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Abstract. The primary purpose of this paper is to give a complete classification of
all finite simple groups with quasi-dihedral Sylow 2-subgroups. We shall prove that
any such group must be isomorphic to one of the groups Ls(q) with g= —1 (mod 4),
Us(q) with g=1 (mod 4), or M;;. We shall also carry out a major portion of the
corresponding classification of simple groups with Sylow 2-subgroups isomorphic to
the wreath product of Zz» and Z,, n=2.
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CHAPTER I. INTRODUCTION

The object of this paper is to carry out a complete classification of simple groups
with quasi-dihedral Sylow 2-subgroups and a major portion of the classification of
simple groups with wreathed Sylow 2-subgroups. Recall that a group of order
2"+1 pn >3, defined by generators z, s and relations

22 =" =1, §2 = gl
is called quasi-dihedral, while a group of order 22"*!, n>2, defined by generators
z, 8, t and relations
2Z2=5s"=1t"=1, =1, t? = s, st =1s,
is said to be wreathed.
The only simple groups known with such Sylow 2-subgroups are Ls(q)

(=PSL(3, q)), Us(q) (=PSU(3, q)) for q odd and M,,. More specifically,

Ly(g), '= —1 (mod 4),

Ux(q), =1 (mod4),

M 11
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have quasi-dihedral Sylow 2-subgroups, while
La(‘])a q= 1 (mOd 4)’
Us(9), = —1 (mod4),

have wreathed Sylow 2-subgroups.

The methods used to study simple groups in this paper are primarily of two
kinds: local group-theoretic and character-theoretic. It happens. that it is possible
to give a unified approach to the group-theoretic material for both the quasi-
dihedral and wreathed cases. On the other hand, the character-theoretic results
which are needed require separate analysis for each case. Therefore, we shall deal
with both types of Sylow 2-subgroups simultaneously in the group-theoretic
arguments. In this paper we shall present the character theory only for the quasi-
dihedral case. Many of the analogous results in the wreathed case have already
been established, while work on the remaining ones is in progress. These results
in the wreathed case will all appear in a separate paper by one of the authors. We
shall therefore proceed to outline and explain the contents of this paper as pertains
to groups with quasi-dihedral Sylow 2-subgroups. We shall also make comments
concerning the group-theoretic results in the wreathed case which we obtain and
concerning the character-theoretic results in that case already established but not
included in this paper.

The primary end of this paper is the establishment of the following results:

FIRST MAIN THEOREM. If G is a simple group with quasi-dihedral Sylow 2-
subgroups and x is an involution of G, then C(x) is isomorphic to a quotient of either

GL(2,9), g= -1 (mod4)
GUQ2,9), g=1 (mod4)

or

by a central subgroup of odd order d.

Since all the involutions in such a simple group are conjugate, the number ¢
depends only on G; it is called the characteristic power of G. Similarly, the number
d depends only on G.

SECOND MAIN THEOREM. If G is a simple group with quasi-dihedral Sylow 2-
subgroups, of characteristic power q and g=¢ (mod 4), e= + 1, then either

6] = 24°(g" +e)g*~ 1)
or
|G| = 7920.
THIRD MAIN THEOREM. If G is a simple group with quasi-dihedral Sylow 2-
subgroups and of characteristic power q, then one of the following holds:
() g=—1 (mod 4) and G is isomorphic with Ly(q) or M, ;
(ii) g=1 (mod 4) and G is isomorphic with U,(q).
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With respect to the wreathed case, we shall discuss later in this chapter how far
this paper goes towards proving the analogous main theorems.

We shall now present a brief outline of the contents of the paper, dealing with
the chapters in turn. We shall then show how the results achieved in those chapters
lead directly to the three main theorems. Finally, we conclude with a list of some
nonstandard notation.

Chapter II is devoted to a study of groups whose Sylow 2-subgroups are iso-
morphic with a section of a quasi-dihedral or wreathed 2-group. This is in prepara-
tion for the local group-theoretic analysis to be applied to the proper subgroups of
the simple group G under study. Moreover, in this chapter we go only so far as
previous classification theorems and extension theory allow us. The subgroups of
G fall into four types: there are groups which have normal 2-complements and
there are what we shall call D-groups, Q-groups, and Q D-groups. For example, if
H is a group of the last sort, then H has quasi-dihedral or wreathed Sylow 2-
subgroups and has exactly one conjugacy class of involutions and no normal
subgroup of index two. It follows that H/O(H) has a normal simple subgroup of
odd index. Here, as throughout the paper, O(H) denotes the largest normal
subgroup of odd order of the group H.

Moreover, in this chapter, we shall derive some preliminary information about N=
C(x), where x and G are as in the First Main Theorem. In fact, N/{x) is a group
with dihedral Sylow 2-subgroups so that the classification theorem of Gorenstein-
Walter [22] may be applied. This yields that N has a series of normal subgroups

N2L>0ON)=21
with the following properties:

(i) O(N) is the largest normal subgroup of odd order in N;

(ii) L/O(N) is isomorphic to SL*(2,q) with g=—1 (mod 4) (the group of
matrices of determinant +1 or —1) or to SU*(2, q) with g=1 (mod 4) (the group
of unitary matrices of determinant +1 or —1);

(iii) N/L is cyclic of odd order.

In particular, L/O(N) has a normal subgroup S(N)/O(N) of order two with
S(N)=<O(N), x> and it has a normal subgroup L,/O(N) of index two. Moreover,
the quotient L,/S(N) is then isomorphic to Ly(q). This is all best understood by
means of the following diagram:

N
} odd
L } ,
SL*(2, q) L, ’
or } Lz(q)
SU&(Z’ ) S(N)
! om | 2
odd
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The First Main Theorem simply states that N=L and that O(¥) is central in N
and cyclic of order dividing g+ ¢, where g=¢ (mod 4), e= + 1.

In any case this result gives us an important invariant of G, namely the number g
which we shall call the characteristic power of G. It is an invariant of G as G does
have just one class of involutions.

The same result also is achieved in the case of wreathed Sylow 2-subgroups; in
fact, if G is a simple group of such type, x is an involution of G and N= C(x), then
N has a series of normal subgroups N2L>O(N)=1, where |N:L| and |O(N)| are
odd and L/O(N) is isomorphic to the subgroup of matrices, whose determinant has
order a power of two, of GL(2, g), g=1 (mod 4), or GU(2, q), g= —1 (mod 4). In
this case the center S(N)/O(N) of L/O(N) is cyclic of order 2", if the Sylow 2-
subgroups of G have order 22" +1,

The characteristic power can be defined for many subgroups of G. For example,
if H is a Q D-subgroup of G (as described above) and K/O(H) is the normal simple
subgroup of odd index in H/O(H), then K/O(H) has a characteristic power, as we
may see by applying the above arguments. We call this the characteristic power of
H; it may also be described by looking directly at the centralizer of involutions in
H.

The third chapter develops the basic character-theoretic results for the case of
groups G with quasi-dihedral Sylow 2-subgroups. As noted above, most of the
analogous results have been proved for the wreathed case as well and will appear in
a subsequent paper.

As applications of this knowledge we classify all the simple groups G with
quasi-dihedral Sylow 2-subgroups of characteristic power three or five; we deal
with these two special cases separately since the general group-theoretic arguments
break down in these particular circumstances.

Furthermore, in this chapter, there is developed the usual type of group order
formulae which express the order of G in terms of the structure of the centralizer
of an involution and the degrees of certain characters of G.

Another important concept is also introduced; we describe it now. Let H be any
QO D-subgroup of G (in particular, even G itself). Let x be an involution of H, T a
four subgroup of H, N=Cy(x) and C=Cy(T). If H has characteristic power g and
p is the prime divisor of ¢, then we say that H is regular provided that

|H],(IC[)* 2 (IN|,)*

The groups Lsy(q), g= —1 (mod 4), and Uy(q), g=1 (mod 4), are regular, while M,
is not. Thus if G satisfies the conclusions of the Main Theorems and g+3, then G
is regular.

This concept can now be used in several ways. First, if G is simple and regular
then the degrees of the characters appearing in the group order formulae can be
determined; they are polynomials in g. In particular, the order of G is then com-
pletely determined by the structure of the centralizer of an involution.
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Second, the following basic result is proved:

THEOREM A. If H is a regular Q D-subgroup of the QD-group G and H and G
have the same characteristic power, then G is regular and O(H)=H N O(G).

We shall use this when G is simple so that O(G)=1. This yields a fundamental
restriction on the nature of the local subgroups of G.

The next two chapters are devoted to the bulk of the group-theoretic arguments
and achieve a proof of the following: '

THEOREM B. Let G be a simple group with quasi-dihedral Sylow 2-subgroups and of
characteristic power q greater than five. If every proper simple section of G with
quasi-dihedral Sylow 2-subgroups satisfies the conclusions of the Main Theorems and
N is the centralizer of an involution of G, then

(i) O(N)=AB, where A is a cylic subgroup of order dividing (q+¢)[2 (9=«
(mod 4), e= +1), B is an abelian subgroup and O(N) is a Frobenius group with
complement A and kernel B provided A#1 and B#1.

(ii) Any noncentral involution of N inverts B and centralizes some conjugate of A.

(iii) The extended centralizer C*(u) lies in N for any nonidentity element u of
O(N).

This result also has as a consequence that L,, as defined above, is the direct
product of O(N) and a subgroup isomorphic with SL(2, q) if ¢#9, in which case
there is another possible structure for L, as SL(2,9) has a nontrivial central
extension by a group of order three.

For the case of a simple group G with wreathed Sylow 2-subgroups the analogous
result is proved provided one also assumes that the obvious analogue of Theorem A
holds for G. In these two chapters we deal with both types of Sylow 2-subgroups at
the same time.

The sixth and final chapter is devoted to the proof of the last basic theorem. We
use the above notation.

THEOREM C. Let G be a simple group with quasi-dihedral Sylow 2-subgroups and
of characteristic power q greater than five. If, moreover, G fulfills all the conclusions
of Theorem B, then

@ N=L;
(i) B=1;

(iii) G is regular;

(iv) Ifg=1 (mod 4), then d=(q+1, 3) and G is doubly transitive of degree q°+1
such that the subgroup H fixing a letter has a normal subgroup Q of order q°, which
acts regularly on the set of remaining g letters, with H|Q cyclic of order (q*—1)/d.

The proof of this theorem is primarily character-theoretic, but does involve
some purely group-theoretic arguments.
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We shall now prove that the three Main Theorems hold provided we assume that
all the other results stated above are valid. Let G be a simple group with quasi-
dihedral Sylow 2-subgroups. We may assume without loss of generality that the
Main Theorems hold for any simple group with quasi-dihedral Sylow 2-subgroups
whose order is less than that of G. We let g be the characteristic power of G. If ¢
is three or five, then by the results of Chapter I1I, G is isomorphic with L3(3), M,
or Ug(5) and so the Main Theorems hold for G, as is easily verified.

On the other hand, if g is greater than five, then the hypotheses of Theorem B are
fulfilled by G inasmuch as every proper simple QD-section of G has lower order
than G and so G satisfies all the conclusions of that result. Thus, the hypotheses of
Theorem C are fulfilled and so G also satisfies the conclusions of that theorem. In
the notation of these results, O(N) is a central cyclic subgroup of order (q+¢)/2d,
for some odd number d, and N/O(N) is isomorphic with SL*(2, q) or SU *(2, q),
as the case may be. By results of Chapter IV, mentioned just after the statement of
Theorem B, it follows that N is the direct product of a group isomorphic with
N/O(N) and the subgroup 4. However, this is precisely the statement of the First
Main Theorem.

As for the Second Main Theorem, G is regular by Theorem C, so by the results
of Chapter III discussed above, there is a formula for the order of G in terms of the
structure of N. However, we also know that N=L and B=1, so the parameters
e, a, b of that formula satisfy e=1, a=|A4|, and b=1 and the Second Main
Theorem is valid.

We now verify the Third Main Theorem. If g= —1 (mod 4), then the hypotheses
of a theorem of Brauer [8] hold since G does satisfy the First Main Theorem. Thus,
G is isomorphic with Ls(g) or M, by the results of that paper. On the other hand,
if g=1 (mod 4), part (iv) of Theorem C shows that G fulfills all the hypotheses of a
theorem of O’Nan [24*] and it follows from his results that G is isomorphic to
PSU(3, q)=Us(q). In the case d=1, this result was previously obtained by Suzuki
[28].

In order to prove corresponding results in the wreathed case, it will be necessary
to publish the theorems which are the analogues of most of the results of Chapter
III as well as to complete the proof of the analogue to Theorem C.

The notation used is standard, with the following exception. If X and Y are
subgroups of the group H and p is a prime then

(X, Y; p)

is the collection of all elements of W ,(X; p) (which is the set of p-subgroups of H
intersecting X trivially and normalized by X) which are also permutable with Y.
The set of maximal elements of Uy(X, Y; p) is denoted by U%(X, Y; p).

It will also be convenient to introduce the so-called “bar” convention: If H is a
homomorphic image of the group H and if X is a subgroup, subset, or element of
H, then X will always denote the image of X in H.
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Finally, we repeatedly use the fact that a group of odd order is necessarily
solvable, without making explicit reference to the theorem of Feit and Thompson
[15].

We add a word concerning the numbering system to be used in the paper:
Lemma x of section y of Chapter z is designated as Lemma x throughout the given
section y, as Lemma y.x in all subsequent sections of Chapter z, and as Lemma
z.y.x in all subsequent chapters. A similar convention applies for propositions,
theorems, and corollaries with the exception of Theorems A, B, and C which are
denoted only in this one way.

CHAPTER II. GROUPS WITH QUASI-DIHEDRAL OR WREATHED SYLOW 2-SUBGROUPS

1. Fusion of 2-elements. 1In this section we shall give a complete analysis of the
possible types of fusion of 2-elements in a group G with quasi-dihedral or wreathed
Sylow 2-subgroups. Apart from the case that G has a normal 2-complement, it
will turn out that the fusion pattern in G can be of any one of exactly three distinct
types. Corresponding to each of these, we shall introduce the concept of a QD-
group, a Q-group, and a D-group. These three types of groups will play an essential
role throughout the paper. In succeeding sections of this chapter we shall derive
a very large number of properties of these groups which we shall need for the proof
of the Main Theorems.

Let us first indicate by a simple table the four possible types of fusion of 2-
elements in a group G with quasi-dihedral or wreathed Sylow 2-subgroup S. As we
shall see, S has exactly one conjugacy class of both maximal noncyclic abelian
subgroups and of quaternion subgroups. If U and V denote representatives of these
two conjugacy classes respectively, the fusion of 2-elements is completely deter-
mined by the structure of N(U)/C(U) and N(V)/VC(V). In the following table,
Z, and Z; denote respectively a cyclic group of order two and the symmetric
group of degree three.

Number of Conjugacy Classes Sylow 2-Subgroup of G’

in G of Involutions
NWU)/C(U) NV)/VC(V) Quasi-Dihedral Wreathed Quasi-Dihedral Wreathed

Zy Z, 2 3 Cyclic Cyclic
Z, PN 2 2 Generalized | Generalized
Quaternion Quaternion
pIN Z, 1 2 Dihedral Noncyclic
Abelian
pON PIN 1 1 Quasi-Dihedral | Wreathed

In Propositions 1 and 2 below we shall give a more detailed description of the
fusion in each of these four cases. We note that in the first case, G will have a
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normal 2-complement. Cases two, three, and four will lead to what we shall call
respectively a Q-group, a D-group, or a Q D-group.

Before establishing these results, we shall give three lemmas which list a large
number of basic properties of quasi-dihedral and wreathed 2-groups which will be
used throughout the paper. However, only a portion of these are needed for the
specific problem of analyzing fusion of 2-elements.

LeMMA 1. If S is quasi-dihedral of order 2"*1, then the following conditions hold:
(1) S has two conjugacy classes of involutions and of elements of order 4.
(ii) S has one conjugacy class of four subgroups and of quaternion subgroups. If
T is a four subgroup or a quaternion subgroup of S, then Cy(T)=Z(T) and
|Ns(T):T|=2.
(iii) S possesses precisely three maximal subgroups, respectively cyclic, generalized
quaternion(*), and dihedral.
@iv) S'=(S) is cyclic of order 2"~ 1.
(V) Z(S) has order 2 and S|Z(S) is dihedral.
(vi) Q,(S) is dihedral of order 2".
(vii) A proper normal subgroup of S is either maximal or is cyclic and contained
inS’'.
(viii) If D is a dihedral subgroup of S of order at least 8, then the maximal cyclic
subgroup of D is contained in the maximal cyclic subgroup of S.

Proof. These results follow directly from the definition of S given in §1.1. The
details are left to the reader. Compare also Theorem 5.4.3 and Exercise 7.6 of [19].

We list the analogous properties for wreathed 2-groups in a more explicit form.
Let then S be a wreathed 2-group, given by generators s, ¢, z satisfying the relations
of the Introduction. We first introduce some additional notation:

_ -1 - - -
u=st, r=stt x=x,=u""=r"" x,=5""" x3 =1, d=xy2,

U=<S, t>a T= <xl’x29x3>9 TO = <x1,2>, Y= <ra d>'
With this notation, we have

LEMMA 2. If S is wreathed of order 2*"*, then the following conditions hold:
(i) S has three conjugacy classes of involutions, represented respectively by

X, Xo, and z.

(ii) U is an abelian maximal subgroup of S of type (2", 2™ and is the unique
abelian subgroup of its order in S.

(iii) T=Q,(U) is a four group and is normal in S.

(iv) T, is a four group and is not conjugate to T. Every four subgroup of S except
T is conjugate to T,.

(v) Y is generalized quaternion of order 2"+, Y is normal in S and is the unique
generalized quaternion subgroup of its order in S.

(*) We use the term generalized quaternion to include the quaternion group of order 8.
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(vi) S'=<r) is cyclic of order 2".
(vii) Z(S)=<u) is cyclic of order 2" and S|Z(S) is dihedral.
(viii) Q,(S)=TY and S/Q,(S) is cyclic.
(ix) Y is the normal closure of {d) in S.
x) (s2)?=u and S=Y, sz).
(xi) If X is a proper subgroup of S with X> Y, then X= YZ(X) and X contains T.
(xii) If X is a nonabelian subgroup of S, then Z(X)< Z(S).
(xiii) If X is a subgroup of S invariant under a cyclic subgroup A of S of order 2"
with A disjoint from X, then either X is cyclic or S= XA.

Proof. These properties of S are a straightforward consequence of its definition
and are left to the reader to verify.

Our last lemma, whose proof is also left to the reader, will be used in the analysis
of 2-fusion which is to follow.

LEMMA 3. If S is a wreathed 2-group of order 22"+ and X is a subgroup of S such

that Cs(X)< X and Aut (X) is not a 2-group, then
(i) Either X=U or X is isomorphic to a central product of a quaternion group

with Z(S).

(i) |Ns(X):X|=2.

(iii) S possesses only one conjugacy class of subgroups which are isomorphic to X.

There are several alternate methods for analyzing the fusion of 2-elements for
arbitrary groups with a given Sylow 2-subgroup S; in particular, the focal sub-
group theorem (Theorem 7.3.4 of [19]), Griin’s theorem (Theorem 7.4.2 of [19]) or
Alperin’s fusion theorem (the main theorems of [1] or Theorem 7.2.6 of [19]). The
case that S is quasi-dihedral is very similar to that in which S is dihedral, the latter
case being completely described in Theorem 7.7.3 of [19]. Moreover, the results are
given in Exercise 7.7 of [19]. Hence we shall content ourselves in the quasi-dihedral
case with a statement of the results. On the other hand, we shall give a detailed
analysis in the case that .S is wreathed. Because the use of Alperin’s fusion theorem
is the least familiar of the above-mentioned methods, we shall use it in our proof.

PROPOSITION 1. Let G be a group with a quasi-dihedral Sylow 2-subgroup S and let
T, Q be representatives of the conjugacy classes of four subgroups and quaternion sub-
groups respectively of S. Then one of the following four statements holds:

(i) G has no normal subgroups of index 2, G has one conjugacy class of involutions
and one of elements of order 4, |N(T):C(T)|=6 and |N(Q): QC(Q)| =6.

(ii) G has a normal subgroup K of index 2 with generalized quaternion Sylow 2-
subgroups, K has no normal subgroups of index 2, Z(S) is weakly closed in S with
respect to G, G has two conjugacy classes of involutions and one of elements of order 4,
|N(T): C(T)| =2 and |N(Q): QC(Q)| =6.

(iii) G has a normal subgroup K of index 2 with dihedral Sylow 2-subgroups, K has
no normal subgroups of index 2, G has one conjugacy class of involutions and two of
elements of order 4, [N(T):C(T)|=6 and |[N(Q): 0C(Q)|=2.
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(iv) G has a normal 2-complement, G has two conjugacy classes of involutions and
two of elements of order 4, |N(T):C(T)| =2, and |N(Q): QC(Q)|=2.

In deriving the corresponding result for groups with wreathed Sylow 2-subgroups,
we shall use Alperin’s fusion theorem in the following form: If G is a group with
Sylow p-subgroup S and if v, w are elements of S conjugate in G, but not in S, then
there exists a Sylow 2-subgroup R of G with the following properties:

(a) S N R is a tame intersection of Sylow 2-subgroups.

(b) Cs(SN R SSNR.

(©) veSNR

(d) v is conjugate in N(S N R) to an element w, of S N R with » and w, not
conjugate in S.

Indeed, we recall that by definition S N R is a tame intersection if Ns(S N R)
and Ni(S N R) are each Sylow p-subgroups of N(S N R). To see that the above
conditions actually hold, we apply the second form of the main theorem of [1]
together with Theorem 5.2 of [1] and conclude that there exist elements vy, v,, . . ., v,
in S with v;=v and v,=w and Sylow p-subgroups Rg, R, ..., R, of G such that
each S N R; is a tame intersection and such that either v;=v;,, or v; and v, , are
in SNR,,;, v; and v;,, are conjugate in N(SN R,,,), and Cs(SN R, ;)
=S N Ry, ;. We now choose i maximal such that v,, v,, . . ., v; are conjugate in S.
Since v and w are not conjugate in S, we have i <n. Let u be an element of S such
that v} =v, set R=R},; and wo=1}, ;. Then one sees at once that R and w, satisfy
the required conditions (a)-(d).

We note also that in the above situation, N(S N R)/C(S N R) is not a 2-group.
Indeed, suppose this is the case and set K=N(S N R). Since S N K=N(S N R) is
a Sylow 2-subgroup of K, it follows that K=C(S N R)(S N K). But then if wo=10*,
k € K, we can write k=bc, where b€ C(S N R) and c € § N K, whence wy=10"=1°
as b centralizes v, contrary to the fact that w, is not conjugate to v by an element of
S.

PROPOSITION 2. Let G be a group with a wreathed Sylow 2-subgroup S of order
22041 Jet U be the unique abelian maximal subgroup of S and let V be a representative
of the conjugacy class in S of central products of quaternion groups with Z(S). Then
one of the following four statements holds:

(i) G has no normal subgroups of index 2, G has one conjugacy class of involutions,
[N(U):C(U)| =6, and |[N(V): VC(V)|=6.

(ii) G has a normal subgroup K of index 2" with generalized quaternion Sylow 2-
subgroups, K has no normal subgroups of index 2, every subgroup of Z(S) is weakly
closed in S with respect to G, G has two conjugacy classes of involutions,
IN(U):C(U)|=2and |N(V):VC(V)|=6.

(iii) G has a normal subgroup K with Sylow 2-subgroup U, K has no normal
subgroups of index 2, G has two conjugacy classes of involutions, |N(U):C(U)| =6,
and [IN(V):VC(V)|=2.
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(iv) G has a normal 2-complement, G has three conjugacy classes of involutions,
|IN(U):C(U)|=2, and |IN(V):VC(V)|=2.

Proof. Let R be a Sylow 2-subgroup of G such that $ N R is a tame intersection
satisfying conditions (a)-(d) for some element v of S. Then, as we have seen,
N(S N R)/C(S N R) is not a 2-group and consequently either SN R=Uor SN R
is a conjugate of ¥ by an element of .S by Lemma 3. We shall see that the fusion of
2-elements in G is completely determined by the structure of N(U) and N(V).

Suppose U is such a tame intersection. Since the Frattini factor group of U is
abelian of type (2, 2) and S< N(U), it follows that N(U)/C(U) is isomorphic to the
symmetric group of degree 3 and so has order 6. Moreover, a 3-element of
N(U)—C(U) has no fixed points on U# and consequently U< N(U)'. For the same
reason the three involutions x=x;, x,, x3 of U are conjugate in G. On the other
hand, if Uis not such a tame intersection, then N(U)=SC(U) and |N(U):C(U)| =2,
since otherwise |N(U)/C(U)|=6 and N(U) would possess a second Sylow 2-
subgroup S* of G such that S N §*=U. But then U would be the tame intersection
of S and S*.

Next consider N(V). Any element & of N(V)—C(V) of odd order centralizes
Z(S) as Z(S) is a cyclic characteristic subgroup of ¥V and so A acts non-
trivially on V/Z(S), which is elementary abelian of type (2, 2). Thus A® centralizes
V. Furthermore, if V<S* for some Sylow 2-subgroup S* of G, then Z(V)=
Z(S)<=Z(S*) by Lemma 2 applied to S* and its nonabelian subgroup V. Since
|Z(S)|=]Z(S*)|, we have, in fact, Z(S)=Z(S*). But now Lemma 3 applied to S*
and V yields that |Ns.(V): VCs(V)| =2. Since we can choose S* so that Ng(V) is
a Sylow 2-subgroup of N(¥), it follows that |N(V): VC(V)|=2. Our argument
thus shows that N(V)/VC(V) is either of order 2 or is isomorphic to the symmetric
group of degree 3 and is of order 6. As with U, the latter case occurs if and only if V'
is a tame intersection. Continuing this analysis, suppose now that ¥ is a tame
intersection. Since S has only one conjugacy class of subgroups isomorphic to ¥ by
Lemma 3, we can assume without loss by replacing ¥ by an appropriate conjugate
by an element of S that V'=<r?""?, d, Z(S)). Since N(¥) in this case contains a 3-
element which cyclically permutes the involutions of ¥/Z(V) and since U N V has
index two in ¥, we see that the involution ¢, =du®"~? is conjugate in N(V) to one
of the involutions x; of U. But x; is conjugate only to itself in N(V), so i=2 or 3.
Moreover, by Lemma 2, ¢, is conjugate to z and x, to x5 in S. We conclude there-
fore that z and x, are conjugate in G.

With this preliminary information, we can now establish the proposition.
Suppose first that both U and V are tame intersections satisfying (a)-(d). Then our
argument shows that |N(U):C(U)|=|N(V):VC(V)|=6 and that the three con-
jugacy classes of involutions of S, represented by x, x,, and z are all fused in G.
Furthermore, the focal subgroup F of S contains both U and x;!z and so F=S.
Hence G has no normal subgroups of index 2. Thus (i) holds in this case.
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Suppose next that U, but not V, is such a tame intersection. In this case no
element of S— U can be conjugate to an element of U, whence U=F. Thus G has a
normal subgroup K with Sylow 2-subgroup U and such that X has no normal sub-
oroup of index 2. Since x and x, are conjugate in G, while x and z are not, G has two
conjugacy classes of involutions. Moreover, |N(U): C(U)| =6 and |[N(V):VC(V)| =2
in this case, so all parts of (iii) hold.

Now assume that neither U nor ¥V is such a tame intersection, in which case two
elements of S conjugate in G are necessarily conjugate in S. This implies that
F=S"'and so G possesses a normal subgroup K with Sylow 2-subgroup S’ and such
that G/K is a 2-group. But as S’ is cyclic, K has a normal 2-complement by Burn-
side’s transfer theorem. Since O(K) char K, we have O(K) normal in G and hence
G has a normal 2-complement. Furthermore, G has three conjugacy classes of
involutions and |N(U):C(U)|=|N(V):VC(V)| =2, so (iv) holds in this case.

Finally consider the case that ¥, but not U, is such a tame intersection. Then with
V generated as above, we see that V contains exactly three cyclic subgroups of order
four which do not lie in Z(S); namely, {r*"*), <r** >d), and <{d). Hence these
must be cyclically permuted by a 3-element k& of N(V). Since {r)=S'CcF, it
follows that {r, d><F. On the other hand, the only tame intersections containing
Z(S) in the present case are the conjugates of V' by elements of S. But <r, d) is
normal in S by Lemma 2 and so contains every conjugate of d in S. Since the focal
subgroup is completely determined by the set of all tame intersections containing
Z(S), we conclude that {r, d>=F. In this case G possesses a normal subgroup K
of index 2" with Sylow 2-subgroup F. Furthermore, the element 4 above of N(V),
being a 3-element, lies in K. By the action of & on {r?""*, d), we see that de K.
Since K’ is characteristic in K and K is normal in G, it follows that the normal
closure of (d) in S lies in K'. But this normal closure is {r, d>=F by Lemma 2 and
so FSK'. Thus F is the focal subgroup of K and therefore K has no normal sub-
groups of index two.

Observe next that Z(S)=Z(¥) and hence Z(S)=Z(V*) for any s in S. Thus any
subgroup Z, of Z(S), being characteristic in Z(S) as Z(S) is cyclic, is normal in
N(V?) for any s in S. Since fusion of 2-elements in the present case is determined by
the conjugates of V in S, it follows that a generator u, of Z, is not conjugate in G
to any element of S—Z,. In other words, Z, is weakly closed in S with respect to
G. For the same reason, x is not conjugate in G to any other involution of S and so
G has two conjugacy classes of involutions. Finally |N(U):C(U)|=2 and
[N(V): VC(V)| =6 in the present case, so all parts of (ii) hold and the proposition
is completely proved.

2. Q-groups, D-groups, and Q D-groups. There exists a close parallel between
the conclusions of corresponding parts of Propositions 1.1 and 1.2. Because of the
importance of these groups in the analysis to follow, we shall give them special
names. Thus we make the following definitions:
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DErINITION 1. A group G with quasi-dihedral or wreathed Sylow 2-subgroup S
will be called a

QD-group if G satisfies condition (i) of Proposition 1.1 or 1.2;

Q-group if G satisfies condition (ii) of Proposition 1.1 or 1.2;

D-group if G satisfies condition (iii) of Proposition 1.1 or 1.2.

In particular, then, a Q D-group G has no normal subgroups of index two and
has exactly one conjugacy class of involutions. Furthermore, a Q-group G has a
normal subgroup K with generalized quaternion Sylow 2-subgroups and with no
normal subgroups of index two, K is of index 2 in G if S is quasi-dihedral and of
index 2" in G if S is wreathed of order 22**1 and every subgroup of Z(S) is weakly
closed in S with respect to G. Moreover, a D-group G has a normal subgroup K of
index two with dihedral Sylow 2-subgroups if S is quasi-dihedral and with
abelian Sylow 2-subgroups of type (2", 2") if S is wreathed of order 22"+1,

Note that if S is wreathed of order 22"*! and G is a Q-group, then the index of X
in G depends upon the integer n. Likewise the order of Z(S) depends on n. Hence it
will be convenient to have a term for this integer. Thus we make the following
definition:

DEFINITION 2. If S is a wreathed 2-group of order 22**1, n>2, we say that S is of
height n. For completeness, we say that S has height 1 if S is quasi-dihedral. More-
over, if G is a group with S as Sylow 2-subgroup, we say that G is of height n if S
has height n.

Thus if S is quasi-dihedral or wreathed of height n, it follows in all cases that
Z(S) is cyclic of order 2" and that if G is a Q-group with Sylow 2-subgroup S, then
G possesses a normal subgroup K of index 2" in G having generalized quaternion
Sylow 2-subgroups and no normal subgroups of index two.

We shall have some occasion in our work to consider groups of the same general
form as Q-groups or D-groups, but with Sylow 2-subgroups which are isomorphic
to a proper subgroup of a quasi-dihedral or wreathed 2-group. For this reason we
enlarge the definitions of these concepts.

DEerINITION 3. Let S be a quasi-dihedral or wreathed 2-group and let R be a
subgroup of S containing the unique generalized quaternion subgroup Y of
maximal order in S. Then a group G with Sylow 2-subgroup R will be called a
Q-group provided G contains a normal subgroup K of index a power of 2 with
Sylow 2-subgroup Y and no normal subgroups of index 2 and if every subgroup of
Z(R) is weakly closed in R with respect to G.

Thus if S is quasi-dihedral, either R=S or R =Y; and if S is wreathed, then by
Lemma 1.2, either R=S or R = YZ(R) and Z(R)<Z(S). In either case, R> Y if
and only if R contains at least two involutions and hence if and only if R contains a
four group. In particular, if R> Y and S is wreathed, then R contains the unique
normal four subgroup of S by Lemma 1.2.

DEFINITION 4. A group G will be called a D-group if either G has quasi-dihedral
or wreathed Sylow 2-subgroups and is a D-group in accordance with Definition 1
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or if G has dihedral Sylow 2-subgroups and does not possess a normal 2-
complement.

A complete classification of Q-groups and D-groups can be given in terms of
known classification theorems. The pertinent results which we shall need will be
derived in §§3, 4, and 5. In this section we shall establish some basic properties of
OD-groups and shall then present some standard examples of QD-groups,
Q-groups, and D-groups.

Our first result shows the significance of Q-groups in the study of Q D-groups and
is fundamental for the entire paper.

PROPOSITION 1. If G is a Q D-group and x is an involution of G, then C(x) is a Q-
group with quasi-dihedral or wreathed Sylow 2-subgroups.

Proof. By definition of a QD-group, G has only one conjugacy class of in-
volutions and so x € Z(S) for some Sylow 2-subgroup S of G. Thus SSN=C(x)
and so N has quasi-dihedral or wreathed Sylow 2-subgroup. Moreover, if V is the
central product of a quaternion subgroup of S with Z(S), Propositions 1.1 and 1.2
show that |[N(V): VC(V)|=6. But clearly {x>=Q,(Z(¥)) and so {x) is normal in
N(¥), whence N(V)< N. Thus |Ny(V): VCx(V)| =6. Hence applying Propositions
1.1 and 1.2 to N, we see that N is either a Q-group or a Q D-group. However, x,
being central in N, is conjugate only to itself in N. Since S contains an involution
other than x, it follows that N has more than one conjugacy class of involutions and
we conclude therefore from Propositions 1.1 and 1.2 that N is a Q-group.

We can also derive the following general structure theorem for Q D-groups:

PROPOSITION 2. If G is a QD-group, then G/O(G) contains a simple normal
Q D-subgroup of odd index.

Proof. By definition, a Sylow 2-subgroup S of G is quasi-dihedral or wreathed
and G has no normal subgroups of index 2. Hence the same holds for G=G/O(G)
and so G is also a Q.D-group. Since O(G) =1, the proposition follows by induction
on |G| if O(G)+#1. Hence we can suppose that O(G)=1.

Let L be a minimal normal subgroup of G, so that L is characteristically simple.
If L is solvable, then L is an elementary abelian p-group for some prime p and, as
0(G)=1, we must have p=2. Hence L has even order in any case. By Propositions
1.1 and 1.2, G has only one conjugacy class of involutions and so all involutions of
S must lie in L. In particular, Q,(S)=L. By Lemmas 1.1 and 1.2, Q,(S) is non-
abelian and S/Q,(S) is cyclic. In particular, L is nonabelian and so L is nonsolvable.
Furthermore, S/S N L is cyclic and so G=G/L has cyclic Sylow 2-subgroups.
But then if |G| were even, G and hence also G, would have a normal subgroup of
index two by Burnside’s transfer theorem, which is not the case. Thus |G|=|G/L]|
is odd.

Finally L, being nonsolvable and characteristically simple, is the direct product
of isomorphic nonabelian simple groups. Since no nonabelian simple group has
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cyclic or generalized quaternion Sylow 2-subgroups, each simple factor of L
contains a four subgroup. Therefore if L had more than one simple factor, L and
hence also S, would contain an elementary abelian subgroup of order sixteen,
which is clearly not the case. Thus L is simple and the proposition is proved.

In this paper we shall require only one other noncharacter-theoretic property of
QO D-groups. The hypotheses for this result will arise out of our inductive proof of
the Main Theorems and will be applied to the proper Q D-subgroups of a minimal
counterexample to those theorems. Since the Main Theorems have been stated only
for groups with quasi-dihedral Sylow 2-subgroups, our result is limited to this case.
However, in proving the corresponding Main Theorems for groups with wreathed
Sylow 2-subgroups, the following result and its proof will hold without change.

ProposITION 3. If G is a Q D-group with quasi-dihedral Sylow 2-subgroups whose
unique nonsolvable composition factor satisfies the conclusion of the First Main
Theorem, then for any involution x of G and any Sylow 2-subgroup S of C(x), we have
[S, O(C(x))]<= O(G).

Proof. By Proposition 2 and the solvability of groups of odd order, G possesses
a unique nonsolvable composition factor L which is a simple normal Q D-subgroup
of G=G/O(G). Since O(C(x))=O0(C(%)), we need only prove that § centralizes
O(C(%)). Since O(G)=1, we can assume without loss to begin with that O(G)=1
and then prove that S centralizes O(N), where N=C(x).

Let L be the simple normal Q D-subgroup of G. By Proposition 2, |G:L| is odd
and so S<L, whence [S, O(N)]I<L N O(N). Since L N O(N) is normal in O(N)
and is S-invariant, it follows that S normalizes L N O(N). Thus it suffices to show
that S centralizes L N O(N), for then S will stabilize the chain: O(N)=2L N O(N)=1
and, as S and O(N) have coprime orders, this will imply that S centralizes O(N).

Clearly L n O(N)=L N O(C(x))< O(C.(x)). But by assumption L satisfies the
conclusion of the First Main Theorem and so Cy(x) is isomorphic to a homo-
morphic image of the matrix groups GL(2,q) or GU(2, q) for some odd g by a
suitable central subgroup of odd order. However, O(GL(2, q)) and O(GU(2, q))
consist of scalar matrices in GL(2, g) and GU(2, q) respectively. It follows therefore
that O(Cy(x)) is contained in the center of Cy(x). Since SSL N N=C(x), S
centralizes O(C,(x)) and so centralizes L N O(N), as required.

We turn now to some standard examples of Q D-groups, Q-groups and D-groups.

As is well known (cf. [13] and [14]), the matrix groups GL(2, g), ¢ odd, have
quasi-dihedral or wreathed Sylow 2-subgroups of height n, where 2" is the exact
power of 2 dividing g—1 (in particular, their Sylow 2-subgroups are quasi-dihedral
if g= —1 (mod 4) and wreathed if g=1 (mod 4)); while the matrix groups GU(2, q)
have quasi-dihedral or wreathed Sylow 2-subgroups of height n, where 2" is the
exact power of 2 dividing ¢+ 1 (in particular, quasi-dihedral if g=1 (mod 4) and
wreathed if g= — 1 (mod 4)). Moreover, their centers consist of their scalar matrices
and so are cyclic of orders g—1 and g+ 1 respectively.
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We shall be interested in certain specific subgroups of GL(2,g)and GU(2, q), g odd,
which we proceed to describe. The determinant of an element X of GL(2,q) is a
nonzero element of GF(q) and so has order dividing g— 1, while the determinant of
an element X of GU(2, q) is a nonzero element of GF(g?) of order dividing g+ 1.
Hence in either case, if the determinant of X has order 2™, then 0 <m <n, where 2"
is correspondingly the highest power of 2 dividing g—1 or g+ 1. We define, for
0<mzn, the subgroups SL,(2,q) and SU,(2,q) of GL(2,q) and GU(2,q) re-
spectively consisting of those elements whose determinants have orders dividing
2m,

Thus SLy(2, q) is the special linear group SL(2,q) and SUy(2, q) is the special
unitary group SU(2, q), while SL,(2, q), SU,(2, q) are the subgroups SL*(2, g),
SU *(2, q) respectively consisting of the elements of determinant + 1. It is clear
from the definition that for 1 <m=<n, SL,(2, q) contain SL,, _,(2, ) as a subgroup
of index two and that SU,(2, ¢q) contains SU,,_,(2, ¢) as a subgroup of index two.

We now prove

LEMMA 1. The following conditions hold:
(1) SL.(2,q) and SU,(2, q) are Q-groups with quasi-dihedral or wreathed Sylow

2-subgroup S of height n.

(ii) The center of S is contained in the center of GL(2, q) or GU(2, q) respectively.

(iii) SL.(2, q) and SU,(2, q) are Q-groups for 0=m=n.

(iv) SL,.(2,q) and SU,(Q2,q) are characteristic in GL(2,q) and GU(2,q) re-
spectively for 0Sm=n.

(v) SL.(2,q) and SU,(2,q) are the central product of a cyclic group of order
2™+ 1 with SLy(2, q) and SU(2, q) respectively for 0 Sm< n.

(vi) SLy(2, q) and SU(2, q) are isomorphic.

Proof. The groups SL(2,q) and SU(2, q) are known to be isomorphic, to have
generalized quaternion Sylow 2-subgroups and to have no normal subgroups of
index 2 (cf. [14]). In particular, (vi) holds.

We have |GL(2,q)|=(¢*—1)(¢°~9)=(q—DISL2,q)| and [GU(,q)|=
(¢2—1)(¢*>+q)=(q+1)|SU(2, g)|. Since 2" is the highest power of 2 dividing g—1
or g+ 1 respectively and since |SL,(2, q):SL(2,q)|=|SU.(2,9):SU(2, g)| =2", we
see that SL,(2,q) and SU,(2, q) contain a Sylow 2-subgroup S of GL(2,q) and
GU(2, q) respectively. By the remarks preceding the lemma, S is either quasi-
dihedral or wreathed of height n. We have also noted that the center Z of GL(2, q)
or GU(2, q) is cyclic of order g—1 or g+ 1 respectively. Hence by definition of the
integer 2%, Z N S is cyclic of order 2*. Clearly Z N S<Z(S). On the other hand,
Z(S) is cyclic of order 2" by Lemmas 1.1 and 1.2, so Z N §=Z(S). In particular,
Z(S) is in the center of GL(2,q) or GU(2, q), as the case may be, so (ii) holds.
Moreover, every subgroup of Z(S) is weakly closed in S with respect to SL,(2, q) or
SU,(2, q) respectively and we conclude from the definition that SL,(2,q) and
SU,(2, q) are Q-groups, so (i) also holds.
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Again with S a Sylow 2-subgroup of SL,(2,q) or SU,(2, q), correspondingly
SN SLy(2,q) or SN SUK2,q) is the unique maximal generalized quaternion
subgroup Y of S. Hence if we set correspondingly R=S N SL,(2,q) or
R=8 N SU,(2, q) for any m, 0Sm=n, then R=Y and hence by Lemmas 1.1 and
1.2, we have Z(R)<Z(S). In particular, every subgroup of Z(R) is weakly closed.
Since SL,(2,9)2SLy(2,q) and SU,(2,q)=2SU,(2, g), we conclude again from the
definition that SL,(2, ¢) and SU,(2, q) are Q-groups, 0 =m =<n, proving (iii).

One can verify directly that SLy(2, q) and SU,(2, q) are the derived groups of
GL(2,q) and GU(2,q) respectively. Since the corresponding factor groups are
isomorphic to subgroups of the multiplicative group of GF(q) or GF(q®) respect-
ively, they are cyclic and so each of their subgroups is characteristic. Since the
derived group of a group is characteristic, we conclude that SL,(2,q) and
SU.(2,q) are characteristic in GL(2,q) and GU(2,q) respectively for all m,
0<m=n, proving (iv).

It thus remains to prove (v), so assume m <n. The arguments are the same for
both SL.(2,q) and SU,(2,q); for simplicity we treat only the former. Since
SL,(2, q) is characteristic in GL(2, ), R is a Sylow 2-subgroup of SL,(2, q). The
remarks preceding the lemma imply that SL,(2, g) contains SLy(2, g) as a subgroup
of index 2™; so, in particular, SL,(2, ¢)=SL(2, g)R. But R= YZ(R) by Lemmas 1.1
and 1.2 as m<n. Since Y is a Sylow 2-subgroup of SL(2, 9), this yields SL,(2, q)
=SLo(2,9)Z(R). But as we have shown above, Z(R)=Z(S) and Z(S) is in the
center of GL(2,q). Moreover, Z(R) N SLy(2,9)=Z(R) N Y=Z(Y) and so is of
order two. Since |SL.(2,9):SLo(2,9)|=2" and SL.(2,q)=SLo(2,9)Z(R), it
follows that Z(R) has order 2™**. Since Z(S) is cyclic, so also is Z(R) and we con-
clude that SL,(2, q) is the central product of a cyclic group of order 2™** with
SLy(2, g). Thus (v) also holds and the lemma is proved.

It was shown by Schur in [26] that the group SL(2, g) (which is isomorphic to
SU(2, q)) for g odd and g >3 possesses only trivial central extensions except in the
case g=9, the group SL(2, 9) having a unique nontrivial central extension by a group
of order three. We shall denote this covering group by SL™(2, 9). It can be shown
that this extension lifts to each of the groups SU,(2,9) and SL,(2,9), 1=m<3.
However, it turns out that in the course of our analysis, only the first of these groups

-needs to be considered. We shall therefore limit our discussion to this one group.

LEMMA 2. The nontrivial central extension SL~(2,9) of SL(2,9) by a group of
order 3 lifts uniquely to the group SU,(2,9) and we denote this extended group by
SUT(2, 9). Furthermore, the following conditions hold:

(i) SUT(2,9) is a Q-group with quasi-dihedral Sylow 2-subgroups.

(i) SUT(2,9) contains SL™(2,9) as a subgroup of index 2.

(iii) The center of SUT(2, 9) has order 2.

Proof. Let K=SL(2,9), L=SU,(2,9), and let P be a Sylow 3-subgroup of K.
We first argue that N;(P)= PR, where R is cyclic of order 16, Cz(P)=Q;(R)=Z(L),
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and R/Q;(R) acts regularly on P. Indeed, as g=1 (mod 4), a Sylow 2-subgroup S
of L is quasi-dihedral. Since |L|=(9%2—1)(9%+9), |S|=32. Setting L=L/Z(L), K is
isomorphic to PSL(2, 9), |L: K| =2, and S is dihedral of order 16. Hence by Lemma
9 of [21], L is isomorphic to PGL(2,9). But then by Lemma 3.1 (v) of [22],
Nr(P)=PR, where R is cyclic of order eight and PR is a Frobenius group. Hence
N.(P)=PR, where |R|=16, R>Z(L), and R=R/Z(L) acts regularly on P. Since
Z(L)=Z(R) and R is cyclic, we also have that R is abelian. Since the Sylow 2-
subgroups of L are quasi-dihedral and since a quasi-dihedral group does not
contain a noncyclic abelian subgroup of order sixteen, R is necessarily cyclic.
This proves the assertion. We note also that Ng(P)=P0 (R) by Lemma 3.1 (vi) of
[22] and hence Ni(P)=PU(R).

