REPRESENTATION THEORY OF CENTRAL
TOPOLOGICAL GROUPS

BY
SIEGFRIED GROSSER(') AND MARTIN MOSKOWITZ(?)

By a central topological group we mean a group G such that G/Z is compact,
where Z (or Z(G)) denotes the center of G. A locally compact group satisfying
this condition will be called a [Z]-group, and [Z] denotes the class of these groups.

In [7] we developed the structure theory of [Z]-groups; in particular, we showed
that every [Z]-group G obeys the following Structure Theorem: G= V¥ x H (direct
product), where V is a vector group and H contains a compact open normal
subgroup K(®).

Both the structure theory and, as will be shown in this paper, the representation
theory of [Z]-groups generalize and unify in a natural manner the corresponding
theories for compact groups on the one hand and for locally compact abelian groups
on the other. In fact, many of the features common to these two classes appear
in their natural setting only when viewed as being characteristic of [Z]-groups.
In addition, there are strong indications that [Z] marks the utmost degree of
generality in which all these features are still present; not the least of these is the
fact that the representation theory of [Z]-groups is essentially finite-dimensional.
By contrast, that of the slightly larger class of [FIA4]~-groups is not; an [FIA]™-
group being a locally compact group G such that I(G), the group of inner auto-
morphisms, has compact closure in %(G), the group of all topological group
automorphisms of G, in the natural topology. The class [FI4]~ was introduced by
R. Godement [4]. (For a full discussion of the relation between [Z] and [FIA] -, see
[7].) The finite-dimensionality of representatiohs referred to above in combination
with the compactness condition which defines [Z] allows us to obtain less general
but considerably sharper results than those laid down by Godement in [6]. The
present paper gives complete proofs of the results announced in Bull. Amer. Math.
Soc. 72 (1966), 836-841, under the same title.

The paper is organized as follows. After establishing the basic definitions and a
number of technical results in §1 we proceed to the proof of the fundamental fact
that continuous irreducible unitary Hilbert space representations of [Z]-groups are
finite-dimensional (Theorem 2.1) and we obtain an orthogonality relation for the

Received by the editors December 21, 1965.

(*) Research partially supported by the National Science Foundation grant GP-3685.

(%) Research partially supported by the National Science Foundation, and Office of Army
Research, Durham.

(®) This is Pontrjagin’s classical structure theorem for locally compact abelian groups.

361



362 SIEGFRIED GROSSER AND MARTIN MOSKOWITZ [December

coefficient functions of such representations. An application is made to a problem
in the theory of discrete groups. In §3 we utilize the Gelfand-Raikov Theorem to
prove that [Z]-groups are maximally almost periodic, i.e., belong to [MAP];
from this and results of [7] it follows that they satisfy the hypothesis of Takahashi’s
Duality Theorem [18]. Further results are that continuous functions and continuous
central functions on a [Z]-group G can be approximated uniformly on compact
subsets of G by representative functions and linear combinations of characters,
respectively. In addition, the characters separate the conjugacy classes of G.
§4 contains a formula which characterizes, up to normalization, characters of
irreducible representations of [Z]-groups. Then follow two irreducibility criteria
for continuous finite-dimensional unitary representations (Theorem 4.3) and an
application. We conclude this section with a result on nilpotent groups.

In §5 we study the possibility of “extending” group characters (continuous
homomorphisms into the circle group) from certain central subgroups of a group
G to continuous irreducible unitary representations of the whole group; G is
assumed to be either an [MAP]-group or a [Z]-group (Theorem 5.1, Corollary 1,
and Theorem 5.5, respectively). In the latter case, essential use is made of the
structure theorem for [Z]-groups as quoted above. This extension theorem utilizes
and generalizes a result of Pontrjagin concerning the extension of group characters
in abelian groups. Theorems 5.2 and 5.3 concern representations of bounded degree;
they generalize results of 1. Kaplansky [10]. Theorem 5.2 as well as the extension
theorems depend on a result (Theorem 5.1) which analyses the irreducible repre-
sentations of a compact subgroup of an [MAP]-group G in terms of those of G.
Next we characterize countable discrete [Z]-groups making use of a recent result
of E. Thoma [19]. It should be remarked that the extension theorems derived here
shed light on those found in §3 of [7] and yield an alternative proof of Theorem 3.1
independent of infinite-dimensional representation theory. §5 closes with a theorem
on locally faithful representations.

In §6 an orthogonality relation is derived which augments the one in §2. The final
result is a criterion for equivalence of irreducible representations of a [Z]-group.

Finally the authors would like to thank J. Alperin for a number of useful
discussions on representation theory of discrete groups.

1. Preliminaries. We begin with a section containing basic definitions and
some results of a technical nature which we require for our investigation.

DEerINITION. (1) Let G be a topological group. Consider continuous finite-
dimensional irreducible unitary representations p of G on the complex vector space
V,; we denote the degree of p by d, or deg p and the identity map on ¥, by I,,.
Form equivalence classes of these representations, with respect to unitary equiv-
alence, and choose one representation from each class. We denote by # (or %£(G))
the totality of all such representations. (2) If p € Z we denote by p;; the coordinate
functions associated with p relative to some orthonormal basis of ¥, by x, the
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character of p, and by X (or 2(G)) the family of all such characters. (3) We denote
by & (or #(G)), & (or #(G)), and & (or # (), respectively, the algebras
of complex-valued functions on G which are continuous, (left) uniformly con-
tinuous(*), and continuous with compact support; by & (or %(G)) the subalgebra
of &, consisting of representative functions associated with representations in £,
and by & (or #(G)) the subalgebra of & consisting of the central functions—a
central function being one which is constant on the conjugacy classes of G. (4) As
usual, a subset S of G is called invariant if it is stable under the inner auto-
morphisms of G. In general, we denote by GBS the orbit of S under the inner
automorphisms of G. If fe & and x € G then f* denotes the left translate of f
by x, i.e., f*(y)=f(xy); and x A f denotes the conjugate of f by x, i.e., (x af)(»)
= f(xyx~1). The restriction of f to a subset S of G is denoted by f. If Sis a subset
of G on which fis bounded, | f|s stands for lub {|f(x)|/x € S}. The support of f
is denoted by Supp f. Finally, [, d% denotes the normalized Haar integral on G/Z,
and [, dx and [, dz are left invariant Haar integrals on G and Z respectively;
normalized so that [;=[, [,; the associated Haar measures are denoted by
Baizs te»> and pz.

All notation not explicitly defined will be standard. At times elements of Z(G/Z)
will be regarded as elements of Z(G).

THEOREM 1.1. Assume that G € [Z]. There exists a linear operator #:

F>FNF,
with the following properties:
) IffeZ N Z thenf#=f.
(2) If fe &, then Supp f#*<GEMSupp f, and f# € Z, .
(3) If F is a compact invariant subset of G then | f#|z<| f s
@) Iffe Z thenf#e .

Proof. For fin &, and y in G, define

70 = [ @ano) &o).

Evidently, for each y, (xAf)(») is a continuous function on G/Z. One checks
easily that # is linear. Now we have

fHp ) = fm G AS) eyt di = fm (1) AS)) dit = fm (i AS)() d%,

(*) Since, as was shown in [7], G has small invariant neighborhoods of 1, i.e., G € [SIN],
as is well known, the left and right uniform structures on G coincide.

(%) It follows from Theorem 1.1 that in the case of compact groups the # operator as
defined above; coincides with an operator used implicitly by Pontrjagin in [16]. (In this context,
see the Remark following Theorem 1.2.) Segal [17] explicitly defines an operation like #
when considering direct sums of compact and abelian groups while in work of Godement [4],
[6] the # operator is defined in a slightly more general setting.
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and by the translation invariance of [;,dx the last expression equals f#(y).
Hence f# € #(G). Let ¢>0 be given and choose a symmetric neighborhood U,
of 1 in G with the property that if y; 'y, € U, then | f(y;)—f(y2)| <e. Since G has
small invariant neighborhoods of 1 (by Theorem 4.2 of [7]), we may assume that
U, is invariant. Then

| f#(r) —f#(ya)| = falz (X AS)y1) = (X AS)(y2)| d.

But if y5 1y, € U, then one sees easily from the above that

(X Af)P)—GAaf)y2) < e
for all x in G/Z. Hence it follows that f# is uniformly continuous. Thus
fAeF N Z,.

(1) If fe £ N Z then it follows immediately from the definition of # that
S =,().

(2) If, for a fixed y, (f{af)(¥)=0, for all { in G/Z, then f#(y)=0. Hence if
S#(»)#£0, there is a ¢ in G such that f(tyt~!)#0. Let x=¢yt~1. Then y=¢~'xt and
f(x)#0. Thus

{If#(y) # 0} = Gm{x/f(x) # 0} = GMSupp f.

