for the sup on the Wiener process in (1.1).

ExaAMPLE 2. Coin tossing at random times. We now consider the process for
which ¢¥(£) =a(cos £—1)(a>0). As mentioned in the introduction, the sample
function x(¢) of this process can be interpreted as the sum of a random num-
ber N(t) of independent, identically distributed Bernoulli variables with dis-
tributions P{x=1} =P{x=—1} =1/2, where N(¢) is a sample function of
the Poisson process.

To evaluate the integral on the right of (1.3) for this process, we make use
again of (4.3) where we let T', be the square two sides of which are
2=+ (2n+1)r+iy with —(4n+2)7r <y <0. Contained within T', are 2n-+41
simple zeros of Y(2) —s namely px=2kw —1 cosh™! ((s/a)+1), —n<k<n.

Note that

dpr/ds = dpo/ds, —n<k<n
If we let o, =cosh~! ((s/a)+1), we get from (4.3)
1 A ¥(z)

4.8) 2rJdr, z(z — i\ s(s — ¢¥(2))

das 1 id 1
S S { _— ———-——}
ds k=—n 1(0‘, + )\) — 2km k=—n ia’, — 2kr
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It is easy to see that for » sufficiently large |¢(z)/s(s—¢(z))| is uniformly
bounded in z and # over the curve I',. Thus as » becomes infinite in (4.8) we
obtain

1, A ¥(§) i
21 J o E(E — iN) s(s — ¢(9)

do, " 1 " 1
i "{nm > —————— — lim Z————}

S no© ko g i(crs + )\) — 2krw no©  ke=—p io‘s — 2km
1 8 A 8 d 8
—{coth <0 +—> — coth i} %
2 2 2) ds
Hence, integrating both sides of (4.9) on s from u to «,
1 pe e A M2 sinh (0,/2
(4.10) __f f ‘ ¥(§) dEds=log(f3 sinh (0./2) )
2rdy J_o E(E— N s(s — ¥(§) sinh ((ou + N)/2)

From (1.3) we have finally,

© e 1 ¢?sinh (0./2)
f f e‘“T—*“daP{ sup x2(f) < a} aT = — —
o Yo 0<<T % sinh ((ou + N/2))

(4.9)

(4.11) | .
= —(1 — e Ze—kuu—k)\‘
u

k=0
Inverting first with respect to N we find that the distribution function
P{supos‘sr x(2) <a} is a step function of @ with jumps only at non-negative
integral values of a. Moreover, the value of this distribution function when
a=mn as a function of T is found by inverting with respect to % the function,

1 n—1
— (1 — e—au) Z e kou
u

k=0

1 11 u 2 vy "
Lo G ) T
u u u a a

We thus obtain for each positive integer »

(4.12) P{ sup x(f) < n} =1- nfre“” I,.(tat) dt

0<t<T

where J,(x) is the Bessel function of the first kind, and where I, =7""J, (ix).
One can also consider(?) the more general situation where

¥(E) = a[e"‘ i pre it — 1]

k=0

(?) The referee kindly suggested this generalization of Example 2.
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with $,>0, po>0, a>0, and D oo pr=1. If we let f(¢) =a(poet—1) —s and
g(§) =aet Y o, pre—t* we easily see that on the boundary of the region
Ty: —(2k+ D)7 <x<(2k+1)m, —log ((2a+s)/apo) <y <0, |f()] >|g®)|. By
Rouche’s Theorem f(¢) and f(¢)+g(£) =¢¥(£) —s have the same number of
zeros within I'x. Since, clearly, f(¢) has exactly 2k+1 zeros in Iy, Y(£) —s has
2k+1 zeros in I'; located at z; =2kr —i0, where

Y(—ie) =5 = a[e" i preek — 1]'
k=0

Thus, equation (4.10) continues to hold in this more general case.