Now P is elementary abelian of order nine. Hence P is the homomorphic image
of an extra-special group P of order twenty-seven and exponent three. Furthermore,
it can be shown directly that the action of R on P lifts to £ and that in this action a
generator of R inverts Z(P). We leave the verification to the reader. In particular,
0 }(R) centralizes Z(P). Moreover, P is disjoint from its conjugates in L by Lemma
3.1 (vi) of [22]. Since Ng(P)=PUG'(R) and N, (P)=PR, it follows now from a
result of Cartan-Eilenberg (Theorem XII, 10.1 of [12]) that the extension of P to P
lifts to the groups K and L, the extension of K being central. We denote the corre-
sponding extended groups by K and L. Since K is a nontrivial central extension of
SL(2, 9) by a group of order three, K is isomorphic to SL™(2, 9) by Schur’s results
and so we can identify K with SL"(2, 9). Finally the results of Cartan-Eilenberg
show also that Nz(P)=PR, where R is cyclic of order sixteen and a generator of R
inyerts Z(P). This last condition implies that Z(P)¢ Z(L) and hence that | Z(£)| =2.
Thus L is an extension of SU,(2, 9) by a group of order three, contains SL™(2, 9)
as a subgroup of index two, and has a center of order two. In addition, K and hence
also K, has generalized quaternion Sylow 2-subgroups and no normal subgroups of
index two. Moreover, the center of a Sylow 2-subgroup of L js obviously weakly
closed. Hence L is also a Q-group and so satisfies all the conclusions of the lemma.

Thus to complete the proof, we need only show that any group L* which con-
tains SL™(2, 9) as a subgroup of index two and which is an extension of SU,(2, 9)
by a group of order three is isomorphic to L. Without loss we can assume that K is
a subgroup of index two of both L and L* and that L is the image of both L and
L* by Z(P)=0(R)= O(Z(R)). Since L has quasi-dihedral Sylow 2-subgroups and K
is a subgroup of L with generalized quaternion Sylow 2-subgroups, L contains an
involution not in K and so L=KA, where |4|=2 and K N A=1. Since the Sylow
2-subgroups of L, L*, and K map isomorphically onto those of L, L, and K re-
spectively, it follows that L contains a subgroup 4 of order two and L* a subgroup
A* of order two, both of which map onto A. In particular, £.=RA, [*=K*4*
and KN A=K n A*=1.

We set A=<d), 4*={4*) and let ¢, $* be the automorphisms of K induced by
conjugation by d, d* respectively. Since the images of ¢ and ¢* determine the same
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automorphism of K as 4, A* both map onto 4, it follows that the image of
Y=¢1¢* acts trivially on K and hence that [}, K]=Z(P). Since Z(P)<Z(R), this
yields [, K, K]=1. But K is perfect as K'=K and Z(P)cP'< K’. Hence [k, y]=1
by the three subgroup lemma and so ¢ is the identity on K. Thus d and 4* induce the
same automorphism of K and we conclude that L and L* are isomorphic, as
required.

We turn now to some examples of D-groups. The following result is well known
(cf. [21] and [22]).

LemMMA 3. The groups PSL(2, q), q odd, PGL(2, q), and the alternating group A-
are D-groups with dihedral Sylow 2-subgroups.

There also exist D-groups with quasi-dihedral and wreathed Sylow 2-subgroups.
To describe the first type, we consider the group G=PI'L(2, q), ¢ odd, which is the
quotient of the group I'L(2, q) by its center. Here I'L(2, q) denotes the semidirect
product of GL(2, q) with a cyclic group of automorphisms induced by the Galois
group of the field GF(q). By Lemma 3.3 of [22], if g=p", p a prime, then G=LE,
where L=PGL(2, q) is normal in G, E is cyclic of order r, and L N E=1. Moreover,
L contains K=PSL(2, q) as a subgroup of index two. Thus when r is even, |E| is
even and G possesses three distinct subgroups G, G,, G3 each containing K as a
subgroup of index two. We can take G, to be L and G, to be of the form K(G, N E).
The remaining group G; has been analyzed in Lemma 2.3 of [20] and it has been
shown there that it has quasi-dihedral Sylow 2-subgroups. As in [20], we denote
this group by PGL*(2, q). It exists whenever ¢ is an odd square. Since PGL*(2, q)
contains K=PSL(2, q) as a normal subgroup of index two and since PSL(2, q) has
dihedral Sylow 2-subgroups and no normal subgroup of index two, we have by
definition of a D-group:

LEMMA 4. The groups PGL*(2,q), q an odd square, are D-groups with quasi-
dihedral Sylow 2-subgroups.

To describe D-groups with wreathed Sylow 2-subgroups, we consider the direct
product U of two cyclic groups, each of order 2", n>2. It is possible to construct
the semidirect product of U with the symmetric group of degree 3 (equivalently
‘with PGL(2, 3)) in such a way that an element of order 3 acts regularly on U and a
Sylow 2-subgroup of the resulting group is wreathed of height n. Moreover, such
an extension of U is uniquely determined up to isomorphism. We leave these easily
verified facts to the reader. By analogy with PGL(2, 3), we denote the resulting
group by PGL,(2, 3). Clearly PGL,(2, 3) contains a normal subgroup X of index 2
such that U is a Sylow 2-subgroup of K and U is contained in the derived group of
K. We thus have

LEMMA 5. The groups PGL,(2, 3), n=2, are D-groups with wreathed Sylow 2-
subgroups of height n.
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For completeness, we set PGL,(2, 3)=PGL(2, 3), so that PGL,(2, 3) is a D-group
with dihedral Sylow 2-subgroups of order eight.

Finally we have the following well-known examples of simple QD-groups
together with a few of their basic properties (cf. [13], [14], [24*]).

PROPOSITION 4. The following results hold:

(i) The groups PSL(3, q) and PSU(3, q), q odd, are simple Q D-groups of height n,
where 2" is the highest power of 2 dividing q—1 and g+ 1, respectively.

(ii) The Mathieu group M,, is a simple Q D-group with quasi-dihedral Sylow 2-
subgroups of order 16.

(iii) The centralizer of an involution in PSL(3, q) or PSU(3, q) is isomorphic to a
homomorphic image of GL(2, q) or GU(2, q) by a central subgroup of order d, where
d=(q—1, 3) or d=(q+1, 3), respectively.

(iv) The centralizer of an involution in M, is isomorphic to GL(2, 3).

3. The characteristic power of Q-groups, D-groups, and QD-groups. As we
shall see, there is associated in a natural way with each Q-group with quasi-dihedral
or wreathed Sylow 2-subgroups, with each D-group (except for those involving 4,),
and with each Q D-group an odd prime power which will be called its characteristic
power. This integer will play a very important role in our analysis of Q D-groups.

To define the characteristic power of a Q-group with quasi-dihedral or wreathed
Sylow 2-subgroups, we first derive a basic property of arbitrary Q-groups.

ProrosiTioN 1. If H is a Q-group with Sylow 2-subgroup S, then
H=0(H)Cx(Z(S)).

Proof. If H=H/O(H), it will suffice to prove that Z(S)<Z(H). Indeed, assume
this is the case. Since O(H) has odd order, Cy4(Z(S)) maps onto Cg(Z(S)). But
Z(S)=2Z(S), as S maps isomorphically onto S, and Cg(Z(5)) = H by our assumption.
Thus Cx(Z(S)) maps onto H and consequently H=O(H)Cy(Z(S)), as required.

We claim next that H is a Q-group. Indeed, the Sylow 2-subgroup S of H is
isomorphic to S. Furthermore, if K is a normal subgroup of H of index a power of
2 having no normal subgroups of index 2 and with S N K generalized quaternion,
then K has the corresponding properties in H. Hence we need only show that any
subgroup Z of Z(S5) is weakly closed in S with respect to H. But if Z*< S for some
hin H, then Z"< O(H)S, where h is a representative of 4 in H. Since S is a Sylow
2-subgroup of O(H)S, there thus exists an element w in O(H) such that Z**< S.
But then Z* =Z as every subgroup of Z(S) is weakly closed in S with respect to H.
Since w=1, the required conclusion Z*=Z follows. Thus H is a Q-group, as
asserted, and so it will suffice to prove the proposition for H. Since O(H)=1, we
can therefore assume without loss to begin with that O(H)=1.

Let Z,=Z(S) N Z(H) and suppose, by way of contradiction, that Z,<Z(S).
Let Z be a subgroup of Z(S) containing Z, as a subgroup of index two. Setting
H=H|Z,, we have that Z is a subgroup of Z(5) of order two and that S is a Sylow
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2-subgroup of H. Suppose Z*< § for some 4 in H. Then Z"< S, where A is a repre-
sentative of /1 in H, whence Z*=Z and so Z*=Z. Thus Z is weakly closed in S with
respect to H. Since O(H)=1 and Z,<Z(H), we also have that O(H)=1. It follows
therefore from a theorem of Glauberman [18] that Z< Z(H). Thus Z is normal in
H and also H stabilizes the chain Z>Z,2> 1, whence H/Cy(Z) is a 2-group. But also
SSCy(Z) as Z<Z(S). Since S is a Sylow 2-subgroup of H, we conclude that
H=Cy(Z) and hence that Z<Z(H), contrary to our maximal choice of Z,. There-
fore Z(S)=Z(H), as asserted.
We now prove

ProposITION 2. If H is a Q-group with quasi-dihedral or wreathed Sylow 2-
subgroups in which O(H)=1, then H possesses a normal subgroup L, isomorphic to
SL(2, q) for some odd prime power q. Moreover, the subgroup Ly and the integer q are
uniquely determined.

Proof. Let S be a Sylow 2-subgroup of H and let its height be n. Since H is a
Q-group, H contains a normal subgroup K of index 2" with no normal subgroups of
index two and with S N K generalized quaternion. By Lemmas 1.1 and 1.2, Z(S)
is cyclic of order 2" and S/Z(S) is dihedral. Moreover, since S N K is normal in
K and since Z(S N K) is of order two, we also have that Z(S) N K=Z(S N K) and
so is of order two.

Since O(H)=1, it follows from the preceding proposition that Z(S)<Z(H). We
set H=H/Z(S). Since |Z(S) N K|=2, |H:K|=2" and |Z(S)|=2", we conclude
that |H: K| =2. Furthermore, S is dihedral by the preceding paragraph. Since S is
a Sylow 2-subgroup of H, it follows now from the main structure theorem for groups
with dihedral Sylow 2-subgroups [22] that H is isomorphic to a subgroup of
PT'L(2, q) containing PSL(2, q) for some odd prime power g.

Let L, be the normal subgroup of H isomorphic to PSL(2,q). If ¢>3, L, is
simple and is the unique minimal normal subgroup of H, while if g=3, H is iso-
morphic to PGL(2, 3) and so L, is the unique normal subgroup of index two in H.
In either case it follows that L, is the only normal subgroup of its form in H, so
L, and q are uniquely determined. Since L, has no normal subgroups of index two,
we also have that L,c K.

If H, denotes the inverse image of L, in H, it follows that H,<Z(S)K and that
H, is a central extension of Z(S) by L,. If this extension were trivial, S N H, would
be the direct product of Z(S) and a dihedral group isomorphic to S N L,, in which
case S would contain an elementary abelian subgroup of order eight. However, a
quasi-dihedral or wreathed 2-group contains no subgroup of this form. Thus Hj is
a nontrivial central extension and therefore by the results of Schur [26], H, =Z(S)L,,
where L, is isomorphic to SL(2, q), L, is normal in H,, and |L, N Z(S)|=2. But
then L, has no normal subgroups of index two and so Lo=O0%(H,). Thus L, is
characteristic in H, and, as H, is normal in H, we conclude that L, is normal in H.

Suppose finally that L, is a normal subgroup of H isomorphic to SL(2, r) for
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some odd r. Then Z(L,) is normal in H and so Z(L,)<Z(S). But then L, is a normal
subgroup of H isomorphic to PSL(2, r). Hence by the uniqueness of L, we must
have L, =L,. Since L, maps onto L, and H,=Z(S)L,, it follows that L, < H, and
that also Hy=Z(S)L,. But then L, =02%(H,) and so L, =L,. We conclude that L,,
and therefore also g, is uniquely determined and the proposition is proved.

ReMARK. The proposition is not true without the assumption that H has quasi-
dihedral or wreathed Sylow 2-subgroups. Indeed, if H is the nontrivial central
extension of A, by a group of order two, then H is a Q-group with generalized
quaternion Sylow 2-subgroups of order sixteen and with O(H)=1, but H does not
contain a normal subgroup isomorphic to SL(2, ¢) for any odd g. However, as we
shall prove in Lemma 2 below, such a group H cannot occur as a subgroup of a
Q D-group.

Now if H is an arbitrary Q-group with quasi-dihedral or wreathed Sylow 2-
subgroups, we have seen in the proof of Proposition 1 that H= H/O(H) is also a
Q-group with quasi-dihedral or wreathed Sylow 2-subgroups and, in addition,
satisfies O(H)=1. Hence by Proposition 2 H possesses a unique characteristic
subgroup L, isomorphic to SL(2, q) for some odd prime power q.

DerINITION 1. If H is a Q-group with quasi-dihedral or wreathed Sylow 2-
subgroups and H/O(H) possesses a characteristic subgroup isomorphic to SL(2, q)
for some odd prime power g, we call ¢ the characteristic power of H. If g=p’,
p a prime, we call p the characteristic of H.

By the definition and the discussion preceding it, we have

LemMmA 1. If H is a Q-group of characteristic power q, then H/O(H) is also a Q-
group of characteristic power q.

We have already shown in Proposition 2.1 that if H is a Q D-group, then Cy(x) is
a Q-group with quasi-dihedral or wreathed Sylow 2-subgroups for any involution
x of H. Hence Cy(x) has a characteristic power ¢ and a characteristic p. Moreover,
the integers g and p are determined independently of the choice of the involution
x as a QD-group has only one class of involutions. Thus we have

-DEFINITION 2. If His a Q D-group and x is an involution of H, then the character-
istic power and the characteristic of Cy(x) are called the characteristic power and the
characteristic of H.

As a direct consequence of these definitions and the preceding results, we have

LeMMA 2. If H is a QD-group of characteristic power q, then any Q-subgroup K
of H has a characteristic power r and r <q.

Proof. Let K be a Q-subgroup of H and let R be a Sylow 2-subgroup of K. By
Proposition 1, we have K=O0(K)M, where M = C(Z(R)). This clearly implies that
M is a Q-group, that O(M)< O(K) and that K/O(K) contains a normal subgroup
isomorphic to SL(2, r) if and only if M/O(M) contains such a normal subgroup.
Hence by definition of the characteristic power of a Q-group, it will suffice to show
that M/O(M) does possess such a normal subgroup and that r<gq.
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Now R is a Sylow 2-subgroup of M. By definition of a Q-group and Lemmas 1.1
and 1.2, R is either quasi-dihedral or is a subgroup of a wreathed 2-group S, Z(R)
is cyclic, and R/Z(R) is dihedral. Setting M= M/O(M)Z(R), we have that R is
dihedral and is a Sylow 2-subgroup of M. Moreover, O(M)= 1. Indeed, if X denotes
the inverse image of O(M) in M, then X=Z(R) x O(X) as Z(R)<Z(M) and Z(R) is
a Sylow 2-subgroup of X. Hence X=O(M)Z(R) and so O(M)=1. Since M is a
Q-group, M does not possess a normal 2-complement and so neither does M.
Applying the main structure theorem for groups with dihedral Sylow 2-subgroups
to M, [22], we conclude that either M is isomorphic to 4, or else M possesses a
normal subgroup L, isomorphic to PSL(2, r) for some odd prime power r.

We argue next that the second case must occur and that r <q. Indeed, if x is the
involution of Z(R), then M < N= Cy(x) and so we need only show that N does not
involve A, or PSL(2,r) for any r>gq. Indeed, by definition of the characteristic
power of a QD-group, N is a Q-group with quasi-dihedral or wreathed Sylow 2-
subgroup S of characteristic power ¢q. Hence N/O(N) contains a normal subgroup
isomorphic to SL(2,q). Furthermore, the proof of Proposition 2 shows that
O(N)Z(S) is normal in N and that N=N/O(N)Z(S) is isomorphic to a subgroup of
PTL(2, q) containing a normal subgroup L isomorphic to PSL(2, g). By the structure
of PTL(2, q), as described in Lemma 3.3 of [22], N/L is abelian. Since O(N)Z(S) is
solvable, while A, and PSL(2, r) for r>3 are simple, we need only show that L
does not involve A, or PSL(2, r) for any r>gq. However, the first conclusion is a
consequence of Lemma 3.1 (viii) of [22], while the second follows at once by a
comparison of orders. We conclude that M possesses a normal subgroup L,
isomorphic to PSL(2, r) for some odd prime power r.

Finally using the results of Schur, as in the proof of Proposition 2, it follows that
M|O(M) possesses a normal subgroup of the form L,/O(M) with Lo/O(M) iso-
morphic to SL(2, r) and with L, mapping onto L, in M. Thus M/O(M) contains
a normal subgroup isomorphic to SL(2, r) and the proof is complete.

Before turning to D-groups, we shall derive a result which considerably sharpens
the conclusion of Proposition 2. Here the group I'U(2, g) denotes the semidirect
product of GU(2, q) with a cyclic group of automorphisms induced by the Galois
group of GF(g?. We note also that in view of Proposition 2 and Lemma 2, the
hypotheses of this proposition hold for H/O(H) for any Q-group H which has
quasi-dihedral or wreathed Sylow 2-subgroups or which is a subgroup of a QD-
group.

ProposITION 3. If H is a Q-group in which O(H)=1 which contains a normal
subgroup L, isomorphic to SL(2, q) for some odd prime power q, then H is isomorphic
to a subgroup of one of the groups T'L(2, q) or T'U(2, q). More precisely, we have

(i) H=LE, where L is normal in H, E is cyclic of odd order, LN E=1, and
LoL,.
(ii) L is isomorphic to SL,(2, q) or SU,(2, q) respectively for some m.
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(iii) The action of E on L is induced from the Galois group of the field GF(q) or
GF(q?), respectively.
(iv) E=0(Cy(S)) for some Sylow 2-subgroup S of L.

Proof. Let S be a Sylow 2-subgroup of H. By definition of a Q-group and Lemmas
1.1 and 1.2, S is either quasi-dihedral or is a subgroup of a wreathed 2-group S*
and contains the unique maximal generalized quaternion subgroup Y* of S*,
Z(S) is cyclic, and S/Z(S) is dihedral. Since S N L, is generalized quaternion,
|Z(S N Ly)| =2 and so Z(S N Ly)=Z(L,). Since Z(L,) is characteristic in Lo, it is
normal in H and, as Z(L,) is of order two, Z(L,)<Z(H). In particular, Z(Lo) < Z(S)
and hence Z(S) N Ly=Z(L,).

By Proposition 1, Z(S)<Z(H). Setting H= H/Z(S), it follows that S, which is a
Sylow 2-subgroup of H, is dihedral and that L, is a normal subgroup of H iso-
morphic to Lo/Z(L,) and hence to PSL(2, q). Hence by the structure theorem for
groups with dihedral Sylow 2-subgroups, H is isomorphic to a subgroup of
PT'L(2,q). We set L=SL,. Since L has dihedral Sylow 2-subgroups, the proof of
Lemma 9 of [21] shows that either L=L, or that |L:L,| =2 and L is isomorphic to
PGL(2, q). Since Sc L, it follows correspondingly that Z(S)(S N L,) has index one
or two in S. Furthermore, we know from the structure of PI'L(2,q) that
PTL(2, q)/PSL(2, q) is abelian, so L is normal in H. Moreover, since SL(2, q) is
isomorphic with SU(2, q), so also is PSL(2, q) with PSU(2, q) and PT'L(2, q) with
PT'U(2, g) modulo its center. (Since PT'U(2, q) is defined to be the factor group of
I'U(2,q) by its subgroup of scalar matrices, it is easily checked that
|Z(PT'U(2, q))| =2.) Since |H:L| is odd, we can thus identify H with a subgroup of
PTL(2,q) or PTU(2,q) according as g= —1 (mod 4) or g=1 (mod 4). We con-
clude, again by the structure of PT'L(2,q), that H=LE, where L=PSL(2,q) or
PGL(2,q) if g= —1 (mod 4) and L=PSU(2, q) or PGU(2, q) if g=1 (mod 4), E is
a cyclic group of automorphisms of L induced correspondingly from the Galois
group of GF(q) or GF(¢?),and LN E=1.

The next step in the proof is to show that Z(S)L, is isomorphic to SL«(2, q) or
SU,(2, q) for a suitable r. Consider first the case that .S is a subgroup of the wreathed
2-group S* and contains the unique maximal generalized quaternion subgroup Y*
of S*. By definition of a Q-group, H possesses a normal subgroup K of index a
power of two in H such that K has no normal subgroups of index two and has Y*
as a Sylow 2-subgroup. Hence K has index a power of two in H and K has no
normal subgroups of index two, so K= O%(H). But L, has no normal subgroups of
index two, |E| is odd, and L,E is normal in H of index at most two, so also
L,E=02%(H). Thus K=L,E. Since Y* is a Sylow 2-subgroup of K and L, is normal
in K of odd index, Y* is a Sylow 2-subgroup of Ly and Y*<Z(S)(S N L,), the latter
-group being the central product of the cyclic group Z(S) and the generalized
quaternion group S N L,. Since Y* is itself generalized quaternion, it follows from
the structure of Z(S)(S N L,) that Y*<SN L, But Y*=SNL,as Y*isa
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Sylow 2-subgroup of L, and we conclude that Y*=S N L, and hence that Y*
is a Sylow 2-subgroup of L,.

Therefore if g=¢ (mod 4) and 2" is the highest power of 2 dividing g — ¢, we have
| Y*|=2"+1 as |Lo| =q(q—e)(g+e). It follows therefore from Lemma 1.2 that S*
is wreathed of height n and that Z(S) has order 2"+! with 0 <r <n— 1. On the other
hand, by Lemma 2.1, SL,(2, q) or SU,(2, q) is the central product of a cyclic group
of order 27*! with SL(2, q) according as e=+1 or e=—1 for 0<r=<n-1. Since
Z(S)L, is also such a central product, it follows that Z(S)L, is correspondingly
isomorphic to SL,(2, q) or SU,(2, q).

On the other hand, if S is quasi-dihedral, then |Z(S)|=2 and so Z(S)=Z(L,).
Hence in this case, Z(S)L, is isomorphic to SLy(2,q) or SUy(2, q) according as
e=—1or e=+1. Setting r=0, the desired assertion follows in this case as well. We
shall identify Z(S)L, with its image SL,(2, q) or SU,(2, q).

We now let L be the inverse image of L in H. We shall argue next that L is iso-
morphic to SL,(2, q) or SU,(2, q) for some m. If L=L,, then L=Z(S)L, and the
desired conclusion holds with m=r. Hence we can suppose without loss that
L>L,, in which case |S : Z(S)(S N Ly)| =2. Lemmas 1.1 and 1.2 imply now that
S is either quasi-dihedral or is wreathed of height n. Correspondingly we have
r=0 or r=n—1 above.

If S is quasi-dihedral, set L* equal to SL,(2, q) or SU,(2, q) according as e= —1
or e=+1 and if S is wreathed, set L* equal to SL,(2, g) or SU,(2, q) according as
e=+1 or e= —1. For simplicity, correspondingly set m=1 or m=n. Lemma 2.1
implies that L* has quasi-dihedral or wreathed Sylow 2-subgroups of height m. Note
that because of our identification L* contains Z(S)L, as a subgroup of index two.
Moreover, by Lemma 2.1, Z(S)<= Z(L*). Since |Z(S)| =2, it follows that Z(S) is
the center of a Sylow 2-subgroup of L*. Hence, by Lemmas 1.1 and 1.2, we have
that L*/Z(S) has dihedral Sylow 2-subgroups. Since L*/Z(S) contain Z(S)L,/Z(S)
as a subgroup of index two, the latter group being isomorphic to PSL(2, q), it
follows from Lemma 9 of [21], as with L above, that L*/Z(S) is isomorphic to
PGL(2, q). Hence without loss we can identify L*/Z(S) with L.

We now prove that L* and L are isomorphic. Suppose L and L* have quasi-
dihedral Sylow 2-subgroups. Then Z(S)L,=L, has generalized quaternion Sylow
2-subgroups and so not every involution of L or L* lies in L,. Hence L=L,A and
L*=Ly,A*, where A=<{a) and A*=<a*) have order two and L, N A=L, N A*=1.
On the other hand, suppose L and L* have wreathed Sylow 2-subgroups. Lemma
1.2 implies that S contains an element a such that {a%) =Z(S) and S=(Y*, a). Since
Z(S)Y* is a Sylow 2-subgroup of Z(S)L,, a ¢ Z(S)L,. Hence if we set 4=<a), we
have L=Z(S)L,A and Z(S)L, " A=Z(S). A similar reasoning applied to L* shows
that L*=Z(S)L,A*, where A* =<{a*)is cyclic, {a*?) =Z(S)and Z(S)L, N A* =Z(S).
Replacing a* by an appropriate power, we can assume in all cases that a*?=q?2.

Since a?=a*? and q, a* each centralizes Z(S), to prove that L and L* are iso-
morphic, it will suffice to show that a and a* can be chosen to induce the same
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automorphism of L,. For then they will induce the same automorphism of Z(S)L,
and the desired isomorphism will follow. Note also that if g=3, one can verify
directly that L and L* are isomorphic; in fact, each is isomorphic to GL(2, 3) in the
quasi-dihedral case and to GU(2, 3) in the wreathed case. Hence we can assume
without loss that ¢ > 3, in which case L, is perfect.

Since a? and a*? lie in Z(S) in all cases, while @ and a* do not, and taking into
account our identification of L*/Z(S) with L, it follows that @, @* are each in-
volutions of L—L,. But the Sylow 2-subgroup S of L, being dihedral, has three
conjugacy classes of involutions, two of which lie in L,. Hence @ and g* are con-
jugate in L and so replacing a* by a suitable conjugate in L* (which does not affect
a*? as a*? € Z(S)<Z(L*)), we can also assume without loss that a=a*. But then
if ¢ and ¢* are the automorphisms of Z(S)L, determined by conjugation by a and
a* respectively and if $=¢*$~1, our conditions imply that ¢ acts trivially on
Lo/Z(L,) inasmuch as L, maps onto L,. Hence [, Lo, Lo]<[Z(L,), Lo]=1. Since
L, is perfect, the three subgroup lemma now yields that i is the identity on L,, so a
and a* induce the same automorphism of L,, as required. Thus L and L* are iso-
morphic in all cases.

We can therefore identify L and L*. Thus L=SL,(2, q) or SU,(2, q), as the case
may be. Now by Lemma 2.1 the subgroups SL.(2, q) of GL(2, q) and SU,(2, q) of
GU(2,q) are normal in T'L(2,q) and T'U(2, q) respectively and so are left in-
variant by the cyclic group F* of automorphisms of GL(2, q) or GU(2, g) induced
from the Galois group of GF(q) or GF(q?) respectively. Since H=LE, where Eis a
cyclic group of automorphisms of L induced from the Galois group of GF(g), it
follows that there exists a subgroup E* of F* which induces the same group of
automorphisms of L/Z(L) (which has been identified with L) as E induces on L.
Setting H*=LE*, we can therefore regard H as the homomorphic image of H*
with kernel Z(L) in such a way that E*=E. Moreover, we have L N E*=1.

Now consider H. Since E is of odd order, the inverse image of E in H is of the
form Z(S) x E, where E is isomorphic to E. Since H=LE and L n E=1, it follows
that H=LE and that L N E=1. We shall argue finally that H and H* are iso-
morphic and that for a suitable choice of E, we have E=O(Cg(S)). Since H* is a
subgroup of one of the group I'L(2, q) or I'U(2, ¢), all parts of the proposition will
be established.

By Lemma 3.3 (i) of [22], E=0(Cg(R)) for some Sylow 2-subgroup of L.
Replacing E by a suitable conjugate we can assume that R=3S. Thus E normalizes
S and stabilizes the chain S>Z(S)>1. Since |E| is odd, E centralizes S and so
E=0(Cg(S)). Similarly E*=0(Cy(S)).

Since E and E* have the same images E in H, we can choose generators e, e* of
E, E* respectively such that e=e*. If {, {* denote the corresponding automorphisms
of L, it follows as with y=¢*$~* above that, when ¢>3, {*{~! is the identity on
L, and hence that e, e* determine the same automorphism of L,. The same holds
when g=3 as then E=E*=1. But ScL and L=_SL,. Since E and E* centralize S,



28 J. L. ALPERIN, R. BRAUER AND D. GORENSTEIN [September

we see that e and e* determine the same automorphisms of L. Since E and E* are
disjoint from L, we conclude that H=LE is isomorphic to H*=LE* and the prop-
osition is proved.

To define the characteristic power of a D-group, we first prove a result analogous
to Proposition 3:

ProrosiTioN 4. If H is a D-group in which O(H)=1, then H is either isomorphic
to PGL,(2, 3) for some n, to A, or to a subgroup of PT'L(2, q) for some odd q. In the
latter case, we have

(i) H=LE, where L is normal in H, E is cyclic of odd order, and L N\ E=1.

(ii) L is isomorphic to either PSL(2, q), PGL(2, q), or PGL*(2, q).

(iii) The action of E on L is induced from the Galois group of the field GF(q).

(iv) E centralizes a Sylow 2-subgroup of L. A

Proof. Let S be a Sylow 2-subgroup of H. By definition of a D-group, S is
either dihedral, quasi-dihedral, or wreathed and H contains a normal subgroup K
having no normal subgroups of index two with |H:K|=<2 and with SN K re-
spectively dihedral, dihedral, or abelian of type (2", 2") for some n= 2. Since O(K)
is characteristic in KX, it is normal in H and so O(K)=1 as O(H)=1.

First consider the case that S is wreathed. Then the Sylow 2-subgroup U=S N K
of K is abelian of type (2", 2") with n2>2. Since O(K)=1 and K has no normal
subgroups of index two, a theorem of Brauer (Theorem 1 of §VI of [6, II]) implies
that U is normal in K of index three and C(U)=U. Thus a Sylow 3-subgroup P of
K acts regularly on U. Furthermore, H=UNy(P) by the Frattini argument. Since
[Ny(P),PlsU N P=1, we have Ny(P)=Cy(P) and so Ny(P)=1 as P acts
regularly on U. Since |H: U| =6, it follows that | N(P)| =6. If Ny(P) were abelian,
then S would be normal in H. But then P would centralize S by Lemma 1.3, which
is not the case. Thus Ny(P) is nonabelian and we conclude that H is the semi-
direct product of U and Ny(P), the latter group being isomorphic to PGL(2, 3). As
remarked in §2, the action of Ny(P) on U is uniquely determined and so H is iso-
morphic to PGL,(2, 3).

We can therefore assume henceforth that S is dihedral or quasi-dihedral, in
which case the Sylow 2-subgroup U=S N K of K is dihedral. Since O(K)=1, the
main theorem of [22] implies that K is isomorphic to A; or to a subgroup of
PT'L(2, q) containing PSL(2, q) for some odd g. Since O(H)=1, the same con-
clusions hold for H if S is dihedral. As in the proof of Proposition 3 above, it
follows with the aid of Lemma 9 of [21] that K (and also H if S is dihedral) is of the
form L,E, where L, is normal in K (or H), L, is isomorphic to PSL(2, q) or PGL(2,q),
E is cyclic of odd order, L, N E=1, and the action of E on L, is induced from the
Galois group of GF(q). Moreover, E centralizes a Sylow 2-subgroup of L, by Lemma
3.3 (i) of [22]. In particular, all parts of the proposition hold (with Ly=L) if S is
dihedral.
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It remains to consider the case that S is quasi-dihedral. Since K has dihedral
Sylow 2-subgroups and |H:K|=<2, we must have |H:K|=2 in this case. Further-
more, K cannot be isomorphic to A, for then H would be isomorphic to either the
symmetric group S, or to the direct product of 4; and a group of order two,
neither of which has quasi-dihedral Sylow 2-subgroups. Thus K=L,E, where L,
and E are as in the preceding paragraph. In the present case, L, must be iso-
morphic to PSL(2, q). Indeed, otherwise, L, would be isomorphic to PGL(2, q)
and K would contain a normal subgroup L, isomorphic to PSL(2, q) and of index
two in L,. But then K/L, would have a Sylow 2-subgroup of order two and so
would contain a normal subgroup of index two. Therefore K would also contain
such a normal subgroup, which is not the case.

If g=3, then E=1; while if ¢ > 3, then PSL(2, q) and hence L, is simple. In either
case, L, is characteristic in K and so is normal in H. Thus L=L,S is a group and
L, is of index two in L. Moreover, H=SK=SL,E=LE. Since |E| is odd and
Ly N E=1, we also have L N E=1.

Since S is quasi-dihedral, no involution of H centralizes L, and hence Cy(L,) has
odd order. Since Cy(L,) is normal in H and O(H)=1, it follows that Cy(Ly)=1.
Thus H is isomorphic to a subgroup of AutL, But AutL, is isomorphic to
PT'L(2,q) and so we can identify, not only K, but also H with a subgroup of
PT'L(2, g). In particular, Ly=PSL(2, q) and F is induced from the Galois group of
GF(q). Furthermore, L is normal in H as PI'L(2, q)/PSL(2, q) is abelian.

Now L is not equal to PGL(2, q), for then the Sylow 2-subgroup .S of L would be
dihedral. This forces g to be a square, since otherwise the cyclic subgroup F of
PT'L(2, q) induced from the Galois group of GF(q) would have odd order and
consequently PGL(2, q) would be the unique subgroup of PT'L(2,q) containing
PSL(2, q) as a subgroup of index two. Thus g=r2 for some odd prime power r.
If L=L,A, where A=<a><F and [4|=2 then a is induced from an automorphism
of GF(q) whose fixed subfield is GF(r). Hence a centralizes those elements of L,
which are the images of elements of SL(2, g) whose matrix entries lie in the subfield
GF(r) and so C,(a) contains a subgroup isomorphic to PSL(2, r). Since C,(a)
contains a four subgroup and a ¢ L,, it follows that L contains an elementary
abelian subgroup of order eight, contrary to the fact that L has quasi-dihedral
Sylow 2-subgroups. Hence L is not of this form. Since we have excluded two of the
three possible subgroups of PI'L(2, q¢) which contain PSL(2, q) as a subgroup of
index two, we conclude that L is necessarily equal to PGL*(2, q). Therefore all
parts of the proposition hold in this case as well, and the proof is complete.

If H is a D-group, then clearly so also is H=H/O(H). Since O(H)=1, the
proposition applies to H. In particular, H is either isomorphic to 4, to PGL,(2, 3)
for some n, or contains a normal subgroup isomorphic to PSL(2, q) for some odd
prime power q. Thus we have

DerINITION 3. If H is a D-group and H/O(H) possesses a normal subgroup
isomorphic to PSL(2, q) with g=p", p an odd prime, we call q the characteristic
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power of H and p the characteristic of H. Furthermore, if H/O(H) is isomorphic to
PGL,(2, 3) for some n, we say that H has characteristic power 3 and characteristic 3.
On the other hand, if H/O(H) is isomorphic to A, we do not define the character-
istic power or the characteristic of H. Finally it will be convenient to say that H is
of linear type whenever H/O(H) contains a normal subgroup isomorphic to
PSL(2, g) or is isomorphic to PGL,(2, 3).

We conclude this section with a specialized property of groups whose Sylow 2-
subgroups are isomorphic to subgroups of a wreathed 2-group.

LeEMMA 3. Let H be a group and R a Sylow 2-subgroup of H and assume the
following conditions hold:

(a) R is isomorphic to a subgroup of a wreathed 2-group of height n.

(b) H contains a normal subgroup K such that H=KA, where A is cyclic of order
2"and KN A=1.

Under these conditions, either H has a normal 2-complement or K is a Q-group with
generalized quaternion Sylow 2-subgroups.

Proof. Without loss we may assume that A< R and R< S, where S is a wreathed
2-group of height n. Setting X=R N K, our conditions imply that X is normal in
R, X is a Sylow 2-subgroup of K, R=XA4, and X N A=1. By Lemma 1.2 (xiii),
either X is cyclic or R=S. In the first case, K has a normal 2-complement by
Burnside’s transfer theorem, whence H does as well and the lemma holds. We can
therefore assume that R=S.

Thus H is a group with wreathed Sylow 2-subgroup S and H possesses a normal
subgroup K of index 2" with n = 2. In particular, H is not a Q D-group or a D-group
and consequently, by Proposition 1.2, either H has a normal 2-complement or H
is a Q-group. Since the lemma holds in the first case, we can also assume that H
is a Q-group, whence H contains a normal subgroup L of index 2" with generalized
quaternion Sylow 2-subgroups, and L has no normal subgroups of index 2. Hence
to complete the proof, we need only show that K=L, for then K will be a Q-group.

We know that H possesses a unique normal subgroup O%*(H) which is minimal
subject to the condition that H/O?(H) is a 2-group. Our conditions clearly imply
that L=0%(H) and that K2 O*(H). Therefore K=2L. Since |H:K|=|H:L|=2", we

" conclude at once that K=L, as required.

4. Q-group with quasi-dihedral or wreathed Sylow 2-subgroups. In this section
we shall establish a number of basic properties of Q-groups with quasi-dihedral or
wreathed Sylow 2-subgroups that we shall need for the paper. It will be convenient
to fix the notation once and for all that we shall use throughout the section.

Thus H will denote an arbitrary Q-group with quasi-dihedral or wreathed
Sylow 2-subgroups and we set:

S'=Sylow 2-subgroup of H,

n=height of S,
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x> =Q(Z(5)),

T=a four subgroup of S with T normal in S if S is wreathed,

X1, X3, X3 =the involutions of T with x, =x and x,=z if S is quasi-dihedral,

D=Ny(T),

y=an element of order 4in §’,

d=an element of order 4 in D— Cy(T),

N=Cy(x),

C=Cyu(T),

E=0(Cx(9)),

L,=the subgroup of N containing O(H) N N whose image in H/O(H) is the
normal subgroup of H/O(H) isomorphic to SL(2, q),

L=the subgroup of N containing O(H) N N whose image in H/O(H) is the
normal subgroup of H/O(H) isomorphic to one of the groups SL,(2, g) or SU,(2, q),

g=the characteristic power of H,

e= +1, where g=¢ (mod 4),

8=+1,where §=+1ifn=1and §=—1ifn>1.

A number of comments are in order. First, by definition of the height of S, we have

S is quasi-dihedral if n=1 and wreathed if n> 1.

Lemmas 1.1 and 1.2 have several implications. First, Z(S) is cyclic of order 2",
s0 ,(Z(S))={x> for some involution x. Thus x € T and hence we can number this
involution of T so that x=x,. In addition,

D is dihedral of order 8 if n=1 and D=Sif n>1.

Furthermore, S’ is cyclic of order at least four and if n=1, then S’ N D has order
four. Hence in all cases y exists and y € D. Moreover, x € S’ and so yi=x.

Setting U= Cs(T) for the moment, we have U=T if n=1 and U is the unique
abelian maximal subgroup of S if n> 1. In the latter case, S’< U. Hence

yeD—-Cy(T) ifand onlyifn = 1.

Hence when n=1, d is either y or y~. We normalize the notation by setting
d=y if n=1. Since d € S— U when n> 1, it follows that

d=y ifandonlyifn = 1.

In addition, when n> 1, Lemma 1.2 implies that S— U contains an element d of
order four and that d? € Z(S). Hence in all cases, d?=x and (x,d)?=1. Finally
since D normalizes T, we also have that C is D-invariant.

Observe next that if n=1, T'is a Sylow 2-subgroup of C, since otherwise H would
contain a noncyclic abelian subgroup of order eight, which is not the case when S
is quasi-dihedral. On the other hand, if n>1, D=S and so S normalizes C. Since
Uc C and T¢£Z(S), it follows that U is a Sylow 2-subgroup of C. Thus we have

Cs(T)=Cp(T) is a Sylow 2-subgroup of C,

Cs(T) is a noncyclic abelian subgroup of .S of maximal order,

Cs(T)=Tif n=1and Cs(T) is the unique abelian maximal subgroup of Sif n> 1.
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We claim next that C has a normal 2-complement. Indeed, T=Q,(U) and U is
abelian. Hence any element of C of odd order which normalizes U necessarily
centralizes it. Since U is a Sylow 2-subgroup of C, the assertion follows from
Burnside’s transfer theorem. Thus we have C=0(C)Cy(T).

Since T< S, this clearly implies that E< O(C).

Since O(C) is characteristic in C, it also yields that O(C) is D-invariant.

By Lemmas 1.1 and 1.2, S’ is contained in the unique abelian maximal subgroup
of S and S’ N Z(S) has order two. Since S’ is cyclic and y is an element of order
four in S’, it follows that <y is normal in S and that Cg(y) is abelian of index two
in S. Since S normalizes Cy(y), we conclude as with T above that Cs(y) is a Sylow
2-subgroup of Cy(y). But Cs(y) is either cyclic or abelian on two generators and
so any element of Cy(y) of odd order which normalizes Cs(y) necessarily centralizes
it. Another application of Burnside’s theorem yields that C(») possesses a normal
2-complement. Hence

Cu(»)=0(Cu(»)Cs(»),

O(Cy(y)) is S-invariant, and

Cs(yp) is abelian of index 2 in S.

Since Cy(S)< Cy(y), it follows from the structure of Cy(y) that also Cy(S) has a
normal 2-complement. Since E=O0(Cy(S)) by definition of E, this yields
Cu(S)=ExZ(S).

Observe next that H=O0(H)Cy(Z(S)) by Proposition 3.1. Since x € Z(S) and
N=Cy(x), this implies H=O(H)N.

We turn now to the groups L, and L. By Lemma 2.1 H=H/O(H) is a Q-group
with quasi-dihedral or wreathed Sylow 2-subgroup S. Hence by Propositions 2.2
and 2.3, H possesses normal subgroups L, isomorphic to SL(2,q) and L iso-
morphic to SL,(2, q) or SU,(2, q) with ScL. More precisely,

L is isomorphic to SL,(2, q) if g= — 8 (mod 4) and

L is isomorphic to SU,(2, q) if =8 (mod 4).

Since H=0O(H)N, N=H and consequently N does contain subgroups L,, L
with the given properties and we have

L, and L are normal in N, S<L.

By Lemmas 1.1 and 1.2, S’ is contained in the unique generalized quaternion
subgroup Y of S of maximal order. Moreover, the proofs of Propositions 2.2 and
2.3 show that Y is a Sylow 2-subgroup of L, and that Z(S) Y is of index two in S.
Hence

S N L, is the unique generalized quaternion subgroup of maximal order in S,
and

Z(S)(S N Ly) is of index 2 in S.

Lemmas 1.1 and 1.2 also imply that S= YCy(T), that T¢ Y if n=1, and that
T< YZ(S) if n>1. Thus we also have

L= LoCS(T), L= LoTifn = l, and T < LoZ(S) ifn>1.
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Moreover, ye S’ Y. In addition, as d inverts a generator of S’, <S',d) is
generalized quaternion, so {S',d)=Y as Y is the unique generalized quaternion
subgroup of its order in S. Hence we also have

yeL, and delL,.

By Proposition 2.3 and the fact that Cy(S) maps onto Cg(S), we have that
H=LO(Cg(S))=LE and L N E=1, whence

H=O(H)LE, N=LE and ENnL< OH)NN.

Since L maps onto L, which is normal in H, we have O(L) normal in H and hence
O(L)< O(H)=1. Thus O(L)< O(N). Likewise O(N) is normal in H as N maps onto
H, whence O(N)<O(H) and therefore O(N)=O(H) N N. On the other hand,
clearly O(H) " NcO(L) as O(H)N N is a normal subgroup of L and so
O(N)= O(L). We conclude that

O(N) = O(L) = O(H) N N.

Throughout the paper these basic properties of Q-groups with quasi-dihedral
and wreathed Sylow 2-subgroups will often be used without explicit reference.

Finally H is solvable if and only if g=3 inasmuch as O(H) is solvable and SL(2, q),
g odd, is solvable if and only if g=3. As a result, the case g=3 is somewhat ex-
ceptional. In our general analysis of Q D-groups of characteristic power ¢, we shall
treat the cases g=3 and g=35 by a totally separate argument, primarily involving
modular character theory. As a consequence, the properties of Q-groups that we
shall need will be limited almost entirely to the case ¢> 5. For simplicity we shall
assume throughout this section that ¢>3. Moreover, in a few specific lemmas we
shall make the additional assumption that g>5. On the other hand, we note that
any property of Q-groups of characteristic power three that may be required can
easily be verified by direct inspection. -

We begin with some specialized lemmas in the case that O(H)=1. In this case
H=N and, by Proposition 3.1, Z(S)=Z(H). However, Z(H) is a 2-group as
O(H)=1, so Z(S)=Z(H)=Z(L). In addition, Z(S) N L, has order two. Moreover,
H has the structure given in Proposition 3.3 and also H=H/Z(H)=LE has di-
hedral Sylow 2-subgroups, L is isomorphic to PGL(2, q), and the action of E on L
is induced from the Galois group of GF(q). Thus many of the properties of H can
be read off from properties of H, especially those given in Lemmas 3.1 and 3.3 of
[22]. Throughout Lemmas 1-11, H will denote H/Z(H).

LemMA 1. If O(H) =1, then
() |L|=2"q(¢—1)(g+1) and |H|=|L| |E]|.
(ii) The Sylow p-subgroups of L are cyclic if p divides q+ 1 and are elementary
abelian of order q if p divides q.
(i) Cu(Lo)=Z(H).
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(iv) LoZ(H)/Z(H) is simple and is the unique minimal normal subgroup of H/Z(H).
(v) H'cL, and H/L,, is abelian.