Hence Supp f#< G/ZmSupp f and since both G/Z and Supp f are compact, this
implies that Supp f# is compact.
(3) We have

b { #0)liye Fy s b { [ [af)0)l dify e F)-

The integrand is < || f] cur. Since F is invariant, this implies that | f# |z < | f] .
(4) Since # is linear, it suffices to show that pf, € Z, where p€ % and p(x) = (pi(x)).
Since p is a representation,

(xap)y) = ka: . Pu(X)pi(M)ers(x ),

where x is an element of G belonging to the inverse image of x. Now py(X)p,;(x~1)
is a function on G/Z. For if x € G and z € Z, then

pu(x2)pif(x2) ™) = (p(x2) @ p(z™ X~ isa
= ((p(*) ® p(x~)p(2) ® p(z™N)usas-
But p(x)p(z) = p(z)p(x), and since p is irreducible it follows from Schur’s Lemma
that p(z)=A(2)I,,, for each z in Z, so that p(z) ® p(z~*)=142. Thus
pudzX)piy(z*x7Y) = (p(x) @ p(x™ Nty = puX)prs(x ™).

Hence
Pu(X)p1(x " Vpil(¥) = 8uers(X)pici(¥)s
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and therefore

pE(y) =

do

Pkt(}’)(fclz &iras(%) d"‘)’

k,=1

which proves (4).
We require the following

LEMMA. In a [Z]-group G every compact set is contained in a compact invariant
neighborhood of 1. Moreover, G=UZ, where U is a compact invariant symmetric
neighborhood of 1.

Proof. If Cis a compact subset of G then C is contained in a compact neighbor-
hood FE of 1. Since G/Z is compact, the set GBE is also compact and is an
invariant neighborhood of 1 containing C.

Since G/Z is compact and G is locally compact, G=CZ, where C is a compact
subset of G. Then C is contained in a compact invariant symmetric neighborhood
Uofl,and G=UZ.

THEOREM 1.2(5). If G is a [Z]-group then there is a nonnegative function
w e &, N F with the property that, for any function f in Z(G/|Z),

L’z f(R) d% = fa W) f(%) dx.

We shall refer to such a function as a weighting function.

Proof. Write G= UZ as in the Lemma. Since U is compact, there is a nonnegative
function g in & (G) satisfying g(u)=1, for all u in U. Since g € #(G), we may
apply # to g. Because of the invariance of U it follows from the definition of # that
g#(u)=1, for u in U. Moreover, g#20, and by (2) of Theorem 1.1, g# € Z (G).
Hence, for the purpose of proving the present theorem, we may assume that
g € Z(G). ,

For each x in G, consider (g*);. Evidently, this function is nonnegative and has
compact support in Z. Define h(x)= [, (g*),(z) dz. Since (g*); € #(Z), h € Z(G).
Let x € G and write x=uz, where ue U and zeZ. Then (g%)(z ) =g(xz™?Y)
=g(u)=1, so that (g*); is positive at z~!; hence h(x) >0, for every x in G. Define
w(x)=g(x)/h(x). Then w € # and w is nonnegative. For z, in Z, we have

he(zy) = hxz,) = f g*1(2) dz = f @) dz = h(¥),

(®) The technique of proof employed here is similar to that of P. Cartier in [1]. We remark
that his proof applies to a more general situation than the one considered here but cannot yield
the fact that the weighting function is central. In any case, such functions have been used in
classical Fourier analysis for half a century in converting integrals over a period of a periodic
function to integrals over the whole real line.
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so that (h*); is the constant function with value A(x). Therefore,

[ 092 dz = [ (£9a1)@) dz = (114 j (892 dz = 1,
for each x in G. Moreover,

gv*7(2) = glxyx~'z) = g(xyzx~?) = g(yz) = g%(2),

since g is central. Thus (g*¥*');=(g"); and therefore & € Z(G), by the definition
of h. It follows that w € #(G).

Now assume f € Z(G/Z) and let x € G. Clearly (wf)*)z=W*)z(f*); and hence
Iz (W Y)2(2) dz=[ (W) () f)(2) dz.

Now, for z in Z, f*(z) =f(xz)=/(x), so that (f*); is the constant function on Z
with value f(x). From this and from the above one sees immediately that
2 (W) (2) dz=f(x), for every x in G. But then

[oneas=[ ([ ermad)as= [ fas

REMARK. We note that by means of this weighting function one can convert all
relations involving integrals over G/Z into relations involving integrals over G.
For example, the # operator is given by

f40) = f WO Geyx=Y) dx.

Furthermore, the proof of Theorem 1.2 shows that if G is itself compact then w
can be chosen to be constant. Since the normalization of the Haar integral on G/Z
forces that constant to be 1, it follows that if G is compact and fe £(G/Z) then
o S(x) dx=],, f(%) d%. In particular, the # operator, in this case, is given by

170) = [ forx .

PROPOSITION. If G has a compact invariant neighborhood of 1 then G is unimodular.
In particular, [Z-groups are unimodular(").

The (easy) proof of this proposition will be omitted.

DEFINITION. Let G be a locally compact group. We say that G has small central
“functions if for each neighborhood U of 1 in G there is a nonnegative function
fv € %, N & satisfying the conditions

(1) Supp fu<sU,

@ fu(1)>0.

THEOREM 1.3. G € [SIN] if and only if G has small central functions. In particular,
if Ge[Z], then G has this property.

(") This is clear from (%).
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Proof. Assume G € [SIN] and let U be a compact neighborhood of 1. Let S be
a compact invariant symmetric neighborhood of 1 in G that satisfies S2< U.
Define f;: G — R by

Su(x) = pe(S N xS) (x€G).

Clearly, oo >fy(1) 2 fy(x)=0. Since x ¢ SS~! implies S N xS= &, it follows that
Supp fy< U. Using the invariance of S and the unimodularity of G, one shows by a
direct calculation that fi(x)=fu(yxy~1), for all x, y in G, i.e., that f is central.

If X is a subset of G denote by ¢y its characteristic function. Then ¢g(fs)* "
is the characteristic function of SN xS, so that fy(x)=/, ¢s(¥)(¢s)**(») dy.
Since S is symmetric, it follows that ¢g(x ~1y)=¢s(y~1x), so that

5o = [ $sOIy9) dy = s+ 453,

where * denotes the convolution. Since the convolution of a bounded function
with an L,-function is uniformly continuous [11}, fy is continuous.

Conversely, assume that G has small central functions. Let U be a neighborhood
of 1 and fy the corresponding function. Since fy; is continuous, there exists a
neighborhood S of 1 such that, for all s in S, (1/2)fy(1) £ fu(s) £(3/2)fu(1). Then
Sfu(s)>0, so that Sc U. Since fy is central, we have fy(xsx~1)=fy(x) >0, for every
x in G. Hence xSx~'c U, i.e., SSx~1Ux, and therefore SS( \xec X~ 1Ux. Then
(Nxee X~ Ux is an invariant neighborhood of 1 contained in U.

2. Finite-dimensionality of representations and an orthogonality relation. By
modifying a computation of Nachbin’s [14] which yields the finite-dimensionality
of irreducible unitary representations of compact groups we get a generalization of
this fact for [Z]-groups as well as an orthogonality relation for coefficients of an
irreducible unitary representation which likewise generalizes the corresponding
one for compact groups.

PROPOSITION. Let G € [Z] and let p be a continuous irreducible unitary representa-
tion of G on the complex Hilbert space V. Then:

(1) For each choice of u, v, u', v’ in V the function defined by {p,(u), v>{p,(u'), v'>~
(where x € G and ~ denotes complex conjugation) is in Z(G|Z).

(2) To p corresponds a positive real number c,= [, |{p(4), v)|? dx, where u
and v are any vectors in V of norm 1.

(3) f <Px(u)s ) <p), V>~ dx = c,u, u'H<v, 0>,
GlZ

Sorallu,v,u', v inV.

Proof. (1) Let z € Z(G). Since p is a representation, p(x)p(z) = p(z)p(x), for each
x in G. Hence, by the Hilbert space version of Schur’s Lemma [11, 15], p(z)=A(2)],
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where A(z) € C and I is the identity map of V. Since p(z)~'=p(z)*, we have
[A(z)|2=1. Thus

$pap(t), V) papx(), v'))~ = M2Kpa(1), vD[N2)]~pu(tt), V">~
= <Px(u)s vy <Px(u’)’ vy,

Since p is weakly continuous, the function in question is in %(G/Z).
Now we shall establish (2) and (3). Consider

$(u, v, u',v') = J.GIZ {px(), v> $px), v')~ dx.