ExAMPLE 3. The Poisson process. In this example we consider a modified
Poisson process for which y/(§) = —iy¢+a(e*—1), with ¥ >a>0. The evalua-
tion of the integral on the right in (1.3) is particularly easy in this example
since ¥(2) —s has only one zero in the upper half-plane and 1/(s—y¢/(3)) is
bounded for lzl >R, Im 220 for sufficiently large R. In fact, letting

Y(iy,) = s = vy + aleve — 1)
we obtain by the obvious contour integration (in the upper half-plane)
1 ® A I\ A ay,
413 L ' ¥(8) it = v(i ). _ Y
2r J_ E(E — iN) s(s — ¥(8) s(s —¥(EN)  yi(y. — N) ds

Integrating both sides of (4.13) with respect to s from % to « and using
(1.3) we get
© © 1 — x/y“
(4.14) % f f evTred g(a, TVAT = ———— -
o Jo 1 —y(iN/u

We are unable to invert (4.14) to get o(a, T'). However, we are able to find
explicitly P{supogice %(f) <a}. In terms of the standard Poisson process
{y(t), 0<t< }, W (&) =a(e’*—1)), this is equivalent to an evaluation of the
probability P{y(f) <a-+v¢ for all t}. We find this probability from (4.14) as
follows:

f ered, P { sup x(f) < a} lim f f e vIred o(a, T)AT
0 0< 1w u— 0 0 0
u A
= ( lim —-)
u—o Yu/ Y(iN)
(v =) 2 >
—-q — a,
v M+ a(er—1) Y=

0 vy < a.

Thus for the Poisson process {y(t), 0<t<® } with parameter a, we have for
Y>a
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Ply§) <ad 9, 0<1< o}

a\ 1 /a\* (a — k)
(415) 1 - —) —) [ e(a/‘y)(a—k) a> O,
= Y/ k=0 \Y k!
0 a<0.
In particular,
a
Ply() Sy, 0<t< @} =1 — —-
Y

For (%) abounded nondecreasing function F(x), let f(§) = —iyt — [¢ dF(x) —s
and let g(¢) =fge®=dF(x). It is easy to verify that on the boundary of the
region R: —(1/7)([sdF(x)+1) <Re z<(1/7)(JgdF(x)+1), 0<Im 2<(1/7)
(s+142/5dF(x)), |f(£)] > Ig(E)I . From Rouche’s Theorem we have f(£¢) and
f&)+g(¢) =¢(¢) —s have the same number of zeros inside R. Since, clearly,
f(§) has exactly one zero inside R, Y (£) —s also has one zero inside R, namely at
1y, where

Yys + fw(e-zu. — 1)dF(x) = s.

It is now clear that (4.13) still applies as does (4.14). Equation (4.14) in
this case becomes a formula of importance in the theory of collective risk and
was found by different methods by Arfwedson [6, equation 46].

ExAMPLE 4(%). Certain symmetric stable processes. It is worthwhile to note
that the right side of (1.3) can be evaluated for cases in which ¥(£) is not
analytic as was the case in the previous three examples. Consider ¥(§)
= —'yIEI“ with y>0, 0<a<2 and where a=2m/(2n-+1), with m and = inte-
gers. Now, for a=2m/(2n+1)

(4.16) lfw LIPS N S LU
' xJo NAE s+t 2rJ o EE— N s(s+ v | E]%) 2s

In the integral on the left of (4.16), let 7 =£2/¢3»*1D and we get

1 » pN 1 1 1 ©
(#.17) — f : (n + —) g = — f R(r)7'/%dr
™ 0 (Tz""'1 + )\2) S + ‘)/Tm 2 ™ 0

where R(r) = (\/(r2n+14N2)) (1/(s+7v7™)) (n+1/2)r**+ isarational function of 7
with a pole of order at most one at the origin and with a zero of order at least
two at infinity. By a standard contour integration (cf. [3, p. 130]) we find
the value of the integral in (4.17) to be w4 times the sum of the residues of

(3) The referee pointed out this generalization of Example 3 has application in the theory

of collective risk.
(9 The authors are indebted to R. H. Cameron for suggesting the method of calculation

used in Example 4.
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R(7)71/2 in the plane. Now R(7)71/? has simple poles at the points

s 1/m
pE = <_> en‘/me2kri/m k= 0’ 1, 2’ e, m— l,
(4.18) Y
. o = A2/Q@riDeri/@ntDg2kxil(2n+1) E=0,1,2,---,2n

with residues, respectively,

A d .
—;m 7 (Pk+l/2(~9)) k=0,1,2,--+-,m—1,
» s
(4.19) S
1 (=1)*

Sl S E=0,1,2,---,2n.
2 s+ yoR(s)