Proof. Lemmas 3.1 (i), (iii), and (vi) of [22], applied to L, the image of L in H
yield (ii) and the first assertion of (i) inasmuch as Z(H) has order 2" and L is
isomorphic to PGL(2, q). As we have noted at the beginning of the section, H=LE
and L " ESO(H) N N. Since O(H)=1, the second assertion of (i) also holds.
Furthermore, Lemma 3.3 (i) of [22] implies that Cg(L,) =1, whence Cy(Lo)=Z(H),
proving (iii). Since g > 3 by assumption, L, is simple by Lemma 3.1 (ii) of [22], and
is the unique minimal normal subgroup of H by Lemma 3.3 (i) of [22], proving (iv).

Finally as Y=S N L, is the unique generalized quaternion subgroup of S of
maximal order, S/ Y and hence also L/L,, is cyclic by Lemmas 1.1 and 1.2. But also
E is cyclic and E centralizes L/L, as E centralizes S. Since H=LE, it follows that
HJL, is abelian. Thus H'< L, and so (v) also holds.

Our next set of lemmas gives more detailed information concerning the subgroup
structure of H.

LemMA 2. If O(H)=1, then
(i) O(C)=WE, where W=0(C) N L is normal in O(C), W is cyclic or order

(q+8¢)/2", W is centralized by Cs(T), W is inverted by d, W is a Hall subgroup of L,
and for any nontrivial subgroup W, of W, Ny(W,)= WD.

(ii)) C N L, contains W and is cyclic of order q+ 8e.

(iii) For any prime p, no p-element of O(C)—(O(C) N L) centralizes O, (W).

(iv) Co(O(C))=W.

(v) If P is a D-invariant Sylow p-subgroup of O(C), either Z(P)< W or P<E.

(vi) If E, is a subgroup of E of order e,, then Cy (E,) is isomorphic to SL(2, g,)
with g=qfoe.

Proof. First of all, T=<(x,;) is of order two. If n=1, then L=L,T and so
%, € L—L,. Moreover, in this case, Cs(T)=T, D is dihedral of order eight, D is a
four group, and 8= +1. Lemmas 3.1 (iii) and 3.3 (i) of [22] imply that Cg(X;)
=Cy(%,)E with Cr(X;) being dihedral of order 2(g+e¢) and containing D. Thus
W=0(Cy(%,)) is cyclic of order 3(q+¢) as g=¢ (mod 4) and, in addition, W is
inverted by any element of D—T. Furthermore, W is a Hall subgroup of L and
Ny(W,)=WD for any nontrivial subgroup W, of W by Lemma 3.1 (v) of [22].
Since Cy(T) maps onto Cg(X,), all parts of (i) and also (ii) follow in this case.

Suppose now that n>1, in which case TSZ(S)L,, D=S, Cs(T) is the unique
abelian maximal subgroup of S, and 8= — 1. In particular, X, € L, and so Lemmas
3.1 (iii) and 3.3 (i) of [22] yield in this case that Cr(X,)=Cr(X;)E with Cr(¥,)
dihedral of order 2(q—¢). Hence by definition of n, W= 0(Cr(%,)) is cyclic of order
(g—¢)/2". Again Lemma 3.1 (v) of [22] yields that W is a Hall subgroup of L and
that Ny(W,)= WD for any nontrivial subgroup W, of W. Furthermore, S< Cr(%,)
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as T={X,) is normal in S. Since Cy(X,) is dihedral, W centralizes a cyclic subgroup
U of index 2 in S and is inverted by any element of S— U. Moreover, if U denotes
the inverse image of U in S, then |S:U|=2 and U= U/Z(S). Since U is cyclic, U
is abelian and so U= Cg(T) is the unique abelian maximal subgroup of S. Again all
parts of (i) and also (ii) hold.

Now W is abelian and W is normal in WE. Hence (iii) will follow if we show that
no p-element of E* centralizes O,.(W). Since WE is isomorphic to WE, we need
only prove that no p-element of E# centralizes O,.(W) for any prime p. But this
is one of the assertions of Lemma 3.3 (ii) of [22].

We now prove (iv). If E=1, then O(C)= W is cyclic and O(C)’' =1, so (iv) holds
trivially. We can therefore assume that E+# 1, in which case O(C)> W. If a is a p-
element of O(C)—W, then [0,(W),a]#1, by (i)). Since [0,(W),a,a]=
[0,(W), a]#1, it follows that a does not centralize [0,.(W), a]. But [0,(W), a]
< O(C)’ and so a does not centralize O(C)’. This implies that O(C)’ centralizes no
element of O(C)— W as p and a were arbitrary. On the other hand, as E is cyclic
and 'W is normal in O(C)= WE, we have O(C)'< W. But then W, being cyclic,
centralizes O(C)’ and we conclude that Cy,(O(C)")= W, proving (iv).

Since D normalizes O(C), D normalizes a Sylow p-subgroup of O(C) for any
prime p, so P exists in (v). Now dinverts W by (i) and d centralizes E as S centralizes
E. Since O(C)= WE, it follows that Cy,(d)=E. Furthermore, as W is normal in
O(C), PN W is a Sylow p-subgroup of W, Cp(d)<E, and PN W=[P,d]. But
P=[P,d]Cp(d) by Theorem 5.3.5 of [19] and so P=(Pn W)PNE). If
PN W=1, then P<E, while if P N E=1, then P< W. In either case, (v) holds.
Thus in proving (v), we can assume that both P N W1 and P N E#1 and argue
that Z(P)c< W.

Let a be an element of order p in P N E. Since P N E and P N W are cyclic and
P=(PN WYPNE), it will suffice to show that a does not centralize P N W.
Setting K= Cr(a), we therefore need only prove that P W=P n W is not con-
tained in K. Let |[P N W|=p®, so that p® is the highest power of p dividing g+ Se.
Thus we need only show that |K|,<p®. Now by Lemma 3.3 (i) of [22], K is iso-
morphic to PGL(2, q,), where g=q8 and KN L, is isomorphic to PSL(2, qo).
Furthermore, we know that X, € K N L, if and only if n> 1, hence if and only if
8= —1. Since p is odd, we also have g,=¢ (mod 4) and so go=¢ (mod 4). Applying
Lemma 3.1 (ii) of [22], it follows that Cg(X,) is dihedral of order 2(g, + 8¢).

On the other hand, a centralizes Q,(P N W) which lies in Cg(¥X,) and so p
divides g, + 8¢. Since g=q} and p® is the highest power of p dividing g+ 8:=q5+ 8e,
we conclude that p® does not divide g,+ 8e. However, by Lemma 3.1 (i) of [22],
|K|, is a divisor of go+ 8e. Thus |K|,<p® and the proof of (v) is complete.

Finally if E, and e, are as in (vi), Lemma 3.3 (i) of [22] implies that Cr (E,) is
isomorphic to PSL(2, g,), where g=ggo. Since C, (E,) maps onto Cr(E,) and L,
has generalized quaternion Sylow 2-subgroups, we conclude that C,(E,) is
isomorphic to SL(2, q,), proving (vi).
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LemMmA 3. If O(H)=1, then
(i) O(Cy(d))=VE, where V=0(Cy(d)) N L is normal in O(Cy(d)), V is cyclic
of order (q—¢)/2™, where 2™ is the highest power of 2 dividing q — e, and x, inverts V.
(ii) For any prime p, no p-element of O(C)—(O(C) N L) centralizes O,.(V).
(iii) Cy(D)=Z(D)x E.

Proof. The proof of (i) and (ii) is entirely similar to the proof of (i) and (iii) of the
previous lemma. We know that d € L, and that d%=x, so d is an involution of L,.
Hence applying Lemmas 3.1 (iii) and 3.3 (i) of [22], as above, we have that
Cr(d)=Cr(d)E, Cr(d) is dihedral of order 2(q—¢), and O(Cr(d))=7V is cyclic of
order (g —e¢)/2™, where 2™ is the highest power of 2 dividing ¢ — . Furthermore, as d
normalizes T and T=({X,)> is of order two, d centralizes X,, so X, € Cz(d). But
Xp#d as d ¢ T. Since Cr(d) is a dihedral group, it follows that ¥, inverts V. Since
Cy(d) maps onto Cg(d), all parts of (i) now follow.

Since V is abelian and is normal in VE, (ii) will follow if we show than no p-
element of E# centralizes O,.(¥V). But this is one of the conclusions of Lemma 3.3
(i) of [22].

Finally Cy(S)=Z(S) % E, so (iii) holds if S is wreathed. Assume then that S is
quasi-dihedral, in which case D is dihedral of order eight and T is a Sylow 2-
subgroup of C. Since Cy(D)< C, it follows that Z(D)=<{x) is a Sylow 2-subgroup
of Cy(D). Hence by Burnside’s transfer theorem, Cy(D) is the direct product of
Z(D) and O(Cy(D)). On the other hand, d=y € D in this case and so O(€4(D))
S O(Cyx(d))=VE. Since x, inverts V and D centralizes E, we conclude that
O(Cy(D))=E and (iii) is proved.

LemMA 4. If O(H)=1, then
(i) E normalizes a Sylow p-subgroup P of L, where p is the characteristic of L.
(ii) Cy(P)=Z(H)P for any such Sylow p-subgroup P of L.

Proof. By Lemmas 3.1 (vi) and 3.3 (iii) of [22], L possesses an E-invariant Sylow
p-subgroup P and Cg(P)=P for any such Sylow p-subgroup P. Passing to L and
H, we obtain (i) and (ii) at once.

LeMMA 5. If O(H)=1 and K is a nonabelian subgroup of L of odd order, then

(i) K is a Frobenius group with kernel and complement of orders dividing q and
q—1 respectively.

(ii) If K is T-invariant, then there is a unique T-invariant Frobenius complement in
K and it is contained in C.

Proof. We have K<L, as |K| is odd and |L:L,| is a power of two. Hence if V
denotes the natural vector space of dimension two over GF(q) on which L, acts,
then K is faithfully represented on V. If |K| is prime to ¢, the minimal degree of a
faithful representation of K over GF(q) is at least three as |K| is odd and K is
nonabelian. Hence p divides | K|, where p is the characteristic of L. If O,(K)=1,
Theorem B of Hall-Higman (Theorem 11.1.1 of [19]) implies that the minimal
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degree of a faithful representation of K over GF(q) is at least p and hence at least
three. Hence 0,(K)#1 and so V,=Cy(0,(K)) is a one-dimensional subspace of V.
But V, is K-invariant as O,(K) is normal in K and so K is contained in the stabilizer
of V, in L,. But this stabilizer is the normalizer in L, of a Sylow p-subgroup P of
L, and has the form PA, where P is elementary abelian of order ¢, A4 is cyclic of
order ¢g—1, and A/Z(L,) acts regularly on P. Since X is a nonabelian subgroup of
PA of odd order, K necessarily has the structure asserted in (i).

Suppose now that K is T-invariant. Since KT is solvable, it possesses a Hall
p’-subgroup R with T<R. Since K is normal in KT, R N K=A, is a Hall p'-sub-
group of K and hence is a Frobenius complement in K. Moreover, 4, is T-invariant.
If P, is the Frobenius kernel of K, then P, is characteristic in K and so P, is also
T-invariant. Since Py=L, Cp(T)SO(C) N L, which is cyclic of order dividing
g+ 8¢, by Lemma 2. Since Cp(T) is also a p-group and p divides g, this forces
Cpy(T)=1. But T={(x, x,) and x centralizes P, as x € Z(H). We conclude that x,
inverts P,.

Suppose now that x, inverts an element a of A,. Then x, inverts the group
Py{a), which is therefore abelian, and so a centralizes P,. Since K is a Frobenius
group, this is possible only if a=1. Thus x, inverts no element of 4% and con-
sequently x, centralizes 4,. Since x centralizes A,, it follows that 4, C=Cy(T).
Our argument shows that 4,=Cg(T). Since any two T-invariant Frobenius com-
plements of K are conjugate by an element of Cx(T)=A4,, we conclude that 4, is
the unique such complement, proving (ii).

LEMMA 6. Assume O(H)=1 and let X be a nontrivial subgroup of L which satisfies
one of the following conditions:

(@) |X| is odd dividing q— 8¢;

(b) |X| is odd dividing q+ 8¢ and [X, T]= X;

(c) |X| is odd dividing q and 8e= +1;

(d) X is isomorphic to SL(2, 3).
Then

(i) {<W,, X) has even order for any nontrivial subgroup W, of O(C) N L.

(i) <C N L, Xy=L with the following single exception: q=5, 8=—1, and X
satisfies condition (a) or (d), in which case (C N L, X contains S and is isomorphic
to SU,(2, 3).

Proof. Set K=(W,, X> and suppose K has odd order, in which case K and K
are isomorphic as are K N C and K N C. Setting W=0(C) N L, Lemma 3.1 (v) of
[22] implies that W is a cyclic Hall subgroup of L and is disjoint from its conjugates
in L. Since W, =W n K contains W, and W, 1, it follows that W, is a cyclic Hall
subgroup of K and that W, is disjoint from its conjugates in K. Furthermore, it is a
direct consequence of Lemmas 3.1 (iii) and (v) of [22] that Ny(W,) is a dihedral
group and that W= O(Ny(W,)). Thus Ng(W,)=W n K= W,. But now Frobenius’
theorem (Theorems 2.7.7 and 4.5.1 of [19]) implies that either K=W, or K is a
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Frobenius group with complement ;. Since K N C and K N C are isomorphic,
the inverse image W, of W, in W lies in K and we conclude that either K= W, or
that K is a Frobenius group with complement W,.

If K=W,, then X< W, as K={W,, X). However, T centralizes W, and |W,|
divides g+ 8¢ by Lemma 2. But now we see that X cannot satisfy any of conditions
(a), (b), (c), or (d). Thus K must be a Frobenius group with complement W,.
Hence by the preceding lemma, |K| divides (g—1)g and |W;| divides g—1. Since
| W1| divides g+ 8e, this forces 8e= — 1, whence |K| is prime to g—8e=q+ 1. Thus
X cannot satisfy condition (a), (c), or (d) and so X satisfies (b). In particular, X is
T-invariant and hence so also is K={W,, X) as T centralizes W,. Since T centralizes
the complement W, of K, it follows that [K, T'] is contained in the kernel P; of K.
Since X=[X, T}, this yields X< P,. But | P,| divides ¢, while | X | divides g+ 8¢ under
assumption (b). This contradiction completes the proof of (i).

We turn now to (ii). Set R={C N L, X>. We shall argue that R does not have a
normal 2-complement, so assume the contrary. Then certainly (d) does not hold. Thus
| X | is odd and so (W, X>< O(R). But then if W+#1, (i) is contradicted and so W=1.

By Lemma 2, |W|=(q+ 8¢)/2", whence g+ 8¢=2". Since ¢>3 by assumption,
this forces n>1 and hence also 8= —1. Thus g=2"+e¢ is either a Mersenne or a
Fermat prime or else g=9. Setting U= Cg(T), we know that U is abelian of type
(2%, 2™ and that U< R. Since Z(S) is cyclic of order 2™ and Z(S)< U, U is cyclic of
order 2" and X,=j is the unique involution of U. By Lemma 3.1 (iii) of [22],
Cr()=38 under the present conditions and so y inverts O(R). Hence O(R) is
abelian and consequently by Lemma 3.1 (iii) and (vi) of [22], O(R) has order
dividing q or g+ ¢. However, in the latter case, Ny(O(R)) is dihedral by Lemma 3.1
(iii) and (v) of [22] as O(R)#1, in which case O(R)U is either cyclic or dihedral,
contrary to the fact that U is cyclic of order 2" with n>1 and the involution y of
U inverts O(R). Hence O(R) has order dividing q. Moreover, if g=9, |U|=8 and,
as j inverts O(R), O(R) must be of order nine. Thus |O(R)| =4 in all cases. Since
X< O(R), it follows that condition (c) holds. Hence by Lemma 3.1 (vi) of [22],
N(O(R)) is a Frobenius group of order (g—1)g. Since U< Nz(O(R)), we conclude
that 2" divides g— 1. Since 2" =g+ 8¢, this is possible only if 8= —1, contrary to
the assumptions of (c). Thus R does not have a normal 2-complement, as asserted.

Since R has dihedral Sylow 2-subgroups, it is thus a D-group. Since L=L,Cy(T),
R¢E L, and so R contains a normal subgroup of index two. Hence by Lemma 3.1
(viii) of [22], R is isomorphic to PGL(2, 3), PGL(2, 5) or PGL(2, q,) for some g,
dividing ¢. But, as we have seen in Lemma 2, Lemma 3.1 (iii) of [22] implies that
C N L is cyclic of index two in Cr(x,) and that Cr(X;) has order 2(q+ 8¢). By the
same lemma of [22], Cp(%,) is dihedral of the respective order 4, 12, or 2(g,+ ¢,) if
Xy € L—L, and the respective order 8, 8, or 2(go— &) if X, € L,, where e,= + 1 and
go=¢o (mod 4). Since CNLSR, Cn L is a cyclic subgroup of Cgr(%;) of order
g+ 8e. Since the latter group is dihedral, we conclude that g+ 8¢ must, in fact,
divide 3| Cr(%y)|-
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Suppose first that g> 7. Since g+ 8e=g—1 and g+ e divides 3|Cr(X;)|, the only
possibility is that R is isomorphic to PGL(2, q,) and that g+ 8e=q, + &y, whence
g=qo. Thus |R|=|L| and, as R<L, it follows that R=L. Since Z(S)<C N LS R,
the desired conclusion R=L holds in this case.

Assume next that g=7, but that R L, whence R<L and so R is isomorphic to
PGL(2,3) or PGL(2,5). We have g+ 8:=6 or 8, as g=7. Since g+ de divides
3|Cr(%;)|, R must be isomorphic to PGL(2, 5) and so 5 divides |R|, contrary to the
fact that 5 does not divide |L|=336.

Suppose finally that g=5, but that R<L, whence R<L and R is isomorphic to
PGL(2, 3). Since e=1 in this case, our conditions force §=—1, |C N L|=4, and
|Cr(x)| =8. Furthermore, since X#1 and X< R, X is not of odd order dividing
g=>35 or g+ 8e=4. Thus X satisfies condition (a) or (d). Since g is a Fermat prime
and X, =7 in the present case, Cz(X,)=S, as we have seen above, and so |Cr(¥;)| =8.
Since |Cp(¥;)|=38, it follows that Cg(¥;)=S. But Z(S)<R and so S<R. We
conclude at once now from the structure of R that R is, in fact, isomorphic to
SU,(2, 3). Thus (ii) holds in this case as well and the lemma is proved.

LemMMA 7. If O(H)=1, then
(i) Z(S)=Z(H).
(i) Cu(Lo)=Cu(L)=Z(H).
(iii) If K is a subgroup of H containing L,, then O(K)=1.
(iv) [Lo, X] has even order for any nonidentity subgroup X of H of odd order.

Proof. First, (i) has been noted already at the beginning of the section. In
addition, we know that S N L, is the unique generalized quaternion subgroup of
L, of maximal order and so Cg(S N Ly)=Z(S) by Lemmas 1.1 and 1.2. Since
Z(S)=Z(H) and since Cs(L,) is a Sylow 2-subgroup of Cyx(L,), it follows that
Z(H) is a Sylow 2-subgroup of Cy(L,). Hence Cy(L,) has a normal 2-complement
R by Burnside’s transfer theorem. But Cy(L,) is normal in H as L, is normal in H.
Since R is characteristic in Cy(L,), it follows that R< O(H) = 1. Thus Cy(Lo)=Z(H).
Since Z(H)< Cy(L)< Cy(L,), we also have that Cy(L)=Z(H), so (ii) also holds.

Next if K is as in (iii), then L, is normal in K as L,< K and L, is normal in H. But
then [L,, O(K)]<L, N O(K)=1 and so L, centralizes O(K), whence O(K)=1 by
(i) and (ii), proving (iii).

Finally if X is as in (iv) and if we set F={L,, X, then [L,, X] is normal in F.
Hence if [L,, X] were of odd order, it would lie in O(F). But O(F) =1 by (iii) and so
[Lo, X]=1. Thus X centralizes L, and so X'=1, again by (i) and (ii), a contradiction.
Thus (iv) also holds.

LemMmA 8. If O(H)=1 and K is a Q-subgroup of L, then the following conditions
hold:

(1) If K has no normal subgroups of index two, then K is isomorphic to SL(2, r),
where r=3, r=>5, or r divides q.

(ii) If K contains C N L and q>5, then K has characteristic power q.
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Proof. Without loss we may assume that § N K is a Sylow 2-subgroup of K.
Since §=S/Z(S) is dihedral, § N K is either dihedral or cyclic. However, K does
not have a normal 2-complement, as otherwise K would have one, contrary to the
fact that K is a Q-group. Hence S N K is not cyclic, otherwise K would have a
normal 2-complement by Burnside’s transfer theorem. Thus § N K, which is a
Sylow 2-subgroup of X, is dihedral and so K is a D-group. Now Lemma 3.1 (viii)
of [22] implies that K is isomorphic to PSL(2, r) or PGL(2, r), where r=3, r=5, or
r divides q.

Assume now that K has no normal subgroups of index two, in which case neither
does K. Since PGL(2, r) contains a normal subgroup of index two, K must be
isomorphic to PSL(2, r). Moreover, K<L, as L, has index a power of 2 in L. But
now it follows from the results of Schur [26] that K is isomorphic to SL(2, r),
proving (i).

Suppose next that K contains CN L and ¢>5. By Lemma 2, CNL=UW,
where U= C«(T)=Cp(T) is abelian of type (2%, 2") and W=0(C) N L is of order
(q+ 8¢)/2". Since Z(S) is cyclic of order 27, it follows that [C N L|=q+ 8¢. But
CNLSK, so CN LS Cg(T). On the other hand, T={X,) is central in D as T is
normal in D and U< D as Z(S)< U< D. Since U is a Sylow 2-subgroup of C N L,
we conclude that

|Cr(%)| 2 2(g+3e).
However, by Lemma 3.1 (iii) of [22], we have

|Cr(¥2)| = 2(r £ &),
where g,= + 1.

Suppose r divides q. Since de= +1 and ¢ is an odd prime power, the above
inequalities force r=gq. In the remaining cases, r=3 or 5. Since 4> 5, there is only
a single solution of these two inequalities: namely, g=7, e= —1, r=5, and ¢, =1.
However, in this case |L|=|PGL(2, 7)| =336 and so is prime to 5, contrary to the
fact that 5 divides |K| and K<L. We conclude that K, and hence also K, is of
characteristic power g. Thus (ii) also holds.

The next three lemmas give information concerning various signalizers in H.

LemMMA 9. If O(H) =1, then
(i) If p is the characteristic of H, then W (D; p) is trivial and any element of
Ny(D; p) is contained in C.
(ii) Any element of V(D) of odd order containing O(C) N L lies in O(C).
(iii) Any element of Wy(O(C) N L) of odd order lies in L.

Proof. If S is quasi-dihedral, D is a four group, while if S is wreathed, D=3 is.
dihedral of order 2" **. In either case, Ug(D; p) is trivial by Lemma 3.1 (vii) of [22]
and this yields at once that U (D; p) is trivial. Furthermore, if X € Uy(D; p), then
so also does [X, D]. But [X, D]cL, as D<L, so [X, D)e U, (D; p), which we have
just shown is trivial. Hence [X, D]=1 and so D centralizes X. Thus X< C and both
parts of (i) are established.
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Next set W=0(C) N L and let X be an element of U,(D) of odd order con-
taining W. Then by the same lemma of [22], X< Cg(7) for some involution 7 of
Z(D). If S is quasi-dihedral, both d and dx, invert W and W+#1 by Lemma 2.
Hence d and dx, do not centralize X, as X= W, and so i=x,. Thus X< O(C) and
hence X< O(C). On the other hand, if S is wreathed, T={X,) is in the center of
D as Tis normal in D and T has order two. However, D is a nonabelian dihedral
group, as n2, and so |Z(D)|=2. But then Z(D)=T and hence 7= X,, giving the
same conclusion X< O(C) as in the preceding case. Thus (ii) also holds.

Finally let X be an element of U,(W) of odd order. Then WX N L=W(X N L)
is normal in WX. But W is a Hall subgroup of L by Lemma 2. Hence if we set
Y=Nx(W), it follows from the Frattini argument that WX = W(X N L)Nyx(W)
=W(XNL(WY)=W(X NL)Y. Thus to prove (iii), it will suffice to show that
Y<L. To establish this, we need only prove that Y< O(C). Indeed, assume this is
the case. We have [W, Y]< W N X as Y normalizes W and W normalizes X, which
contains Y. But WnN X=1 as Xe Uy(W). Thus Y centralizes W. However,
by Lemma 2 no element of O(C)— W centralizes W. Hence YSW<cL, as
required.

We may also assume W#1; otherwise as in Lemma 6, g is a Mersenne or
Fermat prime or ¢=9, whence H=L by Proposition 3.3, in which case clearly
YcL.

Now Cr(W) is dihedral and W= 0O(Cy(W)) by Lemmas 3.1 (iii) and (v) of [22]
as W+1. Hence Cy (W)= WU, where U= Cy(T), by Lemma 2. But Y normalizes
WU as it normalizes both L and W. On the other hand, U is abelian of type
(2%, 2", Z(S) is cyclic of order 2" with Z(S)< U, and Y centralizes Z(S) as Z(S)
=Z(H). It follows at once that Y centralizes UW/W and hence that UWY/W
is the direct product of UW/W and WY/W. Thus U stabilizes the chain WY=2W=>1
and so U centralizes WY. Since T< U and C=Cy(T) has a normal 2-complement,
we conclude that Y< O(C) and (iii) is proved.

LemMA 10. If O(H)=1 and Wy(C; p) is nontrivial, p an odd prime, then the
Sollowing conditions hold:
() 8z=—1 and p is the characteristic of L.
(ii) There are exactly two maximal elements P and P* in W(C), each of which is
a Sylow p-subgroup of L. _
(iiiy C N L/Z(H) and C N Ly/Z(Ly) act faithfully and irreducibly on P and P*
regarded as vector spaces over GF(p).

(iv) P and P* are permuted under conjugation by d.
(V) Lo=<P, P*).

Proof. As usual, set W=0(C) N L and U=Cy(T). By Lemma 2, W centralizes
U, dinverts W, C N L= WU, and either W1 or n> 1. Applying Lemma 3.1 (iii)
and (v) of [22], we conclude as usual that Cy(x,)= WD=WU{d) is dihedral and
that for any Z#1 in WU, we have Cr(Z)< Cy(x,). We use these facts in proving (i).
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Let P be a nontrivial element of Uy(C; p). Since p is odd by assumption, P<L
by the preceding lemma. Hence by the preceding paragraph, Cs(zZ)< WD for any
z#1in WU. Since |Cp(Z)| is odd and W is normal of index a power of two in WD,
we have, in fact, Cs(Z)cW<CNP. But CNnP=1, as Pe U,(C), and so
C N P=1. Thus WU acts regularly on P and so WUP is a Frobenius group. If
W+#1, then WP is a Frobenius group and it follows from Lemma 5 that p is the
characteristic of L and that |W| divides g— 1. Since | W|=(gq+ 8¢)/2" by Lemma 2,
this forces 8e= —1. Since |U|=2", |WU|=q—1, whence |P|=gq, P is a Sylow p-
subgroup of L, and WU acts faithfully and irreducibly on P regarded as a vector
space over GF(p). Since C N Lo=WU N L, is cyclic of order g—1 and L, N Z(H)
has order two, it follows directly from this that (C N L)Z(H)/Z(H) also acts
faithfully and irreducibly on P. In particular, (i) and (iii) hold.

On the other hand, if W =1, we have shown in the course of the proof of part (ii)
of Lemma 6 (with P in the role of X), that 8= — 1, that g=2"+¢ is either a Fermat
of Mersenne prime or g=9, that |P|=g, that PU is a Frobenius group of order
g(g—1), and that e=1. Thus 8¢= —1, p is the characteristic of L, P is a Sylow p-
subgroup of L, and U= WU acts faithfully and irreducibly on P. In particular, (i)
and (iii) hold in this case as well.

It remains to establish (ii), (iv), and (v). We know that D normalizes C, C
normalizes P, and C N P=1. Hence if we set P*=P¢% we have that C=C¢
normalizes P* and C N P*=1, so P* e Uy(C; p). Furthermore, P*+#P, since
otherwise D={U, d) would normalize P, contrary to Lemma 9. Thus P and P*
are distinct Sylow p-subgroups of L, and consequently L,=<{P, P*)> by Lemma 3.1
(vi) and (viii) of [22]. Thus L,=<{P, P*). Since d%? € U and U normalizes P, d
permutes P and P* under conjugation and we conclude that (iv) and (v) hold.

Finally let X be an arbitrary element of U ,(C; p). We know already that X is a
Sylow p-subgroup of L. To prove (ii), we must show that either X=P or X=P*. In
any event, we have X?=P for some b in L and so U’ normalizes P. But as
Nr(P)=PWU by Lemma 3.1 (vi) of [22], we have N,(P)=PWU, whence U< PWU.
It follows that U®*< WU for some c in P. Since X =P°=P, we can assume without
loss to begin with that U< WU. Since WU=W x U and U is a Sylow 2-subgroup
of WU, we conclude that U?=U. But T=Q,(U) and so b€ Ny(T). Butas His a
Q-group, Ny(T)=Cy(T)Ns(T)=CD=C{d). Since d? € U=, b lies in one of the
two cosets C or dC of C in CD. Since P is C-invariant, it follows correspondingly
that X=P or X=P*, thus proving (ii).

Lemma 11. If O(H) =1, then any subgroup of H of odd order permutable with C is
contained in CP for some element P of W,(C; p), p an odd prime.

Proof. Let X be a subgroup of H of odd order permutable with C. Again let
U= Cs(T). Then U is a Sylow 2-subgroup of XC and so U is a Sylow 2-subgroup of
XC. Since U is cyclic, XC has a normal 2-complement by Burnside’s transfer
theorem and so XC has one as well. Since C has a normal 2-complement of the
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form WE, where W=0(C) N L, we see that O(XC)=XWE. Since H=LE, it
follows that O(XC)=(XW N L)E. Setting Y=XW N L, we see that Y is normal
XC, W< Y, and XC= YE=YC. Furthermore, Y N C=Cy(T)=O(C) N L=W.

Consider first the case W=1, in which case Y N C=1 and so x, inverts Y. But
then Y is abelian and hence any Sylow p-subgroup P of Y is normal in XC. Since
P N C=1, this implies that P € U,4(C; p), whence p is the characteristic of L by the
preceding lemma. Thus the prime p is uniquely determined and consequently
P=Y. We conclude that X< PC, as required.

Suppose next that W+#1 and Y is abelian. By Lemma 3.1 (v) of [22], C(W)< WD
and hence Y< WD. But then Y< W and we conclude that Y= W. Thus XC= YC=C
and so X< C, in which case the lemma clearly holds.

Assume finally that Y is nonabelian. By Lemma 5, Y is a Frobenius group with
kernel P of order dividing ¢ and complement of order dividing ¢—1. Since
|W|=(q+ 8¢)/2", and W<, it follows that 8c= —1 and that W is a Frobenius
complement in Y. Hence Y= WP and P is normal in XC as P is characteristic in
Y. Thus P is C-invariant and X< YC=PWC=PC. Since Y N C< W, we also have
that PN C=1, so P e U,(C; p) and the lemma holds in this case as well.

We turn now to some results which do not involve the assumption O(H)=1.

LemMA 12. If H=SUT(2,9), then
(i) |O(H)|=3 and O(H) is inverted by x,.
(i) |0(C)|=5=2%(q+ 3e).

Proof. Since SL™(2, 9) has index 2 in SUT(2, 9), O(H) has order three. Moreover,
X, inverts O(H) by Lemma 2.2 and so (i) holds.

Setting H= H/O(H), we have that H is isomorphic to SU,(2,9) and so S has
quasi-dihedral Sylow 2-subgroups. Hence 8=1, n=1, e=1, and (q+ 8¢)/2"=5.
Thus by Lemma 2, O(Cg(T)) has order five. But C N O(H)=1 by (i) and so O(C)
maps isomorphically onto O(Cg(T)), whence |O(C)| =5 and (ii) is proved.

Our next set of lemmas give some general properties of Q-groups that will be
used considerably in the paper. We make a few preliminary comments. By
Proposition 3.1, H=0(H)Cy(Z(S)) and so O(H)Z(S) is normal in H. Since
H/O(H) is a Q-group of the same characteristic power as H and with isomorphic
Sylow 2-subgroups, but with no nontrivial normal subgroups of odd order, the
proof of Proposition 3.3, applied to H/O(H), shows that H= H/O(H)Z(S) has
dihedral Sylow 2-subgroups, that L and L, are isomorphic to PGL(2,q) and
PSL(2, q) respectively and, as ¢> 3, that L, is simple and is the unique minimal
normal subgroup of H. In particular, S(H)=1. Since O(H)Z(S) is solvable, it
follows also that S(H)=O0(H)Z(S).

LeMMA 13. If K is a subgroup of H, then the following results hold:
(i) If K covers H/O(H) and K contains x, then K covers NJO(N).
(ii) If K covers LyS(H)/S(H), then K covers LyO(H)[O(H).
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Proof. Setting H=H/O(H) we have that K= H as K covers H/O(H). But also
N=H as H=O0(H)N, whence also x € Z(H). Thus N= K= Cg(X). However, O(H)
has odd order and x€K, so Cx(x)=KN N maps onto Cg(X)=N. Hence
N=(KN NYO(H) " N). But O(H) " N=0O(N), as we have noted at the be-
ginning of the section, so N=(K N N)O(N) and K N N covers N/O(N), proving (i).

Setting Ko=K N L,S(H), we have L,S(H)< K,S(H), as K covers L,S(H)/S(H).
Since S(H)= O(H)Z(S), as noted above, it follows therefore, if H=H/O(H), that
L,Z(8)<= K,Z(S). Since H=O0(H)Cx(Z(S)), we also have that Z(S)<=Z(H). But
L, is perfect as L, is isomorphic to SL(2, q) and ¢> 3. Hence

Ly = [Lo, Lo] < [LoZ(S), LoZ(S)] < [KoZ(S), KoZ(S)] = [Ko, Ko] < Ko.

Thus L,O(H)< K,O(H). Since K,< K, we conclude that K covers L,O(H)/O(H), so
(ii) also holds.

LeMMA 14. The following conditions hold:
(i) H=O(H)N and O(N)< O(H).

(ii) S(H)=O0(H)Z(S).

(iii) [H, x]=O(H).

Proof. We have remarked at the beginning of the section that H=O(H)N. But
then O(H)O(N) is normal in H and of odd order, so O(H)O(N)< O(H), whence
O(N)<= O(H), proving (i). Furthermore, (ii) has just been noted above. Finally, as
N centralizes x, we have

[H, x] = [O(H)N, x] = [O(H), x] = O(H),

so (iii) also holds.
Collecting the various observations preceding Lemma 13, we also have:

LEMMA 15. The following results hold:
() H/S(H) is a D-group of linear type of characteristic power q with dihedral
Sylow 2-subgroups.
(ii) LoS(H)/S(H) is isomorphic to PSL(2, q) and is the unique minimal normal
subgroup of H|S(H).
(iii) LS(H)/S(H) is isomorphic to PGL(2, q).

LeMMA 16. If Cy(O(H)) is not contained in S(H), then Ly=JO(H), where
(i) Either J is isomorphic to SL(2, q) or q=9 and J is isomorphic to SL™(2, 9).
(ii) J is normal in L,,.
(iii) J N O(H)=O0(J). In particular, Ly=J x O(H) if ¢#9.
(iv) J centralizes O(H).

Proof. We know that L, is the unique minimal normal subgroup of H= H/S(H).
Hence if K=Cy(O(H)) and K¢ S(H), then K is a nontrivial normal subgroup of
H as K is normal in H and consequently K=L,. Thus K covers L,S(H)/S(H) and
so K covers LyO(H)/O(H) by Lemma 13. Therefore O(H)K contains L,. However,
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in the present case O(H)< L,. Indeed, S N K#1 as S N Kis a Sylow 2-subgroup of
K and K is a normal subgroup of H not contained in S(H). Since S N K is normal
in S, it follows that Z(S) N K# 1. But Z(S) is cyclic and x is the unique involution
of Z(S), so x € K and hence O(H) centralizes x. Thus O(H)< N. Since L, contains
O(H) N N by its definition, the desired assertion O(H)<L, is verified. Since
L,= O(H)K, we conclude therefore that Ly=O(H)(K N Ly).

Set R=KNL, Then Ly,=O(H)R and so O(R)=O(L,)=O(H). Since
Rc K=Cgy(O(H)), it follows that O(R)<Z(R). Thus R is a central extension of
O(R) by R/O(R), the latter group being isomorphic to L,/O(H) and hence to
SL(2, q). The results of [26] now yield that R=JO(R), where J is isomorphic to
SL(2, q) or to SL™(2, 9) with g=9. Since J is perfect and O(R)<Z(R), J=R’'. Thus
Jis characteristicin R. But R=K N L, is normal in L,, so J is normal in L,. Further-
more, Lo=RO(H)=JO(R)O(H)=JO(H) as O(R)< O(H). In addition, J N O(H)
<0(J). Since O(J)=1 if q#9, we have L,=Jx O(H) in this case. Finally J
centralizes O(H) as J< R=Cy(O(H)) and all parts of the lemma are proved.

For our final general property of Q-groups, we drop the requirement that S be
quasi-dihedral or wreathed.

LemMmA 17. If H is an arbitrary Q-group, then no subgroup of H is a D-group or a
QD-group.

Proof. Proposition 3.1 still yields that H=O(H)Cy(Z(S)). Moreover, S is not
abelian, since otherwise S=Z(S) and Cy(S) would have a normal 2-complement
by Burnside’s transfer theorem and it would follow that H had a normal 2-
complement, contrary to the definition of a Q-group. Thus S is nonabelian and
now Lemmas 1.1 and 1.2 yield that Z(S) is cyclic.

Suppose now that H contains a subgroup K which is either a D-group or a Q D-
group. By Propositions 1.1 and 1.2 and Definition 2.1, K contains a four subgroup
T such that |4x(T)| is divisible by three. Replacing K by a conjugate, if necessary,
we can assume without loss that 7< S. But S is a subgroup of a quasi-dihedral or
wreathed 2-group S* and Lemmas 1.1 and 1.2 imply that Q,(Z(S*))=Q,(Z(S))<T.

Finally since | Ax(T)| is divisible by three, K contains a 3-element a which cyclically
permutes the involutions of T. But then if H=H/O(H), a cyclically permutes the
involutions of T. However, Z(S) is central in H as H= O(H)Cx(Z(S)). Since Z(5)
is cyclic, @ thus fixes the unique involution X of Z(S). But (¥)=Q(Z(S)<T
and so x € T, contrary to the fact that @ fixes none of the involutions of T.

The final lemma of the section gives some properties of the representations of
SL(2,q).

Lemma 18. If H=SL(2, p™), p an odd prime, is faithfully represented on a vector
space V over GF(p), then

(1) dim V=2m.

(ii) If dim V'=2m, then dim C,(P)=m for any Sylow p-subgroup P of H.
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Proof. The irreducible representations of H on a vector space ¥ over GF(p) of
dimension at most 2m are described by Fong and Wong in (1E) of [16]. Their results
prove, in particular, that dim ¥'=2m, so (i) holds. Moreover, if dim V'=2m, they
show that ¥V acts faithfully and irreducibly on ¥ and that if U=V ® F, where F
is an algebraic closure of GF(p), then as an H-module, U is the direct sum of m two-
dimensional submodules U,, 1 <i<m, one of which is the natural module for H,
and the remaining are the distinct algebraic conjugate modules. But then if P is a
Sylow p-subgroup of H, we have dim Cy(P)=1, 1 £i<m, whence dim Cy(P)=m.
This implies that dim Cy(P)=m and so (ii) also holds.

5. D-groups. We now establish those properties of D-groups which we shall
need for the paper. Throughout the section H will denote an arbitrary D-group and
T a four subgroup of H.

It will be convenient to say that H is a D-group with respect to T whenever
|44(T)| is divisible by three. If H contains no normal subgroups of index two, then
H has dihedral Sylow 2-subgroups by definition of a D-group. In this case Theorem
7.7.3 of [19] implies that H is a D-group with respect to any four subgroup T of H.

LeMMA 1. The following results hold:

(i) H is a D-group with respect to T if and only if TS H'.

(ii) If H is not a D-group with respect to T, then H/O(H) contains a normal
subgroup of odd index isomorphic to either PGL(2, q) for some odd q or to PGL,(2, 3)
for some n.

Proof. If H=H/O(H), then Ng(T) and Cg(T) are the images of N,(T) and
Cy(T) respectively. Moreover, T< H' if and only if T< H'. Thus it will suffice to
prove the lemma for H. Since H is clearly also a D-group and O(H)=1, we can
therefore assume without loss that O(H)=1.

If H is isomorphic to 4;, then TS H' and H is a D-group with respect to T, so
the lemma holds in this case. On the other hand, if H is isomorphic to PGL,(2, 3),
(ii) certainly holds and (i) is immediate from the structure of H. Hence we can
assume that H is of neither of these forms. But now Proposition 3.4 yields that
H=LE, where L is isomorphic to PSL(2,q), PGL(2,q), or PGL*(2, q) for some
odd g, E is cyclic of odd order, L N E=1, and F centralizes a Sylow 2-subgroup
of L. Thus T<L and L contains a normal subgroup L, of index at most two
isomorphic to PSL(2, q). If T<L,, then L,, and hence also H, is a D-group with
respect to 7. Furthermore, T<L; as L, has no normal subgroups of index two.
Thus the lemma holds in this case.

Suppose, on the other hand, that T¢L,, in which case L is isomorphic to
PGL(2, q) or PGL*(2,q). However, in the latter case L has quasi-dihedral Sylow
2-subgroups and so by Lemma 1.1 has only one conjugacy class of four groups.
Since L, is normal in H and contains a four group, we have T<L,, contrary to
assumption. Thus L is isomorphic to PGL(2, q). Furthermore, L, is normal in H
and H=LE=L,TE, so T is normal in H= H/L,=TE. Since T is of order two, we
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have H=TxE, so T¢ H' and hence T¢ H'. Clearly this implies that |A4,4(T)| is
not divisible by three and so the lemma holds in this case as well.

LemMA 2. If H is a D-group with respect to T and p is an odd prime, then
T<O,(H) if and only if O,(H)¢ O(H).

Proof. If T<O,(H), then obviously O,.(H)¢ O(H). Suppose, on the other
hand, that O,.(H) ¢ O(H), in which case O,.(H) has even order as O,.(H) is normal
in H. But then if S is a Sylow 2-subgroup of H containing T, S N O,.(H)#1.
Since S N O, (H) is normal in S, it follows that Z(S) N O,.(H)#1. But S is either
dihedral, quasi-dihedral, or wreathed and so by Lemmas 1.1 and 1.2 and the
structure of dihedral 2-groups, Q,(Z(S))<T. Thus T N O,(H)#1. But |Ax(T)| is
divisible by three as H is a D-group with respect to T'and so H contains a 3-element
which cyclically permutes the involutions of 7. We conclude therefore that
T< O, (H), as required.

A similar result is the following:

LEMMA 3. Let K be a normal subgroup of H. Then
() If Cy(K)E O(H), then Cy(K) contains a four group.
(i) If K is inverted by an involution of H, then Cy(K)<¢ O(H).

Proof. Set R=Cy(K) and H= H/O(H). Then R is normal in H as K is normal in
H, so R is normal in H. If R¢ O(H), then R and hence also R, has even order.
Since H is a D-group in which O(H) =1, we can apply Proposition 3.4 to H and it
is immediate from that result that any nonidentity normal subgroups of H contains
a four group. Thus, R and hence also R, contains a four group, proving (i).

Suppose next that K is inverted by an involution of H, in which case the extended
centralizer R*=C¥(K) of K in H is not contained in O(H). But R* is normal in
H and so R* contains a four group as in the preceding paragraph. Hence also R*
contains a four group. However |R*: R| =2 and so R must have even order. Thus
R¢ O(H) and (ii) also holds.

LeMMA 4. If K € Uy(T) with K of odd order and [T, K1=K, then K|K N O(H) is
cyclic.

Proof. Setting H=H/O(H), we have Ke WUg(T), K is of odd order, and
[T, K]=K and we need only prove that K is cyclic. It will suffice to prove the
lemma for H and so without loss we can assume that O(H)=1 and establish that
K is cyclic.

If H is isomorphic to A, the maximal elements of W,(T) are of order three,
while if H is isomorphic to PGL,(2, 3), U4(T) is trivial, as is easily verified. In either
case it follows that K must be cyclic. Hence we can suppose that H is not of this
form, whence H=LE, where L and E are as in Proposition 3.4. Since L is normal in
H and E has odd order, T< L and so K=[T, K]<L. Let L, be the subgroup of index
at most two in L isomorphic to PSL(2,q). Then K<L,. If L is isomorphic to
PGL*(2, q), it follows as in the proof of Lemma 1 that T<L,. Since L is isomorphic
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to PSL(2, q), PGL(2, q), or PGL*(2, q), we conclude at once that L,T is isomorphic
to PSL(2, q) or PGL(2, q). But now Lemmas 3.1 (iii) and (vii) of [22] imply that
every element of U, (T) is cyclic. Thus X is cyclic, as required.

LeEMMA 5. H does not involve a Q-group.

Proof. Suppose H involves a Q-group K. Then by Propositions 1.1 and 1.2 and
the definition of a Q-group, K contains a quaternion subgroup Q such that
|Ax(Q)| is divisible by three. This implies that < K’ and hence that H’ involves a
quaternion group. But then so does H', where H=H/O(H). On the other hand,
Proposition 3.4, applied to H, yields that a Sylow 2-subgroup of A’ is either
dihedral or is abelian of type (2", 2") for some n. In either case it follows that H’
does not involve a quaternion group. This contradiction establishes the lemma.

By analogy with Lemma 3.13 we have

LemMmA 6. If H/O(H) is isomorphic to PSL(2,q) with ¢>3 and q#9 and if »
Cu(O(H)) £ O(H), then H=J x O(H), where J is isomorphic to PSL(2, q).

Proof. Set K=Cy(O(H)), so that K is normal in H and O(H)K> O(H). Since
g>3, H/O(H) is simple and hence O(H) is a maximal normal subgroup of H, thus
forcing O(H)K=H. This implies that O(K)< O(H). Since K centralizes O(H), it
follows that O(K)<=Z(K). Since g#9 and ¢> 3, the results of [26] now yield that
K=Jx O(K), where J is isomorphic to PSL(2, g). Since J is simple and O(K) is
solvable, J is characteristic in K and so J is normal in H. Moreover, [J, O(H)]
€0(J)=1. We conclude that H=KO(H)=JO(K)O(H)=JO(H)=J x O(H) and
the lemma is proved.