For fixed u, ', this function is linear in v’ and conjugate linear in v. Moreover
because of the Schwarz Inequality and the fact that p is unitary, |, v, #’, v')| <
lu] o] || |v']l. Consequently, for fixed u, ', ¢(u, v, «’, v’) can be represented
by a bounded operator. Specifically, there exists a family B, ,. of bounded operators
on Vsatisfying (B, ,(v"), v) =¢(u, v, u’, v'). But then, because of the invariance of the
Haar integral on G/Z, we have (B, ,(p,(v")), v) = j' 61z <Pyx(10), V> py (), p,(v)> ~ dx.
However, since {py.(), py(v')) =<p(t), v'> and <py(), v)=<p.w), p¥(v)), it
follows that

<Bu.u’(Pv(v,))a v) = fc/z <Px(u)a P: (v)> <Px(u’)’ VYT dx = <Bu.u'(v’)’ P:(v)>

Since the last term equals <{p,B, ("), v>) we conclude that (B, ,(p,(v)), vD=
{pyBy,u(v"), v), for all y in G and u, v, «', v’ in V. It follows that B, ,.p,=p,B, .,
for all y in G and u, «', in V. Hence, by Schur’s Lemma, B, . =B(u, u')I so that
j'G,z {px(u), V) {p(u'), v'>~ dx=PB(u, u'){v', v>. On the other hand, since p is unitary,
<p(t), VD (), V'~ =<, pe- 21 (0)P<W', px-1(v')> ", s0 that

(Buulv), v = jm G, pa- 1@<, py-1(V)) - di

- f Sty pa (O <, palv) ™ di,
GiZ

because of the unimodularity of G/Z. The last term equals
[, <ee, > <pate), 1>~ dit = B0’ o)ty

and therefore B(u, u')Xv', v)=B@’, v){u, u'>, for all u, v, ', v’ in V. Let v'=v and
let v be any fixed nonzero vector. Then B(u, u')=B(v, v)||v| ~Xu, u’, i.e., B(u, u’)
=c,{u, u') where, as is easily seen, c, is a constant that does not depend upon v,
Thus

fm Coalt), 0 <pal), V>~ dit = ¢, 'Y<V, .
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Let ' =u, v'=v and assume |u| =|v| =1 in the last equation. Then

[ 1o, 05125 = colullol? = <.
GlZ

By taking u=v in this equation we see that c,>0 because the integrand is non-
negative and has value 1 at x=1i, since for z € Z(G) we have p(z)=A(z)I, where
@) =1.

THEOREM 2.1. Let G € [Z] and p be a continuous irreducible unitary representation
of G on the complex Hilbert space V. Then p is finite-dimensional(®).

Proof. Let {y; | i€ I} be a maximal orthonormal family in V. For any finite
subset v,, . . ., v, of this family we have

Z [<pal@y), 02> |? < Z, |<px®), 01> |2,

and since p is as before and ||v;| =1 each summand in either of these sums, by the
preceding Proposition, represents a function in #(G/Z). Hence, and by the above
inequality,

fc/z 21' Pt 0:) [* d% = 2:1 fa/z [<px(0), 01> [* %

— 2 X
=, 5 [ S 1<pulod, v 17

Since p is unitary, {p.(v,)}, for every x, is also a maximal orthonormal family in V.
By Parseval’s Equation, ||v; 2=, | {px(y), v1) |?*=1. Hence nc, < 1. Since ¢,>0,
n is bounded and the theorem follows.

In light of Theorem 2.1 we can reformulate the Proposition in a more realistic
way.

THEOREM 2.2. Let G € [Z] and p € H(G). For ||u| =|v| =1 we have
[ 1<outa, o> 12 i = a5
GlZ
Moreover, for each u, v, u', v’ in V,, we have
[ <0 0> s, > d = dy 2w, <o, 0

Proof. Utilizing the method of proof of Theorem 2.1 we see thatif {v;, v, . . ., v4,}
is an orthonormal basis for V,, then for each i=1,.. ., d, we have

f | <p(0s), v1) |2 dX = c,
GlZ

(®) Theorem 2.1 as announced in [4] is false for [FIA]~-groups, as was pointed out by
Mautner [12].
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and therefore
d, dy
dey= 2 [ 1Koadodi = [ [<puted, o0 d.

However, since p is unitary, {p,(1;)}, for every x, is also an orthonormal basis for
V,. We may therefore conclude from Parseval’s Equation and from the above that
d,c,=1. The second assertion made in Theorem 2.2 is (3) of the Proposition. The
next corollary follows directly.

COROLLARY 1. Let v, ..., vy, be as above and let p(x)=(p;(x)) be the matrix
representation of p relative to this basis. Then

fm o))" dit = dy? 8,3,

and, in particular, [, |x,|* dx=1.
One can reformulate Corollary 1 in terms of integration over G.

COROLLARY 2. For any choice of the weighting function w, as constructed in
Theorem 1.2, the system of functions {d;?*w'?p,; | i,j=1,...,d,} is in % (G) and
therefore in Ly(G). Moreover, it is orthonormal in Ly(G). And, in particular,

fa W)X, (0|2 dx = 1.

The method of proof of the Proposition and of Theorem 2.1 has another
consequence, namely

THEOREM 2.3. Let G be an abstract group with center of finite index (i.e., G € [Z])
and let p be any irreducible unitary representation of G(°). Then d,<[G:Z]; in
particular, these representations are of bounded degree.

Proof. We show, in general, that, for G/Z compact and p in 2(G), d, < 1/ugz(1),
where 1 is the identity of G/Z. This formula is meaningful only if Z has finite
index. In fact, via countable additivity, ug (i) is positive if and only if Z is of
finite index in G; and in this case, ugz(1)=1/[G:Z].

Continuing the proof we assume given v in ¥ (=V,) such that |v|=1. For z in
Z(G) we have, as in the proof of the Proposition, p(z)=A(z)I, where |A(z)|2=1.
Hence |{p.(v), v)|?=1. If ¢; denotes the characteristic function of {i} then, since
the function x — |{p.(v), v>|? is in FL(G/Z) (by the Proposition) and since the
value of this function at 1 is 1, we obtain

perz(l) = fm b1l (pal0), 0D |2 d5 < fm |<pule), 5|2 d% = di*,

by Theorem 2.2. Therefore d, < 1/pg (1), and as was mentioned, if [G:Z] is finite
then the last quantity equals [G:Z].

(®) By Theorem 2.1, p is finite-dimensional.
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REMARK. Actually, for discrete groups, a more general fact is known about
representations of bounded degree for which we give a direct proof, and in addition
obtain a sharpening of the estimate, in Theorem 2.3; we exploit this in Theorem 5.3
where we pursue this topic.

3. Separation and approximation theorems. A direct consequence of Theorem
2.1 together with the theorem of Gelfand-Raikov (see Naimark [15]) is that the
set of all continuous finite-dimensional irreducible unitary representations of a
[Z]-group G separates the points of G and, evidently, then so does #(G). Hence

THEOREM 3.1. If G € [Z] then X separates the points of G, i.e., [Z]-groups are
[MAP]-groups(*°).

In view of the last theorem together with Corollary 1 of Theorem 4.4 of [7],
[Z]-groups satisfy the hypothesis of the Duality Theorem of Takahashi [18] which
unifies the well-known duality theorems of Pontrjagin and Tannaka.

We shall see in §5, as a result of Theorem 5.5, that Theorem 3.1 can be derived
without appealing to the results of Gelfand and Raikov.

THEOREM 3.2. Let F be a compact subset of a [Z)-group G, let fe Z., and let ¢
be a positive number. Then there is a function g in & satisfying || f—gl|lr<e.

Proof. It follows from the definition of % that it is a complex subspace of %,
Moreover, it is a subalgebra. To prove this it is sufficient to show that if p and
o € Z and p; and oy, are coefficient functions of p, o respectively, then p 0, € &,
Now p ® o is a continuous finite-dimensional unitary representation of G and
hence is semisimple. Thus, for a suitable unitary operator U,

PO = U @@ @,

where the 7' are irreducible unitary representations. It is easy to see that, since
each 7! is unitarily equivalent to an element of %, we may assume that, actually,
7t € Z. From this and from the above, one then deduces that p,;0;, € &. In addition
to this the representation g, defined by p(x)=[p(x)]~ is also continuous, finite-
dimensional, unitary, and irreducible. Hence p=UocU"*, where c € Z and U is
unitary. Hence % is closed under conjugation. Since % also contains the constants,
Theorem 3.2 follows from Theorem 3.1 and the Stone-Weierstrass-Theorem.
For reasons of convenience we quote the following result.

PROPOSITION 3.1 (BURNSIDE-FROBENIUS-SCHUR). Let G be an abstract group,
Pt p% ..., p" a set of mutually inequivalent irreducible finite-dimensional representa-
tions of G and {p}; | i,j=1,...,deg p*; k=1,...,r} the corresponding coordinate
Sunctions. Then the family {p¥} is linearly independent in ..

(*°) If G is a connected [Z]-group, then Theorem 3.1 in combination with the theorem of
Freudenthal-Weil gives an alternative proof of Theorem 4.3 of [7].
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This theorem was proven by Burnside for =1 and by Frobenius and Schur in
general (around the turn of the century); a proof may be found in van der Waerden
[20].

PROPOSITION 3.2 (AFTER PONTRIAGIN [16]). If G is any group the linear span of %
equals # N Z,.

Proof. Since characters are central representative functions, it is clear that the
linear span of ¥ is contained in % N £,
Now suppose f € % N Z,. Then

f) =2 > chpli(x), wherecheC.

k=1 1,7=1
Define f,(x) = S35 ckpk(x), for k=1, ..., r. Then
filyxy™) = > chiplyxy™)) = > ¢l Z PEO)PA)Ps Ay ™)
1,5 %) m

v degpk

= (3 eteb0)p0 7).