Thus, from (4.16), (4.17), and integrating on s

) ) —_ a m—1 1 nt+1/2 —_
B ——rL == 3o (0
2rdy I EE— N s(s+ ] £]9) i 2 prt12(u) + i

(4.20)
2n (_ 1) k m 1
- log (4 + ~voi (u)) + — log u
k=0 2 2
so that
e Tred o(a, T)dT
(4.21) °

12

n—a 1

= _;E . n+1/2 u) — 1)\ n ™
o pETH) IT (% + vozi(w))
k=0

"

with pg, o given in (4.18) and a=2m/(2n+1).

5. Proof of Theorem 2. Let s be positive, let A>0 be fixed, and let
b1, P2, ¢ (Iﬁll _<_|I62| < -+ ) be the simple zeros of §(z) —s in the lower
half-plane. Select a sequence of simple closed curves {T',} having the follow-
ing properties:

(i) T'. consists in part of the real axis between —# and #,
(5.1) (i) T, lies entirely in the lower half-plane (Im 2<0),
(iii) T, passes through none of the pi's but encloses b1, B2, - = * , Pn.

We define T',/ to be that part of I', excluding the real axis from —# to #.
Note that I', and T',/ are both functions of s. By Formula (4.3) with A>0

s ~f > ¥ dz=i(l —}>d3k

2w Jr, 2z — i\ s(s — ¥(2)) Z\zo— in 5 ds
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the integral around I', being taken in a clockwise sense. Moreover, IE;,I — 0
as s— o since | p1| —» as s— . Thus,

RO i\
(5.3 21rf fr z(z—z)\) s(s — ¥(z) duds = _glog( —;>

principal values for the logarithm being used throughout. Now define for
Ima>0,

_t RO
eia) = f f r Z(z —a) s(s — ¥(2)) deds
¥(2)
(5.4) gi(a) = —f fr',, - a) = 9@) dzds, (k>2)

f f (Z) dad
2ds
Mk Z(Z —a) s(s — ‘/’(Z))

the integrals being taken around I'Y in a clockwise sense. We call attention
to the fact that the gi(a)’s as defined in (5.4) are actually independent of the
particular sequence {I‘,,} chosen, and they depend only on ¥(£) and s. By
Cauchy’s theorem any other sequence of I', which satisfy (5.1) yield the
same functions gi(a). Relation (5.3) may now be written

n A 263 i\ )
5-3) "Lm‘g(l u>"‘f‘“zll°g( p)”k‘“)-

Exponentiating and passing to the limit on # yields the result of Theorem 2

0 0 1
(5.6) uf f evTred o(a, T)AT = -
o Yo hat < 1)\) .
H 1 — — ) oM
k=1 Pk

The remark which follows Theorem 2 will now be verified. Suppose first
that P{x(T)>0} =0 for all T>0. It follows from (1.6) for z=x+4y with
y <0 that

0
(5.7 | v | sf eved P{a(T) < o} <1

which implies that ¢(z) can never take on a positive value for Im 2<0. Thus,
if we know that ¥(z) =s>0 has infinitely many (and hence at least one) solu-
tions for Im 2 <0, it follows that P{x(T) >0} >0 for some 7> 0. On the other
hand, suppose P { x(To) >O} >0 for some fixed Ty>0. Then, the function f(y)
defined for y <0 by

5.8 f(y) = f we""“daP{x(To) < a} = oo
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has a positive second derivative which is bounded away from zero. This
means f(y) =1 for at most one negative ¥ and that f(y) takes on just once all
positive values for y <0. Moreover, f(y) increases to plus infinity as y de-
creases to minus infinity. By (5.7) ¢(¢y) is necessarily real-valued so that
¥(1y) =5s>0 has exactly one solution y, for y <0. What is more lysl —® as
s— . Finally, if pr=0r+i7: (1: <0) and ¢(p) =5s>0,

(5.9) eTo¥ i) = eTov i) < f etad P{x(T) < o} = eTo¥Gmn

—00

which in turn yields 0 <s =¢(zy,) <¢(i7x). Hence, Iy,l < | Ekl ,i.e. py=1y,, and
the remark is verified.
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