The next two lemmas list some properties of D-groups H of linear type with
dihedral or quasi-dihedral Sylow 2-subgroups in which O(H)=1. The structure of
such a group is given in Proposition 3.4 and we have H=LE, where L and E are as
in that proposition. In particular, E centralizes a Sylow 2-subgroup S of H, which
without loss we may assume contains 7. We also set D= Ng(T), so that D=T if
S=Tand D is dihedral of order eight if S>T. In addition, we let x,, 1 i< 3, be the
involutions of T with x; € Z(D), we let L, be the normal subgroup of H of index at
most two in L isomorphic to PSL(2, ), and we set e= + 1, where g=e (mod 4).

LeMMA 7. If H is of linear type with dihedral or quasi-dihedral Sylow 2-subgroup S
and with O(H)=1, then
(i) If x, € Ly, then Cy(x;) is a dihedral group of order q—e.
(ii) If x; ¢ Lo, then Cy(x)) is a dihedral group of order q+e.
(iii) Cx(T)=TxE and C,(T)=T.
(iv) Every element of Wy(T) is contained in Cy(x,) for some i, 1 <i<3.
(v) If DT, then every element of Wy(D) is contained in Cy(x,).
(vi) If L is isomorphic to PGL*(2, q), then all involutions of H are contained in L,.

Proof. First, if L is isomorphic to PGL*(2, q), we have argued already in Lemma
1 that L, contains every four subgroup of L. Since any involution of H lies in L and
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is clearly contained in a four subgroup of L, we see that (vi) holds. Furthermore,
this argument shows that L,T is isomorphic to either PSL(2, q) or PGL(2, q). But
now (i) and (ii) are a consequence of Lemma 3.1 (iii) of [22], while (iii) follows from
Lemmas 3.1 (iii) and 3.3 (i) of [22] and (iv) follows from Lemma 3.1 (vii) of [22].

Finally if D>T, then D=<T, T*) for some four subgroup T* of D. But then,
as with T, we have that L,D is isomorphic to PSL(2,q) or PGL(2, q). Hence if
K € Uy(D), then K € Cy(x;) N Cy(x*) by (iv), where x* is an involution of T*, so
(v) holds if x; or x* is x;. Since T N T*={x,), it follows in the contrary case that
{x;, x*>= D, whence K< Cy(D)=E by (iii) as K is necessarily of odd order. Thus
K< Cy(x,) in this case as well, so (v) holds.

LemMaA 8. If H is a D-group with respect to T of linear type with dihedral or quasi-
dihedral Sylow 2-subgroup S in which O(H)=1 and E, is a subgroup of E of order e,
then

(i) Cr,(Ey) is isomorphic to PSL(2, q,), where q=qéo.

(ii) Cpy(Eo) is a D-group with respect to T.

Proof. First, (i) is a consequence of Lemma 3.3 (i) of [22]. Furthermore, T< H’
by Lemma 1 and it is immediate from the structure of H that L,=H’. Hence
T< Cp(E,). Since Cy(E,) is isomorphic to PSL(2, q,) with g, odd, it has no normal
subgroups of index two and so is a D-group with respect to any of its four sub-
groups. Thus (ii) also holds.

The following properties of the groups 4, and PGL,(2, 3) are easy to check:

LEMMA 9. The following conditions hold:

A1) If H is isomorphic to A,, then a maximal element of W(S) has order 3 and
centralizes a four subgroup of S.

(ii) If H is isomorphic to PGL,(2, 3) for some n, then Wy(T) is trivial.

We conclude this section with a specialized result concerning the representations
of D-groups.

LeMMA 10. Assume H is a D-group satisfying the following conditions:

(a) H is of linear type with dihedral or quasi-dihedral Sylow 2-subgroups and
characteristic power q> 5.

(b) There is an involution x of H with x ¢ H'.

(c) H is faithfully represented on a vector space V over GF(p), p an odd prime.

(d) dim V'=1+4dim Cy(x).
Under these conditions, x inverts an element u of H of odd prime order r with r # p and
such that Cy(x) N Cy(u) is nontrivial.

Proof. It will suffice to prove that x inverts an r-element u#1 for some odd
prime r#p. Indeed, if this is the case, we can take u to be of order r. Setting
x'=u"'xu, we then have that u € {x, x’> as x inverts u and u has odd order. But
x', being a conjugate of x, also centralizes a subspace of V of codimension one.
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Hence Vy=Cy({x, x'>) has codimension at most two in ¥ and both x and u
centralize ¥,. Thus the lemma holds if V, is nontrivial. However, in the contrary
case, dim V'<2. But H, being a D-group, contains a four subgroup T, such that
| Au(Ty)| is divisible by three. Clearly then N(T,) cannot be faithfully represented
on a two-dimensional vector space over GF(p), p odd. Thus we need only prove the
existence of the required r-element w.

Setting H= H/O(H), we have that H is a D-group of linear type with dihedral or
quasi-dihedral Sylow 2-subgroups of characteristic power g>5and % ¢ H'. Proposi-
tion 3.4 together with Lemma 7 imply that H=LE, where L is isomorphic to
PGL(2,q), Lisnormalin H, and E'is cyclic of odd order. It will clearly suffice to show
that ¥ normalizes, but does not centralize, an r-subgroup R of L for some odd prime
r#p. Indeed, then the inverse image R of R in H has odd order and is x-invariant,
so x normalizes some Sylow r-subgroup R, of R. Since R,= R, x does not centralize
R, and consequently x will invert some element u#1 of R, by Lemma 10.4.1
of [19]. We argue by contradiction and so assume that no such subgroup R exists.

Let L, be the subgroup of index two in L isomorphic to PSL(2, q) and let X, be
an involution of L, centralizing ¥. As usual, Lemma 3.1 (iii) of [22] implies that
Cr(%,) and Cr(xx,) are dihedral groups of orders 2(g—¢) and 2(g+¢) respectively,
where g=¢ (mod 4) and e= + 1. Now a dihedral group (of order greater than four)
possesses a unique central involution, which in the present cases will be X, and XX,
respectively. It follows at once from this that x inverts both O(Cr(X,)) and
O(Cyg(%x,)). Since no odd prime divides both ¢—e and g+e, our conditions force
one of these numbers to be a power of 2 and the other to be divisible only by the
primes 2 and p; otherwise ¥ would invert a Sylow r-subgroup R+ 1 of O(Cr(%X,)) or
O(Cyg(xx,)) for some odd prime r#p, contrary to our assumption. We conclude
therefore that g is either a Mersenne or Fermat prime or g=9 and that either g+1
or g—1 is of the form 2p® for some a. Moreover, a= 1 as ¢ > 5 by assumption and
consequently the characteristic ¢ of L, is distinct from p. But then we must also
have e=1, since otherwise Lemma 3.1 (vi) of [22] would imply that X inverts a
Sylow t-subgroup P of L, and we could take r=r and P=R. Thus q is, in fact, a
Fermat prime or 9 and g+ 1=2p%.

To treat this case, it will suffice to prove the existence of conjugates z,, z; of x
in H such that (x, z;, z,> maps onto L. Indeed, assume this is the case and set
K={x, z;, z,>. By assumption (d), Cy(z;) has codimension one in ¥, 1<i<3, and
hence V,=Cy(x) N Cy(z,) N Cy(z;) has codimension at most three in V. Thus
V=V/V, has dimension at most three. Furthermore, K,=Cy(¥) stabilizes the
chain V2 V,20. Since K is faithfully represented on ¥ and V is a vector space over
GF(p), it follows that K, is a p-group. But K/O(K) is isomorphic to K=L which has
no nontrivial normal p-subgroups and so K, < O(K). Hence if K= K/K,, we conclude
that K is faithfully represented on ¥ and that K/O(K) is isomorphic to PGL(2, q).

But now as K is a D-group and V is of dimension at most three over GF(p),
Lemma 3.5 (iii) of [22] implies that g=5, 7, 9, or p. However, in our case g#p,
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g#5, and g is not a Mersenne prime, so we must have g=9. But also g+ 1 =2p® and
so p=>5. Thus K is isomorphic to a subgroup of GL(3, 5). However, this is im-
possible as K involves PGL(2, 9) and so has order divisible by nine, while |GL(3, 5)|
is not divisible by nine.

Thus it remains to prove the existence of the required conjugates z;, z; of x.
Clearly we need only prove the existence of conjugates z,, Z, of X such that
(X, 7, Zop=L. Now Cr(%,) and Cr(XX,) are dihedral groups of order 2(qg—1)=2"
for some integer m and 2(q+ 1) =4p® respectively and X is not in the center of either
group. We can therefore determine conjugates Z; and Z; of ¥ by an element of
Cr(X,) and Cr(xx,) respectively such that (X, Z,> and (X, Z,) are dihedral groups of
order 2"~ and 2p® respectively. Setting K=<(X, Z,, Z,>, we shall argue now that
K=L and this will suffice to complete the proof.

We note first that m=4 as ¢=9. In particular, this implies that eight divides
|K| and that X, € {X, Z,>, whence also X, € K. Furthermore, if P is the Sylow p-
subgroup of <X, Z,), then |P|=p®, P is inverted by X, and P is centralized by XX,.
Consider first the case that K has a normal 2-complement. Then P<O(K) and
XX, is the only involution of the four group <{X, X,> which centralizes P. However,
O(K) € Ur({X, X,») and hence Lemma 3.1 (iii), (v), and (vii) of [22] yields that
O(K)= Cy(x%,) and that N (O(K))=Cr(xx,). Since K<L, it follows that
K< Cy(%%,). But eight divides | K| and does not divide |Cy(X%,)|. This contradiction
shows that K does not have a normal 2-complement. Thus Kis necessarily a D-group.

Finally K has a normal subgroup of index two as xe K. Moreover,
|Cr(%o)| 2g—1=2""128 as (%, z,)cK. In particular, K is not isomorphic to
PGL(2, 3) or PGL(2, 5). Since q is either 9 or a prime, we conclude therefore from
Lemma 3.1 (viii) of [22] that K is isomorphic to PGL(2, q). Since K<L, this forces
K=L and the lemma is proved.

6. p-constraint and p-stability. The concepts of p-constraint and p-stability will
play an important role in the paper. However, we shall require certain variations of
the standard notions. We begin with constraint.

Recall that by definition a group H is p-constrained, p a prime, provided
Cy(P)= O, ,(H), where P is a Sylow p-subgroup of O, ,(H) (§8.1 of [19]). However,
it may or may not be the case that O,.(H)< O(H) or that O,(H)< S(H). Thus H
may very well be p-constrained without Cy(P) being contained in O(H) or S(H).
We make the following definition:

DEFINITION 1. A group H will be said to be p-constrained within O(H) or within
S(H), p a prime, provided H is p-constrained and O,.(H) is contained, respectively,
in O(H) or S(H).

Our discussion of p-constraint depends upon the following general lemma:

LEMMA 1. If the 2-group S acts on the group K of odd order and if P is an S-
invariant Sylow p-subgroup of K, then S centralizes P if and only if it centralizes
PN O, (K).
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Proof. Set Q=P N O, ,(K), so that K is an S-invariant Sylow p-subgroup of
O, »(K). If S centralizes P, then obviously S centralizes Q. Suppose conversely
that S centralizes Q. Setting H=KS and H= H/0,.(K), we have that § centralizes
0=0,(K) and it will suffice to show that S centralizes P. Hence without loss we
can assume to begin with that 0,(K)=1.

But then if C=CgL(Q), we have S<C. On the other hand, K is p-constrained as
K, being of odd order, is solvable. Since O,(K)=1, it follows that C N K=
C(Q)< Q. Since [S, P]J=C N K< Q and since S centralizes Q, S stabilizes the
chain P2 Q21 and so S centralizes P, as required.

LeMMA 2. If H is a Q-group with quasi-dihedral or wreathed Sylow 2-subgroup S
of characteristic power q=5 and P is an S-invariant Sylow p-subgroup of O(H) for
some prime p, then

(i) H is p-constrained within S(H) if and only if Cys,(P) is a Sylow 2-subgroup of
Cy(P).

(ii) H is p-constrained within O(H) if and only if Cy(P) is of odd order.

Proof. We shall first reduce to the case that O,(O(H))=1. Indeed, setting
H=H|0,(O(H)), we have that O(H)=O(H), S(H)=S(H), P is an S-invariant
Sylow p-subgroup of O(H), S is a Sylow 2-subgroup of H and is isomorphic to S,
and H is a Q-group of the same characteristic power as H. Moreover, since
0,(O(H)) has order relatively prime to 2 and p, Cys,(P) maps onto Cys(P) and
a Sylow 2-subgroup of Cy(P) maps onto a Sylow 2-subgroup of Cgx(P). Thus
Cys(P) is a Sylow 2-subgroup of Cy(P) if and only if Cyg(P) is a Sylow 2-
subgroup of Cg(P) and Cy(P) is of odd order if and only if Cg(P) is. In addition,
it follows at once from the definitions and the fact that S(H)=S(H) and
O(H)=O(H) that H is p-constrained within S(H) or O(H) if and only if H is
p-constrained within S(H) or O(H) respectively. We conclude that the lemma
holds for H provided it holds for H. Since O,(O(H))=1, we can therefore assume
without loss to begin with that O0,(O(H))=1.

Set Q=0,(0(H)), So=Cs(Q), and S;=Cg(P). Then S normalizes Q as Q is
normal in H and S normalizes P by hypothesis, so S normalizes both Cy(Q) and
Cu(P) and congequently S,, S; are Sylow 2-subgroups of Cy(Q) and Cy(P)
respectively. Moreover, S, < S,. We now apply the preceding lemma with O(H) in
the role of K and S, in the role of S. Since 0= 0,, ,(O(H)) N P in the present case,
we conclude from the lemma that S, centralizes P, whence S,=3S;. Thus Cy,(P)
will be a Sylow 2-subgroup of Cy(P) if and only if Cz,(Q) is a Sylow 2-subgroup
of Cy(Q) and Cy(P) has odd order if and only if C,(Q) does. Therefore it will
suffice to prove that H is p-constrained within S(H) or O(H) if and only if
Cz(Q) is a Sylow 2-subgroup of Cy(Q) or Cy(Q) has odd order respectively.

Now by Lemma 4.14, we have S(H)=0O(H)Z(S) as g=5. Consider first the
case that O,(H)<S(H). Set X=0,(H). Since O,(O(H))=1, it follows that
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X<Z(S) and that O, (H)=0, ,(S(H)). Since O(H) centralizes X, we see that
O, ,(H)=Xx Q and hence that Q is a Sylow p-subgroup of O, ,(H). Moreover,
S(H) is p-constrained as S(H) is solvable and so Cysu)(Q)=XZ(Q)< O, (S(H))
=0, ,(H). Hence H is p-constrained in the present case if and only if C(Q)< S(H)
and so if and only if it is p-constrained within S(H). However, if C4(Q)< S(H),
then X is a Sylow 2-subgroup of C(Q). Thus X=Cj(Q) is a Sylow 2-subgroup of
Cy(Q). Suppose, on the other hand, that C,(Q) ¢ S(H). Since Cy(Q) is normal in
H as Q is normal in H, Cy4(Q) is therefore nonsolvable. This implies that a Sylow
2-subgroup of Cy(Q) is not cyclic, since otherwise Cy(Q) would have a normal 2-
complement by Burnside’s transfer theorem and so would be solvable as all groups
of odd order are solvable. Since Z(S) is cyclic by Lemmas 1.1 and 1.2, we conclude
that Cy,(Q) is not a Sylow 2-subgroup of Cy(Q). Therefore (i) holds in this case.

Furthermore, if H is p-constrained within O(H) in the present case, then
Cu(Q)= S(H) and O, ,(H)= O(H). The latter condition implies that X=1 and so
Cu(Q)=2Z(Q) is of odd order. On the other hand, if Cy(Q) is of odd order, then
X=1 as X centralizes Q, so O, ,(H)=Q<O(H). Moreover, Cy(Q)SO(H) as
Cy(Q) is normal in H. Hence H is p-constrained within O(H) and so (ii) also holds.

Finally consider the case that X=0,(H)¢ S(H). Since X is normal in H, this
implies as above that a Sylow 2-subgroup of X is noncyclic. Since X centralizes Q
and Z(S) is cyclic, it follows that C5(Q) is not a Sylow 2-subgroup of Cy(Q). We
shall argue that H is not p-constrained within S(H) or O(H) and this will establish
(i) and (ii) in the present case.

Let O, be a Sylow p-subgroup of O, ,(H) and let S; be a Sylow 2-subgroup of
X. Since Xis normal in XQ, and X is a p’-group, it follows by the Frattini argument
that Nxo,(S;) contains a Sylow p-subgroup of XQ,. But Q, is a Sylow p-subgroup of
XQ,, so by Sylow’s theorem a conjugate of Q, by an element of X normalizes S;.
Hence, replacing S; by a suitable conjugate, we can assume without loss that Q,
normalizes S;.

It will suffice to prove that p>3. Indeed, assume this is the case. Since S, is a
subgroup of a quasi-dihedral or wreathed 2-group, no section of S, is elementary
abelian of order exceeding four, as is easily checked. Since p >3, this implies that
0, centralizes every section of S, that it normalizes and so Q, centralizes S;. But
as we have shown above, S, is not cyclic. Since S(H)=0(H)Z(S) and Z(S) is
cyclic, we conclude that Cy(Q,)¢S(H) as S; < Cy(Q,). However, if H were p-
constrained within S(H), then by definition Cy(Q,)< O, ,(H) and O, ,(H)< S(H),
whence Cy(Q,)< S(H), which is not the case. Thus H is not p-constrained within
S(H) and so certainly is not p-constrained within O(H).

However, as X¢ S(H), the image X of X in H= H/S(H) is a nontrivial normal
subgroup of H, so X contains the normal subgroup of H isomorphic to PSL(2, q)
by Lemma 4.15. But PSL(2, q) has order divisible by three for all odd g and hence
X also has order divisible by three. Since X is a p’-group, we conclude that p> 3, as
required, and the lemma is proved.
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LEMMA 3. Let H be a D-group with respect to the four group T and let P be a T-
invariant Sylow p-subgroup of O, ,(O(H)) and assume that O,(H)< O(H). Then we
have

(1) If H is p-constrained within O(H), then Cr(P)=1.

(ii) If H is not p-constrained within O(H), then Cr(P)=P.

Proof. Arguing as in the preceding lemma, we conclude easily that it suffices to
consider the case that O,.(O(H))=1. Since O,.(H)< O(H) by hypothesis, it follows
that O,(H)=1 and that O, ,(H)=0,. ,(O(H)), whence P=0, ,(H). Since O(H)
is solvable, it is p-constrained and so Cou)(P)=Z(P)< O, ,(H). It follows there-
fore from the definition that H is p-constrained if and only if Cy(P)< O(H). Since
O, (H)= O(H), we see that, in fact, H will be p-constrained within O(H) if and
only if C,(P)< O(H).

If Cy(P)< O(H), then obviously C(P)=1, so (i) holds. Suppose, on the other
hand, that Cy(P)¢£O(H). If S is a Sylow 2-subgroup of H containing T, then
So=Cs(P) is a Sylow 2-subgroup of Cy(P) as Cy(P) is normal in H and so Sy#1.
Since S, is normal in S, it follows that S, N Z(S)# 1. However, by definition of a
D-group, S is either dihedral, quasi-dihedral, or wreathed. One checks in each case
that any four subgroup of S necessarily contains Q,(Z(S)). But S, N ,(Z(S))#1
as Sy N Z(S)#1 and so S, N T#1. Thus Cr(P)#1. On the other hand, the in-
volutions of T are cyclically permuted by a 3-element of H as H is a D-group with
respect to T. Furthermore, this 3-element leaves P invariant as P is normal in H.
Since some involution of T centralizes P, we conclude that T itself centralizes P
and (ii) is proved.

Recall next that a group H in which O,(H)#1, p an odd prime, is said to be p-
stable provided for any nontrivial p-subgroup P of H such that O,.(H)P is normal
in H, we have

ACH(P)/Cu(P) = Oy(Nu(P)/Cu(P))
for every p-subgroup A of Ny(P) for which [P, 4, A]=1. (Actually this definition
differs slightly in form, but not in basic content from that given in §8.1 of [19] and
removes an error in the former definition. However, it is the present definition which
is, in fact, used in the proof of Glauberman’s ZJ-theorem (Theorems 8.2.10 and
8.2.11 of [19]).)

We now introduce a slight extension of this concept:

DEFINITION 2. Let H be a group in which O,(H)#1, p an odd prime, and let R
be a p-subgroup of H such that

(a) RN O, ,(H) is a Sylow p-subgroup of O, ,(H).

(b) Either R is normal in a Sylow p-subgroup of H or RK/K contains O,(H/K)
for every normal subgroup K of H.

Under these conditions, we say that H is p-stable with respect to R provided for
any nontrivial subgroup P of R such that O,.(H)P is normal in H, we have

ACy(P)[P = Oy(Nu(P)/Cu(P))
for every subgroup A4 of R for which [P, 4, A]=1.
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Note that if R is a Sylow p-subgroup of H, then automatically R N O,. ,(H) is a
Sylow p-subgroup of O, ,(H) and RK/K is a Sylow p-subgroup of O,(H/K) for any
normal subgroup K of H. Moreover, if A4 is a p-subgroup of Ny(P), then A*< R for
some x in Ny(P), as R is a Sylow p-subgroup of Ny(P); and [P, 4, A]=1 if and
only if [P, A*, A*]=1. In addition, ACy(P)/Cy(P) lies in O,(Ny(P)/Cx(P)) if and
only if A*Cy(P)/Cy(P) does. Hence in this case we see that H is p-stable with
respect to R if and only if it is p-stable in the usual sense.

We shall be interested, for certain Q-groups and D-groups H, in the p-stability of
H with respect to R, where R is a maximal element of Wy(D;p) and D is an
appropriate 2-subgroup of H. More precisely, we assume for the balance of the
section that one of the following conditions holds for some odd prime p:

(a) H is a Q-group with quasi-dihedral Sylow 2-groups of characteristic power
q>5, 0,(H)<S(H), and D is a dihedral subgroup of H of order 8;

(b) H is a Q-group with wreathed Sylow 2-subgroups of characteristic power
q>5, O,(H)=S(H), and D is a Sylow 2-subgroup of H;

(c) H is a D-group with dihedral Sylow 2-subgroups of order at least 8 or
quasi-dihedral Sylow 2-subgroups, O,(H)<O(H), and D is a dihedral subgroup
of H of order 8;

(d) Hisa D-group with wreathed Sylow 2-subgroups, O, (H)<O(H),and Disa
Sylow 2-subgroup of H.

We also let S be a Sylow 2-subgroup of H containing D and fix this notation.

To analyze p-stability in H with respect to a maximal element of Wy(D; p) in
each of these cases, we need the following lemma:

LeEMMA 4. If R is a maximal element of Vy(D; p), then
(i) RN O(H) is a Sylow p-subgroup of O(H).
(i) RN O, ,(H) is a Sylow p-subgroup of O, ,(H).
(iii) Either R is normal in a Sylow p-subgroup of H or RK/K= O,(H/K) for every
normal subgroup K of H.

Proof. If His a Q-group, O,(H)< S(H) by assumption and so O, ,(H)< S(H).
But S(H)=O0(H)Z(S) by Lemma 4.14 as ¢ > 5. Hence, if (i) holds, R N S(H) will
be a Sylow p-subgroup of S(H) and hence R N O, ,(H)=R N O, ,(S(H)) will be
a Sylow p-subgroup of R N O, ,(H). Similarly if H is a D-group, O,(H)< O(H)
by assumption and so O, ,(H)=O(H). Hence, if (i) holds, RN O, (H)
=R N O, ,(O(H)) will be a Sylow p-subgroup of RN O, ,(H). Thus (i) will
follow from (i), which we proceed now to verify.

Set H=H/S(H) or H=H|O(H) according to whether H is a Q-group or a D-
group. If H is a Q-group, then S(H)=O0(H)Z(S) by Lemma 4.14, and H is a D-
group of characteristic power g with dihedral Sylow 2-subgroups by Lemma 4.15.
Furthermore, D is a four group if S is quasi-dihedral and D=3 is a Sylow 2-
subgroup of H if S is wreathed. On the other hand, if H is a D-group, then so is
H and D is either dihedral of order eight or S is wreathed and D=3S. Let X be a
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maximal element of Ug(D; p) containing R and let X be the inverse image of X in
H. Since Z(S) is a Sylow 2-subgroup of X and Z(S) is cyclic, X has a normal 2-
complement. Hence R O(X) and, as O(X) is D-invariant, X possesses a D-
invariant Sylow p subgroup Q with Q= R. But then Q € Uy(D; p) and so =R by
the maximality of R. Since O(H) is normal in O(X), it follows that RN O(H) is a
Sylow p-subgroup of O(H), proving (i). We note also that R= X as X is a p-group
and so R is, in fact, a maximal element of Ug(D; p).

It remains to prove (iii). Let K be a normal subgroup of H and suppose first
that K< S(H) if His a Q-group and K< O(H) if H is a D-group. If Y denotes the
inverse image of O,(H/K) in H, then correspondingly Y<=S(H) or YSO(H).
Since Y is normal in H, it follows in either case from the above argument that
RN Yis a Sylow p-subgroup of Y, whence RK/K2O,(H/K). Thus (iii) holds in
this case and so we can assume correspondingly that K& S(H) or K¢ O(H).

Suppose next that H is isomorphic to A, in which case H is D-group. Since K is
a nontrivial normal subgroup of H, we have K=H and so H=KO(H), whence
O,(H/K) is the image of a p-subgroup of O(H). Again (iii) follows from (i). Now
assume that H is isomorphic to PSL(2, 3) or to PGL,(2, 3) for some n21. Since
q>5 if H is a Q-group, H must be a D-group in any of these cases and so
H=H/O(H). Since R N O(H) is a Sylow p-subgroup of O(H), we see that R is a
Sylow p-subgroup of H if p#3, while R is of index p in a Sylow p-subgroup of H
if p=3. In either case, R is normal in a Sylow p-subgroup of H and so (iii) holds in
this case as well. We can therefore assume that H is of none of these forms.

Hence by Proposition 3.4, H is isomorphic to a subgroup of PI'L(2, q) containing
PSL(2, q) for suitable odd ¢=5 and H=LE, where L, E are as in that proposition.
Since ¢=5 and K is nontrivial, K contains the unique minimal normal subgroup
L, of H isomorphic to PSL(2, q). Since |L:L,| <2, it follows that |[H:KE| <2 and
hence that KE contains a Sylow p-subgroup of H. It will suffice to prove that
KR/K contains a Sylow p-subgroup of KE/K, for then KR/K will contain a Sylow
p-subgroup of H/K and consequently will necessarily contain O,(H/K), which will
establish (iii) in this final case.

As we have noted above, R is a maximal element of Ug(D; p). By Lemma 3.3 (i)
of [22], E centralizes some Sylow 2-subgroup of L, which without loss we may
assume to be S. Since D< S and D is dihedral, Lemmas 3.1 (iii) and 3.3 (i) of [22]
imply that R< Cg(%) for some central involution X of D and that Cg(¥)=Cr(X)E
with Cr(x) being dihedral. This in turn implies that Cp(X¥) has a normal 2-comple-
ment V=0(Cg(%)E. Thus RV and ¥ is D-invariant as D< Cg(X). Hence D
normalizes some Sylow p-subgroup of ¥ containing R. Since R is a maximal
element of Wg(D; p), we conclude that R itself is a Sylow p-subgroup of V. On the
other hand, clearly V< L,E< KE. Since E< ¥V and R contains a Sylow p-subgroup
of V, it follows therefore that KR/K contains a Sylow p-subgroup of KE/K, as
required.

We now prove
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PROPOSITION 1. The following results hold:

(i) If H is a Q-group and p is not the characteristic of H or if H is a D-group,
then H is p-stable.

(i) If H is a Q-group of characteristic p or if H is a D-group and if R is a maximal
element of Wy(D; p), then H is p-stable with respect to R.

Proof. Clearly H is p-stable or p-stable with respect to R if and only if
H=H|0,(O(H)) is p-stable or p-stable with respect to R, as follows directly from
the definition of p-stability and p-stability with respect to R. Hence without loss we
can assume that O,.(O(H))=1. Since O,.(H)< S(H) by assumption if H is a O-
group and since S(H) has a normal 2-complement by Lemma 4.14, it follows that
0, (H)=0,(0(H)) and hence that O,.(H)=1. The same result holds if H is a D-
groupsince O,(H)=0,(O(H))in this case as O,.(H)< O(H) byassumption. Thus we
are reduced to verifying the proposition in the case that the subgroup P, appearing
in the definition of p-stability and p-stability with respect to R, is normal in H.

By the preceding lemma, R satisfies conditions (a) and (b) in the definition of
p-stability with respect to R. For uniformity, in proving (i), we let R be a Sylow
p-subgroup of H and again the same conditions (a) and (b) hold, as we have noted
above. Thus under any of the various hypotheses on H, we must show that if 4 is
any p-subgroup of R such that [P, 4, A]=1, then

AC/C < 0,(H|C),
where C=Cy(P).

Let P=P,>P,>---DP,, ;=1 be an H-invariant normal series of P such that
each P,=P,/P,,, is elementary abelian and such that H acts irreducibly on P,
1=i<n. Let K be the kernel of the representation of H on P;, so that H,= H/K;
acts faithfully and irreducibly on P,, whence also O,(H))=1, 1 <i<n. It will suffice
to prove that A< K, for all i, for then A= K= (-, K. But K stabilizes the chain
P=P,DoP,>...DP, ;=1 and also K contains C. Since K/C is a subgroup of
Aut (P), P. Hall’s theorem (Corollary 5.3.3. of [19]) implies that K/C is a p-group.
Since Kis normal in H and 4 < K, we obtain the desired conclusion AC/C< O,(H/C).

We can suppose that the image 4; of 4 in H, is nontrivial for some i. Clearly
[P, A, A]]=1. Since O,(H))=1, the representation of H, on P, is therefore not
p-stable. Hence by Theorem 3.8.3 of [19], H, involves SL(2, p). But H,, being a
homomorphic of H, is itself either a Q-group or a D-group or else has a normal
2-complement. Since SL(2, p) is a Q-group, Lemma 5.5 implies that H, is not a
D-group and since SL(2, p) does not have a normal 2-complement, neither does
H,. Hence H, must be a Q-group, which is possible only if H itself is a Q-group and
K< O(H). In particular, the proposition holds if H is a D-group.

Since K,< O(H), H, has the same characteristic power ¢ as H and the image D,
of D is isomorphic to D. The image R, of R in H, is obviously a Sylow p-subgroup
of H, if R is a Sylow p-subgroup of H. Moreover, we claim it is a maximal element
of Ng(D;; p) if R is a maximal element of W,(D; p). Indeed, if X, is a maximal



58 J. L. ALPERIN, R. BRAUER AND D. GORENSTEIN [September

element of Wp,(D;; p) containing R; and X denotes the inverse image of X, in H,
then R< X and X has odd order as X/K;= X, and both K; and X, have odd order.
Hence X contains a D-invariant Sylow p-subgroup R* with R< R*. But then
R* e Ny(D; p) and so R=R* by the maximality of R. Thus R is a Sylow p-
subgroup of X and therefore X=K,R as X, is a p-group. We conclude that R,= ¥,
and hence that R, is a maximal element of Wg(D;; p), as asserted.

Since we shall be concerned in the balance of the proof solely with the action of
H, on P, no confusion will arise if for simplicity we drop the subscript i and the
“bars.” Thus we assume that our Q-group H is faithfully and irreducibly repre-
sented on the vector space P over GF(p), so that, in particular, O,(H) = 1. Moreover,
we must derive a contradiction under the appropriate hypotheses on H from the
assumption that [P, 4, A]=1.

Set X'=0,(S(H)) and suppose first that 4,=C,(X)<A. Then A4, is normal in
AX and O,(4X/Ag)=1. Since XA,=X x Ay, Theorem 5.3.4 of [19] implies that X
is faithfully represented in P,=Cp(4,). But A leaves P, invariant and, as
0,(4X/A4o)=1, it follows that 4X/A, is faithfully represented on P,. However,
[Po, 4, A]=1 and a Sylow 2-subgroup X is cyclic as X< S(H)=O(H)Z(D) and
Z(D) is cyclic. Thus the Hall-Higman theorem (Theorem 11.1.1 of [19]) is con-
tradicted. Hence A,=A4 and so A4 centralizes X. On the other hand, since
O,(S(H))=1and S(H), is solvable, Theorem 6.3.2 of [19] implies that Cg (X)) < X.
We therefore also conclude that Y=Cg(X)¢ S(H). Since Y is normal in H and
O(Y) is characteristic in Y, O(Y) is normal in H, whence O(Y)< O(H). But now
O(Y)< X as Cou(X)< X. Thus we also have that O(Y)<Z(Y).

Since Y¢ S(H), the image of Y in H/S(H) contains the unique minimal normal
subgroup of H/S(H) isomorphic to PSL(2, q) and this implies that ¥ contains a
normal subgroup Y, with O(Y)< Y, such that Y,/O(Y) is isomorphic to SL(2, q).
Application of Lemma 4.16 now yields that Y,=JO(Y), where J is normal in ¥
and either J is isomorphic to SL(2, g) or to SL™(2, 9) with g=9.

To treat this case we shall apply the results of §3.8 of [19] in a more precise form
than above. The proofs of Theorems 3.8.1, 3.8.2, and 3.8.3 of [19] together with
Dickson’s theorem (Theorem 2.8.4 of [19]), in fact, establish the following result:
For any a in A#, there exists a conjugate b of a in Y such that F={(a, b} is not a
p-group and, furthermore, for any such choice of b, F contains a normal subgroup
F, such that F/F, is either isomorphic to SL(2, p™) for some m or to SL(2, 5) with
p2=3.In particular, if F/F, is not isomorphic to SL(2, 3), we have that a € F’. How-
ever, FS Y and, as Y is a Q-group, Y/Y, is abelian by Lemma 4.1. Thus a € Y, in
this case. Furthermore, O(Y) is abelian as O(Y)<Z(Y) and O(Y) is normal in H
as we have noted above. Since O,.(H)=1, this implies that O(Y) is a p’-group. But
Y,=JO(Y) with J normal in ¥,. Since a is a p-element, we conclude therefore that
a € J whenever F/F, is not isomorphic to SL(2, 3).

We argue next that the same conclusion holds if F/F, is isomorphic to SL(2, 3).
In this case, we necessarily have p=3. Since O(J)<=O(Y) and O(Y) is a p’-group,
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we see that J cannot be isomorphic to SL™(2, 9) and so J is isomorphic to SL(2, q).
Suppose, by way of contradiction that a ¢ J, in which case a ¢ JO(Y). Setting
Y=Y/Z(J)O(Y), we have that a ¢ J, that J is isomorphic to PSL(2, q), and that Y
is isomorphic to a subgroup PI'L(2, ). Now a normalizes some Sylow 3-subgroup
Q of Jand Q#1 as |J| is divisible by three. Thus @ normalizes V'=N;(Q). If 3
divides g—1 or ¢+ 1, Lemmas 3.1 (v) and 3.3 (ii) of [22] imply that ¥ is dihedral of
order g—1 or g+ 1 respectively and that @ does not centralize O3 (O(V)). But then
a does not centralize O5.(O(V)), where V is the inverse image of ¥ in Y, whence
[P, a, a]#1, again by the Hall-Higman theorem. Since |J|=4g(g—1)(g+1), this
forces 3 to divide g. In this case, ¥= QU is a Frobenius group of order 1q(g—1)
with complement U of order $(¢— 1) by Lemma 3.1 (vi) of [22]. Since U is a Hall
subgroup of ¥ and ¥V is normal in (¥, @), it follows by the Frattini argument that
we can write @=a,d,, where @, normalizes U and a, € Q. Since a ¢ J, we have
a;#1 and again by Lemmas 3.1 (v) and 3.3 (ii) of [22], @, does not centralize
03.(0(U)). Choose i in 04;(0O(U)) not centralized by a,. Then <(a, a*> is not a
3-group and is of odd order. Hence for an appropriate representative u of @ in Y,
we have found F*={a, a*) is not a 3-group and that a Sylow 2-subgroup of F* is
contained in Z(J). However, this is impossible as the preceding argument shows
that SL(2, r) is a homomorphic image of F* for some odd r. We conclude that
AC<J in all cases.

Now let a, b, F, F, be as above. Since J and F/F, have generalized quaternion
Sylow 2-subgroups, F, must have odd order and so F is a Q-group. Since F is
generated by its p-elements, F has no normal subgroups of index two. Hence by
Lemma 4.8, applied to J/O(J), we conclude that Fo= O(J) and that F/F, is iso-
morphic to SL(2, 3), SL(2, 5) or SL(2, q,) for some divisor g, of q. But we know
that F/F, is isomorphic to either SL(2, p™) for some m or to SL(2, 5) with p=3.
Thus in the first case, if p™> 5, we must have p™=gq, and so p is the characteristic
of H. Under the hypotheses of the proposition, this implies that R is nec®ssarily a
maximal element of Uy,(D; p). Since AR and A<J, we see that U (D;p) is
nontrivial. Moreover, in the present case J is not isomorphic to SL™(2, 9), for then
it-would follow that p=3 and that O(Y) would not be a p’-group, a contradiction.
Thus J is isomorphic to SL(2, g). But by assumption D is dihedral of order eight if
S is quasi-dihedral and D=S if S is wreathed. In either case Lemma 4.9, applied
to the Q-group JD, yields that U,;(D; p) is trivial. This contradiction shows that
both parts of the proposition hold when p™> 5.

It remains therefore to treat the cases in which F/F, is isomorphic to SL(2, 3)
or SL(2, 5). In the first case p=3 and in the second case p=3 or p=>5. Furthermore,
we reach the same contradiction as in the preceding paragraph if p is the characteristic
of H. Hence we can also assume that the characteristic ¢ of H is distinct from p.
Since p divides |J|, it follows that p divides ¢g—1 or ¢+ 1. We claim that, in fact, p
divides g+ 1. Indeed, assume the contrary. Then by Lemma 3.1 (i) and (vi) of [22],
A normalizes some Sylow t-subgroup O of J and QA is a Frobenius group. But
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then A4 acts regularly on some Sylow z-subgroup Q of J. Since t#p, the Hall-
Higman theorem implies that [P, 4, A]#1, a contradiction. Thus p divides g+ 1,
as asserted.

We first consider the subcase g> 11. In particular, J is isomorphic to SL(2, q).
We identify J with its natural representation by 2 x 2 matrices over GF(q). Now
A<J and hence if a is an element of order p in A4, then a can be represented by the
companion matrix

01
(-1 d

for suitable « € GF(q). If u is the element of J represented by

AL 0
(o A)’

where A is a primitive element of GF(q), and if we set b=a¥, then the element
u~'aua=ba~? lies in F={a, b) and a direct computation shows that it is repre-
sented by the matrix

A2 0

(o A)

Since A has order g—1, it follows that ba~! has order 4(g—1). Moreover, g#13 as
pdividesg+1and p=3or 5, and so g2 17. If g=17, then |ba~*|=8; if g=19, then
|ba=t|=9; and if ¢>19, then |ba~*|>10. But SL(2, 3) and SL(2, 5) contain no
elements of order 8, 9, or exceeding 10. Since ba~?! € F, we see that F is not iso-
morphic to SL(2, 3) or SL(2, 5). On the other hand, we know that F/F, is isomorphic
to SL(2, 3) or SL(2, 5) and that F,c O(J). But O(J)=1asq>11,s0 F,=1and Fis
isomorphic to SL(2, 3) or SL(2, 5), a contradiction. Thus g=<11. -
If g=11, then p=3, as p divides g+ 1, so a can be represented by the matrix

(1 )

Taking b=a* with u represented by
( - 1 )
1 1)

we compute that ba is represented by

-1 -
( 0 - 1)’
which shows that ba has order 22 and yields the same contradiction as in the
preceding paragraph.
By assumption, ¢ > 5. Furthermore, g#7 as p divides ¢+ 1 and p=3 or 5. Thus
we are left with the single case g=9. In this case, p=>5 and F/F, must be isomorphic
to SL(2, 5). Setting J=J/Z(J), we have that J is isomorphic to PSL(2, 9) and F to
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PSL(2, 5). In particular, F contains no elements of order four. We shall argue, to
the contrary, that for a suitable choice of b, F contains an element of order four,
which will dispose of the case g=9 and complete the proof of the proposition.

As is well known, PSL(2, 9) is isomorphic to 4s. We shall use the latter repre-
sentation for the elements of J. Since a is of order five, we can assume without loss
that 4 is represented by the cycle (12345). Now A4, has only one conjugacy class of
cyclic subgroups of order five. Moreover, for a suitable choice of b=a* with u in J,
we can make <b) any preassigned conjugate of the group <a>. Hence we can choose
u so that ¢b) contains an element represented by the cycle (23465). For such a choice
of u, F={a, b) contains an element represented by (12345)(23465) =(1365)(24) and
so F contains an element of order four, giving the desired contradiction.

ReMARK. We note that the groups SLy(2, 5) and SU,(2, 5) are not 3-stable, for
they are isomorphic to subgroups of GL(2, 9) and GL(2, 81) respectively. However,
in the natural representation of these latter groups, every nontrivial 3-element has
a quadratic minimal polynomial. Thus the assumption ¢>35 in Proposition 1 is
essential in the case p=3.

7. An extension of Glauberman’s ZJ/-theorem. An important tool in the paper
will be Glauberman’s so-called ZJ-theorem (Theorem 8.2.11 of [19]) which for the
sake of clarity we restate now.

THEOREM 1. If G is a group with O,(G)# 1, p an odd prime, which is p-constrained
and p-stable and if P is a Sylow p-subgroup of G, then

G = 0x(G)N(Z(J(P))).

“In some situations we shall need a slight extension of this theorem, which is
implicitly contained in its proof, namely:

THEOREM 2. If G is a group with O,(G)# 1, p an odd prime, which is p-constrained
and is p-stable with respect to the p-subgroup P of G, then

G = 0,(GN(Z(J(P))).

Proof. To establish this result, one has only to examine the proofs of Theorems
8.2.10 and 8.2.11 of [19] to see that they carry through under these slightly more
general circumstances. Indeed, following the notation of those theorems, but with
P as in the present theorem, we outline the argument. First of all, B<P as P
contains a Sylow p-subgroup of O, ,(G) by definition of p-stability with respect to
P. Now one reduces by induction in the same way as in [19] to the case that
0,(G)=1 and that B has the structure required for application of Glauberman’s
replacement theorem (Theorem 8.2.7 of [19]), which we note does not involve
conditions on p-stability. Furthermore, because G is p-stable with respect to P, we
again obtain the conclusion AC/C<0,(G/C), where C=Cg(B), which in turn
implies that AL/L< O,(G/L), where L is the largest normal subgroup of G leaving
Z(J(P)) N B invariant. Let K be the inverse image of O,(G/L) in G. Again by the
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p-stability of G with respect to P, either PL/L= O,(G/L) or P is normal in a Sylow
p-subgroup of G. Since K/L is a p-group and K is normal in G, it follows in the first
case that K=L(P N K) and in the second case that K< LN(P). Since both P N K
and N(P) normalize Z(J(P)) N B as Z(J(P)) is characteristic in P and B is normal
in G, we conclude in either case that K normalizes Z(J(P)) N B, whence K=L by
our choice of L. Thus O,(G/L)=1 and so A<L. But now the balance of the proof
of Theorem 8.2.10 of [19] applies without change.

Since P contains a Sylow p-subgroup of O, ,(G), the proof of Theorem 8.1.3 of
[19] shows that Z(J(P))< O,  ,(G). But now the proof of Theorem 8.2.11 of [19]
carries over without change and so Theorem 2 is valid.

Combining Theorems 1 and 2 with the results of the preceding section, we have
the following two basic propositions which we shall prove simultaneously:

. PROPOSITION 1. Let H be a Q-group of characteristic power q>5 with quasi-
dihedral or wreathed Sylow 2-subgroup S such that O,(H)# 1 and H is p-constrained
within S(H) for some odd prime p. If p is not the characteristic of H, let R be a
Sylow p-subgroup of H and if p is the characteristic of H, let R be a maximal element
of NWy(D; p), where D is a dihedral subgroup of S of order 8 if S is quasi-dihedral and
D=S if S is wreathed. Under these conditions, we have

H = Oy (H)Ny(Z(J(R))).

PROPOSITION 2. Let H be a D-group with Sylow 2-subgroup S which is either
dihedral of order at least 8, quasi-dihedral, or wreathed such that O,(H)# 1 and H is
p-constrained within O(H) for some odd prime p; and let R be either a Sylow p-
subgroup of H or a maximal element of Wy(D; p), where D is a dihedral subgroup of
S of order 8 if S is dihedral or quasi-dihedral and D= S if S is wreathed. Under these
conditions, we have

H = 0,(H)Ny(Z(J(R))).

Proof. If H is a Q-group, then H is p-constrained and O,(H)< S(H) by defini-
tion of p-constraint within S(H), while if H is a D-group, then H is p-constrained
and O,(H)< O(H) by definition of p-constraint within O(H). Thus we see that H
satisfies one of conditions (a), (b), (c), or (d) of the preceding section and so
Propositions 6.1 and 6.2 can be applied to H to yield that H is p-stable when R is
defined to be a Sylow p-subgroup of H and that H is p-stable with respect to R when
R is defined to be a maximal element of Uy(D; p). Correspondingly we see that the
hypotheses of Theorem 1 or Theorem 2 are satisfied and now both prop-
ositions follow from these two theorems.

8. Miscellaneous results. Our arguments will frequently involve the action of
an involution or of a four group on a group of odd order. We collect here some
basic well-known properties concerning this situation.
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LeMMA 1. If K is a group of odd order acted on by an involution «, then

(i) K=FI=IF, where F=Cy(«) and I is the subset of K whose elements are
inverted by «.

(ii) If K is of prime power order and K> F, then C,(F)#1.

Proof. First, (i) is proved in Lemma 10.4.1 (i) of [19]. As for (ii), we have
Fx {a) acting on K, which is a p-group for some odd prime p. Since K> F, « acts
nontrivially on K. Hence by Theorem 5.3.4 of [19], « acts nontrivially on C= Cx(F),
whence C> F N C. But Cis e-invariant as Fis, and consequently C=(F N C)I N C)
by (i), applied to C. Thus C N I#1 and so C,(F)#1, proving (ii).