Now let di(y) =25 chipk(»pkA(y~1). Then, since f'is central,

r  deg ok
&) =fxy™) =D filyxy™H = > > AR
k k=11lm=
Hence, and by Proposition 3.1, ¢k, =d},(), for each triple (/, m, k), i.e.,
> chpl(DpAyY) = chy
1,7

and hence f.(yxy~1) =2, n chpln(x)=fi(x), so that each f; is central. The proof
will be complete if we can show that if g=>%82, ¢,,p,;, where p is irreducible and
g is central, then g= Ay,, where A € C. Since g is central, it follows that g(xy) =g(yx),
for each x, y in G. Hence

z CipuX)pri(y) = Z cityt pid(y) pitf(%),

1,9,k i,7h, K
so that, for fixed y,

> (2 copu)eutn = 2 (Z ct 0002 1.

i,k Kt

Applying Proposition 3.1 to this we obtain
Z Cupiy) = Z ¢t pii(y), or Z ¢y piey) = Z Pi(¥)Csis
i il i i

for each pair (i, k). If we denote the matrix (c;;) by C the last equation states that
pyCt=C'p,, for each y in G, where C* is the transpose of C. Since p is irreducible,
we have Ct=AI=C, by Schur’s Lemma.
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THEOREM 3.3. Let F be a compact subset of the [Z]-group G, fe Z N %, and
e be a positive number. Then there exist p* in Z and ¢, in C (k=1, ..., r) such that
If=2k=1 cexo*llr<e.

Proof. Replacing, if necessary, F by the compact set G F which contains F
and is invariant, we may assume that F is invariant. By Theorem 3.2, there exists a
function g in % satisfying || f—g| » <e. Assume for the moment that e &, Then,
since g€ &, f—ge %,. We apply # (Theorem 1.1) and conclude that (f—g)#
=f#—gh=f—g# since fe . Moreover, g# € % N %, By Proposition 3.2,
g# =% -1 cixp*. Thus (f—g)#=f—>% -1 ckx,*, so that by Theorem 1.1,

- S

Now let f be any element of %. By Urysohn’s Lemma, choose a function
Jf1€ &, such that (f;)r=1and let f,=ff,. Evidently, f; € & . Since f, has compact
support, it is uniformly continuous, and the part of the theorem already proven
applies to f;. Since fr=(f2)r, the proof is complete.

], — [F=lr < Lf—gls < =

THEOREM 3.4. If G € [Z] then X separates the conjugacy classes of G.

Proof. Let x and y be nonconjugate elements of G (if such elements exist) and
>x{ and >y{ their conjugacy classes. Since G € [Z], >x{ and >y{ are compact (see
[7], Theorem 4.2). Since >x{ and )y< are disjoint and G is a locally compact
Hausdorff space there is a compact neighborhood U of )>x< disjoint from >y<{.
Hence there is a function fin & such that 12120, f,,.=1 and Supp f< U. Then
f is uniformly continuous and f;,(=0. Applying # we find that f#(x)=1 and
f#(»)=0. By Theorem 2.1, f#e % N £. Since >x{ U H)<{ is compact, there
exists (by Theorem 3.3) a linear combination of characters such that

r
“f#_ 2 CkXo*
k=1

Then evidently, for some k, x,*(x)# x,<(»). This completes the proof.

< 1/2.
>2¢UdUC

4. The character formula, irreducibility criteria, and an application.

LEMMA 4.1. Let G be any group and p and o irreducible unitary representations of
G. If p and o are equivalent in GL(n, C) then they are unitarily equivalent.

In fact, the following more general result is well-known: Let p and o be unitary
representations of G on a Hilbert space. If p and o are equivalent by a bounded
operator then they are unitarily equivalent.

THEOREM 4.1. For any group G, the map p — x, from Z to ¥ is bijective.

Proof. Suppose yx,(x)=yx,(x), for all x in G. For x=1, this gives d,=d,; denote
this number by n. Then, for all x in G, J7-; pu(X)=7r-1 oy(x). If p and o are
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unequivalent then this constitutes a nontrivial dependence relation and contradicts
Proposition 3.1. Hence p and o are equivalent in GL(n, C) and therefore, by Lemma
4.1, they are unitarily equivalent.

THEOREM 4.2. Let G € [Z] and p € #. Then x, is almost periodic and satisfies the
Sfunctional equation

) Je)f (@) = /() J;Iz Sxsx='t)dx (s, 1€ G).

Conversely, if f is any nontrivial almost periodic function satisfying () then

f_(i) - Xﬂ(s),
S xo(1)

Jor a unique p in .

Before giving the proof we remark that Theorem 4.2 generalizes the classical
character Tormula for compact groups. (See Weil [21].) For (as was stated in §1)
if G is compact and fe F(G/Z) then [, f(x) dx= ], f(%) dx, and elements of
Z,(G) are almost periodic. In addition, Theorem 4.2 shows that in the case of an
abelian group G a function f in Z(G) is a group character if and only if it is
almost periodic and f/f(1) is a continuous homomorphism of G into the multiplica-
tive group of C.

Proof of Theorem 4.2. We extend the # operator (as defined in Theorem 1.1) to
representations by defining

H(s) = J’m p(xsx-1) di.

This makes sense because, for s fixed, p(xsx~?!) is a continuous operator-valued
function on G/Z. For t in G, we have

POPOND ™ = [ p0ptaexp0) ik = [ pl(e)s(0)™)
By the invariance of the Haar integral this equals |, p(xsx~') dx, so that

p(t)p#(s)= p#(s)p(2), for all s, ¢in G. Since p is irreducible, it follows that p#(s) = A(s)]
and therefore A(s)=(tr p#(s))/d,. On the other hand,

dp
wpte) = > [ pulusxtydi = [ g(aex=t) di = xKG)
i=1Jaiz Giz

Since y, is central, it follows from this and from Theorem 1.1 that A(s)=yx,(s) d,*
and therefore

() fm pesx-1) d% = y,(s) di L.
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It now follows that, for each ¢ in G,

(L/z p(xsx~) dﬁ)p(t) = L/z p(xsxt) dx = x,(s) d; *p(2),

and, from this, that y, satisfies (x); simply take the trace in the last equation.
Clearly, x, is almost periodic.

Conversely, suppose f satisfies (*¥). We first show that then f(1)#0. For if
S(1)=0 then f(5)f(t)=0, for all s, ¢ in G. If f(¢) #0, for some ¢, then the last state-
ment implies that f(s)=0, for all s in G, a contradiction to f(¢)#0. Thus, if t=1,
we obtain f(s)=f#(s), i.e., f=f#, so that fis central (Theorem 1.1).

Before we proceed with the proof of the converse we note a few well-known
facts concerning almost periodic functions. Let G* be the Bohr group of G and
«: G — G* the canonical continuous monomorphism (Theorem 3.1) of G onto a
dense subgroup of G®. Denote by ¢° the functions on G* associated with almost
periodic functions ¢ on G, by Z(G) the continuous almost periodic complex
functions on G, and (as defined in §1) by #(G®) the continuous complex functions
on G°. Then the following holds:

(a) If ¢ is central then so is ¢°.

(b) The map ¢ — ¢% is an algebra homomorphism from Z(G) to Z(G%
which commutes with complex conjugation.

(c) The finite-dimensional continuous unitary representations p of G and p*
of G* are in bijective correspondence.

(d) In (c) irreducible representations and unitary equivalence classes correspond.

(e) If p and p* correspond then (x,)*=y,c.

For facts concerning the Bohr group see [21].

Now, continuing the proof, we denote by [, ¢(¢) dt the invariant integral on the
algebra Z(G), ie., [,d()dt=[s ¢*W)du. If ¢, and ¢, e Z(G), denote
fx $2()(2(2))~ dt by <(¢1, do>x. Then {, D4 is an inner product on F(G). We
require a lemma.

LeMMA 4.2. If ¢ is a central function in F,(G) and {$, x,>x=0, for every p in &,
then ¢ =0.

Proof. By (a) above, ¢° is central. Hence, and because G* is compact,
l#<ld = D 1<8% x> |
peeR(G*)

However, since #£(G*) is in bijective correspondence with %(G) (by (c) above),
since x,e=(x,)* and since <@, x,>x= [« $*(u)(x,=(w))~ du (by (b)), it follows that
18518 = D [<bxodel.

PeR(G)

Now, by assumption, <@, x,>»=0, for all p. Therefore, |$*|2=0, and since ¢ is
continuous, this implies that ¢*=0, so that ¢=0.
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The proof of the theorem will be complete if we can show that, for every p in £,
(0] Xol8)
(***) f(l) <f; Xﬁ>* (1) <.f’ Xo>* (s € G)'

For in this case, since f is central and f#0, there is some p in # such that

{f; %>+ 7#0 (Lemma 4.2). Hence, for that p, f(s)/f(1)=x,()/x,(1). If also x,(s)/xs(1)
=f(5)/f(1), where o € %, then one sees easily from Proposition 3.1 and Lemma 4.1

that p=o.

In order to prove (*+x) we consider [, [4 f(xsx~f)(x,(t))~ d% dt. By the
Fubini Theorem this is [, (x,(£))~([g; f(xsx~*t) d%) dt. But since f(1)#0, this
equals, via (%),

@) 4, _ 1) 1)
[, uten- 19 ar = 23 [ @)~ de = FD<fo v

where the second equation follows from the remarks made about the Bohr group.
On the other hand,

f f Flesx=1)Y,(e)) - di dt = f ( f Flesx= 1)) dt) ds
GIZ J* Giz *
Keeping in mind that [, is invariant under left translation we have

[, s 006007 dt = [ Ftxs=x710) .
* *

Since (x,(3)) " =x,(¥ %), it follows that (x,(xs~1x~1))~ =x,(¢ " xsx~1); and since
X, is central, we get x,(¢~xsx~1)=yx,(xsx 't~ ). Therefore

[, Fosx=0)6esen e = [ flomotuox1e72) de
* *

and hence

f GIz f * Josx 00 (1)” d dt = f GIz (f * Sxo(xsx =277 dt) %

- f f(t)( J' xa(xsx-1£-1) d)'c) ar.
* Glz
By the first part of the present theorem, y, satisfies (), so that the last term equals
Xo(S)xo(t ™)
1) 220 2 dt.
RO

Hence

X(6) o 10
X9 [ 7000 dit = 228 f o>

The proof of Theorem 4.2 is now complete.
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We now derive irreducibility criteria for finite-dimensional continuous unitary
representations.

THEOREM 4.3. Let G be a [Z]-group and p a finite-dimensional continuous unitary
representation of G. Then a necessary and sufficient condition for p to be irreducible
is that either conditions (1) and (2) or conditions (1) and (3) hold, where (1), (2), and
(3) are as follows:

-1 gy = X9
M) J‘G/Z plxyx=1) di = o) L, (yeO.
(2) |x,|? is a function on G|Z and [, |x,(x)|? dx=1.
(3) |<pxv), v>|? is a function on G|Z and, for |v| =1,

fm |<pal®), 032 d = 1.

Before we give the proof we remark that the left-hand side of (1) is meaningful;
it is simply p#(»), as defined in the proof of Theorem 4.2.

Proof. Assume first that p is irreducible. Then (1) is simply equation (%)
derived in the course of the proof of the character formula (Theorem 4.2). Also (2)
and (3) have been verified in Theorem 2.2 and its corollaries.

Now assume first that p is unitary and that (1) holds. Then, by the semisimplicity
of p, we have p=37_, @ p', where the p' are irreducible unitary representations,
and V,=3[_, @ V,, an orthogonal direct sum, where ¥ is invariant under p and
(¥)x=(px)v,, for xe Gand i=1,.. ., r.In terms of a suitable orthonormal basis for
¥, we have p(x)=p*(x) @- - -@ p'(x). Hence [, p(xyx~1) dx is a matrix made up
of blocks down the diagonal of the form [, p'(xyx~?) dx. Since p' is irreducible
and unitary, the first half of the present theorem implies that

fG/z plxyx~1) dx = d;i IXn‘(y)Idego"

On the other hand, applying (1), we see that x,(»)d,'=x,(»)d,*, for each
i=1,..., r. Therefore, x,(y)d,;* = x,/(»)d,;*, for all i, j. For i#}, this is a nontrivial
dependence relation, a contradiction to Proposition 3.1 unless p' and p’ are
equivalent; but then they are unitarily equivalent.

For each i (i=1,...,r) let A;: V,— V, be a unitary operator satisfying
A(p")x=(p)A;, for all x in G. (Here, 4, =1.) Let w be any vector in ¥; of norm 1,
and let u;=A(w). Then y, € V,, || =1, and

$pulw), wy = <pilAW)), Aiw) = {Ai(px(W)), Aw)) = {px(w), w),

because 4, is unitary. Now denote 3], @ u, by u, so thatu € V,, |u||2=3; |u|?=r,
and therefore 0. Since p,(u)=3 @ pl(w), it follows that

), uy = <Z P, jz u,> = Z Cph), w,
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since ¥, is orthogonal to V, if i, and each ¥, is invariant under p'. Consequently,

[<pu), up|? = ; <phus), wy<plu), up>~

i 1
and therefore

[ 1ot uias = 3 ot ud<obtu), wy™ d
Glz i,J JG

1Z

But
f o), w> <plu), wy~ d% =f (p2W), Wy <plw), Wy~ d%,
GlZ GIZ

which equals ¢, (by Theorem 2.2), since p! is an irreducible unitary representation
and |w| =1. Therefore

[ Ko wlds =3 e = rie
GIZ .7

Now, for any A in R, {p,(Au), Au) = |A|2(p.(u), u), so that

| <px(Ats), Aty |2 = |A|*| <paln), > |?
and therefore

[ 1<oato, duyj2di = (A [ (<o, up 2
GIZ GlIZ

Since u#0, we may take A=1/||u|. Let v=2Au. Then

[ Keson o> di = =+ [ 1ot w12 = rieyiirt =
Glz GlZ

since |u||2=r.
Now assume that (3) holds. Then, since |v| =1, we have

f I<ps(0), 03 |2 di = d*.
GIZ

Thus c,:=d;*. Taking into account that c,:=d;! (since p' is irreducible), and
that d,=rd,1, we see that r=1, so that p is irreducible.

Now assume that (1) and (2) hold. Then, by the proof of the part of the converse
involving condition (1) we have y,(x)=ryx,1(x), for all x in G. Hence

|Xo(x)|2 = ﬁlXpl(x)Iz;
so that

[ meras=1=r]
Gz GIZ

Since p! is irreducible, it follows from the first part of the present theorem that
fa1z 1xo*(¥)|? dx=1. Hence r=1, and p is indeed irreducible.
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ReMARK. For example it follows from Theorem 4.3 (via the Fubini Theorem)
that if p and o are continuous irreducible unitary representations of G and H,
respectively, and G, H € [Z] then p ® o is a continuous irreducible unitary repre-
sentation of G x H. Although this result is true for general locally compact groups,
it is interesting that for [Z]-groups its proof can be made to depend upon integra-
tion.

The proof of Theorem 4.3 also yields the following:

COROLLARY. Under the hypothesis of Theorem 4.3, p is a primary representation
if and only if it satisfies (1) of Theorem 4.3.

The following proposition generalizes a result of I. M. Isaacs and D. S. Passman
[9] while relying on their method of proof as well as a theorem of D. Suprunenko(*?).

PROPOSITION 4.1. Let G be a locally compact group which is nilpotent of class 2
and p € A(G). If p is faithful on Z(G) then p is faithful and [G:Z] is finite; in fact
[G:Z]=d2.

Proof. We first show Supp x,=Z. If x ¢ Z then there is a y € G such that
yxy~1x~1%#1. But this commutator € G'cZ. Hence yxy~l=2zx where z € Z and
z#1. It follows that x,(yxy~1)=x,(x)=x,(zx). On the other hand, since p is irre-
ducible, p(zx)=A(z)p(x) where A € Z". Thus y,(zx)=A(z)x,(x). Since x,(z)=d,A(2)
we have y,(zx) =d; *x,(2)x,(x). If x,(x)#0 then x,(z)d; *=1. It is well known and
easy to see that Ker p={x | x € G, x,(x)=d,}. It follows that z=1 since p; is faithful,
a contradiction.

It follows from the above that Ker p=Z and hence is trivial. Thus p is faithful.
A theorem of Suprunenko tells us that [G:Z]<oo. By Theorem 4.3 (since G is a
[Z]-group), [,z |x.(x)|? d%=1. However, for x ¢ Z we have |x,(x)|>=0, so that
l=jo/z ilx.(x)|? dx:.fclz |x0(2)|? dx. Since |x,(z)|*=d, on Z we have

l = dgﬂc/z(i) = d3[G:Z]!,

since [G:Z] is finite.

REMARK. Although it is true that in a nilpotent group any nontrivial normal
subgroup intersects the center nontrivially, so that the first assertion of the Prop-
osition follows directly, in order to verify the second one it is necessary to show
Supp x,=Z.

The following corollary gives a method for constructing groups which satisfy
many finiteness conditions but are not [MA4P]-groups.

COROLLARY. Let G be an infinite group with the property that G' =Z(G) has order
D, a prime. Then each p € %#(G) annihilates Z(G).

(*') We are indebted to Professor O. Kegel for calling to our attention this theorem which
appears in Soluble and nilpotent linear groups, by D. Suprunenko, Amer. Math. Soc. Trans-
lations of Math. Monographs, vol. 9, 1963.
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Proof. If there is a p € Z(G) which doesn’t annihilate Z(G) then p; is faithful
and hence [G:Z]< 0. Since Z is finite then so is G, a contradiction.