The following basic result is proved in Lemma 4 of [21] (cf. also Lemma 10.5.1
of [19]).

LeMMA 2. If K is a group of odd order acted on by a four group T with involutions
0y, 0o, O3, then

K = Cy(y)Ci(erg) Cielexs).

If K is a group of odd order acted on by a four group T with involutions «;, a,, as,
set Ki=Cg(e), 1<i<3, and K,=C(T). Clearly K,=K, for each i, 1<i<3.
Furthermore, since o, centralizes K;, both involutions of T—<e,> induce the same
automorphism of K. Moreover, if j#i, then Cg(«,)=Cy,({a;, ¢,))=C/(T), as «
centralizes K;. Since K,<=K,, it follows that Cy(a)=K, for all i,j, 15i,
J<3, i#j. Hence if K| denotes the subset of K, inverted by o, for j#i, we conclude
from Lemma 1 that

Ki = KoK{ = K{’Ko, 1 é is 3.

But now combining these relations with the conclusion of Lemma 2, we obtain the
basic equalities

(8.1) K = K1K2K3 = KoKllKéKé.

We shall refer to (8.1) as the T-decompositions of K. Throughout the paper we
shall use this notation for T-decompositions whenever we have a group of odd
order acted on by a four group T.

We also need the following elementary result of a different nature.

LeMMA 3. Let X and Y be permutable subgroups of relatively prime orders of a
group G. If N is a normal subgroup of G, then

(i) X and Y N N are permutable;

(ii) X normalizes YN Nif XN N=1.

Proof. Suppose that xe X and ye Y N N, so that there is x’ € X and y' € Y
with xy=y'x’. Thus, y'=xyx'~'e XNX=XN, so y'e N as XN/N has order
prime to the order of Y. Hence, ' € Y N\ N and (i) is proved. Moreover, x=x"'
(mod N), so that x=x" if X " N=1. This in turn yields that xyx~'=y’ and so
Y N N is normalized by X if X N N=1, as required. This proves the lemma.



64 J. L. ALPERIN, R. BRAUER AND D. GORENSTEIN [September
Our next result is a slight extension of Theorem 3.4.3 of [19].

LEMMA 4. Let H be a Frobenius group with abelian kernel K and cyclic complement
A. If H is faithfully and irreducibly represented on a vector space V over a field F,
then V is free as an A-module.

Proof. If Fis an algebraic closure of F and we set ¥=F ® V, then as an F(H)-
module, ¥ is the direct sum of algebraically conjugate irreducible submodules.
Since V is a faithful H-module, so also is each of these submodules. Furthermore, it
will clearly suffice to prove that each of these submodules is free as an 4-module.
Hence without loss we can assume to begin with that F is algebraically closed.

Let V;, 1 £i<n, be the Wedderburn components of V with respect to the normal
subgroup K of H. Since H=KA and K leaves each V; invariant, it follows from
Clifford’s theorem (Theorem 3.4.1 of [19]) that 4 induces a transitive permutation
of the V;. In order to show that V is free as an A4-module, we need only prove that
this transitive permutation representation of A is, in fact, the regular representation
of A. Clearly the latter result holds if and only if the number of Wedderburn
components is exactly the order of 4.

However, this last conclusion is proved in Theorem 3.4.3 of [19] under the
stronger hypothesis that K is an elementary abelian g-group for some prime q. But
an examination of the argument shows that it holds without change, as do
Theorems 3.2.3 and 3.2.4 of [19] which are used in its proof, if K is an arbitrary
abelian group, inasmuch as F contains a primitive |K|th root unity under our
present assumptions.

We shall next prove a pair of lemmas concerning incidence and covering
properties of sections:

LEMMA 5. Suppose that H, H,, H, are subgroups of a group G, K, is a normal
subgroup of H,, i=1, 2, and the following conditions are satisfied:

(a) H,/K, and H,/K, are incident sections

(b) H covers H,/K,;

(c) H < H,.
Under these conditions, H covers H,/K,.

Proof. Since I-{I/K1 and H,/K, are incident sections, we have H,=(H, N H,)K,
by definition of this concept, so H,=H,K, as H,< H,. But H covers H,/K,, so
H,< HK,. Thus

H2 = H1K2 < HKle.

However, again because of our incidence assumption, we also have that
Kl N H2SK2, SO K]_EKQ as KlnggHg. Thus,

H2 < HK1K2 = HK2,

and so H covers H,/K,, as asserted.
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LeEMMA 6. If H, is a subgroup of the group H,, K, is a normal subgroup of H,,
i=1, 2, H,/K, and H,/K, are isomorphic and K, N H, = K,, then H,/K, and H,/K,
are incident sections.

Proof. The projection of K, into H,/K; is just K; as K, N H;<K; and the
projection of H, is H; as H; < H,. Hence, by the Zassenhaus lemma (p. 58 of [30]),
the projection of H,/K; into H,/K, is a section isomorphic with H,/K;. But
|H,/K,|=|H,/K;| as H,/K, and H,/K, are isomorphic by assumption. Hence
H,/K, itself is the projection of H,/K; into Hy/K, and so the sections H,/K; and
H,/K, are, in fact, incident.

LEMMA 7. Let H be a group of odd order acted on by a 2-group T and let P be a
T-invariant Sylow p-subgroup of H for some prime p. Suppose that for every odd
prime q#p, [P, T]= 0, (PQ) for some T-invariant Sylow g-subgroup Q of H per-
mutable with P. Under these conditinos, [P, T]< O,(H).

Proof. Since H is of odd order, HT is a solvable group and so a T-invariant
Sylow g-subgroup Q of H permutable with P does, in fact, exist for each odd prime
q#p- _ L

To prove the lemma, set H=H/O,(H) and observe that O,(H)< Q for each
prime g as Q is a Sylow g-subgroup of H. Hence,

([P, T), O(H)] = 0,(PQ) N O(H) =1,

and so [P, T] centralizes O, (H). Moreover, this holds for each odd prime g#p
dividing |H|. Since O,(H)=1, we conclude that [P, T] centralizes the Fitting
subgroup F(H) of H. However, H is solvable and therefore [P, T F(H) by
Theorem 6.1.3 of [19]. Since F(H) is a p’-group, this yields [P, T]=1 and con-
sequently [P, T1< O,(H), as asserted.

LeMMA 8. Let K be a group of odd order acted on by a 2-group S and assume that
K=XY, where X and Y are S-invariant subgroups of K and X is a Hall subgroup of
K. Then Cx(S)=Cx(S)Cy(S).

Proof. Let 7 be the set of primes dividing | X|, so that X is a Hall =-subgroup of
K. Since K is of odd order, K and hence also Y is solvable, and so Y contains a
S-invariant Hall #’-subgroup Z. But | Y| is divisible by |K|/|X| as K= XY. Since
|K|/| X| is relatively prime to | X|, it follows that |Z|=|K|/| X|. Since X and Z are
of coprime orders, we conclude that K=XZ and X N Z=1. Since Z< Y, it will
therefore suffice to prove that Cx(S)=Cx(S)C;(S). Since obviously Cx(S)C;(S)
< Ck(S), we need only demonstrate the reverse inclusion.

Let c € Cx(S) and let ¢ € S. Since K=XZ, we have c=xz, where x€ X and
z€Z, whence also ¢®*=x%% But ¢*=c¢ and so xz=x%% Thus (x*)~lx=z%"1
€ XN Z=1,s0 x=x"and z=2z% Since « is arbitrary in S, it follows that x € Cx(S5)
and z € C4(S). Since c is arbitrary in Ci(S), we conclude that Cx(S)< Cx(S)C(S),
and the lemma is proved.
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CHAPTER III. CHARACTER THEORY OF GROUPS WITH QUASI-DIHEDRAL SYLOW
2-SUBGROUPS

1. Introduction. In Chapter 1II, we consider finite groups G with quasi-
dihedral Sylow 2-subgroups S={s, z),

=1, z22=1, =g

of order 2**!, n= 3. In particular, we are interested in the groups G which do not
have a normal subgroup of index 2. In the terminology introduced in Definition
2.2.1, these are the QD-groups. Since we wish to include the groups which are
centralizers of involutions along with QD-groups, we also consider Q-groups G.
We recall that among the groups G with Sylow 2-subgroup S, the Q D-groups and
Q-groups together can be characterized by the fact that the elements of order 4 lie
in a single conjugate class. In a Q D-group, there is only one class of involutions
while in a Q-group, there are two such classes(®). Similar ideas can be used for the
study of the two other types of groups G with Sylow 2-subgroup S, but this will not
become necessary for us. ’

The structure of the principal 2-block By(2, G) of QD-groups and Q-groups has
already been discussed in [6, III, §8]. Since these results are basic for us, we sum-
marize them in §2 without proofs. Actually, it will become necessary for us later to
generalize these results for the case of certain other 2-blocks of full defect. However,
the proofs there are more difficult. We have postponed this discussion and give it in
§§5, 6, and 7. Since these later results include those stated in §2, our present paper
is, in fact, independent of [6, II1, §8]. §2 also contains a few supplementary results.

In §3, the notion of a regular Q D-group is introduced. We then proceed in §4 to
prove Theorem A as stated in Chapter I. We have already mentioned the contents
of §§5, 6, and 7. In §8, we discuss Q D-groups of small characteristic power q. We
determine explicitly all simple Q D-groups with g=3 and ¢=35. This allows us to
assume ¢ =7 in all the following chapters. This is a necessary assumption since a
number of the local group-theoretic arguments in Chapters IV and V break down
for these low values of g. We remark that Theorem A together with the classification
of simple Q D-groups of characteristic power ¢=3 and g=>5 are the only results of
Chapter III which are needed in Chapters IV and V.

In §8, we also prove some partial results for the cases g=7 and ¢=9. These are
needed in Chapter VL.

One of the major aims of the whole paper is to show that a Q D-group of charac-
teristic power g # 3 is necessarily regular. With this in mind, we give in §9 sufficient

(®) Some of the elementary remarks are also given in [6, III, §8]. With the notation used
there, we could define the characteristic power g of G as the absolute value of m, cf. Proposition
2.7 below. However, it would then not be clear that g is a prime power.

Of course, only results of Chapter II concerned with groups with quasi-dihedral Sylow
2-subgroups are needed in the present chapter.
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conditions for the regularity of QD-groups. We also derive some other results
concerning the structure of Q D-groups which are needed in Chapter VI.

In general, we follow the notation introduced in §§1 and 4 of Chapter II. Thus
x=s52""", so that x is the central involution of the Sylow 2-subgroup S of our
group G. We have T=<(x, z), N=C(x), C=C(T), E=0(C(S)), and y=s5"">. We
know that C=Tx O(C) and we set C,=0(C). We also set So=<s)>. If G is a QD-
group, Proposition 2.1.1 implies that there exists a 3-element ¢ in N(T) which
cyclically permutes the three involutions of 7. Replacing ¢ by its inverse, if necessary,
we may assume that ¢ maps

1) 1L X—>XZ—>z—>X

under conjugation. We note also that N(T)={C, y, t) and that N(T)/C(T) is
isomorphic with a symmetric group on three letters. Thus

2 ty=yt~! (mod C).

In addition, Ly, L denote respectively the normal subgroups of N containing
O(N) such that L,/O(N) is isomorphic to SL(2, q) and L/O(N) is isomorphic to
SL*(2, q) or SU*(2, q) according as the characteristic power ¢ of G and of N is
congruent to —1 or +1 modulo 4. In particular, N=LE and N/L is cyclic.

2. The principal 2-block. As stated in §1, G will always be a finite group with
quasi-dihedral Sylow 2-subgroup S. We state without proof some of the results of
[6, 111, §81(°), adapting the notation to that used in the preceding chapters.

PROPOSITION 1. If G is a Q D-group or a Q-group and if the Sylow 2-subgroup S of
G has order 2"*1, the principal 2-block B,= By(2, G) consists of 4+ 2"~ irreducible
characters. Exactly four of these characters have odd degrees.

A great deal of information is available concerning the values of these characters.
One of the characters of odd degree is the principal character yo=1. The remaining
three characters of odd degrees will be denoted by y;, x., xs and the 2* -1 characters
of even degrees by x,, x with

1) j=+1,£3,...,+£2"2-1); 2,4,...,2%1-2,
Let s be a fixed element of order 2" in S and let { be a fixed primitive 2"th root of

unity. If this notation is chosen in a suitable manner, we have the following results.

PROPOSITION 2. Let w be an element of G whose order is divisible by 4. If the 2-
Sfactor of w is conjugate to s*, then
xi(w) = 8y, xa(W) = So(—1)"*1, xs(w) = d3(—1)**1,
xswW) =0,  xP(w) = 8§;({"+ (=0~ ™).
Here, 8,, 8,, 83 are signs, exactly two of which are —1.
(®) We have corrected some misprints in [6, III(8A)] where the range of j was given er-

roneously and where the formula for x4(J,) and the congruence for ¢(1) have to be changed.
In (8D), the second congruence should read x;= — §;m.
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The group N=C(x) is a Q-group and the preceding results apply to N instead
of G. We shall denote by 4 the character of N in the principal block By(2, N) which
plays the role y; here(").

PROPOSITION 3. Let w be an element of G which is conjugate to xr, where r is a
2-regular element of N. Then
x1(W) = 8,e(r), xa(W) = —8qei(r), xs(w) = —8g,
xs(W) = 5(edf(r)—1),  xP(w) = (—1Y8.(egb(r)+1).
Here, ¢ is a sign such that
(1) = f(x) = ¢+2"" (mod 2").

We shall see below (Proposition 7) that )(1)=gq is the characteristic power of G
(Definition 2.3.2). It will then be clear that ¢ has the same significance as in Chapter
IL.

In the case of a Q D-group, every element u of even order is either of the type
treated in Proposition 2 or Proposition 3. In the case of Q-groups, one can give
analogous formulas for the remaining elements of even order, but these will not be
needed.

PROPOSITION 4. For elements r € G of odd order,
1+ 81x1(r) = 8:x"(r) = — 8axa(r) — 85xs(r),
all xy9(r) being equal, and
14 85x2(r) = 82x4(r).

In particular, this holds for r=1 and if we set

#)) fi=x), f=x20),
then (as 6,8,83=1),
3 148, fi408:/2+08f3 =0, d+fi=f St+fa=/fe

ProPoOSITION 5. If G is a Q-group, then 8;=—1, 8,=—3&,. For re G of odd
order, y,(r)=xs(r), xs(r)=1 and, in particular, f,=f,, fs=1.

The next proposition will be formulated only for the case of QD-groups. We
anticipate here the result already mentioned that (1) coincides with the character-
istic power g of G (cf. Proposition 7).

PROPOSITION 6. Let G be a Q D-group of characteristic power q. Then

G| = IN]® Ailfi+8) g+e _ |N|]® falfa+382) q9—c
ICI2 (fi—28.9)* ¢ ICI2 (f2+25:9)° ¢

4 g=

(") In the notation of [6, III], this character was %;. For 2-regular pe N, we have
¥(p) =8} $i(p)— 8%, 8f = in the notation of [6, III].
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where the f,, 8, are as in Proposition 4. Also,

®) Nife =@
Finally,

(6) fi=8,2—eq), fo= —82¢q fi=—8+2" (mod2"*).

COROLLARY 1. In the case of a Q D-group, the odd degrees 1, f,, fs, f3 are distinct.
The degree f, is divisible by 2"~ =4 while f=2 (mod 4).

The first statement is immediate from (6) since g=e+2"~* (mod 2"). The other
statements also follow from (6).

COROLLARY 2. The characters xo, X1, X2» Xa» X+ and x**~ > take only rational values.

Proof. An algebraic conjugate of a character in the principal block B, always
lies in B, again, cf. [6, I, §III, Lemma 2]. In the case of QD-groups, it is now
evident that each of y;, xo, x3, xs is algebraically conjugate only to itself. In the
case of @™, this is still true as can be seen from Proposition 2. If we also use
Proposition 3, we see that Corollary 2 holds for Q-groups, too.

We add some supplements. As already mentioned, we wish to show

PROPOSITION 7. If G is a QD-group or a Q-group and if q is its characteristic
power, then in the notation of Proposition 3, $(1)=q.

Proof. We determine the four odd degrees in the principal 2-block By(2, N) of
N=C(x). These remain the same if N is replaced by N=N/O(N), cf. [6, I, Theorem
1]. According to Proposition 2.3.3, N has a normal subgroup L such that
L/{x)~PGL(2, q) and such that N/L is cyclic of odd order e.

The principal 2-block By(2, L) of L contains that of L/{x)~PGL(2,q) (if, of
course, characters of L/{x) are interpreted as characters of L). As is well known,
the group PGL(2, q) has exactly four irreducible characters of odd degree and these
degrees are 1, 1, g, g, cf. [27]. These degrees then occur in By(2, L). If for a moment
the notation of Proposition 2 is used for the Q-group L, then by Proposition 5,
fs=1, fi=f,=q and 8, = —3,. By Proposition 2, x; and y, have opposite values
for elements of order 2" and consequently, they are not associated in N. Each of
them then has e extensions to irreducible characters of N. In the terminology
introduced in [7, I, §4], the principal 2-block B,(2, N) covers the principal 2-block
By(2, I). 1t follows that B,y(2, N) contains two irreducible characters of degree ¢
in addition to two characters of degree 1 and this implies the statement.

We use a similar argument to prove a lemma that will be needed in §4.

LeEMMA 1. Let G be a QD-group with the characteristic power q. The principal
2-block By(2, N) (with N=C(x)) contains exactly one modular irreducible character
& different from the principal modular character. If s is as in Proposition 3, then for
r € N of odd order, we have formulas

™ $(r) = do+did(r),
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where dy 20 and d, >0 are integers (decomposition numbers) which do not depend on
r. Here, (1), d, and d, are determined by q alone and do not depend otherwise on G.

Proof. If H is a Q-group and if we restrict the characters of By(2, H) to the set
of 2-regular elements, Propositions 4 and 5 show that at most two of these re-
strictions are linearly independent. Hence the number / of modular irreducible
characters in By(2, H) is at most equal to 2. If we had /=1, then H would have a
normal 2-complement [9, §29]. This is not true, since in a Q-group all elements of
order 4 are conjugate while the Sylow 2-subgroup has two conjugate classes of
elements of order 4. Thus /=2. Of course, one of the two modular irreducible
characters is the principal modular character of H which we shall denote by 1j.

In particular, this applies for the Q-group H=N in Lemma 1 and this yields the
first part of the lemma including the existence of the equation (7). We have
d, >0, since otherwise ¢ would be constant on the set of 2-regular elements of N.
By Propositions 4 and 5, the same would be true for all other irreducible characters
in By(2, N). This is impossible as we have /=2.

By Theorem 1 of [6, I], 4 can be considered as an irreducible character of
N=N/O(N) and then ¢ € By(2, N). Likewise, ¢ can be identified with the modular
irreducible character different from 1y in By(2, N). The proof of Proposition 7
shows that y|L is irreducible and, in fact, | L is one of the two irreducible characters
of degree g in By(2, L). Let 1z and ¢* denote the two modular irreducible characters
in the principal 2-block of the Q-group H=L. Clearly, they are not associated in
N and each of them is only associated to itself in N. Since N/L is cyclic of odd order
e, both 1y and ¢* have e extensions each to modular irreducible characters of N.
Since By(N) covers By(L), it follows easily from [7, I, (4A)] that ¢ is one of the
extensions of ¢*. In particular, ¢(1)=¢*(1). By (7), d, and d, are the decomposition
numbers of the character y|L € By(2, L) of degree q. Note that by Proposition 5,
both characters of degree g coincide for 2-regular elements and hence both have the
same pair (d,, d,) of decomposition numbers.

Since L~ SL**(2, q) for g= —1 (mod 4) and L~SU *(2, q) for g=1 (mod 4),
the group L is uniquely determined by g and so are then ¢*(1)=¢(1) and (d,, d,).
This completes the proof of Lemma 1.

We conclude this section with the proof of some inequalities for the degrees in
By(2, G).

PRrOPOSITION 8. Let G be a Q D-group with the characteristic power q. Let f;, §;
have the same significance as above.
() If 8,=1, then f, <q? and if we set

3y fo=q*~-h, 0<h<g?
we have

_e@-h=) . _@=R@P—h=D)
©) =TT - 1
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(i) If 8;=1, then f; <q® and if we set

G fL=4¢>—h, 0 < h<qg?
we have

%(¢®2—h—1 2 _h)g2—h—1
CM) fa= q__(g_h_), fo = (4 )(Z ).

(iii) If 8=1 and if
fA = Min (.fl’fz)’ j;t = Max (f;bfz)

then g% <f, <2q? and if we set

(Buw) Hi=q*+h, O0<h<g?
we have

*(g*+h—1 2+ h) (g% +h—1
94) ﬂ=q(qh ), f3=(q )(«;l ).

In each case, h divides q*(q%>—1).
Proof. (i) If 8, =1, then 8,=8;= —1 and, by (3) 1 +f; =/2+/5. On account of (5),
*+¢°% = ¢+ = ¢hathife > ¢ +fife
Hence f, f, <q?%f1, i.e. fo<q2 If we set f;=q%—h, we have
*+q% = ¢(¢* - +1i(¢*—h)

which yields the first formula (9),. The second formula then is obtained from (5).
(ii) The case 8,=1 is treated in an analogous manner with f; and f; interchanged.
(iii) If 63=1, then 8, =68,= —1. Here,

1+fs = fitfa = it/
@ +hfu = @ +af = ¢h+1) = 24%,.
This implies f; <2¢? and we set f,=q¢%+h with —¢%<h<q> Now
?+(g*+h)f, = 4(*+h)+4%,

whence hf, =q*(q®>+h—1). Since g>+h—120, we have h20. Actually, A=0 would
lead to g%(¢%—1)=0 which is absurd. Thus, #>0 and 0 </ <g®. We also obtain the
first equation (9),,;,. The second equation then follows from (5).

In the case (i), the numerator of f; must be divisible by 4 and this shows that A

divides g%(¢2—1). A similar argument applies in the cases (ii) and (iii).
We prove one more corollary of a different nature.

COROLLARY 3. If G is a QD-group and if x is a character in the principal block
By(2, G), then for x+ xo, the kernel K of x is O(G).
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Proof. By [6, I, Theorem 1], we have K20(G). If we have inequality, then
|K:0(G)| is even and hence K contains all involutions of G. Thus x € K, s2x € K
and hence s? € K. Since y(1)#1 by Corollary 1, it follows from Proposition 2 that
XF X1 X2o X3» Xa- If x=x" for some j, necessarily f=2. Proposition 3 shows that
eq+1= +2 and hence g=3. It follows from Proposition 4 that f; =3, §, = — 1. Now,
(6) leads to a contradiction. Thus, K= O(G).

3. Regular Q D-groups. Let G be a Q D-group of characteristic power gq. Then
q is a power of a prime p, the characteristic of G.

DEFINITION 1. The Q D-group is regular, if p occurs in |G| with at least the same
exponent with which it divides |N|3/|C|2.

Here, N and C have the same significance as before.

PRrROPOSITION 1. If G is a regular Q D-group, then with the notation introduced in
§1, we have one of the following two cases:

Case 1. e=1, 8,=1, 8;=8=—1, fi=¢° fi=¢°—q+], fo=(¢>—q+]1)q,
fi=¢"—q, [=¢°+1.

Case 1. e=—1, 8§3=1, 8,=8,=—1, fi=q¢° fo=q>+q+]1, f3=(¢®>+q+]1)gq,

fe=q"+q, f=¢>—1.

Proof. Let v(h) denote the exact exponent with which the prime p divides an
integer h. Set v(f}) =y, v(fi+8) =B, (i=1, 2), v(f1 —£8,9) =1, v(foa+£359) =y,. Then
by (2.4), for i=1, 2,

v(g) = 3v(IN)—2v(|C|) + o+ B — 2y —v(q).
If G is regular, by definition »(g) 2 3»(|N|)—2v»(|C|) and hence

@ o+pB 2 2y +v(q).

By (2.5), we have «; +a5=2v(q). We can therefore choose i=1 or 2 such that
o; =v(q). This implies B;=0 and y, =v(q). Hence by (1) «; = 3v(q) and ¢® divides f,.
If i’ is the index 1 or 2 different from i, by (2.5) q|f; and by (2.3) «; =0.
We now distinguish the three cases in Proposition 2.8.
(i) If 8, =1, we have f; <q2 and hence i=1, i’ =2. If we set f; =¢3f*, by (2.9),
g2 —h—1 = qghf*.
Then A= —1 (mod q), say h=hyq—1 with integral hy>0. Thus,
q—ho=(hog—1)f*.
If f*=2, we find
q—ho 2 2(hog—1) 2 2(g-1) > g,

which is impossible. Thus f*=1 and then g—h,=h,q—1, which implies hy=1,
h=q—1. Now, the Proposition 2.8(i) yields

h=4¢, fao=¢"—q+]1, fi=(¢>—q+])g.
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In particular, f; =¢*=e¢ (mod 4). Since by (2.6) f; =8, (mod 4) in the present case,
e=1. The values of f; and f can be obtained from (2.3) and this establishes the
statements for Case I.
(ii) If 8,=1, an analogous argument yields
h=¢-q+1, fi=¢’ fi=(¢*—q+1)q.
By (2.6), (as §,=—1)
?—q+1 =eq—2 (mod2"+?),

In particular, 2—e= —1 (mod 4), whence ¢= —1. But then ¢g?= —3 (mod 2"*?),
which is impossible as g2=1 (mod 8). Thus, the case (ii) does not arise.
(iii) If 83=1, then in (2.8), f> is not divisible by g3, we have i=p and i’=A. Set
here f, =% *. By (2.9),
ghf* = ¢*+h—1

and h=1 (mod g), say, h=1+gh, with integral s, = 0. Actually, as g and f, are odd
hin (2.8,) is even and A, = 1. Now,

(I1+gho)f* = q+ho.

Clearly, f*<2, i.e. f*=1. This yields A,=1, h=q+1. Now, Proposition 2.8(iii)
gives fA=q%+q+1, f,=4¢° fs=(q*+q+1)q. Since then

s =¢°+q*+q = 1+29 = 1+2¢ (mod ),
the congruence (2.6) with ;=1 shows that e= — 1. If we had A=1, by (2.6)
?+q+1 = —(2+q) (mod2"*?),

i.e. (g+1)2= —2 (mod 2"*1), which is absurd. Thus, A=2, p=1. This shows that
the values of f3, f5, f3, ¢, 81, 85, 83 are as given in the Case II of the proposition. The
values of f, and f are again obtained from (2.3).

PROPOSITION 2. If G is a regular Q D-group of characteristic power q, then

N|2q?—eq+1
— q

6l = e =97

In particular, p divides |G| with exactly the same exponent with which it divides
IN/IC|2

This is immediate from Proposition 1 and (2.4).
By Lemmas 2.4.1(i) and 2.4.2(i), we have

@ INOW)| = 29(g—1)(g+1)e, where e = |N/L| = |EJE 0 OWV)|
and

3) |C/C N O(N)| = 2e(q+é).
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We now set a=|C N O(N)| and b=|O(N) : C n O(N)|. Then by equations (2)
and (3), we have

@ |N| = 2abeq(q—1)(g+1) and |C| = 2ea(q+?e).
Hence in this notation, Proposition 2 can be expressed as follows:

PROPOSITION 2*. For a regular Q D-group of characteristic power q, we have
|G| = 2abeq*(q+1)(g—1)(g*—2q+1).

PROPOSITION 3. Let G be a Q D-group of characteristic power q. Each of the fol-
lowing three conditions is necessary and sufficient for the regularity of G.
@ ¢°lf
(i) fo=q"—¢q+1.
(iii) q|fs, (¢, ) #1.

Proof. The necessity of each of these conditions is clear from Proposition 1.
If ¢®| f;, the factor

fi(fi +8) g+e
(fi—e3.9)° ¢q

in (2.4) contains p with a nonnegative exponent and then G is regular by definition.
The conditions (iii) imply (i) by (2.3) and (2.5).
Finally, if f,=¢®—eq+1, by (2.6)

2—eq = —edyg (mod 8),

whence 8,= — 1. If §;= —1, the second form of |G| in (2.4) shows that G is regular.
This completes the proof.
We add a corollary.

COROLLARY 1. The QD-groups G and G|O(G) are regular at the same time.

This is a consequence of the fact that the principal 2-blocks of G and of G/O(G)
can be identified, cf. [6, I, Theorem 1].

4. Proof of Theorem A. The theorem has already been stated in Chapter L.

THEOREM A. Let G be a QD-group and assume that G contains a regular QD-

subgroup H of the same characteristic power q as G. Then G is regular and
O(H)=0(G) N H.

Proof. We use the same notation for G as before while in the case of H, asterisks
will be added. Thus, By(2, H) consists of the characters x§ =1, x¥, x3, . . .. Since H
is regular, the degrees are

f¥=q, fFr=q*—eq+l, [ =4q(q®—eq+])

1
M fE=q*—eq, f*=q°+s;
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and the corresponding signs are
8 =1, 8 =8 = -1 fore =1,
8 =8 = -1, =1 fore = —1.
Since g=e+2""! (mod 2%), the value of n is determined by ¢ and it is the same for

G and H. In this section, j will always range over the values in (2.1).
Since y;|H is a character of H, (i=1, 2, 3), we may set

@

4
3 xl|H = Z anxX +Z byx”" +E..
=0 7

Here, the a;, and b;; are nonnegative integers and E, is a character of H whose
irreducible constituents do not belong to the principal 2-block B,(2, H).
We first note that it will suffice to prove that

*) xa|H = x3.
Indeed, then f,=f3=q®—eq+1 and Proposition 3.3 shows that G is regular. By
[6, I, Theorem 1] x3 is trivial on O(H) and so is then y,. Now Corollary 2.3 implies

that O(H)< O(G) N H. Since the reverse inclusion is obvious, Theorem A will then
be established.

We now come to the proof of (*). Let r range over the 2-regular elements of
Cy(s). Substituting u=sr in (3) and applying Proposition 2.2 both to G and to H,
we obtain

3
@ 8 = Z 8% +8% D byl +(=0) ) +E(sr)

(i=1, 2, 3). Here, we set 8§ =1. As always in this section, j ranges over the vaues
2.1).

It follows from the main result of [5, IT] that we may set E,(sr) = 6,(r), where 6, is
a linear combination of 2-modular irreducible characters of Cy(s), none of which
lies in By(2, Cy(s)). Since then 1 and 6, are linearly independent, (4) implies 6,=0.
Thus

3
4% 8 = 20 ay8¥+8% D byl +(—=D).
V= 5

Here, j ranges over the values (2.1). Since { is a primitive 2"th root of unity, we
have (& '=—1, (" *4(=0)~*"*=0and

P+(=)7 = (7 +(=D™") (jodd),

P+(=D7 = =@ (=)@ ) (feven).

Now (4*) can be written in the form

3
D @S +8F D (buy—by U +(=))
— Jv=0 I

8 =
+ 8:;.'t 2 (bfi" —b"au- 1 _I,,)(li" + ( _ Z) —j’l)’

I
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where j' ranges over the values 1, 3, 5,...,2" 2—1 and where j” ranges over the
values 2,4,...,2""2-2,

Since 1,¢,...,{*" '~ are linearly independent over the field Q@ of rational
numbers, so are

® e
On comparing coefficients of powers of { in our equation, we have
3
6) 8 = D andl,
v=0
™ by = b, -y forj =1,3,...,2"2—1,

bi,f" = bi,2"-1—j" fOl'j” =2,4,..., m-2_79.

We next substitute #=s2r in (3), where » now ranges over the 2-regular elements
of Cy(s®). An analogous argument yields

a0+ ay, 8F —a128% —a;38%
+ 9

® +87 3 b+ L)

7
where we have the + sign on the left for i=1 and the — sign for i=2 and 3. The
term with j=2""2 in the sum is —2b; ;»-2. For all other j, we have formulas
(¥ =+ {~% =+ with {* and ' occurring in (5) and being different from 1. On
using this in (8) and comparing the coefficient of 1, we find

8, (=1
&) Aio+ ;1 8F — 4,585 —a;38% "217t.2"‘28;'< =¢ =&, i=2
—83, (i = 3).

We shall later apply the same method once more using elements u=xr with
2-regular r € Cy(x), but it is better to postpone this.

We now separate the cases e¢= —1 and e=1. A

Case e= —1. If 8, =1, by Proposition 2.8(i), f> <42 Since here §,= —1, (6) for
i=2 reads

—1 = a30—0a3; — a2+ azs,

cf. (2). Hence ay; +as5 > 0. By (1), f* > 4¢3, ff >q2. Neither x¥ nor x¥ can occur as a
constituent of y,|H of degree less than g2, so we have a contradiction with (3).

Likewise, if 8,=1, we have f; <g® Here, §,=—1 and (6) for i=1 shows that
a,; +a,;>0. Again, (3) leads to a contradiction since f* >¢2, f* >q2.

Thus, ;=1 and then 6, =6,= —1. Here, (9) for i=1 reads

A10—a11+ 12— A13+2b; o2 = —1,

cf. (2). Then a,,+a,5>0, i.e. y,|H contains x§¥ or x¥ as constituent. By (1)
f¥>f¥=4> Since then f; 2¢°®, in Proposition 2.8(iii), we must have p=1, A=2 and

2 = q*>+h, q*(¢*+h—1) = hf, Zhq®.
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It follows that hg<q?+h—1. Thus, h=<q+1 and so
(10) f22q%+gq+1.

Again, by (6) with i=2, ay; +a5;>0, i.e. x¥ or x& occurs as constituent of y,|H.
However, by (1) fi* is larger than f, and yx,|H cannot contain y¥. Since
f¥=q?+q+1, (10) shows that necessarily y,|H=x%, i.e. that (*) holds. As re-
marked, this establishes Theorem A in the Case e= —1.

Case e=1. For i=1, the equation (9) reads here

(11) Aro+a1+ay2+a13—2b; on-2 = &y,
cf. (2). By (6) for i=1, 2, 3,
(12) Qo+ ai — iz — a3 = 8.

It follows from (11) that if 8, = — 1, necessarily b; o=-2>0. Since f*=¢*+1 by (1),
it follows from (3) with i=1 that

(13) fizg®+1 (ford, = —1).

In particular, this is true in the case 8,=1. However then Proposition 2.8(ii)
yields f; <¢?, a contradiction. Thus 8,= —1 and hence §,=1 or §;=1.
If 8;=1, (13) applies. Now Proposition 2.8(iii) shows that A=2, u=1 and that

fo=q*+h,  hfy =q%(q®>+h-1), O<h<g®
It follows from (13) that hg<q?+h—1. Then h<gq+1 and

(14) fo < g®+q+1 (for 85 = 1).
If 8, =1, we can apply Proposition 2.8(i) and find
(145) fa < g% (for &, = 1).

Since 8,= —1, the equation (12) shows that as;+as3=0. On account of (14),
xa of degree g(¢g2—g+ 1) is not a constituent of x,| H. Hence a;3 =0 and a,, > 0. This
means that §=y,|H—x¥ is a character of H. By (14),

1) = fo—fF < @P?+q+1-(¢°—q+1) = 2q.

It follows that £ cannot contain any irreducible constituent in By(2, H) except
possibly y&, cf. (1). In particular, a;;=1 and then (12) shows that a,,=0. Thus,
x& is not an irreducible constituent of ¢ either. In other words, in (3) for i=2, E,
coincides with ¢, we have

(15) X2|H = X;+Ez-

We shall need some more relations between the coefficients of (3). Substitute
u=xr in (15) where r is a 2-regular element of Cy(x)=N N H. As we have ¢=1,
8,=28% = —1, Proposition 2.3 yields xo(xr)=9(r), x5(xr)=y*(r), where J* plays the
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same role for H as ¢ does for G, i.e. where ¢* is an irreducible character of degree ¢
in By(2, Cy(x))=By(2, NN H).

On the other hand, the main result of [5, II] shows that E,(xr) = 05(r), where 65 is
a linear combination of 2-modular irreducible characters of N N H which do not
lie in By(2, N N H). We then have (r) =y*(r) + 05(r) for all 2-regular r in N N H.

Apply now Lemma 2.1 to both G and H. As before, let ¢ be the nonprincipal
2-modular irreducible character in By(2, N). Let ¢* be the nonprincipal modular
irreducible character in By(2, N N H). Since G and H have the same characteristic
power g, the lemma shows that

(16) . $(1) = ¢*(1)

and that we have formulas $(r)=d,+d:$(r), ¥*(r)=d,+d,¢*(r) with the same
integers dy=0 and d,>0 in both. These integers do not depend on r. Then
#(r)=¢*(r)+(1/d,)05(r) for all 2-regular r e H N N. Since ¢|N N H is a modular
character of N N H, it follows now that (1/d,)0; is the sum of the constituents of
é|N N H which do not belong to By(2, NN H). Hence (1/d,)0; is a modular
character of N N H and since (16) implies that (1/d,)85(1) vanishes, we conclude
that (1/d,)0; vanishes. Hence

17 $(r) = ¢*(r)

for all 2-regular r in N N H.
Apply again Proposition 2.3 to G and H. Firstly, we have

xi(xr) = 8,e4(r) = 8:9*(r).
Then, if we substitute u=xr in (3) for i=1, we find
8. y¥(r) = ayo+and*(r)+aip*(r)+azs—a (P*(r)—1)
+Z (= 1Yby,(b*(r) + 1)+ E,(xr).
Again E,(xr)=03(r), where 07 is a linear combination of modular irreducible
characters of N N H which do not lie in By(2, NN H). Then 1, ¢*, 67 are linearly

independent and since Y*(r)=d,+d,¢*(r) with d;#0, we can compare the co-
efficients of 1 and of y* in the equation. This yields

18) a10+a13+a14+z (=1)by; = 0,
7

19) ayn +a12_a14+z (=1)by; = 8.
j

We next wish to improve (14,). Assume then that §,= —1. Suppose first that
f1<44°. Since f*=¢®+1, it follows from (3) that

(20) | | by <a
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By (11), b, 5»-2>0 and (18) shows that the sum of the b,; with odd j is at least 1.
By (7), this sum is even. On account of (20), it has the value 2. Moreover b, n-2=1,
while all other b,, with even j vanish. Now, (11), (12), (18) and (19) read

ayot+a;+asta;z =1, ayo+a;;—aa—a;3 = —1,
ayotaizta, =1, a;,+a;z—a, =0.
Hence a,,=a,, =0 and either
a,; =0, a3 =1, a,=0 or a,=1, a3 =0, a;, = 1.
In the former case, (3) yields
fi 24(g°—q+D+3(¢°+1) = 44°—¢*+q+3
and, in the latter case,
fi 2 (—q+D)+(¢*-9)+3(4°+1) > 3¢°+2¢°—2¢.
Since ¢ 2 342, it is now clear that in all cases
fi > 3¢%+29%—2gq.
This is also true in the case f; =443, which was at first excluded.

Apply now Proposition 2.8(iii). We must have A=1, p=2 since f; >2¢% Then
f2=q%+h, hf;=q%(g*+h—1) and we find q%(q%+h—1)> h(3¢®+29*—2q), whence
q*—q* > h(3¢°+4*—2q) = hq(3q—2)(g+1).

Thus, h<q(qg—1)/(3¢—2) <14, and this implies that, for 8, = —1,
@n fa <q®+3q.
On account of (14,), this is also true for 6, =1.
Now, (15) and (21) imply that
(22 Eo(D) = fo—fF <q®+3q9— (¢ —q+1) < 4q/3.

If E,=0, then (15) shows that (*) holds and we are finished.
The proof of Theorem 1 will be complete if we can show that the assumption
E,#0 leads to a contradiction. Suppose then that =,#0. Set

(23) By = cimi+canat o+ Clims

where 7y, 7, . .., 7 are distinct irreducible characters of H, where the ¢; are
positive integers and where m= 1. ,

Since we have e=1 and 8,=8%= —1, it follows from Propositions 2.2 and 2.3
applied to G and H, and from (17) that y,(w) = x&(w) for all 2-singular elements w of
H. Thus,

(24 Esw) =0
for these w.
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Assume first that some 7, in (23) has 2-defect 0. Then 7, can be interpreted as a
chief indecomposable character of H (for the prime p=2). It follows that=,7, is a
sum of principal indecomposable characters of H amongst which the principal
indecomposable character ®F belonging to the modular irreducible character 1 of
H occurs (cf. [9, §§23 and 24]). Hence, by (22),

DX(1) < 9,(1)% £ 1642)9.

Here, ®F may be considered as an ordinary character of H. One of its irreducible
constituents is y&, which occurs with the multiplicity 1. All irreducible constituents
of ®F belong to By(2, H). Since

164%/9 < ¢°—q*+q < ¢°,

it follows from (1) that x¥, x¥ and the x’* cannot occur as constituents of ®F.
For g9, at most one of x¥, x¥ can occur since

2(q*—q) 2 16¢°/9.

Moreover, the multiplicity of the constituent x¥ or x¥ must be 1. Hence
DF =y +x¥ or OF=xF+xF. Accordingly, ®F(1)=g2—q+2 or OF(1)=¢>—q+1.
However, this is impossible since ®F(1) is divisible by the order 2"*! of a Sylow
2-group of H, while g2 —g+2=2 (mod 4) and g2—q+1 is odd.

If g<9, then as e=1 we have g=5. Here f¥=21, f¥=20, and ®¥(1)<44. It is
seen easily that this also leads to a contradiction.

Hence none of the 7, in (23) has 2-defect 0. This implies that none of the 7,
vanishes for all elements of S—{1}. Now (23) and (24) show that m>2. Moreover,
if u ranges over all 2-singular elements of H, we have

m-—1

—Cnta) = D o)

k=1

and hence
m-1
— Cam(Wa() = Z Cxnm(U)n(u).
k=1

If we add over all 2-singular u € H, the left hand side is negative. By the ortho-
gonality relations for group characters, the right hand side can be written in the
form

m-1
= 2. ¢ 2. (VD)

where r ranges over all 2-regular elements of H. It follows that for some k =m—1,
we have Y, .(r)7«(r)#0. Then, for some irreducible constituent x* of 7,7, the
sum Y, x*(r) does not vanish. If we express y*(r) by the modular irreducible
characters, it follows from the orthogonality relations for modular characters [9,
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§8] that x* € By(2, H). Here x*# x¥ since «#m. Now (1) shows that y*(1)=¢>—¢q
and hence ¢%—¢ < 7,,()n.(1). By (22) and (23), 9.(1) <49/3 —nx(1). Thus,

9°—q < 1a(1)(4g/3 —7a(1)) = (29/3)*.

Since this implies g <9/5, we have a contradiction. Thus, the case Z;#0 cannot
arise and the proof of Theorem A is complete.

5. Subsections associated with a 2-block of full defect. As before, let G be a QD-
group or a Q-group. We shall discuss the 2-blocks of full defect n+ 1 applying the
general results of [7]. The fixed prime p will always be taken as 2. The 2-section of a
2-element u of G will be denoted by & (u). This is the set of all elements w of G
whose 2-factor w, is conjugate to u.

We first note that

1) N(S) = SC(S) = SxE; E = O(C(S)).

Here, E is a subgroup of odd order. The 2-blocks of G of full defect are in one-to-one
correspondence with the irreducible characters 8 of E. We may consider 6 as an
irreducible character of N(S), which is trivial on S, i.e. for which 6(x)=6(1) for
ue S. If by is the block of N(S) containing 0, the corresponding block of G is
b§. This block will be denoted by B,. Thus, our correspondence is given by

) 6 — B, = bg.

If =1 is the principal character of E, then B, is the principal block By(2, G) of G.

By a subsection (u, b) of a section % (u), we mean a pair consisting of a 2-element
u of G and a 2-block b of C(u). The subsection is associated with the 2-block B
of G, if b= B. It suffices to take u in a fixed set of representatives for the conjugate
classes of 2-elements of G. In particular, we shall always take u € S.

Our first aim is to determine the subsections (u, b) associated with a fixed 2-
block B, of full defect. In other words, we wish to characterize the 2-blocks b of
C(u) for which

A3 b¢ = B,
for a given irreducible character 6 of E. We first show:

PROPOSITION 1. Let u be an element of S of order more than 4. There exists a
unique subsection (u, b) of ¥ (u) associated with B,. Here, b is the unique block b, of
C(u) covered by b§™ (in the sense of [, 1]). The defect group of b, is the cyclic
subgroup So=<s> of S of order 2". If u€ S, has order 4 and if b, is defined in the
same way, then (u, b,) is the only subsection of S (u) of defect more than 2 associated
with B,. The defect group of b, in this case is still S,.

Proof. Let (u, b) be a subsection associated with B, and let D, be its defect
group. Since <u) is normal in C(u), we have u € D, [5, I,(9F)]. If u € S, has order at
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least 4, then S; is a Sylow 2-group of C(x) and we may choose D, < .S,. Of course
D, is cyclic and in the cases considered in Proposition 1, its order is at least 8.

Set M =N({w)). It is clear that SC(u) is contained in M and that M/C(u) is a 2-
group. Hence M=SC(u), |M:C(u)| =2. Since C(D,)< C(u), the block b of M is
defined [5, I, (2E)]. Let D,= D, be a defect group of »*. We have

(bM) = b° = B,

This implies that D, is contained in a defect group of By, i.e., in a quasi-dihedral
group. It follows that the cyclic subgroup D, of order at least 8 is characteristic in
D,. Then <(u) is also characteristic in D, and hence

N(D;) € N(Kw) = M.

Now, the first main theorem on blocks [5, I, II] shows that D, is a defect group of
(bM)¢=B,. Then | D,|=2"*! and D, can be chosen as the Sylow 2-subgroup S of
M. Since N(S)< M, the first main theorem implies

oM = by,

It follows from [7, I,(4D)] that the block b of C(u) is covered by the block b of M.

Conversely, let b be a block of C(u) covered by bY!. Since b} has the defect group
S and since C(S)< C(u), b¥ is regular with regard to C(x) and we conclude that
bY¥ =b™ [7, 1,(4D)]. This implies (3). Moreover, as b} has full defect, it contains an
irreducible character x* of odd degree. Since |M: C(u)| =2, x*|C () is irreducible.
As it lies in b, b is unique and b also has full defect, i.e. the Sylow 2-subgroup S, of
C(u) is a defect group of b. This completes the proof.