5. Extension of group characters; representations of bounded degree. We begin §5
with some definitions.

DEerINITION 1. If H is an abelian topological group and x: H — T is a continuous
homomorphism with values in the circle group (written multiplicatively) we call
x a group character of H, in order to distinguish from our previous use of the
term ‘““character.”

DEFINITION 2. Let G be a topological group, H an abelian subgroup, x a group
character of H, and p a finite-dimensional continuous representation of G. We say
p extends y if p(y)=x(»)a,, for all y in H.

THEOREM 5.1. Let G be an [MAP)-group and K a compact subgroup of G. Then
each continuous unitary irreducible representation of K is (up to unitary equivalence)
an irreducible component of the restriction pyx of a finite-dimensional continuous
irreducible unitary representation p of G.

Proof. For each p in #%(G), px is a continuous finite-dimensional unitary
representation of K. By semisimplicity we have

(%) Pk =D pED - Do?,

where of is a continuous irreducible unitary representation of K, for i=1,...,r,.
Let fe Z(K). Since K is closed in G the Tietze Extension Theorem applied to the
real and imaginary parts of f yields a continuous extension /' * on G. Since G is in
[MAP], it follows from the Stone-Weierstrass Theorem that f* can be uniformly
approximated on the compact set K by representative functions associated with
Z(G). Thus, for £>0, we have

N deg ok
k K
- z Z Ciipi;

k=114,7=1

< g,
K

for some pl, . .., p" in Z(G) and c}; in C. Since f=(f*), it follows from () applied
to pl, ..., p" that f can be uniformly approximated to within ¢ on K by representa-
tive functions arising from {o?* | i=1,...,r»;k=1,..., N}. Hence the repre-
sentative functions associated with {of | p € Z(G), i=1,...,r,} are uniformly
dense in Z(K). Since K is compact, ||g|l. < |g]x, for every g in Z(K), so that the
representative functions arising from {o?} are dense in L,(K). By the above and by
the orthogonality relations for the compact group X the coefficient functions of the
of form a maximal orthonormal family in L,(K) and therefore the ¢f comprise
(up to unitary equivalence) all continuous irreducible unitary representations of K.

COROLLARY 1. Let G be an [MAP}-group and K be a compact central subgroup.
Then each group character of K extends to a continuous finite-dimensional irreducible
unitary representation of G.
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Proof. Let xy be the given group character of K. By Theorem 5.1, choose a
continuous finite-dimensional irreducible unitary representation p of G, so that y
is a component of px. As usual, p(y)=£&(»)]q,, for y in K, since K is central and p
irreducible, where ¢ is some group character of K. But since K is abelian,
px=x' @D --@ x’, where y' are 1-dimensional unitary representations of X, i.e.,
group characters, and x!, say, is equivalent to x. Evidently, y! =y. Combining the
above we conclude that y'=x'=¢, for all i. Hence x=¢. Thus p extends y.

COROLLARY 2. Let G be an [MAP)-group and K be a compact subgroup of G.
Then the restriction map F(G) — %K) is surjective.

Proof. This follows directly from Theorem 5.1.

COROLLARY 3. Let G be an [MAP}-group and K a compact Lie subgroup. Then
there exists a continuous finite-dimensional unitary representation p of G whose re-
striction to K is faithful.

Proof. We first observe that any group has a faithful continuous unitary rep-
resentation if and only if it has a finite number of irreducible ones which separate
the points. Applying this to a faithful representation of X we obtain a finite number
o1,. .., 0, of irreducible representations of K which separate the points. By Theorem
5.1, choose irreducible representations p; of G such that each p;, when restricted
to K, contains o; as an irreducible component. Their direct sum satisfies the
conclusion.

ReMARK. Theorem 5.1 and Corollaries 2 and 3 are generalizations of facts known
to hold for compact groups.

We continue this section with some results on representations of bounded
degree. G, denotes the connected component of 1 of the group G.

Although the next result is well known we prefer to give a proof and then exploit
the method.

PROPOSITION 5.1. Let G be a group possessing a normal abelian subgroup A of
finite index. Then d,<[G: A] for all p € Z(G).

Proof. Let p € 2(G). Since A is normal we have, by Clifford’s Theorem [2],
pa= 5" D2 @ --D ™)

where o*(»)=o(xyx~!), x€ G, ye A and the o* are unequivalent irreducible
unitary representations of A. Since A is abelian the o* are distinct and one-
dimensional. Let (o*)¢ be the induced representation of ¢* to G. It is unitary and
therefore semisimple. Since A is of finite index it follows, by Frobenius Reciprocity
[3], that [(6*)¢: p]=[ps:0*]=s. Hence deg (0*)¢=deg o*[G:A]=[G:4]. Thus
d,2[G:4)/s=[G: 4]

The following corollary sharpens the estimate of Theorem 2.3.

COROLLARY. Let G be a discrete [Z]-group and p € #(G). Then d,<[G:Z]*/2.
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Proof. For any normal abelian subgroup A of finite index, we have sd, < [G: A4].
If A=Z then p,=AI where A is one-dimensional. Thus r=1 and s=d,, so that
d22[G:Z).

REMARK. Actually, one can do better without Clifford’s Theorem as follows.
Suppose [G:Z]< o0 and p € Z(G). Let y=A(p), where A is the map defined in the
beginning of §6, and x € Z. Then € is a continuous unitary representation of G of
degree [G:Z]. By reciprocity, [x¢:0]=[o;:x]=0if 0 ¢ A=1(x) and d, if o € A~(y).
Thus =Y er- 1y d,0. In particular, [G:Z]=2,ea- 1, d2 and therefore d2 < [G:Z].

In [10] I. Kaplansky characterized locally compact unimodular groups all of
whose primitive representations are of bounded degree by polynomial identities
satisfied by the group algebra. The most important applications are obtained in the
case of a compact group where he proved the following theorem: If X is a compact
group and all the continuous irreducible unitary representations are of bounded
degree then K is abelian. Conversely, if X is a compact Lie group and KX is abelian
then these representations are of bounded degree. (For the definitions, see [10](*2).)

THEOREM 5.2. Let G be an arbitrary locally compact group. If all the continuous
irreducible unitary Hilbert space representations of G are finite-dimensional and of
bounded degree then G, is abelian.

Proof. It follows from the Gelfand-Raikov Theorem that G, and hence G4, is in
[MAP]. Hence, by the theorem of Freudenthal-Weil [8], G, = ¥ x K (direct product)
where V is a vector group and K is compact. By Theorem 5.1, the continuous
irreducible unitary representations of K are components of the restrictions of those
of G. Hence the continuous irreducible unitary representations of K are of bounded
degree. Thus K; is abelian, by Kaplansky’s Theorem. Since K; =X, G, is abelian.

On the other hand let G be a Lie group in [Z] and suppose G, is abelian. Then
since G, is open in G so is ZG,. Consequently ZG, has finite index in G. Because Z
is central and G, is normal abelian, ZG, is normal abelian. By Proposition 5.1 all
p € Z(G) are of bounded degree. Thus, by Theorem 2.1, we have the following
partial converse to Theorem 5.2.

THEOREM 5.3. Let G be a Lie group in [Z]. If G, is abelian then all the continuous
irreducible unitary representations of G are of bounded degree.

REMARK. Both Theorems 5.2 and 5.3 generalize the corresponding results of
[10](*3). In the case of a Lie group G, Theorem 5.3 also substantially generalizes
Theorem 2.3, since there Z had finite index and therefore G, was actually central.
Further, both in Theorem 5.3 and the corresponding theorem of Kaplansky it is
essential that G be a Lie group, for there are many examples of compact totally

(*2) Actually, the above results are not explicitly stated in [10] but follow directly from the
theorems contained there. In part this was also pointed out by Isaacs and Passman [9].

(*3) We have been informed by Professor C. Moore that he has also recently generalized
Kaplansky’s results along similar lines.
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disconnected groups with continuous irreducible representations of unbounded
degree.
A direct consequence of a recent result of E. Thoma [19] is:

THEOREM 5.4. Let G be a countable discrete group. Then G is a [Z)-group if and
only if (1) the continuous irreducible unitary representations of G are all finite
dimensional, and (2) G is an FC-group(**).

Proof. For any [Z]-group the conjugacy classes are compact [7] and therefore
finite in the case of a discrete group. Condition (1) is the conclusion of Theorem 2.1.
Conversely, if G is a countable discrete group then condition (1) implies that G is
of type I in the sense of Mackey. (See, for instance, G. W. Mackey, The theory of
group representations, University of Chicago Notes, 1955.) Theorem 6 of [19] tells
us that G has a normal abelian subgroup A4 of finite index. Let x;, x5,..., x, be a
complete set of coset representatives of G/4. Then, by (2), C(x;), the centralizer of
x;, has finite index in G for each i. Hence (-, (C(x;) N A) is a subgroup of G of
finite index. Since A is abelian, this subgroup is central, and therefore G € [Z].

CONJECTURE. We believe the above to be a special case of the following more
general theorem.