PROPOSITION 2. The subsection (x, b,) with b,=>bY is associated with B, and its
defect group is S. It is the only subsection of ¥ (x) associated with B, whose defect
group is not elementary abelian of order 4.

Proof. It is clear that N(S)< N and then (b))¢ =55 = B,. The first statement is
now obvious.

Conversely, assume that the subsection (x, b) is associated with B, and let D,
denote its defect group. We may assume that D, belongs to the Sylow 2-subgroup
S of N. Since x € D,, we see that either x is the unique involution in the center of
D, or that D, is elementary abelian of order 4. If the latter case is excluded, {x) is
characteristic in D, and hence

N(Dy) = N({(x)) = N.

It then follows from the first main theorem on blocks that 4= B, has the defect
group D,. Thus, D; =S, and then b=5} as we wished to show.

We now study the cases not covered by the first two propositions. We use the
method developed in [7, I, §6]. We summarize some of the results.
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Let D, be a 2-subgroup of G and let b, be a 2-block of F,=D,C(D,) with the
defect group D,. We construct a sequence

@ Dy, D, ..., D,

of 2-subgroups of G and of 2-blocks b, of F,= D;C(D;) with the defect group D, as
follows. Suppose that, for some j= 1, the group D; and the block b, of F; have
already been obtained.

Case 1. There exists a subgroup H;> F; of N(D;) with |H;: F;|=2 such that b,
is stable in H;.

Choose Dy, , as defect group of the (well-defined) block bi's of H, and choose
b;,, as a block of F,,,=D;,,C(D,,,) with

) bfs = bjl,
(which is possible).
Case 2. No group H;,, with the required properties exists.

Then we terminate the sequence (4) with D;, i.e. we take h=j.
_ Our conditions imply that

©) D; < Dy, |Dyy1:Dy| = 2,
and that
@) H; = D;,,C(Dy), D;ysNF; = D, H,/F; ~ D,;,,/D,

for 1 <j<h. We have the result that 5§ has full defect, if and only if D, is a Sylow
2-subgroup S¥ of G, w € G. If this is so, we have b§ =B, if and only if b,=5bY. We
are using here the fact that because of (1), we have

N(S)” = (SC(S))” = DnC(Dy) = Fa;

and that therefore b¥ is the only block B* of F, with (B*)¢=B,.

In general, if D, and D, are 2-subgroups of G, if b, is a 2-block of D,C(D,) with
the defect group D, and if b, is a 2-block of D,C(D,) with the defect group D), we
say that b, and b, are linked, if there exist groups D, and blocks b, for 1<j<h
for which the conditions above are satisfied.

We can now study subsections (x, b) associated with B, which are not given by
Proposition 2, i.e. which have defect 2. In the terminology of [7], they are minor
subsections. In some of the later developments the occurrence of such minor
subsections will play an important role.

We first introduce some notation. With S={s, z> as before, set

®) ;=577 T, =<s,z), (=j<n).

Thus, s, has order 2/, s,=s, 5, =x, sy=y. Also, |T;|=2/*1, T,=S, and T, =T is
elementary abelian of order 4. For 1<j<n, T; is dihedral. As is seen without
difficulty,

(9) N(Tj) = Tj.,.lC(Tj) for1 < j < n.
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If G is a Q-group, this is still true for j=1. However, if G is a Q D-group, then
t as defined in §1, equation (1) lies in N(T). Also, y € N(T'). Since N(T)/C is iso-
morphic to a subgroup of the symmetric group on 3 letters, we now see easily that

<Ca y>9 (G a Q'group)

(10) M) = {(C, %),  (Ga QD-group).

We next prove two lemmas.
LemMA 1. If D,2T is a subgroup of order 2'*1 of S (1<j<n), then D;=T,.
This is obvious, since z € D; and since | D; N S,| =22/, whence s, € D;.

LEMMA 2. There exists a unique block bc of C which is linked with the block b, of
SC(S). We have (bc)* =bc.

Proof. Since the Sylow 2-subgroup T of C is normal in C, the group T is the
unique defect group of any block b, of C. Likewise, S is the unique defect group of
b,. If b, and b, are linked and if we use the same notation as in the definition of
linkage, we have D, =T, D,=S and, necessarily, | D;| =2*1, h=n. It follows from
Lemma 1 that D;=T; for 1 <j<n.

Conversely, if we choose D;=T,, F;=D;C(D,) for 1 £j<n and H;=D,,,C(D,)
for j<n, the relations (6) and (7) hold.

Suppose that b,,; is a block of F;,, with the defect group D;,,, j<n. Since
C(D;,,)<F;,,, the block B*=b/{" of H, is defined. A suitable defect group
contains D;,, and, as D,,, is a Sylow 2-subgroup of H;, the group D, itself is a
defect group of B*. Since C(D;,;)< C(D,)SF,, it is now clear that B* is regular
with regard to F, and that there exist blocks b; of F; with

H, __ _ hH
blj—'B*_ 111,

cf. [7, 1,(4B), (4D)]. Moreover, B* covers b,. Since B* has full defect in H;, there
exists an irreducible character x* € B* of odd degree. Then all irreducible con-
stituents of y*|F; have odd degree and as some of these constituents lie in b;, the
block b; has full defect. Clearly, D; is a Sylow 2-subgroup of F; and it is now clear
that D, is a defect group of b;. Since B* has larger defect than b,, it follows from
[7, L(5C)] that b, is stable in H;. In particular, b; is the only block of F; covered by
B*, This implies that b, is uniquely determined by b, ;.

If we start with b,=b, and apply our argument successively for j=n—1,
n—2,...,1, we obtain a block b, =b. of C which is linked with b,. Moreover, we
see at the same time that b, is unique. Since b, is stable in H; and since y € Ty, we
have b%=b; and the proof is complete.

We now show:

PRrOPOSITION 3. If G is a Q-group, there do not exist minor subsections (x, b)
associated with B,. The same is true in the case of Q D-groups, if and only if bt,=b¢
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for the block b defined in Lemma 2. If b, # b, there exists a unigue minor subsection
(x, b) associated with B,. Here, b=(b.)"; the defect group is T.

Proof. Suppose that (x, b) is a minor subsection associated with B,. Proposition
2 shows that the defect group D, is elementary abelian of order 4. Since D, can be
replaced by a conjugate in N, we may take D, =T. There exist then blocks b; of
F,=C(D,)=C with the defect group T such that

(11 Y =0

Since b and b, have the same defect, the stabilizer of b, in N(T) N N has odd index
over C, [5, II(2F)]. In particular, this implies

(12) by # by

Apply now the construction above using the same notation as before. Since
b§ =B, by (11) and (3), the group D, is a conjugate S¥ of S, w € G. As | D,| =27*1,
we have h=n. We also note that b, =5b} and that by (6), (7)

(13) Fj < Hj < N(Dj), |H1:Fjl = 2.

For j=1, F;=C and H,/F, is a subgroup of order 2 of N(T)/C. If G is a Q-
group, (10) shows that H, =<C, y>. However, since b, is stable in H,, this leads to a
contradiction with (12). This case is impossible and we have already proved the
first statement of the proposition.

Suppose then that G is a QD-group. Now (10) shows that N(T) has exactly
three subgroups (C, y>, <C, y>, {C, y*”*> which contain C as subgroup of index 2.
Since y ¢ H, on account of (12), we must have H, =<C, y*'>, where t'=¢**. Since
t' and y normalize T, the group H, has the Sylow 2-subgroup <T, y*>=<T, y)* =T%.
As | D,| =8=|T%|, we may choose the Sylow 2-group T% as defect group D of the
block b¥:. Suppose that we have already shown for some j=2 that we can take
D,=T?. 1t follows immediately from (13) and (9) that

H; = N(I7) = T7..C(T7)

and that we may choose D, ; as the Sylow 2-subgroup 7%, of H,.

Hence we can assume that D;=T% for allj. In particular, D,=S* and the element
w can be taken as t'.

The blocks b, and b, =>5bY¥ =b}; are linked. If we transform all D;, F,, H; and the
blocks b; by (t')~%, we see that the block b¢°~" of C®"*=C is linked with b,.
Now, Lemma 2 yields ¢’ *=b.. Thus, b, =b% or b, =b% . Both choices for b,
yield the same b in (11) since b% =b. and, by equation (2) of §1,

B = ()" = (b5 ™) = (b5 )"y = (b5 )"

Hence we may take b, =b%, b=(b%)". The stabilizer of b, in N(T) includes {C, y>.
If the stabilizer was not {C, y> itself, it would be N(T) and then (12) would be
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false. In other words, if b, =b., we have a contradiction and no minor subsection
(x, b) can exist.

On the other hand, if b% # b, the stabilizer of b; in N(T) is {C, y> and the stabi-
lizer of b, =b% is {C, y*>. Then b, has the stabilizer Cin N(T) N N and, by [7, L,(5C)],
b=>Y has the same defect group T as b,. Since

b = b§ = (b)° = (68) = b¢ = B,

the subsection (x, b) is associated with By, its defect group is T. This completes the
proof.

A similar argument can be used to discuss if there exist subsections (y, b) of
defect 2 associated with B,. We shall need only the following result:

ProrosITION 4. If(y, b) is a subsection of defect 2 associated with By, the analogous
statement is true, if G is replaced by N and By=0b§ is replaced by By =b}.

Proof. Suppose that the subsection (y, b) is associated with B, and that it is not
the subsection obtained in Proposition 1 for y=u. Then b has defect 2 and since its
defect group D, contains y, we have D, ={y). We use again the construction above
with D, ={y), b,=b. Again, D, must be a conjugate of S and hA=n. It is seen
easily that D,, D, ..., D, are nonabelian groups with the center {x), [7, I,(7A),
(7B)]. It follows that the groups D,, F;, H, lie in N and that the whole construction
remains the same, if G is replaced by N. It is now clear that the subsection (y, b) of
N is associated with By =b}. Of course, its defect group remains <y).

If G is a QD-group, all conjugate classes of 2-elements of G contain elements
u € S,. If u has order 4, we can choose u=y. Hence our propositions give informa-
tion concerning all 2-singular subsections associated with B,. In the case of Q-
groups, there is one other class, that of z.

PROPOSITION 5. If G is a Q-group, there exists a unique subsection (z, b,) as-
sociated with B,. Here, b,=(bc)°®, where bc is defined in Lemma 2. The defect
group is T.

Proof. If G is a Q-group, the Sylow 2-subgroup of C(z) is T. If (z, b) is associated
with B,, the defect group D, of b can be chosen as a subgroup of T. Since z € D,
and since D, =<z) is impossible, D, =T. Then there exists a block b, of C with
b§®=b. Again, we use the construction above. Since G is a Q-group, N(T)
={C, y> by (10). Then we must have H, =<C, y)> and we can choose D,=T,. It
follows successively that we may take D,=T; for j=3, 4, ..., n. Hence b,=b, and
Lemma 2 shows that b, =bc. Then, b=>5b5®. Conversely, if b is this block, then
(z, b) is associated with B,.

6. Continuation. Blocks of full defect of type (*) and the corresponding de-
composition numbers. In continuing the work in §5, we shall now study the
decomposition numbers belonging to a 2-block B, of full defect. It will suffice for
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our purpose to consider only characters 8 of N(S) which satisfy the following
condition:

(*) 0 is the restriction to N(S) of a character 0y of degree 1 of N such that 0, is
trivial on S.

Of course, then @ is trivial on S as required in §5. If the condition (*) is satisfied
we shall say that B, is a block of type (*). Clearly, the principal 2-block By(2, G) of

G is of type (*).
If 0 satisfies (*) and if M is a subgroup of N we set
(l) oM = GNIM‘

If By(2, M) is the principal 2-block of M and if we multiply all the irreducible
characters in By(2, M) with 0,,, we obtain the characters of a block of M which we
denote by 0,,By(2, M). It is clear that 8,,B,(2, M) has full defect and that it con-
tains the linear character 6,,. We prove a lemma.

LeMMA 1. If 0 satisfies the condition (*) and if M is a subgroup of N which contains
N(S), then 0yBy(2, M)=(bs)™, where b, (as in §5) is the block of N(S)=SxE
which contains 6.

Proof. Since 0,,By(2, M) has the defect group S and since N,(S)=S x E, there
exists an irreducible character 8, of S x E which is trivial on S such that

(2) oMBO(Za M ) = (bal)M-
We claim that if p is a suitable prime ideal divisor of 2, then for r € E, we have
€) Oy(r) = 0:(r) (mod p).

Indeed, we can apply [7,1I,(2D)] to the character 6, € (b, )™. Since here
Nu(S)=SC(S), the residue system R can be taken as {1}. The canonical character
in by, is 6,. Since 0, has height 0, the rational number 4, in {7, I1,(2D)] can be
written with odd numerator and denominator and we obtain (3).

Since E has odd order, the congruence (3) implies that 6,,|E= 0 and 6,|E have
an.irreducible constituent in common. Since both are irreducible, they are equal.
Since 6 and 6, are trivial on S, then 6=46,, and the statement is obvious from (2).

For blocks B, of type (*), we can now supplement Proposition 5.1.

PROPOSITION 1. If By is a block of type (*), no subsection (y, b) of defect 2 is
associated with B,.

Proof. It follows immediately from Proposition 5.4 that it suffices to prove this
in the special case where G=N. The lemma with M= N shows that then

By, = b = b} = 0xBo(2, N).

If the proposition was not true, there would exist a block b of C(y) of defect 2

for which
bN = oNBo(Z, N).
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If b* is the block of C(y) obtained by multiplying the characters in b with 054,, it
follows that

()" = Bo(2, N).

However, since b* also has defect 2 and not full defect in C(y), this is incompatible
with [6, I, Theorem 3]. This establishes the proposition.
We can also characterize the block b in Lemma 5.2 in a more explicit form.

PROPOSITION 2. Let B, be a block of type (*). The block b, in Lemma 5.2 is the
block of C which contains 6 as its canonical character. In particular, there exists a
minor subsection (x, b) associated with By if and only if G is a QD-group (not a Q-
group) and if 0% 5 0 for the element t in §1, (1). Then, b=(b%)".

Proof. We choose again F;=T,C(T;), H;=T;,,C(T};). Let b} denote the block
of F; which contains the character 0r, 1 <j<n. Then b} has full defect and the
Sylow 2-subgroup 7 of F; is a defect group of bf. Since 8y is trivial on S, 0, is
trivial on T;. It is now clear that 6, is the canonical character of b}. It is also clear
that for j<n, 0;, and hence b} are stable in H;. Moreover

90(7,)|C(T1+1) = OC(T,”)'
It now follows from [7, I,(6D)] that
(BF ) = ().

In the terminology introduced in §5, the block bf of C is linked with the block
b¥ of N(S)=SC(S). Since 8= 0y, belongs to b¥*, we have b*=5,. Now Lemma
5.2 shows that b} =b,. Hence 0y, =0, is the canonical character of bc. The re-
maining statements in Proposition 2 are immediate consequences of Proposition
5.3.

We review some developments given in [6]. If B is a p-block, we consider
columns R of complex numbers whose length is the number of irreducible char-
acters x € B. We use these x as row indices for the column R. Thus, for each x € B,
we have a coefficient R, of R. If all R, are rational integers, we speak of an integral
column. The (unitary) inner product (R, R’) of two columns is defined as

(R, R) = D R.R,
4

with y ranging over the irreducible characters of B.

If wis a fixed element of G, we can form the column R with R,=yx(w). This
column will be denoted by X(w), (X(W)),=x(w).

If u is a p-element of G and if ¢ is a modular irreducible character of C(u), we
can form the column D®¢ whose entry for x € B is the generalized decomposition
number d™(y, ¢) belonging to y and ¢. The main result of [5, II] asserts that
D®X(¢) is the zero column 0, except when ¢ belongs to a p-block b of C(u) with
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b%=B, i.e. when the subsection (u, b) is associated with B. This implies that if r is a
p-regular element of C(u), we have

@) X(ur) = ; ; D($)$(r),

where b ranges over all p-blocks of C(u) for which (i, b) is associated with B. For
each b, ¢ ranges over the modular irreducible characters of 4. If ' is also a p-
element of G and ¢’ a modular irreducible character of C(#), then

(52) (D*Y(¢), D“X($") =0
if u and ’ are not conjugate in G. On the other hand, if u=u’, we have
(5b) (DY), D)) = c($, '),

where ¢(¢, ¢') is the Cartan invariant of C(u) belonging to the modular irreducible
characters ¢, ¢’ of C(u). In all these considerations, we can replace the set of
modular irreducible characters of a block b of C(u) by an arbitrary basic set for b
[6, I, §V1.

We return now to the particular case of groups G considered in this paper. The
following lemma is obvious from Chapter II or from [6, III, §VIII].

LEMMA 2. Let G be a Q D-group or a Q-group. Form the sets
Y, ={+1, £3,...,£(2"2-1)}, Y, ={2,4,...,2"" -2},

The elements s* with « € Y, form a set of representatives for the conjugate classes of
G consisting of elements of an order 2* with 2<u=<n—1. The elements s* with
Be Y, form a set of representatives for the conjugate classes of G consisting of
elements of order 2". Set m=2"~1. Then two powers s' and s’ of s are conjugate in G
if and only if j=i or j=i(m—1) (mod 2").

In the rest of §6, Y;, Y, and m will always have the same significance as in Lemma
2. We shall reserve the letters o, o’ for indices ranging over Y, and the letters
B, B'.for indices ranging over Y,.

PROPOSITION 3. Let By be a fixed block of type (*). For eachu=s’ withje Y, U Y,,
we have a column R(u) such that, for each 2-regular r € C(u), we have X (ur)= R(u)0y(r).
Moreover, the columns R(u), R(u') belonging to different elements u, u' of the form s’
with j€ Y, U Y, are (unitarily) orthogonal, while (R(u), R(u))=2".

Proof. It follows from Propositions 5.1 and 6.1 that there exists a unique sub-
section (u, b,) associated with B,. Here, b, is the block of C(u) covered by (b,)5¢™,
Since S,< C(u), it is clear that |SC(u): C(4)| =2. On account of Lemma 1, we have

(be)*°™ = O5cwBo(2, SC(u)).

It is now clear that this block covers the block 8¢,;,B0(2, C()). Thus,
b, = OcwyBo(2, C(w)).
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Since C(u) has a cyclic Sylow 2-subgroup S, it has a normal 2-complement. This
implies that the only modular irreducible character in By(2, C(u)) is the modular
1-character [9, §29] and then our formula for b, shows that the only modular
irreducible character ¢, in b, is 0, or, rather the restriction of 6, to the set of
2-regular elements of C(u). Moreover, since b, has defect »n, the Cartan invariant
c(dy, bu) is 2%, e.g. by [5, ,(6C)]. If we set R(u)=D(¢,), the proposition is im-
mediate from (4) and (5).

Consider next the case u=x. Here, C(#)=N. By Proposition 5.2 and Lemma 1,
the major subsection (x, b,) associated with N is given by

® b, = by = 6yBo(2, N).

Set N=N/{x). The principal 2-block B,(2, N) can be considered as a subset of
By(2, N). Since {x) is a 2-group, both blocks By(2, N) and By(2, N) contain the
same modular irreducible characters, [5]. Hence a basic set for By(2, N) can serve
as a basic set for By(2, N). The Cartan invariants in the latter case are twice those
for By(2, N).

The Sylow 2-subgroup S of N is dihedral of order 2". The central involution in §
is the image 7 of y. It is clear then that  is not conjugate in N to the involution
Z e S. On the other hand, since G is a Q D-group or a Q-group, the elements y and
sz of order 4 are conjugate in G. Since both elements have the square x, they are
conjugate in C(x)=N. It follows that the images y and §Z in S are conjugate in N.
It is now clear that in N, we have the situation discussed in [6, III, §VII]. In the
notation employed there, we have Case II. As shown there, By(2, N) contains
exactly four irreducible characters of odd degrees. Two of these degrees are 1, the
other two have the same value g,# 1. [We shall see later by the argument used in
the proof of Proposition 2.7 that g,=¢.] Both characters of degree g, have the same
restriction ¢ to the set of 2-regular elements of N. We can then choose

O] $o =1, ¢ = 1+e*y
as basic set for By(2, N). Here, ¢* is a sign which can be fixed by the condition
® go = $(1) = &*+2""1 (mod 27)

or, equivalently, by
é:(1) = 2421 (mod 2"

The corresponding Cartan matrix(®) is

(-2 el
—2 241

(®) Cf. [6, III,(7])]. In the notation used there, &* is 8,. Also, ¢*¢, is the restriction of the
character denoted there by x to the set of 2-regular elements.
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As already remarked, then 1 and ¢, (considered as functions defined on N) form
a basic set for By(2, N). The Cartan invariants are twice those obtained for
By(2, N). Then (6) shows that

0N¢o = Oy, 0N¢‘1
form a basic set for b,. It is seen easily that the Cartan invariants are the same as
for ¢, ¢,. (For instance, we can use [9, (21)].)
Form now the columns U,= D*(6y), U, = D*Y(0y¢,). In applying (4), we have

to observe that there may exist a minor subsection (x, b) associated with B,. We
obtain

PROPOSITION 4. There exist two integral columns U, and U, for B, which belong to
the major subsection (x, b,) associated with B,. We have

(Uo, Uo) =8, (U, Uy) = —4, (U, Uy) = 277142,

Moreover, these columns are unitarily orthogonal to the columns R(u) of Proposition
3 and to the columns X(r,) for 2-regular ry € G. For 2-regular r € N, we have

X(xr) = Ugby(r) + Uiy (r)0n(r) + X *(xr).

Here X* is the contribution to (4) of the minor subsection (x, b) if such a minor
subsection exists, and X* =0 otherwise.

Our aim is to determine explicitly the columns R(x) of Proposition 3 and U, U,
of Proposition 4. We shall apply a method used already in [6].
Let  denote a generalized character of S,. We form the column

©) A) = 27" X(wn(),

where u ranges over S,. Since A(7n),=(x|So, n) for x € By, it is clear that A(y) is an
integral column.

LeMMA 3. If n, and v, are two generalized characters of S, which vanish for 1 and
x, then
(A(1), A(9)) = (11, n3+n3),
where the inner product on the right is the usual inner product of generalized characters
of S.
Proof. We have

22 A(m), A(n2)) = Z (X (@), X @)1 (w)na(),

where u, u’ range over S,. It suffices to take u and «’ different from 1 and x. It

follows from Proposition 3 and (5a) that (X (), X («’)) vanishes if #’ is not conjugate

touin G, i.e. if &' #u, v*. If ¥’ is conjugate to u, then (X (v), X(u'))=2". We obtain
2(A(m), Aa)) = 2 ma(w)@a() +72%()

and the lemma becomes evident.
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If { is a fixed primitive 2"th root of unity, we denote by A the linear character of
So for which A(s)={. It follows from the orthogonality relations for group char-
acters and (9) that

2n-1

(10) X(u) = Zo AQHX(u)

for ue S,. Clearly, X' remains unchanged if i is changed (mod 2. Since u and
u™~1 (with m=2""1) are conjugate in G, we have

2"A(X) = Z XA~ (u) = Z X HA~w)
=D XA~ = 2rANm D),
Thus, ’
(11) A(X) = A(xim-D),
We now form the columns
(12) Vy,=A—-XN)forBe Y, V; = A(1—N)forje Y, and j = m.

Of course, V; is the zero column 0.
We note that the generalized characters A— A%, 1—X*, 1—A™ vanish on {1, x}.
Hence Lemma 3 can be applied. We find

LEMMA 4. For o, o’ € Y, and B, B’ € Y, —{1} we have
(Vas Va') = 2+8a,a'y (Vﬁa VB') = 1+83,B'5 (Vm Vﬂ) =0,
(Vma Vm) = 4’ (Vm, Va) = 2: (Vm’ VB) = 0.
We note next

LEMMA 5. The columns Vo, Vi, Vi, Uy, U, are rational integral. Each V is unitarily
othogonal to each U,;. Moreover, if r € G is 2-regular, each V, and each U, is unitarily
orthogonal to X(r). No linear combination of columns V; and U, can contain a single
nonzero coefficient. With the exception of V,=0, each of the columns V,, U, has both
positive and negative coefficients.

Proof. Since as remarked above the columns A(x) are rational integral, so are
the columns V. Since x is an involution, the generalized decomposition numbers
for the section &(x) are integers in the field of the second roots of unity, i.e. in the
rational field. This remains true if basic sets are used. Hence U,, U, are rational
integral columns. The definition of the columns V; in conjunction with (9) shows that
each V; is a linear combination of columns X (u) with u € S;—{1, x}. Now all the
orthogonality relationships stated in the lemma are immediate consequences of
(5a). Since X(1) has only positive coefficients, no column T orthogonal to X (1) can
have a single nonzero entry. If T has real coefficients and is not zero it has both
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positive and negative coefficients. It follows from Proposition 4 and Lemma 4
that U, and V, with j#1 do not vanish.
We also need the following lemma:

LEMMA 6. If h is a member of Y, U Y,, then
X() = =2 VL + ()™M= Val™,

where j ranges over the elements of Y, U Y,. Moreover,
=2 Vo422 Vy—Va

= Uo+2U1.

X(x)
(mod 2"~1)

Proof. If u € S, then on account of (11), the formula (10) can be written in the
form

X@w) = A(1)+A()«”‘)A'"(u)+g AN (W) + 2%m=D(w))
+§ A (NB() + A5 =D (1)),
If we introduce the ¥, from (12), we find
X@w) = AQ1) Z Ne(u) + A(X) Z X(u) — VA1)
=2 Vel +2m)=3 V(W) + X7 w),

where k ranges over the even indices with 0 <k < 2" and where / ranges over the odd
indices with 0</< 2",

If u=s", then A(u)={"is a 2"th root of unity. If u#1, x, we have A(u)# + 1. The
sums

(13 g Ne(u), Z ()

can be computed easily as sums of geometric progressions. Both sums (13) vanish
and we obtain the first part of the lemma.

For u=x, X(u)=1 for even k and X(u)= —1 for odd /. Hence the sums (13) are
equal to +2"~! and we obtain the first congruence for X(x). On the other hand, we
can apply Proposition 4 with r=1 and find

X(x) = Up+ Ui (1) + X *(x).

Here, #,(1)=2 (mod 2"~%). If no minor subsection (x, b) is associated with
B,, X*=0 and we obtain the last part of the lemma. If a minor subsection (x, b)
occurs, then b has defect 2 by Proposition 5.2. Then the degree of a modular
irreducible character in b is divisible by 2"~*. This means that in (4) for u=x, the
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degrees ¢(1) are divisible by 2"~ for all ¢ which do not belong to the major
subsection (x, b,). Since the coefficients of D™(¢) are algebraic integers, we find

X*(x) =0 (mod2"Y)

and the last part of the lemma holds in this case too.
We can now state the basic result of this section.

PROPOSITION 5. Let G be a Q D-group or a Q-group and let B; be a fixed block of
type (*). Then By consists of 4+ 2"~ irreducible characters. These can be denoted by
X0> X1 X25 X3> X1o X© With a € Yy, ® with Be Y, in such a way that the columns
Va, Vo With a € Yy, Vy with Be Y, —{1}, U,, U, are as follows:

Vn N A cee Ve (B#£1) U, U,

Xo 8o 3o 0 8o 0

X1 8, 8, 0 -8 3

X2 82 0 8, =8

Xa 8 0 0 -8 0

Xs 0 0 0 28, -8,
X@ 0 o ... -8&---0l0 --- 0 --- 0 0 )
x® 0 o -.- 0 --- 0|86 --- & .-- & 0 -9
x®, (B#£1) 0 o --- 0 --- 0|0 --- =8 --- 0 0 -9

Here, §,, 8,, 8,, 83, 8, and 6 are signs +1.

REMARK. The characters y;, x@, x® and the signs 8, 8 depend on 6. If necessary,
this will be indicated by adding 6 as a superscript.

Proof. Since (V,, Va)=4, the column V, has four nonzero coefficients and
these are necessarily all +1(®). Since V,,= U, (mod 2) by Lemma 6, U, has odd
coefficients in the rows for which V,, has coefficients +1 and even coefficients in
the other rows. Since (U,, U,) =8, one of these even coefficients is + 2, the others

(®) The results of Lemmas 4 and 5 as well as the values of the inner products given in
Proposition 4 are used constantly throughout the proof. No explicit reference will be made.
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are 0 and the four odd coefficients are + 1. Finally, as (V,,, Uy) =0 we see that we
can choose characters o, x1, X2, X3, X« in By and signs 8, 8,, 85, 83, 8, such that the
columns V,, and U, have the form given in the proposition. We shall denote the
coefficient of a column R for a character x; by R;. Likewise, if in the following, a
character of B, is denoted by x, the corresponding coefficient of R will be denoted
by RY.

If « € Y,, we have (V,, V,)=3, and hence V, has three nonzero coefficients each
of which is + 1. Since (V,, V) =2, (V,, Uy)=0, we find

8o(V)o+82(Va)a+8:4(Va)s = 8:(Ve)1 4+ 83(Va)a—84(V)s = 1.

If here (V,)s=3,, necessarily 8,(V,);=085(V,)s=1 and then (V,)o=(V,).=0. It
follows that V,— U,—2V, has a single nonzero coefficient, which is impossible.
Likewise, if (V,),= — 8,, we obtain 8,(V,)o=84(V,).=1 and then (V,),=(V,);=0.
Again, this is impossible, since V,+U,—2V, would have a single nonzero
coefficient.

Hence (V,),=0 for all « € Y,. It follows that

(Va)o = 8o, V)2 =0 or (V) =0, (Vo) = 8,
and
Va1 = 8y, (Va)s =0 or (Vo) =0, (Ve)s = 83.

Moreover, there must exist a character x in B, different from y,, x3, . . ., xs for which
V. has a coefficient + 1. Let @ designate this character and set (V)@= —8®= 1.

Since we can interchange y, and y, and also y, and y3, we can assume that for
a=2, we have the first alternative in both cases above. If we set §= 82, then V, has
the form stated in the proposition.

Suppose that for some « € Y,, we do not have (V,)o=38,, (V,), =9,. Since ¥, for
n=3 consists of 2 only, necessarily n>3 and |Y,|=2""2—123. The above dis-
cussion applies to V,. Since (V,, V,)=2, we see easily that we have one of the cases:

Case (2). (Vo)o=380, (Va)a=383, (V)@= -3,

Case (b). (Vo)1=381, (Va)a=383, (V)@= -3,
while all other coefficients of ¥, vanish. Choose now o' € Y, different from 2 and
«. If we do not have (V,)o=38,, (V). =9,, then for ¥, we must have Case (a) or
Case (b) and then we could not have (V,, V,)=2. On the other hand, if (V,)o=8,,
(V)1 =8, then (V,, V,)=2 implies that (V,.)® = — 8. It then follows that V.= V.
This is impossible, since (Vs,, Vo— V,)=1.

Thus, for all « € Y,, we have (V,)o =8, (V) =8,. Since (V,, V,)=2fora,a’ € Y,
with «s#a’, the characters y® with « € Y, are necessarily distinct. If a column R
is orthogonal to all V,, we have

(14) 8,Ro+8;,R, —8@R® = (.

This implies PR = §® R, If we take here R= X (1), we see that all §® are equal.
If we set =38, the columns ¥, have the form stated in the proposition.
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If a column R is orthogonal to V,,, we have
(15) 8oRo+ 8, R, +8,Ry+83R; = 0.
If R is orthogonal to V,, and U, then
(16) 8oRy+83Rz+8,R, = 0.

In particular, (14), (15), (16) hold for R= V¥V, with 8 € Y, —{1}. Since (V;, V) =2,
each V; has two nonzgro coefficients, one of which is +1 and the other —1. It
follows first that R,=0, since for R,#0, the second nonzero coefficient would be
R, or R, and then (15) could not hold. Thus R,=0 and §,R,= — 8, R,. If R;#0,
then R, =0, R® =0 and (14) would not hold. Hence R,=R,=0. Again, if R,#0,
then R35£0 and hence R®=0. Hence (14) could not hold. Thus, R, =0 and this
now implies R3=0, R®=0. We now see that the nonzero entries of ¥, occur for
characters of B, different from xo, x1, - - +» X4 X®.

Suppose first that n> 3. Then 3 € Y;. Since (V_,, V3)=1, there exists a character
x® € By such that (V_,)®=(V;)¥=5*, where 6* is +1. We also must have two
characters in B, to be denoted by x‘~% and x® such that (V_,)"P= — &%,
V§»= —&*. Consider now any B#1, —1, 3 in Y;. Since (V;, V_,)=(V;, V5)=1, it
follows easily that (V;)® = 8*. Moreover, there exists a character x©’ € B, for which
(Vp)®= —8&*. It is also clear that the 2"~2=|Y,| characters x® are distinct. Let
V§ denote the columns given in the proposition for V,. It is now clear that
Vy=388*V ¥ (i.e. we shall have to show 8= 8* eventually).

For n=3, Y,={+1}. It is here clear that we can choose x'¥, ‘- such that V_,
has the value given in the proposition. We may assume 8=46* in this case.

In order to find U,, we apply the congruence in Lemma 6. Using the values
obtained for the columns V,, V;,, V,, U,, we obtain easily that

(U)o=0, (U =8, (U)y= -8, (U)s=0
U)s = =8, (U)® =3, (U)P=—-o*
If there exist x € B, different from yy, - . ., x4, X, x®, then (U;),=0 (mod 2"~2). It
follows that U, has exactly
34| Yo+ |Y1| = 3+(2* 2 =1)+2" "2 = 2" 7142

odd coefficients. Since (U,, U;)=2""1+2, the odd coefficients of U; are + 1 and the
even coefficients are 0. If n=>4, it is now clear that our congruences for the co-
efficients of U, are actually equalities.

We claim that this is still true when n=3, where Y;={% 1}, Y,={2}. Our argu-
ment shows that (U;),=0, (U;)3=0 and that if characters y € B, different from
X0s X1» - - -» Xa» X2, x'*7 exist, then (U,),=0. Since (U,, Uy+ V,,)= —4, we have

285(Ur)2+284(Uy)s = —4
and as (U,);= + 1, (Uy)y=+ 1, this implies that (U;);= —8,, (U,),= — 8,. It now

(mod 2™~2),
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follows from (U,, V,,)=0 that (U;),=3,. Since (U,, V3)=0, we find (U;)®=8.
Finally, as (U,, V_;)=0, we have
UP=U{"v = +1.

If we have U{?=8*, we interchange x> and x‘~? which is permitted for n=3.
Then &* is replaced by —&* while U{® remains the same. Hence we have
UM =U{~V = —§* after the interchanging. This shows that our result concerning
U, still holds for n=3.

Consider a column R which is orthogonal to all V,, V,, V;,, U,, U,. Then (14),
(15), (16) hold, all R® are equal, all R® are equal and

81R1 i 62R2 - 84R4 + (2” -3 I)SR(a) - 2”’28*R(ﬁ) = 0.
Add here (16) and use (14). We obtain
an SR® = §*R® (e€ Yy, Be YY)

If we take here R= X (1), we find 8= 8*. It now follows that the columns ¥, and U,
have the form stated in Proposition 5. The proof of the proposition will be complete
when we can show that B, does not contain any character y different from
Xos - - > Xas X x®. If such y existed, we would have

(Uo)x = (Ul)x =0.

However, this is impossible on account of Theorem [7, II,(4C)] since the de-
composition number d(x, ) would vanish for each modular irreducible character
¢ € b, and since (x, b,) is a major subsection associated with B,.

We now give some consequences of Proposition 5 and the lemmas used in the
proof of the proposition. We have already noted that if a column R is orthogonal
to the columns V, with « € Y,, V,; with 8 € Yy, V,,, U,, U, the equations (14), (15),
(16) and (17) hold and that §=28*. If r is a 2-regular element of G, we can take
R=X(r). This yields

COROLLARY 1. If r is a 2-regular element of G, we have
8oxo(r) + 81x1(r) + 8xa(r) + 8axa(r) = O,
Soxo(r) +81x:(r) = 8x(r) = 8x®r),
forae Y, Be Y, and
Soxo(r) + 8axa(r) + 84xa(r) = 0.
In particular, we may take r=1.

COROLLARY 2. All ¥ and x® have the same degree f. If x; has degree f; for
0=<i<4, we have
8ofo+81fi+38:f3+83f3 =0,
Sofotdfi—8f =0, dofot8sfa+8.fs = 0.
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If u=s" has order at least 4, we can compute X (x) from Lemma 6 and Proposition
5. If r e C(w) is 2-regular, by Proposition 3, we have X(ur)= X(u)0y(r). In this
manner the following result is obtained without difficulty.

COROLLARY 3. Let u=s" be an element of S, of order at least 4 and let r be a
2-regular element of C(u). If { is a fixed 2"th root of unity, then

Soxo(ur) = 81x:(ur) = 0x(r), Saxa(ur) = dsxa(ur) = (—1)**10,(r),
Xslwr) =0,  xP(ur) = 3"+ (=)™
forje Y, U Y,.
We have already used [7, II,(4C)] in the proof of Proposition 5. Actually, this
theorem shows that the exact power of 2 dividing the degree x(1) of a character

x € By is the same as the exact power of 2 dividing (Uy),+(Uy),$:(1). If we sub-
stitute the values obtained in Proposition 5 and use (8), we find

COROLLARY 4. The degrees f,, f1, f, f3 are odd. We have f,=2""* (mod 2") and
f=2 (mod 4).

In other words, xo, x1, x2» xs have “height” 0, x, has the maximal possible
height n—1 and the ¥ and x* have height 1.

It will be convenient to separate now the case that B, has a minor subsection
(x, b) and the case that no minor subsection exists.

COROLLARY 5. Let B, denote a fixed block of type (*) such that no minor sub-
section (x, b) is associated with B,. Let s denote either one of the two irreducible
characters of odd degree different from 1 in the principal block By(2, N/{x)) and
define the sign e* = + 1 by the condition y(1)=¢* (mod 4). If r is a 2-regular element
of N, we have

xo(xr) = 8o0x(r), x1(xr) = 81e¥¢(r)by(r),
xa(xr) = —82e*y(r)0x(r), xa(xr) = —830x(r),
Xa(xr) = —84(e*P(r) — 1)0p(r),
xP(er) = 8(— 1Y (e*d(r) +1)bx(r)
forje Y,V Y,.
This is immediate from Propositions 4 and 5 and (7). Note that here X*=0.

COROLLARY 6. Let G be a Q D-group. Let B, be a block of type (*) without minor
subsection. Then the degrees f, satisfy the following congruences (mod 2"*1):

Sofo=1, 8, /1=2—e*(1), 8ofo=—e*I(1), 83f3=—1+2" In particular, f,, f, fo, f3
are distinct.

Proof. If x is a character of G, we have > x(u)=0 (mod 2"**), where u ranges
over S. Since G is a Q D-group, every u#1 is conjugate to an element s%, s%, or x
and then y(u) can be obtained from Corollaries 3 and 5. If we substitute these
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values, we obtain the congruences stated in Corollary 6, since e*f(1)=142""1
(mod 2%). It is now seen easily that f;, f, f3, f are distinct.

Assume next that a minor subsection (x, b) is associated with B,. Then b is a
block of N of defect 2. Since b corresponds to a block b of N/{x) of defect 1, b
contains a single modular irreducible character ¢# and the Cartan invariant
c(¢y, $») has the value 4. Since b has defect 2, ¢#(1)=2""' (mod 2"). If we set
R= D*)X(¢#), the column R is orthogonal to the columns X(r) for 2-regular re G
and the columns V,, V;, V,. It also follows from (5b) that R is orthogonal to
U,, U,. Finally, (R, R)=4. Hence R has four nonzero coefficients. These have the
values +1 and both signs occur. As in the proof of Corollary 1, we see that
R@=R® for all a € Y,, Be Y;. Also,

SoRo + 81R1 = SR(a) = - 82R2 - 83R3, soRo + 82R2 + 84R4 = 0.

If R¥#0, we would have at least five nonzero coefficients, which is impossible.
Hence R® = R® =0. Since an even number of R,, R;, R,, R; are different from 0,
they are all different from 0 and R,=0. If we set §,R, =%, then 8# = +1 and

‘RO = 808#, Rl = _818#, R2 = —828#, R3 = 838#.
If r is a 2-regular element of G, the relation (R, X(r))=0 now yields

oxo(r) — 31x1(r) — 3axa(r) + 33xa(r) = 0.
Then, by Corollary 1,

8oxo(r) + 83xs(r) = 0, d1x1(r) + 82xa(r) = 0.

If we first take r=1, we find §,= —8;, 8, = —&,. Then, for arbitrary 2-regular
elements r e G
xo(r) = xa(r), x1(r) = xa(r).

In particular, for r=1, we have fy=f;, fi=f;. The same results hold in the case
that G is a Q-group. Here, we have an additional subsection (z, b,) associated and
b, has defect 2, cf. Proposition 5.5. Since b, corresponds to a block of defect 1 of
C(2)/{z)> and we have unique modular irreducible character in b;, its Cartan
invariant is 4. There is then a column R belonging to this subsection and we have
the same consequences as in the other case. Thus

PROPOSITION 6. Let B, be a block of type (*). Assume that either there exists a
minor subsection (x, b) associated with B, or that G is a Q-group. Then in Proposition
5, we have 8,= — 83, 8, = — 8, and, for 2-regular r € G, xo(r)=xs(r), x2(r)=xs(r). In
particular, for r=1, fo=f3, fi=f5.

Our results show again that in the case of a Q-group G, no minor subsection
(x, b) is associated with B,. Moreover, in the case of a Q D-group, we can have at
most one such minor subsection. Indeed, if this was not so, we would have two
columns belonging to different subsections which are linearly dependent. This is
impossible by (5b), cf. also Proposition 5.3.



100 J. L. ALPERIN, R. BRAUER AND D. GORENSTEIN [September
Proposition 4 now yields

COROLLARY 7. Suppose that B, is a block of type (*) such that a minor subsection
(x, b) is associated with By. Then there exists a unique modular irreducible character
¢# in b. There exists a sign 8 = + 1 with the following property: If r is a 2-regular
element of N, we have

Xo(xr) = 8o(On(r) + 8#¢#(r)), x1(xr) = 81(e*(r)On(r) — 3#$#(r)),
Xa(xr) = =85(eM(r)On(r) + 8#(r)),  xa(xr) = — 83(On(r) — 3#4#(r)).

For x4(xr) and x)(xr) the same formulas hold as in Corollary 5. We have $#(1)=2""1
(mod 2%),

Our method can also be applied to elements in the 2-section #(z).

COROLLARY 8. Let G be a Q-group and let B, be a block of type (*). Let (z, b,)
denote the subsection of Proposition 5.5 associated with B,. Then b, contains a unique
modular irreducible character ¢®. There exists a sign y= + 1 with the following
property: If r is a 2-regular element of C(z), we have

xo(zr) = doy¢™(r),  xa(zr) = —81y¢A(r),
xa(zr) = 8,y$@(r), xs(zr) = —8qy$@(r),

while y4(zr) and all x*(zr) vanish.

Our results apply when By=B,(2, G) is the principal block. Here, 6y can be
taken as the principal character of N and hence B, is of type (*). By [6, I, Theorem 3],
no minor subsection (x, b) is associated with B,. Of course, the principal character
of G is one of the characters of G. Corollaries 3 and 5 show that this must be the
character y, in the notation of Proposition 5; f,=1, §,=1. It now follows from
Corollary 2 that §=38;, 8;+f,=f, 8,=—3,, 8,+/f>=f:. Proposition 5 and the
corollaries yield now Propositions 2.1, 2.2, 2.3, 2.4, 2.5 with the following
exceptions:

(i) In the case of a Q D-group and of a block B, without minor subsection, we
still have to show that exactly two of the signs §,, 8,, 8; are —1.

(ii) We still have to show e=¢*, y(1)=q.

(iii) In the case of a Q-group, we have to show that we cannot have fo=f, =f, =15
in the case of the principal block By(2, G).

(i) will be treated in §7, where we also prove the Proposition 2.6. The other two
statements can be handled easily. We first note that the proof of Proposition 2.7
can now be applied and we find (1)=q. Since ¥(1)=e* (mod 4), we have e=¢*
(mod 4). Thus e=¢*. We state this as a corollary.

COROLLARY 9. Let G have the characteristic power q. In Corollary 5, we have
P(1)=q, e=¢*.
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Suppose next that B, is a block of type (*) and that we have fy=f; =f,. Then
Corollary 2 implies that f=f,=2f,. However, this is impossible since f#f; by
Corollary 4. This takes care of (iii).

7. Formulas for the order of G. We shall assume in this section that G is a
Q D-group of characteristic power g. We shall apply the general results of [6, II, III].
The notation will be the same as in §6.

If u is an element of S, of order 2", then u is not conjugate to = ! in G. If x’ and
x" are two conjugates of x in G, the 2-factor of x'x" cannot be u. If B is any 2-block,
[6, 11, Proposition 4] shows that

xG)x(w) _
(0] ; i) 0,
where y ranges over all characters of B. In particular, take B as a block B, of type
(®). It follows from §6, equations (12) and (9) that V,, with m=2""1 is a linear
combination of columns X(u) such that u €S, has order 2". Thus (1) remains

valid if y(u) is replaced by (V,,),. Using the coefficients of ¥, given in Proposition
6.5, we find

2 2 2 2
p) Y XO(x) +8 Xl(x) +8 Xz(x) +8 Xa(x) = 0.
( ) 0 fo 1 f;l 2 .f2 3 f3
Corollary 6.2 yields

3) Sofot+8:1f1+8:/2+0f3 = 0.

Suppose first that B, does not have a minor subsection (x, b). The values of
xi(x) can be obtained from Corollary 6.5. Then, ¥(1)=g, cf. Corollary 6.9. Since
0x(1)=1, we find

+83 = 0.

8"f’”slfl”%fﬁ 7

This can be written in the form
8083(80/o+ 83f5)/(fofs) = —q*8:85(3,/1+8212)/(f11)-
By (3) and Corollary 6.6
—(81f1+82/2) = Sofot+8afs
Since then 8, f; + 85 f3 #0, cancellation of this factor yields

3083/(fof3) = q%8:18:/(f112)-

Hence we have 8,8,8,8;=1, f1 fo=¢%f;. As shown by (3), not all §; have the same
sign. Thus, exactly two of them are —1 and we have

2" (mod 2%).

PROPOSITION 1. If By is a block of type (*) without minor subsection (x, b), exactly
two of the signs 8, 8,, 8,, 85 are —1 and we have

Q) Nife = 9%ofs
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Assume next that B, has a minor subsection (x, b). We now have to use Corollary
6.7. Set M=258#¢#(1). Since e=e*, Y(1)=¢q by Corollary 6.9 and since §,= —3§,,
8, = —6,, fo=fs, f1 =S by Proposition 6.6, (2) now reads

0.

A+ MP—(1—MY . (cq—M)—(eq+ M _
% 7 + 7 =

Thus 8,f14M — 8, fodeqgM =0.
Since M #0, we have

ProrosITION 2. If B, is a block of type (*) with a minor subsection, we have
Si=f2=qfo=qf;s and 8, =e8,, 3;= —ed,, 83= —3,.

We next apply [6, 111,(2A)]. The subgroup G occurring in this theorem will be
taken as N, p=2, n=y,=y,=x. Then G is itself a Q-group of the characteristic
power g. We set By=(b,)". Then Bj is a block of N of type (*). We use analogous
notation for B, as for B, with tilde signs added. Thus, B, consists of characters
Ros - - -» Xa» X2, ¥®, we have signs §;, §,, etc. The results of §6 hold for B,.

LEMMA 1. We may assume that %, =40y. We have

j:)__'f(;:la f;.=.f2=qa .ﬂ:q_es f=q+89

@) =1 7ux) =9 1 =9 xx=1

Xa(x) = —(g—29), () =(=1(g+e) (forje Y,V Yy),
%@ =1, x0@)=-e& @)=t x@)=-1, (=0 32 =0

So=1, Sl=6, 82’:—‘8, 33=_l, S=8, S4=8.
Proof. We first take 0y as the principal character 6, of N. Then E,o is the principal
block By(2, N). The results of §6 show that the character(*®) 3¢ is the principal
character 6, of N, §§=1 and that o and §¢o’ of degree q are the two irreducible
characters of By(2, N) of odd degree different from 1. Either one can be taken for
¢ in Corollary 6.5 (in the case of an arbitrary 0 of type (*)). We shall choose ¢ = 3.
Since
j‘(oo) = S‘“o’Sﬁ’o%"o’-}- S“’o’S‘fo’f‘{%’ = S("o)(l + g(loo)q)

is a degree of an irreducible representation (Corollary 6.2) and since this degree

is not divisible by 4 (Corollary 6.4), we must have §¢0’=¢, §¢=¢. Now Corollary
6.3 yields

5) Y(w) = ¢ (forue Sy—{1, x}).
For an arbitrary 6 of type (*), by Lemma 6.1,
Ea = (ba)N = HNBO(z, N )

(*°) As was mentioned, the characters x; of B, depend on 6. In order to emphasize this
point, we write (x;)® for x; whenever necessary.
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In particular, 6, and 6y belong to B;. Corollaries 6.3 and 6.5 in conjunction with
(5) show that ¥’=6y, % =0y, and that §=1, §”=¢* By Corollary 6.9,
89 =¢. It is also clear that f&® =1, f{® =q. Proposition 6.6 shows that

0) — 0) — 0) — 0) —
5)—% fé)_ 13 8(2)_ ) 8(3)_ -L

Corollaries 6.2 and 6.4 yield §®=¢, f@® =g+, §0=¢, fO=g—

The values of the characters for the element x are obtained from Corollary 6.5.
We have

X)) = 0x(z) = 1.

Now Corollary 6.8 shows that y=28§"=1, 4?(1)=1 and it also gives the values of
the other characters for the element z.

It is clear that ¢ remains the same, if G is replaced by N.

For each character % € B, we have to form the expression

© h(x) = xXIN|~*+x(2)|C| .
Let R be a column X (u) for the block By, u € S;—{1, x}, and let R denote the cor-
responding column for B,. Then [6, II[,(2A), (2B)] states that

) 615 @ X0 v 3y, KL
where on the left y ranges over the characters of B, and where on the right, %
ranges over the characters of B,. The same result holds when R is a column U,
(i=0, 1) and R the corresponding column U, for B,. More generally, (7) holds
when R is a linear combination of the columns X (%), U,, U, and R the corresponding
linear combination of the columns X(u), U,, U,.

We first take R=V,. The equations §6, (12) and (9) show that R is indeed a
linear combination of columns X(u). Then R is to be the corresponding columns
V, for B,. The coefficients of ¥, are given in Proposition 6.5, and we have analogous
formulas for 7,. We obtain

|Gl(8oxo(x)*fo  + 81x1(x)*fi  — SxP(x)*f 1)
®) 3 S \2f-1 5 \2f-1 H2) F-1

= |N|°Goh(x0)fo * + 8,0t — Sh(Z®)f - ).
Here, by (6) and Lemma 1,

h(xo)) = [N|7*+[C|™%,  h(z) = |N|"'q—|C| e,  h(F®) = |N|~(gq+e),
and the right hand side of (8) becomes
INPN|=1+|CI= )2 +eq X (IN| g —|C| ) —e(g+e) "} |N| (g +e)?)
= [NPIC|2(1+=q7") > 0.
Consider first the case that B, does not have a minor subsection. On account of

Corollary 6.5, the left hand side of (8) is

O
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As shown by Corollary 6.2, we have
) Sofot+0:/i—8f =0

and our expression becomes

IGl 808:1(8:1f1— 680]‘0‘])2‘
Jofi(Sofo+81f)

Our equation shows that the numerator does not vanish. We now have

PROPOSITION 3. Suppose that B, is a block of type (*) without minor subsection.
Set

(10) 0, = 5,5, Bufi=cbofoa)®

Y FofiGofo+8uSD)
Then Q,#0 and we have

N]® 1
(an 61 = foa g =

Consider now the case that B, has a minor subsection (x, b). The right hand
side of (8) remains the same. If as before M = §#¢#(1), we now have (by Corollary
6.7) xo(x)=280(1+ M), x1(x)=38,(eq— M), x?(x)=5(eq+ 1), and the left hand side
of (8) reads

(A+M)? o (eg—M)*  (eq+1)
O e B e |
Apply here Proposition 2 and (9). The expression can be written in the form
|G|8oM %(q+ ¢)/(qfo). Here M = + ¢#(1), where ¢# is the unique modular irreducible
character in the block b. Since b has defect 2, then ¢#(1) is the common degree of
the four ordinary irreducible characters in b. Since the left hand side of (8) has the
sign 8, and the right hand side is positive, we have 6,=1. We obtain

PROPOSITION 4. Let B, be a block of type (*) which has a minor subsection. Then
8o=1. The block b of N of defect 2 consists of four ordinary irreducible characters
all of which have the same degree f*. Then

INI® fo
[C? (f#)?
We can also use (7) in the case that R=V,+ U, and R=V,+U,. A similar

computation yields the following result (which can also be deduced from Proposi-
tions 1 and 3).

G| =

PROPOSITION 5. Let B, be a block of type (*) which does not have a minor sub-
section (x, b). Set

) 0s = o3, el )

fofeGofot+8:12)
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Then Q,#0 and
13) |G| =

W

|N|> 1 g—e
ICI* Q. ¢
Proof. As shown by Proposition 6.5, (7) reads here

2|G|(8oxo(x)*fo * + Saxa(x)*f5 1 + 8axa(X)?fY)
= 2| N|*(Boh(Xo)o * + 8:h(%2) 5 * + 8uh(%0) i ).
Lemma 1 and (6) show that the right hand side is
2INPNI+[C| =12~ &(IN| g+ |C|*e)°g = +¢|N|~Hg—e)*(g—2) ")
= 2[NP*|C|~*(1—eq ™).
On the other hand, the results of §6 yield

Sofot82fa+8sfs =0,
xo(x) = 8o, xa(%) = —8seq, xa(x) = —84(eq—1).
The left hand side of our equation then becomes
2|G|(8of5 * + 82975 —(eq— 1)*(3ofo+3212)™Y)
= 2|G[835(82 12+ €80 f0q)*f5 Yfs (8o fo+82f2) ™ = 2|G|Q,
and we obtain the statement.

If B, is the principal block By(2, G), as we have seen at the end of §6, d,=1,
fo=1, 8=8;, 8,= —8&,. Propositions 1, 3, 5 and Corollary 6.6 apply. This yields
Proposition 2.6 and we see that exactly two of the signs §,, 8,, 8; are —1. Now all
the statements given in §2 without proof have been derived.

We investigate further blocks By of type (*) without minor subsection. Our aim
is a proof of Proposition 6 below.

LeMMA 2. If B, is a block of type (*) without minor subsection (x, b), we have
(14) 8:1fo+80f1 > 0, 82fo+80f2 > 0.

The numbers Q, and Q, are positive and they are the same for all choices of B,
satisfying the hypotheses of the lemma. We have

(15) 0:(g—2) = Qx(q+9),

6 0. = _Oui=Soial __ Gafs—chofil
1 8081 fofi(Bofo+ 81 11) 8285 f2f3(82 12+ 83 f3)

an 0, = (82f2+ 80 f0q)* (8,/1+¢85f39)°

T 800afofaBofot 02fs)  810af1fa(01fy+ Bafa)

Proof. It follows from (11) and (13) that the expressions @, and Q, do not
depend on the particular choice of B,. Moreover, Q, and Q, are positive and satisfy
(15). The first inequality (14) follows from (10) and the second inequality (14)
follows from (12).
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The first part of (16) occurs in (10). On account of (4),

(Brfi—e8ofoq)? = fi HZ(81/1—2d0f0q)? = [ *(81f0f3q* — B0 fof2q)?
= f5 3q%(31fsa—€80/2)* = fofif3 s *(8afa— 808185 139).

If we substitute this in (10) and use (3) and §,6,8,8;=1, we obtain the last part
of (16). The proof of (17) is analogous.

LEMMA 3. We have
(18) 2/5 < Q, < 32/19 (i=1,2).

Proof. We shall prove (18) here for g = 7. For g=3 and ¢g=35, (18) will be obtained
in §8 by a direct argument. On account of Lemma 2, we may choose B, as the
principal block By(2, G). Then fy=1, §,=1.

Suppose first that f;>100. It follows from (4) that we can choose j=1 or 2
such that f;> 10g. By (16), (17)

- Ui=9? _ (i+9?
O =77zn * =7iGeD

In the former case, replace f; by a variable w=10q. We then have an increasing
function of w and hence

0,>S __8_gq
!~ 10q(10g+1) ~ 10 10g+1

This holds in the latter case, too, since here Q,> 1.
Similarly, we see that in the latter case, Q, is less than the value obtained when

f; is replaced by 10g,
121¢2 121 ¢

Qs < 10g(10g+1) ~ 10 10g=1"

This holds in the former case, too, since here Q; < 1. Now (15) shows that for both
values i=1 and 2

81 ¢ gq-1 121 _¢q gq+1
(19) 070g+1g+1 - & <10 0g=14=1
Since g=7, then
8173 121 7 4

107122 <10 &3
This shows that (18) holds in this case.

We show next that, for g=7, the case f; <100 is impossible. Suppose we have
f3<100.

Case 1. §;=1.

By Proposition 2.8(iii), g% < f; < 100. Since we assume g=7, then g=7 or g=9.
In both cases, n=4. By Corollary 6.6, f;=15 (mod 32). We have then only the
possibilities

fo = 15,47,79.
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The equations (3) and (4) read here
Itfs =fitfe,  fifa = 4%

We easily obtain a contradiction for each of the three values of f; since f; or f,
is divisible by the largest prime factor of f;.

Case 2. 8;=—1.

Here, by Corollary 6.6, f;=1+2" (mod 2"*?). Since f; < 100, then n<6 and we
have only the following possibilities:

n=3 and f;=9, 25, 41, 57, 73, 89;

n=4and f;=17, 49, 81;

n=5 and f;=33, 97,

n=6 and f3=65.
If §,=1, 8,= —1 with {i, j}={1, 2), here
(20) 1+fi = fitfs, Sifi=d%

If d is the greatest common divisor of f; and f;, d divides f;—1. Since d then is
coprime to f3, the second equation (20) shows that d? divides g2, i.e. d divides q.
Now g is a power of a prime p, say ¢g=p' and we have d=p* with 0 A=/

Suppose first that A=0. By (20), ¢2 divides either f; or f;. In the latter case, f;
divides f;. This is impossible since the first equation (20) shows that f; > f5.

Hence ¢? divides f;, say f;=¢?f;. Then f;=f{f,. Since f3#f; by Corollary 6.6, we
have f; = 3 and then

3¢2 < 14£/q% = 14f;, = fi+fs = fo(fi T +1) < 4f;/3.

Thus, g2 <400/9. As we assumed g = 7, this is false.

We have now proved that A>1 and that p* divides f;— 1. The second equation
(20) shows that either f] is divisible by p2 ~* and f; divisible by p* or that f; is divisible
by p* and f; divisible by p?'~*. We consider two cases:

Case a. fi=p?~*a, f;=pB.

Case B. f,=p"B, f;=p? *« with integral «, B.

In both cases

21 o = fa.
Since A=/ and f; <f; <f;+f3, we see from (20) that in both cases
22 B> 1

Suppose first that A>2. Inspection of the values possible for f; shows that the
only value for which f;—1 is divisible by a power p* of an odd prime p with an
exponent A =2 is the value f;=73. We then have n=3, p=3, A=2. By (21) and
(22) a=1, B=173. Here, (20) yields

Case a. 1+321-2=32.73+73.

Case B. 14+9-73=32-2473,
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The case B is clearly impossible. In the case «, we find 3%-2=729, /=4, g=81.
However, for g=281, we have n=35, a contradiction.

Thus A=1. On account of (20) and (21),

Case a. 1+p?~la=pB+ap.

Case B. 1+pB=p*~la+op.

If «=1, then

3 _p21—1+1 B _p2l—1_1‘
fo=B=T o fi=f=Po

None of the values possible for f; has this form except f3=>57. For f;=57, we must
have n=3, d=p=7. If «=1, we necessarily have Case 8 and p*~1=343, /=2,
g=49. However, then n=5, a contradiction.

Thus, in addition to (22), we have o> 1. Since the greatest common divisor d’
of « and B divides f; and f; and hence d=p, we find d’=1. Now (21) shows that f3
cannot be a power of a prime. This leaves us only with the cases f3=57, 33, 65.
For f3;=33 and f;=65, no odd prime p divides f;—1. For f3=57 we have «a=19,
B=3or a=3, =19. Here p=7. In the former case, we find p8=21= + 1 (mod 19),
which is not true. In the latter case, we have 72~ 1.3=pB+ («f—1)=133 + 56.
Again, this is impossible.

We have now shown that, for g7, we cannot have f; <100 and the lemma is
established (for g=7).

PRroPOSITION 6. If B, is a block of type (*) without minor subsection, then x,
has degree fy=1.

Proof. Suppose that f,##1. Set
(23) flhh=wlg,  flfe=vig, filfi =wla, filfo=V]4.

By (4),
24) w' =wu =L
We can now write (16) and (17) in the form
0, = U=ebdyl® _ (—ehidyly
25) VT Sofo(1+80810g7Y) (= 83)fa(1 482857 Y)’
(1 +88,v) (1+8,3,u')?

Q2 = 5 708050 (= 5)fall +0:504 D)

We show next that u, v, ', v' are all larger than . Suppose that this is false and
that £ <%, where ¢ is one of p, v, u', v'. By (25), we have a relation

1281 xég™ )= £fi Qe

with i=0 or 3 and «=1 or 2. Since the expression on the left is positive, the +
sign applies on the right. If i=3, this means that 8= —1. It follows from Corollary
6.6 that ;=9 for i=0 and i=3 (since f, was assumed to be different from 1). Using
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Lemma 3, we have (1 +§)32?>9-(2/5)(1 —éq~?*). Since 0< £ <%, the left side is at
most equal to 25/9. On the other hand, the right hand side is at least (18/5)(1 —2/9)
=14/5. This is a contradiction. Thus p, v, u’, v'>%. Then, by (24) u, v, p’, v' <3/2
and, by (23),

(26) fo<f So<fo Sfs<h, fa<fa

If §,=—1, then (14) shows that 8, >0 and that f;>f;, a contradiction. Thus
80 = 1.

If §;=1, by (3) and Proposition 1, f,+f3=f1+/. Again this is not consistent
with (26). It follows that 8,=1, 8;=—1 and that one of 8,, 3, is 1 and the other
—1, say 8;=1 with i=1 or 2. Set {=p when i=1 and {=v when i=2. It follows
from (25) that

(1£8? =1f0(1+&47") > fo 0.

The left side here is less than 25/4. By Corollary 6.6, fo=38,=1 (mod 16). Since
fo#1, then fy 2 17. Since Q,>2/5 by Lemma 3, again, we have a contradiction and
the proof is complete.

If x is a character of degree 1 of G, we shall write xBy(2, G) for the set of characters
obtained by multiplying the characters in By(2, G) by y. Clearly, this is a 2-block
of G.

COROLLARY 1. If B, is a 2-block of type (*) without minor subsection, then
Bo=XgBo(2, G).

This is now clear since as was shown, x§ is a linear character. Hence we have a
2-block on the right side and x§ is a member.
We can also show the converse of Proposition 6.

PROPOSITION 7. If B is a 2-block of G which contains a character x of degree 1,
then B is a block By of type (*) without minor subsection and x=x}.

Proof. It is clear that B has full defect n+1 and then B has the form By=»5§,
where 0 is an irreducible character of N(S)=S x E which is trivial on S. Since
x € b§, an argument similar to that used in the proof of Lemma 6.1 shows that, for
2-regular r € E,

x(r) = 8(r) (mod p),

where p is a suitable prime ideal divisor of 2. Again, this implies that §|E and
x| E have an irreducible constituent in common. Since 6|E is irreducible, and since
x is of degree 1, this means that 8| E=x|E. As a linear character of G, y is trivial on
G'. Since G is a Q D-group, we have SSG’. It is now clear that x|N is an extension
of 8 to N which is trivial on S. Thus 6 is of type (*), we may take 6y =yx|N.

We now know that the results of §6 and the preceding results of §7 apply to
B=B,. Suppose that B, has a minor subsection (x, b). The character y € B, can
only be one of the four characters y§, x¢, x4, x§ of odd degree in B,. Proposition 2
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rules out x4, x5. On the other hand, Corollary 6.7 shows that y8(x)#1, x3(x)#1.
Since x(x)=1, this case is impossible.

Hence B, has no minor subsection. By Proposition 6, x§ has degree 1. Since
Corollary 6.6 shows that no other character in B, has degree 1, the proof is com-
plete.

We shall give another application of Lemma 3.

PROPOSITION 8. Let G be a Q D-group. Let t be the 3-element of G in §1, equation
(1). Then G={N, t>.

Proof (for g=7). Set Go=<N, t). It is clear that G, is a Q D-group. Moreover,
Ng,(x)=N and hence g, N and C are the same for G, as for G. We shall use the
same notation for G, as for G with superscripts 0 added. Applying Proposition 3
to the principal 2-blocks both of G and G,, we have

|G:Go| = 01/0Q.
Now Lemma 3 yields
|G:G,| = 5-32/(2-19) = 160/38.

Hence |G:Gy|<5. Since |G:G,| is necessarily odd, then either Go=G or else
IG: Gol =
Suppose we have the latter case. Then 0{®=30Q,. If g=7, by (19) applied to Q,
and Q{,
121
10

wIA
w
al=

(R
Sl

T
69

Since this is false, we have G=G,=(N, t) for g=7. As to the cases g=3 and g=5,
the proof of the proposition will be given in §9 by means of the following:

REMARK. Suppose that for some fixed g, there are not two values which Q,
can take such that one of these values is three times the other value. Then Propo-
sition 8 holds.

Actually one can give an alternate proof of Proposition 8 by using Bender’s
classification of groups which contain a strongly embedded subgroup; cf. [2], [3].
Indeed, since G, is a Q D-group, it has only one conjugacy class of involutions;
and since N=G,, it follows that G, contains the centralizer in G of each of its
involutions as well as the normalizer of a Sylow 2-subgroup of G. Hence if G,<G,
G, would be a strongly embedded subgroup of G. However, this contradicts
Bender’s theorem and therefore G,=G.

COROLLARY 2. If G is a QD-group and if O(N)!=O(N), then O(N)< O(G).

Proof. Indeed, if O(N)'=O(N), then the normalizer in G of O(N) includes
{N, t>. By Proposition 8, we have that O(N) is normal in G and this implies
O(N)< 0(G).
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8. QD-groups of small characteristic power g. As before, G will be a Q D-group
of characteristic power q. We shall work with the principal 2-block By(2, G) and
the notation will be that of §2. Thus, x;, ¥ will be the characters of By(2, G), etc.

For each fixed ¢, Proposition 2.8 allows us to discuss the values possible for the
degrees. We have to separate the cases 8, =1, 8,=1, and 8;=1. In each case, we
have a positive integer A<q® such that 4 divides q%(g®2~1). Then f;, fa, f5 are
determined by . The congruences (6) of Proposition 2.6 impose further restric-
tions. If we know f3, f3, f3, the degrees f, and f are obtained from Proposition 2.4.
Then Proposition 2.6, (4) gives a formula for the order g=|G|. As in §3, we set
A=C N O(N), |A|=a and |O(N): 4| =b. Then |O(N)| =ab.

In the first part of this section, the discussion will be carried out for g=3, 5, 7,
and 9.

In general, if we set g=p™, where p is a prime, e is an odd divisor of m. In our
cases, we must have e=1 by Proposition 2.3.3. Then the results of Chapter 2,
§4 yield

()] IN| = 2abg(g—1)(g+1), |C| = 4|Co| = 2a(g+e).
Cf. equation (4) of §3.

PROPOSITION 1. If G is a Q D-group of characteristic power q=3, we have one of
the following two cases

M) fi=11, f,=45, f3=55, fs=44, f=10,
|G| = ab®-2%-3%2-5-11 = 7920ab®
an f,=27, f2=13, f3=39, f,=12, =26,
|G| = ab®2*-33.13.
In both cases, A83= 1. In the case (I1), G is regular.

Proof. If =3, we have n=3, e= —1. Here 0<h <9, h|72.

If 8, =1, then f,=9—h and f,= —3 (mod 16) (Propositions 2.4 and 2.6). This is
impossible.

If 8,=1, then f;=9—h and f; = —5 (mod 16). Again, this is impossible.

If 8;=1, either f,=9+h or f;=9+h. Since fi= -5, fo=—3 (mod 16), in the
former case h=2 and we find the results given in (I). In the latter case, h=4 and
we have Case II.

COROLLARY 1. If ¢=3 and if Q,, Q. are as in Lemma 7.2 we have Q,=32/55,
Q,=64/55 in the Case 1 and Q,=32/39, Q,=64/39. In both cases, Lemma 1.3
holds. Also, Proposition 7.8 holds for q¢=3.

As to the last statement, it is immediate that the remark stated in §7 in connection
with Proposition 7.8 applies.
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PROPOSITION 2. If G is a Q D-group of characteristic power 5, we have one of the

following three cases:
@D f1= 125, fo=21, f3=105, f,=20, f=126,

|G| = ab®-2%-32.53.7.

G is regular and §,=1.
(II) f1= 199f2=75’f;3=57’f;=763f= 18,

|G| = ab®-2%.32.52.19.

Here, 6,=1.
(1) f1=3S, f,=385, f3=119, f,=84, f=134,
v|G[ = ab%-2%.32.5.7-17,

83 = 1.

Proof. Here n=3, e=1, 1<h<25, h|25-24.

If 8,=1, then f,=25—h and f,=5 (mod 16). Then f,=5, h=20 or f,=2I,
h=4. In the former case, we find f; =35, while by Proposition 2.6, f; = —3 (mod 16).
Hence this case is impossible. The latter case leads to Case (I).

If 8,=1, then f;=25—h and f;=3 (mod 16). Since h=22 is excluded, we must
have f; =19, h=6. This yields Case II.

If 65=1, then =3, f,=5 (mod 16). We have either f=25+h or f,=25+h.

In the former case f; =35, h=10 and this leads to Case IIL In the latter case,
fa=37, h=12. Howeyver, then f; =75#3 (mod 16) and this is impossible.

COROLLARY 2. For g=5, we have
Case 1. Q,=32/35, Q,=64/105.
Case 11. Q,=32/19, Q,=64/57.

Case 11I. Q,=160/119, Q,=320/357.

Again, Lemma 7.3 and Proposition 7.8 hold.

ProPOSITION 3. If G is a QD-group of characteristic power T, we have one of the
Jfollowing two cases:
D) f1=55, fo=441, f3=495, f,=440, =54

|G| = ab®-25-3%.5-72.11.
(1) f1=343, f,=57, f3=399, f,=56, f=342
|G| = ab®-25-32.73-19
and G is regular.

Proof. For g=7, we have n=4, e=—1, 1 <h<49, h|49-48.
If §, =1, then f,=49—h and f,= —7 (mod 32). Then f,=25, h=24. This implies
f1=49. However, we should have f; =9 (mod 32), a contradiction.
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If §,=1, we have f,=49—h and f;= —9 (mod 32). Then f, =23, h=26. This is
impossible since A should divide 49-48.
Thus, 83=1 and then
fi=-9, fo=—-7 (mod32).

Either f;=49+h or f,=49+h. In the former case, necessarily f; =55, h=6 and
this leads to Case (I). In the latter case, f;=157, =8 and this leads to Case (II).

PRroPOSITION 4. If G is a QD-group of characteristic power q=9, we have one
of the cases:
D £1=T729, f,=T3, f3=657, f,=T2, f=T30,

|G| = ab®-25-38.5.73,
and G is regular.
) f1=1T1, f,=567, f;=497, f,= 568, f=10,

|G| = ab®-25-3%.5.7.71.
(II) £, =135, f,=201, f, =335, f,=200, f=134,
|G| = ab®-25-3%.5%.67.

Proof. For g=9, we have n=4, e=1, 0<h <81 and h|81-80.

If 6;=1, then f,=81—h and fi=-7, f,=9 (mod 32). Thus, f,=9, h=72 or
fa=41, h=40 or f,=73, h=8. In the first of these cases, we find f; =9 which is
impossible. Likewise, the second case is impossible since we would find f, =
# —7 (mod 32). Hence A=8 and this leads to Case (I).

If 8;=1, then f,=81—h and f,=7, f,=-9 (mod 32). Then f,=7, 39, or 71,
but the condition h|81-80 is satisfied only in the last of these cases. Here, h=10
and we are led to Case II.

If 63=1, we have f;=7, f,=9 (mod 32). Either f; =81+ or f,=81+h. In the
former case f; =135, h=>54, since for f;=103, & would be 22 and would not
divide 81-80. For h=>54, we are led to Case IIL. In the latter case, f,=105, h=24,
since for f, =137, h would not divide 81 - 80. For A=24, we find f; =351 7 (mod 32),
so that this case does not occur either.

In the rest of the section, we shall determine the corefree Q D-groups of charac-
teristic powers g=3 and 5. For the cases g=7 and 9 this will be done in Chapter VI
by the methods used for arbitrary g, as particular cases of the Third Main Theorem.
In the case g=3, we could have referred right from the beginning to a result of
W. J. Wong [30].

We start with a number of lemmas which hold for corefree QD-groups G of an
arbitrary characteristic power q.

We recall that the characters y;, xa, xs, xa Of the principal block By(2, G) take
only rational values (Corollary 2.2). Moreover, if G is corefree, i.e. if 0O(G)=1,
then y;, x2, Xs, x4 are faithful (Corollary 2.3). Then a theorem of Schur [25] applies.
We obtain
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LeMMA 1. Let G be a corefree QD-group. Let p be a prime number and let o(p)
denote the exact exponent with which p divides |G|. Then

a(p) = [A/(p—D1+ 1A/ p(p— DI+ A/ P*(p—D]+- -

Sor 15iZ4.

We can also use a similar principle with G replaced by N. We show

LEMMA 2. Suppose that O(N)# 1. Let i be one of the indices 1 or 2. There exists a
faithful character 7, of N such that v,(r) is rational for r € N of odd order and that
* =1,(1) satisfies the conditions

f*=0 (mod2/-Y), 2f*<fi—q.
If p is an odd prime and if p divides |N| with the exact exponent «*(p), then

o*(p) £ [f*/(p—D1+1f*/p(p— D1+ 1f*[p*(P— D]+ - -.

Proof. Let £ denote the sum of the irreducible constituents of y;| N which lie
in the principal block B,(2, N) and let 5 denote the sum of the remaining irreducible
constituents of x| N. Thus,

2 XN = €+

Here, 7#0, since O(N)#1 and £ is trivial on O(N) [6, I, Theorem 1].

Let ue So—{1} and let r be a 2-regular element of C(u). Then y,(ur) and &(ur)
each are linear combinations of the values ¢(r) with ¢ ranging over the modular
irreducible characters of the principal block By(2, C(v)), while n(ur) is a linear
combination of the values ¢(r) with ¢ ranging over the modular irreducible
characters of C(u) not belonging to By(2, C()), cf. [5, II] and [6, I, Theorem 3].
It then follows from the linear independence of the modular irreducible characters
that

3 n(ur) = 0.
In particular, 7(x)=0 for all u#1 in S, and this implies
©)] 7(1) =0 (mod 2").

If w is an irreducible character of N, then as x belongs to the center of N, either
w(x)=w(1) or w(x)=—w(l). In the former case, x belongs to the kernel of w.
Let £, denote the sum of the irreducible constituents of £ whose kernel contains x.
Let 7, denote the sum of the irreducible constituents of » whose kernel contains x.
Set

&) = §6+6, 7 = Mo+
If r € N is 2-regular, by (3) with u=x,

0 = n(xr) = no(xr) +n1(xr) = no(r) —m(r).
Hence

©) 70(r) = m(r).
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In particular, 5, and %, have the same degree f*+#0. By (4), 7,(1)=0 (mod 2"~1).
Now (2) and (5) yield

Si = x(1) = &)+ E(1) +2n.(1).
Since 5(x)=0,

xi(x)=£o(x) + £1(x) = £o(1)— &:(D).

Sitx(x) = 26(1) +27,(1) 2 2m,(1),
Si—x(x) = 26,(1)+295(1) 2 27,(1).

Since y(x)= ¢ for i=1, 2 (Proposition 2.3), f*=mn,(1) satisfies the conditions
stated in the lemma. '

Let K be the kernel of #,. Since 7,(x)= —,(1), x ¢ K. This implies S, N K={1}.
If K has even order, K must contain the element z. However, then K would also
contain xz which is conjugate to z in N. This is impossible, since x ¢ K. Thus K
has odd order and then K< O(N). If r € K, by [6, I, Theorem 1], &(r)=£(1), since
all irreducible constituents of £ belong to By(2, N). On the other hand, by (6),
7o(r) =71(r) =,(1). Hence

Hence

x(r) = éD)+9(1) = f.
This means that r belongs to the kernel of y;. Now Corollary 2.3 shows that r=1.
Thus, K={1}, i.e. 9, is a faithful character of N.
Let 7 be an element of the Galois group of the field of characters of N over the
field of rational numbers. As y; takes only rational values,
4 =x=xi=€E+7"

Since = permutes the characters of By(2, N) [6, I, Lemma 2], *=2. It follows that
7* takes only rational values. Now (6) shows that 7,(r) is rational for 2-regular
reN.

The last part of the lemma is obtained by applying Schur’s Theorem [25] to the
restriction of %, to a Sylow p-subgroup of N.

LeMMA 3. Let p be a prime which divides a=|A|=|C N O(N)| but which does not
divide e(q+¢). Then, for 1 <i<4, 4(p—1)<f.

Proof. Let r be a p-element of 4. Then T'< C(r) and hence
Q) x(r) +xu(xr) + xi(zr) + x(xzr) = 0 (mod 4).

By Proposition 2.3 and [6, I, Theorem 1], y;(xr)=x,(x) as r € O(N). If ¢ is as in
equation (1) of §1, ¢ normalizes T and then C=C(T) and we have

rteAt < Ct = C.

Since A=CnN O(N) is normal in C and |C: 4| =2(q+¢)e (cf. equation (4) of §3),
it follows from the hypothesis that rt € A< O(N). By Proposition 2.3,

xizr) = x((zr)) = x(xr') = x(x).
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Similarly, rt™* € A= O(N) and x,(xzr)=x(x). Now (7) yields x,(r)=x(x) (mod 4).
For r=1, then f;=x,(x) (mod 4). Thus, for any p-element r of A4, x,(r)=f; (mod 4).
Since y,(r)=f; (mod p), we can set

@® x(r) = fi—4px*(r)

with rational integral x*(r). As x, is faithful, x*(r)>0 for r#1. If we add (8) for all
r in a subgroup of A4 of order p, the orthogonality relation for group characters
show that

4p > x*(r) £ pf

Since the left side here is at least 4p(p— 1), we obtain 4(p— 1) <f; as was stated.
In the following lemma, we consider the case of a prime p which divides |G|
with the exact exponent 1. If P, is a Sylow p-subgroup of G, we can set

(€) C(P,) = P,xV,,

where V, is a subgroup of an order v, not divisible by p. Moreover, we set
(10) IN(P,):C(Py)| = m,.

Then m, divides p— 1. It follows from Sylow’s theorem that

(1n |G|/p = myp, (mod p).

The principal p-block By(p, G) consists of m, “nonexceptional” characters and
(p—1)/m, “exceptional” characters, cf. [4]. We show

LEMMA 4. Let p be a prime such that the Sylow p-subgroup P, of G has order p.
Assume further that p does not divide |N| and that m,=|N(P,): C(P,)| is even. Then
v,=|C(P,)|/p is odd and if p|f, for i=1 or 2, then pg < f..

Proof. If v, was even, G would contain elements of order 2p and then |N|
would necessarily be divisible by p which was excluded. Hence v, is odd. Since
m, is even, there exist 2-elements u € N(P,) such that u has order 2 over C(P,).
Then u#?=1 and u is an involution. After replacing P, by a conjugate, we may
assume that u=x. The group M =P,(x) has order 2p and it consists of P, and p
involutions. There is a linear character A, of M which is trivial on P, and takes the
value —1 for the p involutions of M. Let A, denote the principal character of M.
Then, for j=0and 1,

0= (M A =x(D+ 2 xr)+px(x)(-1).

r€Pp—{1}

If p| fi, x«(r)=0 for all r € P,—{1} and taking j=0 and 1, we obtain

plx®)| = fi
Since |x,(x)| =g for i=1, 2 by Proposition 2.3, this establishes the lemma.
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We can now determine the corefree Q D-groups of characteristic powers 3 and 5.

PROPOSITION 5. If G is a corefree QD-group of characteristic power 3, then G
is isomorphic to either the Mathieu group M, of order 7920 or to PSL(3, 3) of order
5616.

Proof. If g=3, we have ¢e=—1, n=3. By (1), |C|=2ea(q+¢c)=4a, |Co|=a.
Thus, Co=C(z) N O(N)=A.

Suppose first that b=1. Then O(N)= A= C,. Since C, is normalized by ¢, O(N)
is normalized by . As G is corefree, Corollary 7.2 implies that O(N)={1}, i.e. we
have a=1. It is now clear that N~GL(2, 3). Then the statement is immediate
from the main result of [30], cf. also [8].

It remains to deal with the case b#1. We distinguish the Cases I and II of
Proposition 1.

Case 1. We apply Lemma 2 using ;. Since 2f*<11—3 and f*=0 (mod 4), we
have f*=4 and we see that |N| divides 16-32.5. Since e=1, (1) shows that ab
divides 15. Application of Lemma 1 now yields that |G| divides 2%-3%.52.11.
Hence ab®|3*-5. Since b# 1, necessarily b=3 and a=1 or a=35. Since |G| is divisible
by 11 only with the exponent 1, the Sylow 11-subgroup P,; has order 11. Now
Lemma 4 shows that m,; is odd. Since y, vanishes for elements of G of an order
divisible by 11, it follows easily that x,|¥;; =11A, where A is a linear character of
V1,. Since y;, is rational valued and since ¥, has odd order, A must be the principal
character. As y, is faithful, it follows that v;; =1.

Then B,(11) is the only 11-block of positive defect. Hence xo, x2, ¥, x*~ %,
x® are in By(11) and are nonexceptional. Hence m,;=5. As m,, divides 10,
necessarily m;, =5. Now (11) yields ab®5=35 (mod 11), ab*=1 (mod 11). However
this does not hold for the values of a, b which can occur and this case is impossible.

Case II. We work here with x, of degree 13. The procedure is quite similar to
that used in Case I. Again, f*=4 in Lemma 2 and we find ab|15, while Lemma 1
yields ab®|3%- 5%, If Py is the Sylow subgroup of G of order 13, then P,; is self-
centralizing, v;3=1. Lemma 4 shows that m, 3 is odd and as y,, x, and y, belong
to By(13, G), necessarily m;3=3. Then the degree equation for By(13, G) [4,
Theorem 11] reads

1427 = 12+ 16;

the four exceptional characters in By(13, G) have degree 16. Now it follows from
[11, Lemmas 2 and 3] that 3 divides |G| with the exact exponent 3. This means
that (ab, 3)=1. As b#1, we find b=5, a=1. However, on account of (11) for p=13,
ab?-3=3 (mod 13) and this leads to a contradiction. This completes the proof of
Proposition 5.

PROPOSITION 6. If G is a corefree QD-group of characteristic power 5, then G
is isomorphic to PSU(3, 5) or to PGU(3, 5).
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Proof. We separate the three cases of Proposition 2. The first case is by far the
most difficult one.

Casel. Assume O(N)# 1. We work here with x, of degree 21. In applying Lemma
2, we have f*=0 (mod 4), 2/*<21—5. Hence f*=4 or f*=8. This shows that
|N| divides 2%-35.52.7. Hence ab divides 3*-5-7. We then see from Lemma 1
that ab® divides 3'2.52%.72, In particular, (7, b)=1. On the other hand, Lemma 3
with f;=21, p="7 implies that (a, 7)=1. Thus,

ab|3%.5, ab®|32.5%,

Thus, 7 divides |G| only with the exponent 1 and |N| is not divisible by 7. Now
Lemma 4 with f; =21, p=7 shows that m, is odd.

We claim that xq, x1, x4 belong to By(7, G). This is clear for y,. If r is an element
of G of an order divisible by 7, then as |N| is not divisible by 7, r has odd order.
Since the degree f=126 of x* is divisible by 7, ¥**(r)=0. Now Proposition 2.4
shows that x,(r)= —1 for all 7-singular elements r of G. It follows from the main
result of [5, II] that indeed x, € Bo(7, G). Likewise, since f,=0 (mod 7), we have
1+ x4(r)=0 for the same r and this implies that y, € Bo(7, G). We have now found
three nonexceptional characters in By(7, G) and this implies that m, > 3. Since m,
is odd and divides 6, we have m,=3 and x,, x1, x4 are the only nonexceptional
characters in By(7, G). Hence the degree equation for By(7, G) [4, Theorem 11]
reads

14144 = 125420,

i.e. the two exceptional characters have degree 144.
Consider now the restriction of y, to the centralizer C(P;)=P; x V, of a Sylow
7-subgroup P, of G. We may set

6
X4|P7>< Ve = z Ay
i=0

where Ao=1, Ay, ..., Ag are the seven linear characters of P, and where the y, are
characters of V. Since x, is a nonexceptional character in By(7, G) of degree
20= —1 (mod 7), it takes the value —1 for each element of P, x V; whose order is
divisible by 7. If u is a generator of P,, then

2@ +v0) + (@1 + - - - +Ae(u)ys = 0

for all elements of V,. Since Aj(u)=1, A,(u), ..., Ag(u) are the seven 7th roots of
unity, this implies

1+'yo =y =-- =y6;
and we find

6
X4|V7 = Z Yi = 7)’°+6.
i=0
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In particular, fy=7y0(1)+6, i.e. yo(1)=2. Moreover, since y, is rational valued
and faithful on V7, so is y. Now Schur’s Theorem implies that the odd number v,
divides 3. On account of (11), we find that we have one of the following two cases

(12) ab®=1 or ab® =3 (mod?7)

according as to whether v;=1 or v, =3.

Since (v7, 5)=1, no elements of order 35 exist in G. Now the method of block-
separation [11, Lemmas 2 and 3] can be applied to By(7). It follows that |G|
contains the prime 5 with the exact exponent 3. Thus, (ab, 5)=1 and

(13) ab|3%,  ab®|32

Let P¥ denote a Sylow 5-subgroup of N. Then |P¥|=5 and P¥ normalizes
O(N). Assume first that P¥ does not centralize O(N). Then O(N)#1 and if F
is the Frattini subgroup of O(N), P¥ does not centralize O(N)/F. Since an ele-
mentary abelian group of an order dividing 3% does not have an automorphism
of order 5, we have |O(N): F| = 3* and since |O(N)| =ab < 3%, O(N) is necessarily
elementary abelian of order 3*. Moreover, since P does not centralize O(N), it
follows easily that P¥ acts without fixed points on O(N)—{1}. This implies that
P¥ acts without (nontrivial) fixed points on the character group of O(N). Hence
if p is a linear character of O(N) which is different from the principal character p,
of O(N), then the number of conjugates of x in N is divisible by 5.

Let p denote an irreducible constituent of the character , of N. By Clifford’s
theorem,

k
plON) = ¢ Z B
j=

where c is a positive integer and where p,, ps, . . ., p is a full system of irreducible
characters of O(N) conjugate in N. Since O(N) is abelian, p,(1)=1 and

ck = p(1) < (1) = f* < 8.

If 1 is not the principal character py, then as we have shown, k is divisible by 5
and hence k=5, c=1. It is then clear that p|O(N) cannot be real valued. Since
7, was rational valued, the conjugate complex character g of N would also be a
constituent of u;. However, this is impossible since p(1)=p(1)=5 and 7,(1) <8.

Thus, for any choice of the irreducible constituent p of %,, the character u,
is the principal character u, of O(N). Then k=1 and p is trivial on O(N). However,
this is also impossible, since then 7, would be trivial on O(N), while », was a
faithful character of N and O(N)#1.

It now follows that P¥ centralizes O(N). If K is the normal closure of P¥ in N,
K also centralizes O(N). Here, K belongs to the normal subgroup L, of index 2
in N and we have

KO(N)/O(N) ] Ly/O(N) ~ SL(2, 5).
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The only normal subgroups of SL(2, 5) have orders 1, 2, or 120. Since KO(N)/O(N)

contains P¥O(N)/O(N) of order 5, we must have KO(N)=L,. It follows that K

contains the Sylow 2-subgroup <{s?, sz) of L,. Hence {s2, sz> centralizes O(N).
Let r#1 be an element of O(N). Since <{s?, sz> has order 8, it follows that

2 xa(ru) =0 (mod 8),
where u ranges over the elements of the quaternion group {s?, sz>. On account
of Proposition 2.2, x4(ru)=0 when u has order 4. Using Proposition 2.3 we now
find

xs(r)—4 =0 (mod 8).

Since x4(r)=20 (mod 3) and —20=y,(r)<f;=20, we obtain x,(r)=—4. If we
add y,(r) over all r in O(N), the sum is nonnegative and we find

0 = 20+(|O(N)|—1)(—4).

Thus |O(N)| £6 i.e. ab=|O(N)|=1 or 3. Since the case a=1, b=3 is excluded by
(12), we have b=1and a=1 or a=3.

The case a=1, b=1. |G| =2%-32.5%.7.

Here G has the order of PSU(3, 5). The results of Harada [24], [24] apply
and shows that G~ PSUQ3, 5)(*Y).

The case a=3, b=1. |G|=2*-3%.5°.7.

We have here O(N)=4, i.e. T centralizes O(N). Then the normal closure T¥
of T in N centralizes O(N). Since z € T and s2z are conjugate in N (even in S),
s2€ TV and this implies y=s2""" € T". Since y and sz are conjugate in N, we see
that S={s,z> €TV and hence S centralizes O(N). Thus, the normal subgroup
Cy(O(N)) of N contains both the cyclic group O(N) and S. Since e=1, we have
N=L and so N/({x)O(N)) is isomorphic to PGL(2,5) by Lemma 2.4.15. As
PGL(2, 5) has no nontrivial normal subgroup of odd index, Cx(O(N))=N, i.e.

A = O(N) < Z(N).
By the results of Schur [26], it follows that
(14) N =N;xA4,

where N, is a normal subgroup of N of index 3. Furthermore, Co=(C, N N,) x A
and if we set W=C, N N,, we have that W is a Sylow 3-subgroup of N, of order 3
and that W is inverted by y.

Let u; be a generator of 4 and let u, be a generator of W. Then

(15) W= u, uy = uzt.

(') Using methods given below in Chapter VI, §6 we could also show that G satisfies the
hypothesis of O’Nan’s paper [24*] and deduce the statement from his results.
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The 3-element ¢ of G also normalizes C,. However, as G is assumed to be corefree,
t does not normalize 4=0(N) by Corollary 7.2. Since 32 is the exact power of 3
dividing |G/, it follows that {C,, t) is a Sylow 3-subgroup P; of G, that |P;| =27,
and that P; is nonabelian. The center Z(P;) is a subgroup of order 3 of C,, say
Z(P3g)=<w). On account of equation (2) of §1, we find

Wt = Wt =y,

Hence w* € Z(P;) and thus wY=w or w*=w~1, In the former case, (15) would
show that Z(P;)=4A and then ¢ would normalize 4=0O(N), which was not true.
Thus, y inverts Z(P3) and then (15) implies that Z(P,)=<{u,>= W. We then have
formulas v} =ufuf, ub=u,, with integral o, B and we must have uf#1. As we can
replace u; by ui?, we can assume u§=u,. Since t3 € C, centralizes u;, we find
o3=1 (mod 3). Hence «=1 (mod 3) and then

(16) U = uu,, uh = u,.

If as before E=0(C(S)), then as S centralizes O(N), we have O(N)< E. On the
other hand, ESC=TxC, and hence E<C,. Since y does not centralize C,,
actually E+# C, and as |C,| =9, we have E=O(N). Thus, E has three linear charac-
ters 1, 6, 8 and, consequently, G has exactly three 2-blocks of full defect By(2, G),
By, B;. Clearly, Bj consists of the conjugate complex characters of the characters
of By. It follows from (14) that 8 can be extended to a character 8y of N which is
trivial on N, and, in particular, on S. Thus, B, is of type (*) as defined in §6.
Set 6= 0y|C. Since u, € W< Ny, 0,(u3)=1. On the other hand, 8.(x,) is a primitive
third root of unity w. It follows from (16) that

Oc(t " 'ust) = w = Oc(uy), Oc(t ~tugt) = 1 = 6c(uy).

Thus, 64=6. and now, Proposition 6.2 shows that B, does not contain a minor
subsection (x, b). It then follows from Proposition 7.6 that B, contains exactly
one character of degree 1. In fact, G possesses exactly three characters of degree 1.
This means that |G:G’|=3.