Let G be a locally compact group. A necessary and sufficient condition for G to be
a [Z]-group is

(1) Ge[SIN],

(2) Ge[FD], i.e., the commutator subgroup of G has compact closure.

(3) The continuous irreducible unitary representations of G are all finite-
dimensional.

The necessity of (1) and (2) was proven in [7]. Condition (3) is the conclusion of
Theorem 2.1. We remark that it is a natural generalization of the one investigated
by Kaplansky.

Our next result generalizes the following classical theorem of Pontrjagin as well
as our Theorem 3.1. Its proof, however, makes use of both these theorems.

THEOREM OF PONTRIAGIN. Let G be a locally compact abelian group and let H be a
closed subgroup of G. Then every group character x of H extends to a group character
£ of G. Moreover, if xo € G, x, ¢ H, then ¢ can be chosen so that £(x,)#0.

THEOREM 5.5. Let G be a [Z]-group and H a closed central subgroup of G. Then
each group character x of H extends to a continuous finite-dimensional irreducible
unitary representation p of G. Moreover, if x, € G, x, ¢ H, then p can be chosen so
that p(xo)#1,,.

Proof. By Pontrjagin’s Theorem, y extends to the center Z of G. Hence, as far
as the extension of y is concerned, we may assume that the given central subgroup
is Z and reserve the use of H for other purposes. By the Structure Theorem [7],

(**) G is an FC-group if it has finite conjugacy classes.
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we have G=Vx H (direct product), where H contains a compact open normal
subgroup K. Evidently, V is central, and K normal, in G. Let L=ZK. Then L is an
open subgroup.of G (since it contains VK); furthermore it is normal and it contains
Z. Since G € [Z], L has finite index in G.

Consider yx~z. This is clearly a group character of the compact central subgroup
KN Z of K. Since K is an [MAP]-group, it follows from Corollary 1 of Theorem
5.1 that yg~z extends to a continuous finite-dimensional irreducible unitary
representation y: K — U,(C). If z,k, = z,k, (Where z, € Z, k, € K) then z5 'z, =koki?
so that k.ki'e KN Z and therefore, since y extends yx~z;, we have y(k.ki?)
=y(kskTWI,. It follows that y(ko)y(k,) ~*=x(kki ), =x(z5z,)I, and, from this,
that x(zo)y(ks) =x(z2)x(z2 'z )y(k1) =x(z.)v(k;). Now define o:L — U, (C) by
o(zk)=x(z)y(k). The above shows that o is well defined. Since y is a unitary repre-
sentation and |x(z)| =1, for z in Z, it follows that o is unitary. Moreover, by the
above,

o(kiz1koz2) = o(z122k1ks) = x(z122)y(kik2) = x(z0)x(z2)v(k1)y(ks)
= (x(z)y(k))x(z2)r(ks)) = o(z1k1)o(z:k),
so that ¢ is a homomorphism. In addition, ox=y; for if k € K, then k=1k, 1 € Z,
and o(k) =x(1)y(k) =(k). Since & extends y and y is irreducible, so is o. In order to
complete the proof of the above assertion, we must show that o is continuous.

Consider the canonical epimorphism m: Kx Z — KZ defined by m(k, z)=kz and
the unitary representation o* of K'x Z defined by o*(k, z) =x(z)y(k). Then we have

the commutative diagram
/ \

KxZ > U(C)

Since x and y are continuous on Z and K, respectively, it follows that ¢* is con-
tinuous. Since m is surjective, it follows from the above that ¢ is continuous if m
is open; and since L is open in G the latter will be the case if m: KxZ — G is an
open map. Let U be a neighborhood of 1 in KxZ. Then U2 Uk x U, (where Uy
and U; are neighborhoods of 1 in K and Z, respectively) and U,=V N U, is a
neighborhood of 1 in V. Thus m(U)2m(Ug x Uy) = Uy Uy = Uy Uy, and the last set
is open in G since G=V x H and K is open in H. Thus m is an open map and ¢ is
indeed continuous.

For z in Z, we have o(z)=0(z1)=x(z)y(1)=x(2)I,, by the above. Thus ¢ is a
continuous finite-dimensional irreducible unitary representation of L which extends
x on Z.

Let p be any irreducible component of the induced representation o. Then p is
a continuous finite-dimensional irreducible unitary representation of G. Since
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[G:L] is finite the Frobenius Reciprocity Theorem yields [p;:0]=[0%:p]>0.
Because L is normal, it follows from Clifford [2] that

b= 50" D2 D@ o)

where the notation is as in Proposition 5.1. Therefore (p.)z=pz=xIsrn-

Now we show that there exists p in #(G) so that p(x,)#I, where x, € G, but
xo ¢ H. If the p found above has this property, the proof is finished. Otherwise,
assume p(xo)=1. Let 7: G — G/H be the canonical epimorphism. Since G/H is a
[Z])-group and x,H# H there exists (by Theorem 3.1) ¢ in #(G/H) having the
property that o, =1 and o(x,H) #I. Evidently, o € #(G), oy =1, and o(x,) # I. Now
(o ® p)(x0)=0(x0) ® p(xo)=0(xo) ® I and the latter is not equivalent to I,q4,
since o(xo)#1,;,. On the other hand, (¢ ® p)y=0x ® py=1Q py. But py=xl,,.
Hence (0 ® p)u=xl4,s,- Now o @ p is a continuous, finite-dimensional, unitary
representation of G. By semisimplicity, o ® p=p, @ - - ® p,, wWhere p, € Z(G).
Since H is central, p(h)=yx(h)I,,,, for h € H, and each i. Comparing this with the
above result, we conclude that (x,); =, for each i, and that each p, extends x on H.
However, for some i, p/(Xo)# laeg 5,3 fOI if pi(Xo) =laeg 5, fOr all i, then (¢ ® p)(xo0)
=1I4,q,, a contradiction. Then, for that i, p, extends x, pi(xo)#1, and p; € Z(G).
(Actually, p; may not be in 2(G); but since it is equivalent to an element of %(G)
and since the properties in question are obviously invariant under unitary equiv-
alence we may assume p; € Z(G).)

COROLLARY. Let G be a [Z)-group and H a compactly generated central Lie sub-
group. Then G has a continuous finite-dimensional unitary representation p whose
restriction to H is faithful.

The proof is similar to that of Corollary 3 of Theorem 5.1.

REMARK 1. Although Theorem 5.5 is a considerably better result than Corollary
1 of Theorem 5.1 (which is also used in the proof of Theorem 5.5) it does not
supersede that corollary, because [MAP]-groups are not necessarily [Z]-groups.
In fact, they need not even be [SIN]-groups. A pertinent counterexample is the
following, adapted from S. Murakami [13]. Let G be the semidirect product Hx,K,
where H is the weak direct sum of countably many copies of Z, discretely
topologized, K is the direct product of a countable number of copies of A(Z),
the automorphism group of Z, with the product topology, and 7(())((x;)) = (&i(x1))-
Since G is totally disconnected, and nondiscrete, in order to show that G ¢ [SIN]
it suffices to show that G contains no compact normal subgroup. If Q is such a
subgroup let Q*= QK. Then Q* is a compact subgroup of G containing K. We
show that Q* =K, so that Q*< K. Since Q* N H=(1), the canonical epimorphism
G — G/H is faithful on Q*. Since G/HxK, it follows from this that 0*=K. A
direct calculation shows that K contains no nontrivial normal subgroup of G.

For each positive integer n, let H, be the subgroup of H consisting of elements
of the form (x,) where x,=0, for i<n; H, is a closed normal subgroup of G. Since
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G/H is compact, in order to show that G € [M AP], it suffices to show that points of
H can be separated from the identity by continuous finite-dimensional unitary
representations of G. Hence, since ("), H,=(1), it suffices to show that, for each n,
G/H, € [MAP]. Let K, be the subgroup of X consisting of elements of the form (¢;),
where &, =1, for i <n. It is easy to see that HK,/H, is a normal abelian subgroup of
finite index in G/H,. Via Frobenius reciprocity it then follows that G/H, € [MAP].

REMARK 2. Theorem 5.5 (and Pontrjagin’s Theorem) can be slightly generalized
as follows: let G, H, y be as above, but H not necessarily closed. Let x, € G but
Xo ¢ H, the closure of H in G. Then there exists p in Z(G) which extends y on H
and has the property that p(x,)# 1. Observe that since T is complete and y is a
continuous homomorphism H — T, y extends (by uniform continuity) to a group
character of H, H= Z. Then proceed as before, replacing H by H.

REMARK 3. Theorem 5.5 and Corollary 1 of Theorem 5.1 shed light on some
results of §3 of [7]. There we proved that if G € [Z], H is a central subgroup of G,
V is a vector group and ¢: H — V is a continuous homomorphism then ¢ extends
to a continuous homomorphism ¢: G — V. Moreover, we showed by example that
(even if G were compact) the analogous statement was false if ¥ was replaced by
T and noted that this was in marked contrast with the abelian theory. Theorem 5.5
and Corollary 1 of Theorem 5.1 show that such an extension does exist if one
enlarges the representation space.

REMARK 4. The part of Theorem 5.5 asserting the existence of the extension
yields a proof of Theorem 3.1 which is independent of infinite-dimensional repre-
sentation theory. For let x € G, x# 1. Since G/Z is compact, in order to separate x
from 1 we may assume that x € Z. The result then follows from the abelian theory
together with the extension theorem. Thus all our results can be made to depend
only on the classical theory of compact and abelian groups.

DEerINITION. Let G be a locally compact group and p a continuous finite-
dimensional representation of G (to GL(n, C)). If there is an open subgroup H of G
on which p is faithful we say that p is locally faithful.

The next theorem enables us to study [Z]-groups with representations as above.

THEOREM 5.6. If G is a Lie group in [Z] then there exists a continuous finite-
dimensional unitary representation of G which is locally faithful on Z(G)(*%).

Proof. First assume that G contains no vector subgroup. Now Z(G)=V* x H*,
where V'* is a vector group and H* contains a compact open normal subgroup K*.
By the above assumption, V*=(1), so that Z(G) contains a compact open normal
subgroup, K*. The latter is a compact Lie group and, as such, has a faithful
continuous unitary representation o. Since K* is abelian, o=y, ®- - -@ x, where
the y, are group characters of K*. Since o is faithful, {y; | i=1, . . ., r} separates the
points of K*. Since K* is central, there exists (by Theorem 5.5 or by Corollary 1

(*®) In a later work we will show that if in addition G is compactly generated, then G
actually has a faithful, continuous, finite-dimensional, unitary representation.
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of Theorem 5.1){p; | i=1, .. .,r}, p, e Z(G), where p, extends x;. Let p=p, ®- - - @D py.
Then p is a continuous finite-dimensional unitary representation of G which is
faithful on K*. This proves the theorem in this special case.

In general, G=V x H, where H contains K, a compact open normal subgroup.
Clearly, H is a Lie group. Moreover H € [Z] and H contains no vector subgroup,
because H, = K,. Hence, by the above, there exists a finite-dimensional continuous
unitary representation p of H and a compact open subgroup K* of Z(H) such that
pxe is faithful. Let y: ¥ — T?™ (where m=dim V) be a faithful continuous unitary
representation of V. Then y @ p is a continuous finite-dimensional unitary repre-
sentation of G which is faithful on ¥ x K*. Now Z(G)=V x Z(H). Hence V' x K*
is open in Z(G). :

COROLLARY. Let G be a locally compact group with a center of finite index. Then
G is a Lie group if and only if G possesses a locally faithful finite-dimensional con-
tinuous unitary representation.

Proof. If G possesses such a representation then the classical theorem of Cartan
states that G is a Lie group. On the other hand, if G is a Lie group and [G:Z] is
finite then Theorem 5.6 yields a continuous finite-dimensional unitary representa-
tion p and an open subgroup L of Z(G) such that p, is faithful. Since L is now also
open in G this completes the proof.

6. An orthogonality relation and a criterion for equivalence of representations.
Since each continuous finite-dimensional irreducible unitary representation p of G
has the property that p(z)=A(z)I, where z € Z and A is a group character of Z, this
gives a map p — A,. If p and o are unitarily equivalent then y, =y, and, in particular,
()zd5 1 =(x0)zd; L, ie., A,=),. Hence we have a map A: #(G) — 2, where 2
denotes the character group of Z. Theorem 5.5 asserts that if G € [Z] then A is
surjective.

The next theorem gives an orthogonality relation analogous to one known to
hold for compact groups; but it is less comprehensive than the latter.

THEOREM 6.1. Let G € [Z] and p, o € X(G), where p#o. If A\,=A,, where A is the
map defined above, then the function x — {p,(u), ¥')>{o,(v), v'>~, where u,u' € V,
andv,v' €V, is in #(G/Z) and IG,Z pL(U), u'Y<a(v), V')~ dx=0, for all u,u', v, v'.

Proof. For x in G and z in Z, we have
<sz(u)s ul><°'xz(v)’ v'>_ = )‘n(z)(Ao(z))_Q’x(u)’ u’> <0x(v)’ U'>~.

Since A,= A, and A,(z)~ = A,(z) 7, it follows that the function in question is constant
on cosets of Z. It is obviously continuous. Now let

du, ', v,0") = L/z {p1), u' <o (v), V')~ dx.
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For fixed (u, v) € V,x V,, ¢ is conjugate linear in ¥ and linear in »’. Hence there
exists, for each (u, v) in ¥, x V,, a linear operator B, ,: V, — V, so that

<Bu.v(vl)s u’> A= ¢(u’ u” v, v’)a

for all u, u', v, v'. Hence, for y in G and (4, v) in V,x V,,

By, (), u) = $(u, ', v, 0,(v')) = L/z po), 4> o (v), 0y(v)) ™ di

= [ <Pl 0> o) 00>
where we have used the invariance of the Haar integral. But
Cpux), > = <px(), p5 *(W)> and  <oyx(v), 0,(v")) = {ox(v), ).
Hence we have
(Byuoy(v), U = $(u, p; (), v, V) = <B,(v), py {(W)) = {pyBu(v), U

Since this holds for all «', ¢, it follows that B, ,o,=p,B,,, for all ye G and
(u,v) € V,x V,. However, p and o are inequivalent irreducible representations.
Therefore, B, ,=0. Hence ¢(u, «', v, v")=0, for all u, &', v, v’. This completes the
proof.

COROLLARY. If{uy,...,us,} and{vy, ..., vy} are orthonormal bases in V, and V,,
respectively, and (p,(x)) and (o,(x)) the corresponding coordinate functions then

fm po(Nou()~ di =0 (forall i, j, k, )
and

f %o d% = 0.
GlZ

In order to interpret this result, let %, for p in £, be the subspace of Ly(G)
spanned by the family {d}?w'?p,|i,j=1,...,d,}. These functions form an
orthonormal basis for & and if p, 0 €%, p#o0, and A,=A, then &, and & are
orthogonal in Ly(G)(*®). It might be conjectured that more comprehensive ortho-
gonality relations exist than those described in Theorems 6.1 and 2.2. However, this
is not the case; in fact, one has complete orthogonality if and only if the group is
compact. The proof will appear elsewhere; it is related to a Plancherel formula
for [Z]-groups. The Plancherel measure will be given explicitly.

We conclude the section by deriving criteria for the (unitary) equivalence of two
continuous irreducible unitary representations of G.

(*%) As we will show in a subsequent publication, these spaces may be viewed as representa-
tion spaces for G.
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PROPOSITION. Let G be a locally compact abelian group and ¢ and n group
characters of G. Then é=v if and only if |é—n|e<+/3.

Proof. For x in G, we have |£(x)—n(x)| =|1 —n(x)é~1(x)|. If £é#n thenné~1is
not identically 1. We show that if x € G (the character group of G) and y is different
from 1 then there is x, € G such that |x(xo)—1| = 4/3. This implies | —7|c=1/3,
a contradiction. Since (x(G))~ is a nontrivial closed subgroup of T, we have either
(x(G@))~ =T or (x(G))~, and hence x(G), is a group of roots of unity. In the first case
there exists a net x, in G such that x(x,) converges to — 1. Then |x(x,) — 1| converges
to 2.

On the other hand, if x(G) is the group of nth roots of unity (n=2) the worst
case is clearly n=3, in which there exists a point x, such that |y(x,)—1|=+/3.
This completes the proof.

In general this is the best possible estimate because if y is a faithful character of
Z; then |x—1]z,=+/3 and x#1.

COROLLARY. If G is a connected locally compact abelian group then é=nu if and
only if |é—7l¢<2.

Proof. This result follows immediately from the proof of the proposition.
Again, this is the best possible result since, for any characters ¢, 7,

1€=nle = [€le+nle = 2.

THEOREM 6.2. Let G be a [Z])-group and p and o be elements of %#(G). Then p=o
if and only if |, —Xello< 1.

Proof. Since |x,(1)—x.(1)| <1 it follows that d,=d,; let n denote the common
value. For z in Z, we have |x,(z) — x.(2)| =n|A,(z) — A,(z)]. Therefore,

1Ao=2sllz = n7 X0 —Xollz £ xo—xolle < n71.
Therefore, A,=A,, by the Proposition. Hence, by Theorem 6.1, we have

L WX ()3~ dx = 0 = f WX () ()~ dix,

in case p and o are inequivalent. However, by Theorem 4.3, we have

[, el dx = 1 = [ wlx(aP d.

It follows directly from the hypothesis of the theorem that
w(X) | xp(¥) = xo(x)|* £ w(x),

for every x in G. It follows from the above that

2 = [ W) —x dx 3 [ W d.
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However, one sees easily from Theorem 1.2 that [, w(x) dx=1, so that a contra-
diction results.

COROLLARY. It follows from the proof of Theorem 6.2 that if p, o € #(G) and
d,=d, then p=o if and only if HXD_Xa"G(\/Z-
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