It is clear that G’ again has the Sylow 2-subgroup S. Also, as G is corefree, so is
G'. In particular, G’ does not possess a normal 2-complement. If G’ was not a
0OD-group, it would necessarily possess a unique normal subgroup H of index 2.
Then H would be normal in G. The group G/H of order 6 with the normal subgroup
G'/H of order 2 would be abelian and then G would have a normal subgroup of
index 2, a contradiction.

Hence G’ is again a Q D-group. Since N*=C,(x) is a nonsolvable subgroup of
N, the characteristic power of G’ is necessarily 5. Now Proposition 2 and the pre-
ceding discussion show that necessarily G’ ~PSU(3, 5).

Note that we can choose ¢ € G’ and that | N *| =240. On account of (16), u, € G'.
Since |N*| is not divisible by 9, then u, ¢ G’ and hence

G =G, up.
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By Proposition 7.8 applied to G', G'=<{N*, ¢t> and hence

G =G, u) = {N* t,u).
Since u; € O(N)SZ(N), u, centralizes N* while by (16) u;¢=tu,u,. It is clear that
the action of #; on G’ is unique and as u=1, the group G is unique apart from
isomorphism. Since PGU(3, 5) is a corefree Q D-group of characteristic power 5
and the order 2%-33.5%.7, we have G~PGU(3, 5). This concludes the discussion
of the Case I.

Case II. We apply Lemma 2 with y;=x,, fy =19. Then 2f* <14, f*=0 (mod 4).
If ab#1, then f*=4 and this implies that |N| divides 16-32-5. Then ab|3. In any
case, the Sylow 19-subgroup P, of G has order 19 and since we have a faithful
irreducible character y, of degree 19, P, is self-centralizing, i.e. v;9=1. Lemma 4
shows that m;,g is odd. Since xo, xa2, XV, =2, x® belongs to B,(19, G), we have
mys 25 and as mye|18, then myo=9. Now (11) yields 9ab®>=9 (mod 19) i.e. ab®>=1
(mod 19). For ab|3, this is only possible when a=b=1.

If a=b=1, we have g=2*-32.52.19. Since m;3=9, we have | N(Pg): C(P;q)| =9.
Hence there exist elements w € G of order 9 and the Sylow 3-subgroup P;={w)
is cyclic. We can choose here w such that w®*=u e C,. Let R2T be a Sylow 2-
subgroup of C(u). If |R| 28, R contains a conjugate y' of y. However C(y)<N
and the structure of N shows that C(y) is a 2-group. So is C(y’). But then we cannot
have u € C(y’), a contradiction.

Hence R=T. This implies that if an element r € G has the 3-factor u, its 2-factor
is either 1 or an involution. In either case, Propositions 2.3 and 2.4 show that

aa”n 14 81x1(r) + 82x2(r) + 8sxa(r) = O.

Since f, =75 and f3=57, x, and x; belong to 3-blocks of defect 1. These must have
the defect group {u) and then (17) in conjunction with the main result of [5, II]
shows that necessarily x, and y; lie in the same 3-block B(3) of defect 1. Since
these characters have degrees 75 and 57 respectively, the third character in B(3)
has necessarily degree 75+ 57=132. However, this is impossible as |G| is not
divisible by 11. Hence the Case II cannot occur.

Case 1II. On account of Lemma 1 with fj=f; =35, «(17)<2 and this implies
that (b, 17)=1. Lemma 3 shows that (a, 17)=1 and hence «(17)=1. On account
of Lemma 4, m,, is odd and as m,,|16, we have m;,=1. Then By(17, G) consists
of 17 linear characters of G. Since these form a multiplicative group, G possesses
a normal subgroup G, of index 17. Clearly, NG, and ¢ € G, and hence G, is a
QD-group of characteristic power g=35. It is also clear that G, is corefree. In
applying Proposition 2 to G; we must necessarily have Case I. This implies that
5% divides |G, |. Also, O(N N G,) has order 1 or 3 by our discussion of Case I. Since
N=N n G,, we have |O(N)|=1 or 3 i.e. ab|3. However, then Proposition 2 shows
that 52 does not divide |G|. This is a contradiction and the proof of Proposition 6
is complete.

In the case g=7, only the following partial result will be needed in Chapter VI.
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PROPOSITION 7. If G is a simple Q D-group of characteristic power q=17 and if G
is not regular, then ab=0 (mod 5).

Proof. If G is not regular, we have Case I in Proposition 3. If ab#0 (mod 5),
then |N| is not divisible by 5 and |G| contains 5 only with the exponent 1. Now the
results of [4] and [11] apply. Since f; =55 is divisible by 5 and since no elements of
order 10 exist, it follows that all characters y*” lie in the principal 5-block By(5, G).
For g=17, we have n=4 and there are seven characters x*, cf. §2, (1). Since B,(5, G)
contains at most five characters, we have a contradiction.

9. Various results concerning QD-groups. We shall now draw some con-
clusions from the results of §§6 and 7. They will be fully effective only in conjunction
with the results of Chapters IV and V.

PROPOSITION 1. If G is a Q.D-group, then
¢)) |G:G’| = |E: En[Cy, tIN'|.
Here, E, C,, t are defined in §1. The prime indicates the commutator-subgroup.

Proof. Since |G:G’| is the number of characters of degree 1 of G, it follows
from Propositions 7.6 and 7.7 that |G:G’| is equal to the number k of blocks B,
of G of type (*) without a minor subsection (x, b). Now Proposition 6.2 shows
that k is equal to the number of characters 6 of degree 1 of E such that

(i) 6 can be extended to a character 6, of N which is trivial on S.

(ii) If we set .= 0y|C, then 6:=6,.

Since 8y is trivial on T and has degree 1, (ii) is equivalent with the condition that
Oy is trivial on C*=[C,, t]<= C,. Since 6 is trivial on N’, then 8y is trivial on C*N’
and, consequently, 6 is trivial on EN C*N'.

Conversely, assume that 6 is an irreducible character of E which is trivial on
ENn C*N'. Since E'S N’, then 6 can be considered as an irreducible character of
E/E’ and hence 6(1)=1. Since 0 is trivialon EN N'S EN C*N’, 6 can be extended
to a character of EN’ which is trivial on N'. It is now clear that 6 can be extended
to a character ¢ of N. We now set

() by = &,

where 7 is a linear character of N. We shall show that » can be chosen such that 6y
satisfies the conditions (i) and (ii).

The condition (ii) requires that & is trivial on C*. Since ¢ extends 6, we know
that £ is trivial on E N C*N' and as ¢ is a linear character of N, £ is trivial on N’
and then on

(ENC*N')N' = EN' N C*N".
It is then clear that there exist extensions » of ¢~*|(C*N") to N such that 7 is trivial
on EN'. If 5 in (2) is chosen in this manner, we have

Ou|C* = (¢|CHMIC*) = (¢|C*)(¢7MCH) = lcn.
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Hence 8y is trivial on C* and the condition (ii) is satisfied. Moreover, since ¢

extends 6, we have
0|E = (¢[E)|E) = 615 = 0.
Thus 6y extends 6.

We note that N’ has the Sylow 2-subgroup {s? sz). In particular, the linear
character 0y of N is trivial on {s?, sz). If 6y is not trivial on S=<s, z), we must
have 84(z)= —1. Clearly, N has a normal subgroup N, of index 2. Hence there
exists a linear character u of N with the kernel N,. Then u(z)= —1. Since N’, E,
C* all belong to N,, we may replace n by nu above and then 64(z) will have the
value 1, i.e. 0y is trivial on S and the condition (*) above is also satisfied.

We have now shown that |G:G’| is equal to the number of linear characters of
E which are trivial on E N C*N’. As C*=[C,, t], this sets (1) in evidence.

As an application, we prove

PROPOSITION 2. Let G be a Q D-group. If M is a t-invariant subgroup with Co2 M2
Co N L, then |Co: M| divides |G:G'|.

Here L is defined as in §1. As we have noted there, N=LE and N/L is cyclic.
Proof. If M=C,, the statement is trivial. If M+ C,, we must have L+ N. Since
E<C,, we have EL=C,L=N and this implies that

3) N/L~ E[(ENL) ~ Co/(Co N L).

These groups are cyclic of order e, by definition of e. Since M contains Co N L,
it is normal in C,. The element y normalizes C, and C, N L and it is clear now that
y normalizes M. As by assumption ¢ normalizes M, we have

MLCo, 3,1, 2> = N(T).

By (3) and the cyclicity of N/L, there exists an element w in E such that C,
=(Co N L){w). In particular, Co=M{(w). As N(T) normalizes C,, the action of
N(T) on Co/M produces a homomorphism w of N(T) into the automorphism
group of the cyclic group Co/M. It is clear that the kernel K, of w contains C,.
Since y and z centralize w, we have y, z € K,,. Finally, as

ty=yt~ 4,3 =1 (modC),

(cf. §1, (1) and (2)), we have w(t)=w(? ~!) and w(t)*=1. Hence w(t)=1, i.e. t € K,,.
It follows that [C,, t]<= M. Since N'<L, then [Cy, t]N'S ML.
On account of Proposition 1, we have

|G:G’| = |[E: ENML|-|[EN ML : EN [C,, t]N'|.
Proposition 2 will be proved, if we can show that
* |E: En ML| = |Co:M|.
Now, as Co N Lc M= C,, we have
@) CoN ML = M(ConL) = M.
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Since N=EL=EML, we find

5) IN:ML| = |E: En ML|.
Likewise, since N=C, ML
6) IN:ML| = |Cy: ConN ML| = |Co: M|

cf. (4). On comparing (5) and (6), we obtain (*) and the proof is complete.

COROLLARY 1. If G is a QD-group and if Cy N L is t-invariant, then e divides
|G:G'|.

Indeed, we can apply Proposition 2 with M=C, N L. We have to observe that
|Co : Co nLl = ICoL:LI = IN:L‘ = e.

COROLLARY 2. If G is a Q D-group with G=G', there does not exist a t-invariant
subgroup M with Cy>M=2C, N L.

This is immediate from Proposition 2.

COROLLARY 3. If G is a QD-group with G=G', then e=|N:L| divides a(q+¢)/2
(where a as always is defined as a=|C N O(N)|). In fact, a(q+e)[2=ce with

Proof. Set C,=C, N L. Then C; < C,. Since ¢t normalizes C, and t3¢€ C,,
t permutes the subgroups C;, Ci, Ci™* by conjugation. Set ¢=|C; N Ct|. Con-
jugation shows that

c=lanc=|cinc = |c A G

Now C,/C,~ N/L is cyclic of order e. It follows that the groups C,C! and C,Ct™*
are equal, since both lie between C, and C, and both have the same order |C,|?/c.
It follows that

C,CiCt! = C,Ct.

In particular, C,C{ is t-invariant. Corollary 2 shows that C,C}=C,. It follows
that

|Col = |Cy]?/e.

Since |Cy:C,|=e, then |C,|=ce? Since |Co|=ae(q+¢)/2, we have ce=a(q+e)[2
as we wished to show.

REMARK. Since Co=C, and hence Co=C;, N CY, it follows that |Cy:Cy| is
divisible by e2.

The following two propositions are concerned with sufficient conditions for
regularity of a Q D-group G. It will be convenient to formulate a condition for N.
We consider 2-blocks b of N with the defect group T. Since b corresponds to a
block b of N/(x) of defect 1, b and then b contains a single modular irreducible
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character 4. Since the corresponding Cartan invariant ¢(¢, $) then is 4 (e.g. by
[5, 1,(6C)]), b consists of four ordinary irreducible characters and each of them
coincides with ¢ for elements r € N of odd order. In particular, the four irreducible
characters in b have degree #(1)=f(b). We shall say now that N satisfies condition
(#) provided that

For each 2-block b of N with the defect group 7, the degree f(b) of the
four characters in N is coprime to the characteristic power ¢ of N.

#

We shall now prove:

PROPOSITION 3. Let G be a Q D-group for which G=G’ and e > 1. If the centralizer
N of an involution satisfies the condition (#), then G is regular.

Proof. Since N has a normal subgroup L for which N/L is cyclic of order e#1,
we can choose a linear character 8, of N with the kernel L. If w is chosen as before
then w € E and 0y(w)#1. If 0=0,|E, 0 is a linear character of E different from the
principal character of E, and @ satisfies the condition (*) of §6. Then the 2-block
B, of G is different from the principal block By(2, G). On account of Proposition
7.6, B, has a minor subsection (x, b). Here, b is a 2-block of N with the defect
group T. According to the hypothesis (#) on N, we have (f(b), ¢)=1. In Proposition
7.4 we have f#=f£(b) and then
INP 62
IC|? f(b)?

Now the definition of regularity in §3 shows that G is regular.

REMARK. A similar proof shows that Proposition 3 remains valid, if the two

assumptions G=G’ and e> 1 are replaced by the assumption e> |G:G’|.

G| =

PROPOSITION 4. Assume that G is a Q D-group for which the centralizer N of an
involution satisfies the condition (#). Suppose that there exist irreducible characters
w of C=Tx C,, trivial on T, which have the stabilizer C in N(T). Then G is regular.

Proof. Let w belong to the 2-block 4 of C. Then w is the canonical character
of b and b also has the stabilizer C in N(T). It follows that B=5b€ is a 2-block of G
with the defect group T.

It follows from the general results on 2-blocks of defect 2 [6, IV] that in our
present case, B consists of four characters all of the same degree f(B) and that we

have a formula
_INJ? w(1)®

= ICF 7@nrere
where each b; (i=1, 2, 3) is a 2-block of N with the defect group T and where
f(b) is the degree of the characters in b;. By the condition (#), (f(by), g)=1. Again,
the definition of regularity shows that G is regular.

~ We shall show ultimately that every QD-group of characteristic power ¢ >3 is
regular.

|G|
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CHAPTER IV. STRUCTURE OF O(N). LOCALIZATION

1. Preliminary discussion of Theorem B. This chapter and the next are devoted
to the proof of Theorem B and the study of the 2-regular core O(N) of the central-
izer N=C(x) of an involution x in a simple group G with quasi-dihedral or
wreathed Sylow 2-subgroups. Theorem B has been stated explicitly only in the
case that G has quasi-dihedral Sylow 2-subgroups and only if the proper simple
QO D-sections of G satisfy the conclusions of the Main Theorems. We wish to
reformulate the theorem now in a way that will include the wreathed case as well
as the quasi-dihedral.

In order to accomplish this, we first list the two consequences of our assumption
on the proper simple Q D-sections of G that we actually use in the proof of Theorem
B. In the quasi-dihedral case these two results are a direct consequence of Prop-
osition 2.3 of Chapter II and Theorem A of Chapter IIL.

I. If H is a proper QD-subgroup of G, N, is the centralizer of an involution
of H, and T is a four-subgroup of H containing that involution, then [T, O(N,)]
< O(H).

II. If H is a proper QD-subgroup of G of the same characteristic power g as
G and if ¢> 3, then O(H)=1.

Furthermore, in Chapter III we have already established the Main Theorems
when G has quasi-dihedral Sylow 2-subgroups and characteristic power g=3
or 5. In particular, it is immediate from this that G satisfies the conclusions of
Theorem B for these values of ¢g. Thus in the quasi-dihedral case it will suffice to
establish Theorem B when g > 5. This is an important point, for as we have noted
in.§4 of Chapter II, Q-groups of characteristic power g=3 or 5 are somewhat
exceptional and as a consequence many of the arguments to be given in the general
proof of Theorem B are not valid in the special cases g=3 or 5. Corresponding
difficulties occur when G has wreathed Sylow 2-subgroups for the same values of ¢
and so these two cases must also be treated independently in that problem.

We therefore make the following additional assumption:

III. The characteristic power g of G exceeds five.

We shall refer to assumptions I, II, and III together as the working hypotheses
and we shall restrict ourselves to a simple group G with quasi-dihedral or wreathed
Sylow 2-subgroups which satisfies the working hypotheses. We emphasize that in
the quasi-dihedral case the working hypotheses are themselves a consequence of
results of Chapters II and III. Moreover, as remarked in the Introduction they will
be proved in the wreathed case in a subsequent paper by one of the authors.

Finally, we remark that assumption II is of critical importance to us. Because
of it, we are able to show that certain local subgroups which we must construct
in the course of our arguments are not QD-groups. As a consequence, the subse-
quent analysis of these local subgroups requires only a knowledge of properties
of Q-groups, D-groups, and normal 2-complements.
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We can now state Theorem B in a form which covers both the quasi-dihedral
and wreathed cases. As in §4 of Chapter II, we define 8, ¢, and n by the conditions
g=e(mod 4), 6= +1 or —1 according as G has quasi-dihedral or wreathed Sylow
2-subgroups, and 2" is the highest power of 2 dividing g+ 8e.

THEOREM B. Let G be a simple group with quasi-dihedral or wreathed Sylow
2-subgroups of characteristic power q which satisfies the working hypotheses. If N
is the centralizer of an involution in G, then the following conditions hold:

(i) O(N)=AB, where A is cyclic of order dividing (q+ 8¢)/2", B is abelian, and if
A#1, B#1, then O(N) is a Frobenius group with kernel B and complement A.

(ii) Any noncentral involution of N inverts B and centralizes a conjugate of A.

(iii) If X is a noncyclic abelian 2-subgroup of N of maximal order, then X central-
izes a conjugate of A, X normalizes B, and X |Cx(B) is cyclic of order 2" and acts
regularly on B.

(iv) The extended centralizer C*(u) lies in N for any nonidentity element u of
O(N).

The goal of the present chapter will be to reduce the proof of Theorem B to the
study of certain local subgroups. In particular, we shall construct and examine
certain families of local subgroups.

As a first step we wish to restate Theorem B in a more detailed way. We shall
then easily see that the version just stated is a consequence of the new version.
We begin by introducing some notation and terminology which we shall fix once
and for all. We let G be a simple group with quasi-dihedral or wreathed Sylow
2-subgroups of characteristic power ¢> 5 and define ¢, 3, and n as above. We fix
an involution x of G and we let N=C(x)=C¢(x). Thus, N contains a Sylow 2-
subgroup of G by Propositions 2.2.1 and 2.2.2. We choose notation for elements
and subgroups of N, in accordance with the opening remarks of §4 of Chapter II.
This includes the following:

X, I', X1, X2, X3, Y, da Cs Da E’ LO, L~

Here x=x,, x,, x; are the three involutions of the four-subgroup T, D is either
dihedral of order eight or is a Sylow 2-subgroup of N, S is a Sylow 2-subgroup of
N containing D, y and d are certain elements of S, which actually lie in D, C= Cy(T)
=C(T), D=N4(T), E=0(Cx(S))=0(C(S)), Ly>O(N) with L,/O(N) isomorphic
to SL(2,q), and L=L,S. Furthermore, Cp(T)=T if S is quasi-dihedral, while
Cy(T) is the unique abelian subgroup of index two in D if D=.S is wreathed. We
also set M=N(C).

Actually in some arguments in the quasi-dihedral case, it is more convenient
to fix only T and D, but not S, and instead to allow S to be an arbitrary Sylow
2-subgroup of N containing D. We shall therefore allow this degree of freedom
in the choice of S. Since O(Cy(S))=0(Cy(D)) by Lemma 2.4.3 and since L, and
L are normal in N, this will not affect the definition of E or of L.
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We next introduce two concepts which will be very important for us.

DeriNiziON 1. If p is a prime divisor of |O(N)|, then p is said to be stationary
provided there is a Sylow p-subgroup R of O(N) such that R is also a Sylow
p-subgroup of O(N(R)).

Note that this definition is independent of the choice of R, by Sylow’s theorem,
and so is really a property of the prime p.

DEFINITION 2. If p is a prime divisor of |O(N)|, then p is said to be centralized
(inverted) if there is a Sylow p-subgroup R of O(N) normalized by T and central-
ized by T (inverted by the elements x,, x5 of T—<{x)).

Again, this does not depend on R. Indeed, O(N) is of odd order, so any two T-
invariant Sylow p-subgroups of O(N) are conjugate by an element of Coyy(T).
Futhermore, if R is as in the definition, then R is certainly centralized by x, so p
is centralized if x, centralizes R and p is inverted if x, inverts R.

We now let 4 be a D-invariant Hall subgroup of O(N) for the set of centralized
and stationary primes. Such Hall subgroups exist since O(N) is solvable, while
D is a 2-group and O(N) is of odd order. Similarly, we let B be a D-invariant
Hall subgroup of O(N) for the set of inverted and stationary primes. We fix 4
and B. Note that B is, of course, abelian as it is inverted by the involution x,.

We can now state the more detailed form of Theorem B.

THEOREM B. If G is a simple group with quasi-dihedral or wreathed Sylow 2-

subgroups which satisfies the working hypotheses, then G has the following properties:
(i) O(N)=AB, A is cyclic of order dividing (q+ 8¢)/2", B is abelian and if

A#1, B#1, then O(N) is a Frobenius group with kernel B and complement A.

(ii) If U=Cp(T), then U centralizes A, U normalizes B, and U|Cy(B) is cyclic
of order 2" and acts regularly on B.

(iii) The extended centralizer C*(u) lies in N for any nonidentity element u of
O(N).

(iv) There is a normal subgroup J of L, such that Lo=JO(N), J centralizes O(N),
and either J is isomorphic to SL(2,q) and J N O(N)=1 or q=9, J is isomorphic to
SL™(2,9), |J N O(N)|=3, and G has quasi-dihedral Sylow 2-subgroups.

Here SL™(2,9) is the group described in §2 of Chapter II which has a central
subgroup of order three with quotient isomorphic to SL(2,9) and is directly
indecomposable.

This result has as a consequence the earlier version of Theorem B. Indeed, parts
(i) and (iv) of that version follow directly from parts (i) and (iii) here. Furthermore,
X, inverts B and centralizes 4 by definition of B and 4. If S is quasi-dihedral, every
noncentral involution of S is conjugate to x, in S by Lemma 2.1.1 and so any
noncentral involution ¢ of N is conjugate to x, in N. Since B is characteristic in
O(N)=AB, we see that B is normal in N. It follows therefore that ¢ inverts B and
centralizes a conjugate of A. Likewise, by the same lemma, any noncyclic abelian
2-subgroup X of N of maximal order is conjugate in N to T and contains x. Thus
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X centralizes a conjugate of 4 and X/Cyx(B)= X/{x) inverts B. This shows that
parts (ii) and (iii) of the first version also hold in this case.

Suppose, on the other hand, that S is wreathed of height n, in which case S= D.
By the remarks at the beginning of §4 of Chapter I, Y=D N Ly=D N J is general-
ized quaternion of order 2"*! and hence Y is the unique generalized quaternion
subgroup of D of maximal order. But now Lemma 2.1.2 yields that Q,(D)=TY.
Since x, and x; are conjugate in D and since every involution of D lies in Q,(D),
we conclude that any noncentral involution ¢ of N is conjugate in N to an involution
of the form x.v for some element v of Y. But J centralizes O(N) by (iv) and Y<J,
so v centralizes O(N). Therefore, ¢ inverts B and centralizes a conjugate of 4, so
part (ii) of the first version holds in this case as well.

Finally any noncyclic abelian 2-subgroup of N of maximal order is conjugate
in N to U, the unique such abelian subgroup of D. Hence part (iii) of the earlier
version follows from part (ii) of this version (together with the fact that B is normal
in N). Thus the earlier form of Theorem B does indeed follow from the present
one.

It will be understood that it is the second expanded form of Theorem B that we
shall establish in Chapters IV and V.

The working hypotheses together with the results of Chapter II have a great
number of consequences for the structure of the subgroups of G. The most im-
portant and widely used of these will now be listed. They can be viewed as an
expanded form of our ““working hypotheses” for the proof of Theorem B.

PrOPOSITION 1. The following conditions are satisfied by G and its subgroups:

() If H is a local QD-subgroup of G, then H has characteristic power 3 or 5
or a proper divisor of q.

(i) If H is a proper Q D-subgroup of G, N, is the centralizer of an involution of H,
and T, is a four-subgroup of H containing that involution, then [T;, O(N,)]< O(H).

(iii) If H is a subgroup of G with O(H)#1 which covers Lo/O(N), then H is a
Q-group of characteristic power q and if x € H, then H=O(H)(H N N).

@iv) If H is a subgroup of G containing T with O(H)#1 and if H covers
C NL|C N OW), then H is not a Q D-group.

(v) If H is a subgroup of G containing T such that |Ay(T)| is divisible by 3 and
either DS H or G has quasi-dihedral Sylow 2-subgroups, then H is a QD-group
or a D-group with respect to T.

(vi) If H is a proper subgroup of G containing T and either D< H or G has quasi-
dihedral Sylow 2-subgroups, then precisely one of the following holds: H is a QD-
group, H is a Q-group, H is a D-group, or H has a normal 2-complement.

Although it is possible to determine the general structure of all proper subgroups
of G when H has wreathed Sylow 2-subgroups, the results given in parts (v) and (vi)
will suffice for the paper.



1970} QUASI-DIHEDRAL AND WREATHED SYLOW 2-SUBGROUPS 131

Proof. (i) Let r be the characteristic power of H. Without loss we can assume
that x € H, in which case H N N=Cy(x) is a Q-group of characteristic power r
by definition of the characteristic power of H. Setting N=N/O(N), we have that
HN Nis also a Q-group of characteristic power r. As such, it contains a Q-sub-
group K of the same characteristic », but with no normal subgroups of index two.
Since N=LE, where L, E have the properties listed in Proposition 2.3.3, it follows
that K N L is also a Q-group of characteristic power r with no normal subgroups
of index two. Since L, is normal in L of index a power of 2, we see that KN L
< L,. But now Lemma 2.4.8 yields that either r=3, r=35, or r divides g. However,
since O(H)# 1, it follows from the working hypotheses on G that r#gq.

(ii) This is simply a restatement of assumption I of the working hypotheses
on G.

(iii) By assumption, O(H)#1 and L,=O(N)H,, where Hy=H N L,. Hence H,
contains a Sylow 2-subgroup S, of L, and Hy=L,=L,/O(N), so H, is isomorphic
to SL(2, g). But then if x, is the unique involution of Sy, O(N){x,) is normal in
H, and it follows by the Frattini argument that Ho= O(H,)Cy,(xo), 50 Cyy(Xo)
also covers L,/O(N). We conclude at once that Cy () is a Q-group of characteristic
power q.

Now H is not a D-group by Lemma 2.5.5, as it contains a Q-group. Hence, if
H were not a Q-group, it would necessarily be a Q D-group and so Cy(x,) would
be a Q-group by Proposition 2.2.1. But Cy(x0)< Cy(x,) and Cy(x,) is a Q-group
of characteristic power g, so the characteristic power of Cy(x,) is at least g, whence
by Lemma 2.3.2, it is exactly g. However, this contradicts our working hypotheses
on G since O(H)#1. Thus H is a Q-group and, as H,< H, its characteristic power
is q.

Finally assume x € H, whence x € H,, and so we can take x=x,. Since S, is
generalized quaternion, it follows at once from Lemmas 2.1.1 and 2.1.2 that
x € Z(S) for any Sylow 2-subgroup S of H containing S,. But H=O0(H)Cx(Z(S))
by Proposition 2.3.1 as H is a Q-group, so H=0(H)Cy(x)=0(H)(H N N) as
x € Z(S). Thus all parts of (iii) hold.

(iv) Suppose, by way of contradiction, that H is a Q D-group. Since x e TS H,
Proposition 2.2.1 implies that H N N is a Q-group. As in the proof of (i), it follows
that Hy=H N L, is also a Q-group. Thus H, is a Q-subgroup of L,=L,/O(N) and
so H, contains a subgroup isomorphic to SL(2, r), where r=3, r=5, or r divides g
by Lemma 2.4.8. Since SL(2, r) contains a subgroup isomorphic to SL(2, 3) for all
odd r, we see that H, contains a subgroup X such that X is isomorphic to SL(2, 3).

Furthermore, C N H covers C N L/C N O(N) by assumption, so

CNL=(CnON)CNHANL),

whence CNL=CNHNL. We conclude therefore that H N L contains
(X, C N L). On the other hand, g> 5 by the basic hypotheses of the chapter and



132 J. L. ALPERIN, R. BRAUER AND D. GORENSTEIN [September

therefore <X, CN L)=L by Lemma 2.4.6. Thus HN L=L and so HN L2L,,
which implies that H covers L,/O(N). Since O(H)# 1, H must therefore be a Q-
group by (iii) and so cannot be a @ D-group. Thus (iv) also holds.

We prove (v) and (vi) simultaneously. If G has wreathed Sylow 2-subgroups,
then D is a Sylow 2-subgroup of G by definition of D and D< H by assumption,
so H has wreathed Sylow 2-subgroups in this case. On the other hand, if G has
quasi-dihedral Sylow 2-subgroups, then the Sylow 2-subgroups of H are either
dihedral or quasi-dihedral as these are the only types of subgroups of a quasi-
dihedral group which contain a four group.

Let S, be a Sylow 2-subgroup of H. If S, is dihedral, then by Definition 2.2.4,
either H has a normal 2-complement or is a D-group; while if S, is either quasi-
dihedral or wreathed, Propositions 2.1.1 and 2.1.2 together with Definition 2.2.1
imply that either H has a normal 2-complement, H is a Q-group, H is a D-group,
or His a Q D-group. Thus (vi) holds.

Suppose finally that H contains a four-subgroup T; such that | 44(77)| is divisible
by three. Clearly then, H does not have a normal 2-complement. Hence by (vi),
either (v) holds or H is a Q-group. Suppose, by way of contradiction, that H is a
Q-group. Since |Ay4(T,)| is divisible by three, H contains a 3-element @ which
normalizes but does not centralize T;. Then K=<{T}, a) is a subgroup of H which
does not have a normal 2-complement. Moreover, T, is a Sylow 2-subgroup of K
as T, is normal in K of index a power of three. Hence K is a D-group by Definition
2.2.4 as T, is a dihedral group of order four. However, this is impossible as no
subgroup of a Q-group is a D-group by Lemma 2.4.17. Hence (v) holds and the
proposition is proved.

In §4 of this chapter we shall show that condition (iv) of Theorem B is a conse-
quence of conditions (i) and (iii). Actually a more general result on the structure of
L, is proved which will be used in the next chapter. Then in §5 of the chapter we
shall show that Theorem B itself is a consequence of the following result:

THEOREM B*. If p is a prime divisor of |O(N)|, then p is stationary and is either
centralized or inverted.

In order to state yet another equivalent form of our results, we introduce one
more bit of terminology.

DEFINITION 3. If p is a prime divisor of |O(N)|, then p is ordinary if p is stationary
and is centralized or inverted. Otherwise, we say that p is exceptional.

Thus, Theorem B* states that all the prime divisors of |O(N)| are ordinary;
there are no exceptional ones. In order to state a key result on exceptional primes
we need one more concept.

DEFINITION 4. If p is a prime divisor of |O(N)|, then #(p) is the collection all
p-local subgroups of G which cover L,/O(N) and contain D as well as a Sylow
p-subgroup of O(N).
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In view of Proposition 1, every element of £(p) is a Q-group of characteristic
power gq.

The important property in the definition of #(p) is the covering statement.
The others are included for technical reasons. Henceforth, if we speak of ordinary,
exceptional, centralized, or inverted primes p, we shall of course mean that p is a
prime divisor of |O(N)| even though we do not state that assumption explicitly.

The following important result which is to be derived in §3 gives a criterion for a
prime p to be exceptional in terms of the structure of the elements of #(p). This
theorem will constitute our final reduction of Theorem B.

THEOREM 1. The prime p is exceptional if and only if there is an element H in
Z(p) which is p-constrained within S(H).

This can be restated as follows: The prime p is ordinary if and only if every
element H of #(p) is not p-constrained within S(H).

Thus the effect of Theorem 1 is to shift the focus of attention, in deriving Theorems
B and B*, upon properties of the p-local subgroups of G for the various primes p
dividing |O(N)|. The next chapter will be devoted to a proof of Theorem B*;
all the results of the present chapter (apart from the derivation of Theorem B from
Theorem B*) can be regarded as preparatory to that endeavor. Completing the
outline of this chapter, in §2 we give a sufficient condition for a prime p to be, in
fact, ordinary, which is needed for the arguments of §§3, 4, and 5. In §6 we develop
a number of properties of the family #(p). Then in the final three sections we
introduce and investigate a second important family .#(p) of p-local subgroups of G,
each of whose members is a D-group. A large part of the proof of Theorem B*
involves a study of the interrelation of the elements of #(p) and #(p).

We conclude this section with some useful, basic properties of the elements of
Z(p); these can be regarded as an addition to our “working hypotheses” of
Proposition 1.

LemMA 1. If H € &(p) for a prime p, then
(i) H is a Q-group of characteristic power q.

(i) H=O(H)(H N N).

(iii) H covers L|O(N).

(iv) H contains a Sylow 2-subgroup of L and of G.

(v) O(H) " NcO(N) and O(N) N HS O(H).

(vi) O(H) contains a D-invariant Sylow p-subgroup of O(N).

Proof. (i) As noted above, this is a consequence of Proposition 1.

(ii) Again, by Proposition 1, we only need to show that x € H. However,
x € D< H, by assumption.

(iii) By the remarks of §4 of Chapter II, we know that L=L,Cy(T). But Cp(T)
S D< H and H covers Ly/O(N), so (iii) is proved.

(iv) Since x € H, it follows from (iii) that H contains a Sylow 2-subgroup of L.
But a Sylow 2-subgroup of L is also one of G, proving (iv).
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(v) Clearly O(H)N NS O(H N N). But (H N N)O(N)/O(N) has no nontrivial
normal subgroups of odd order by Lemma 2.4.7 as it contains L,/O(N). Hence,
O(HN N)SO(N) and so O(H) " NcO(N). Similarly, O(N) N HSO(N N H)
and O(NN H)<= O(H) as H/O(H) has no normal subgroups of odd order and N
covers H/O(H) by (ii).

(vi) Let R be a Sylow p-subgroup of O(N) contained in H. Hence R< O(H)
by (iv). Let R* be a D-invariant Sylow p-subgroup of O(H). Since R and R* are
x-invariant, there is u € Co(y)(x) such that R*< R*. But then u € N and so R*< O(N)
as RS O(N) and O(N) is normal in N. This implies that R* is a Sylow p-subgroup
of O(N) and hence that R*=0O(N) N R*. Thus R* is also D-invariant. Finally,
R*s NN O(H)=O(H) by (iv). This establishes (vi) and completes the proof of
the lemma.

2. Stationary nonconstrained primes. We begin by introducing one more
concept.

DeFINITION 1. If p is a prime divisor of |O(N)|, then p is constrained if N is
p-constrained within S(N) and p is nonconstrained in the contrary case.

The following remark is very useful:

LemMma 1. If p is a prime divisor of |O(N)| and R is a Sylow p-subgroup of O(N),
then the following conditions hold:

(i) p is constrained if and only if Cy(R)< S(N).

(ii) p is nonconstrained if and only if Cy(R) covers Lo/O(N).

Proof. Let S be a Sylow 2-subgroup of N containing D. Since our conditions on
R hold if and only if they hold for any conjugate of R by an element of N and since
S leaves some Sylow p-subgroup of O(N) invariant, we can assume that R is
S-invariant. Then by Lemma 2.6.2, p is constrained if and only if Czs(R) is a
Sylow 2-subgroup of Cy(R). Suppose p is constrained. Since C(R) is cyclic,
we conclude from Burnside’s transfer theorem that Cy(R) has a normal 2-comple-
ment and so is solvable. But O(N)Cy(R) is normal in N as Cy(R) is normal in
Ny(R) and N=O(N)Ny(R) by the Frattini argument. Thus O(N)Cy(R) is a solvable
normal subgroup of N an we conclude that Cy(R)=S(N). On the other hand,
if p is not constrained, Cys)(R) is not a Sylow 2-subgroup of Cy(R). But S(N)
=O(N)Z(S) by Lemma 2.4.14 and so Z(S) is a Sylow 2-subgroup of S(N). We
conclude at once that Cy(R)¢ S(N). Thus (i) holds.

If Cy(R) covers Ly/O(N), then Cy(R) is not solvable as L,/O(N) is not solvable.
Hence Cy(R)¢ S(N) and so p is nonconstrained by (i). Conversely, if p is non-
constrained, then Cy(R) & S(N) by (i). But Ny(R) covers N/O(N) as N=O(N)Ny(R)
and so Ny(R) also covers N/S(N). Thus S(N)Cy(R) is a normal subgroup of N
containing S(N) properly. However, L,S(N)/S(N) is the unique minimal normal
subgroup of N/S(N) by Lemma 2.4.15 and therefore Cy(R) covers L,S(N)/S(N).
But then Cy(R) covers L,/O(N) by Lemma 2.4.13. Hence (ii) also holds.



1970] QUASI-DIHEDRAL AND WREATHED SYLOW 2-SUBGROUPS 135

The main result of this section states that certain primes are indeed ordinary, in
the sense of Definition 1.3.

PROPOSITION 1. The prime p is ordinary if and only if it is stationary and non-
constrained.

Before proving this, we require a preliminary lemma.

LeMMA 2. If p is a stationary and nonconstrained prime and R, is a nonidentity
T-invariant p-subgroup of O(N), then there is a Sylow p-subgroup of O(N(R,))
centralized by x.

In particular, any Sylow p-subgroup of O(N(R,)) normalized by x is centralized
by x as {x, O(N(Ry))) is a solvable group with Sylow 2-subgroup {(x).

Proof (of Lemma 2). Let R be a T-invariant Sylow p-subgroup of O(N) contain-
ing R,; such a subgroup exists since O(N) has odd order and T is a 2-group, while
R, is T-invariant by assumption. First, suppose that R,=R. In this case R, is a
Sylow p-subgroup of O(N(R,)) since p is stationary and R,=R. Moreover, x
centralizes R, as x € Z(N), so the lemma holds in this case.

We proceed by induction on |R: Ry|. We may assume that RO R,, so R,
= Nx(Ro)>R,. We also set Hy=N(R,) and H,;=N(R,).

By induction, x centralizes each Sylow p-subgroup of O(H,) that it normalizes.
We claim that x even centralizes each p-subgroup of H, that it normalizes. First,
we note that H, is a Q-group of characteristic power ¢ and H; =0(H,)Cpy,(x).
Indeed, H, = N(R,)2C(R,)=2C(R), so H, covers Lo/O(N) as C(R) does by Lemma
1. Also x € H;, so H, is as described by Proposition 1.1. Next, suppose that R* is a
p-subgroup of H; normalized by x. It follows that

[R*, x] < [H}, X] = [O(H)Cy (x), x] = O(H)).

Thus [R*, x] is a p-subgroup of O(H;) normalized by x. Since O(H,) is of odd
order, there is a Sylow p-subgroup of O(H,) normalized by x and containing
[R*, x]. This Sylow subgroup is centralized by x, so x centralizes [R¥, x]. Since
{x) and R* have coprime orders, it follows that x centralizes R*, as claimed.

Suppose now that the lemma fails for R,. Since R, S Ho, O(Ho)R, is a group and
is of odd order. Since x normalizes both O(H,) and R;, there is a Sylow p-subgroup
R, of O(H,)R, normalized by x and containing R,. But O(H,) is a normal subgroup
of O(Hy)R,, so R, N O(H,) is an x-invariant Sylow p-subgroup of O(H,). Since
the lemma is false for R,, no x-invariant Sylow p-subgroup of O(H,) is centralized
by x. Thus x does not centralize R, N O(H,) and so x does not centralize R,.
It follows therefore from Lemma 2.8.1 that there is a nonidentity element u of
R, inverted by x and centralizing Cg,(x). But R, S Cr,(x) as RS R, and so u € H,.
Thus <{u) is a p-subgroup of H; normalized, but not centralized, by x. This is a
contradiction and the lemma is proved.

Proof (of Proposition 1). We begin with the easier half; we assume that p is
ordinary and verify that p has the necessary properties. Thus by definition p is
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stationary and is either inverted or centralized; and we must prove that p is non-
constrained.

Hence if R is a T-invariant Sylow p-subgroup of O(N), it will suffice by Lemma 1
to show that Cy(R)¢ S(N). However, if p is centralized, then T<Cy(R) and
T¢ S(N) as Z(D) is a Sylow 2-subgroup of S(N) by Lemma 2.4.14 and Z(D) is
cyclic as D is either dihedral of order eight or is a wreathed Sylow 2-subgroup of G.
Suppose, on the other hand, that p is inverted. Let K be the subgroup of N of
elements which either invert or centralize R. Then K is normal in Ny(R) and T<K.
Since N=O(N)Ny(R)=S(N)Ny(R) by the Frattini argument, it follows that
S(N)K is a normal subgroup of N containing S(N) properly. Moreover, x € K as
x € Z(N). But now we conclude from Lemmas 2.4.13 and 2.4.15, as in Lemma 1,
that K covers L,/O(N). Thus L,< O(N)K. Since L, is nonsolvable and O(N) is a
solvable normal subgroup of O(N)K, we have that K is nonsolvable. But | K : Cy(R)|
=2 and so Cy(R) is also nonsolvable. Therefore Cy(R) £ S(N), as desired.

Now assume p is stationary and nonconstrained. To prove that p is ordinary,
we must show that p is either inverted or centralized. Since C is D-invariant and C
has a normal 2-complement, C possesses a D-invariant Sylow p-subgroup P. The
group O(N)O(C) is of odd order, is normalized by T, and contains P as C has a
normal 2-complement. Hence there is a T-invariant Sylow p-subgroup R* of
O(N)O(C) containing P. It follows that R=O(N) N R* is a T-invariant Sylow p-sub-
group of O(N) normalized by P and R*=RP. Moreover, Cg(x;)=P N R; indeed,
Pis a Sylow p-subgroup of C and x is central in N. Thus p is inverted if P N R=1
and p is centralized if P N R=R. Hence we may assume that

lePNRCcR

and derive a contradiction. To do this, we set H=N(P) and K=N(PN R), so H
and K are p-local subgroups of G. These groups and their properties provide the
desired contradiction.

First, K is a Q-group of characteristic power ¢ and K=0(K)(K N N). Indeed,
C(R) covers L,/O(N) as p is nonconstrained, so C(P N R) also covers L,/O(N).
Thus KX is as described, by Proposition 1.1, as x € K.

Second, H is a solvable D-group. Indeed, H= N(P) covers M /C by the Frattini
argument, so Ay(T)=Aut (T). Moreover, D< H as P is D-invariant. Hence H
is either a Q D-group or a D-group with respect to T, again by Proposition 1.1.
Suppose that H is a Q D-group or a nonsolvable D-group with respect to 7. We
shall derive a contradiction. It follows from Propositions 2.2.2 and 2.3.4 and Lemma
2.5.1 that H=H|O(H) possesses a normal subgroup H,=H,/O(H), which is
simple and contains T. Therefore H, is the normal closure of T in H,. Since C(P)
contains T and C(P) is normal in H, we have C(P)=2H,, so C(P) is also a QD-
group or a nonsolvable D-group. However, C(P)< C(P N R)< K. But K contains no
O D-subgroups or D-subgroups by Lemma 2.4.17, since K is a Q-group. This
contradiction forces H to have the desired structure. In particular, since H contains
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a Sylow 2-subgroup of M, it follows from Proposition 2.3.4 that H is isomorphic
to PGL,(2, 3) for some n=1.

Since P N R<R and R is normal in PR, it follows that P;=Nx(P)>P N R.
Hence P, is a T-invariant p-subgroup of H and so P, is a T-invariant p-subgroup
of H. But then P,=1 by Lemma 2.5.9, forcing P,=O(H); therefore if P* is a
T-invariant Sylow p-subgroup of O(H), then P<P* and so T does not centralize
P*. But Ny(P*) is also a D-group with respect to T by the Frattini argument and so
all involutions of T are conjugate in N,(P*). Hence no involution of T centralizes
P*, In particular, x does not, so by Lemma 2.8.1, there is a nonidentity element u
of P* inverted by x and centralizing Cp(x). Then u € K as u centralizes P N R
and P N R< Cp.(x). But x centralizes K/O(K), so u € O(K) and <u) is an x-invariant
p-subgroup of O(K) not centralized by x. This contradicts Lemma 2 and the
proposition is proved.

We conclude the section by giving a property of ordinary primes.

LeMMA 3. If p is an ordinary prime, R is a T-invariant Sylow p-subgroup of O(N),
and u is a nonidentity element of R, then

(i) C(w) is T-invariant.

(ii) Every T-invariant p-subgroup of C(u) lies in N.

Proof. (i) Since p is ordinary, R is inverted or centralized by each element of T.
Thus T normalizes <u) and so normalizes C(<u))=C(u).

(ii) We set H=N(<u)) and thus T< H. Furthermore, C(R) covers Ly/N as p
is nonconstrained by the proposition, so H is a Q-group of characteristic power q
and H=O(H)Cy(x) by Proposition 1.1. Moreover, by Lemma 2, x centralizes
every p-subgroup of O(H) that it normalizes. Since x centralizes H/O(H), it
follows, just as in the proof of Lemma 2, that x centralizers every p-subgroup of H
that it normalizes. In particular, any T-invariant p-subgroup of H certainly lies in N.

3. Proof of Theorem 1.1. The task to be accomplished in this section is a proof
of Theorem 1.1. We must show that a prime p is exceptional if and only if £(p) has
a certain property. We begin as follows:

LEMMA 1. If p is an ordinary prime and H € £ (p), then
(i) The element x centralizes each p-subgroup of H that it normalizes.
(ii) H is not p-constrained within S(H).

Proof. (i) Since H € £(p), x centralizes H/O(H). Thus we need only establish
that x centralizes each p-subgroup of O(H) that it normalizes. In particular, it
suffices to show that x centralizes some Sylow p-subgroup of O(H).

Since H € #(p), there is a D-invariant Sylow p-subgroup R of O(N) contained in
O(H) by Lemma 1.1. Let R* be a D-invariant Sylow p-subgroup of O(H) which
contains R. We shall prove that R*= R and so demonstrate (i).

Suppose that x centralizes R*. Thus R*< N, so R*<O(N) by Lemma 1.1 as
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R*< N N O(H). But RS R* and R is a Sylow p-subgroup of O(N), so R=R* in this
case.

Next, assume that x does not centralize R*; we shall derive a contradiction. By
Lemma 2.8.1, there is u € R*, u#1, such that u is inverted by x and u centralizes
Cre(x). Hence u e C(R) as RS R* N N=Cr(x). But N(R) € #(p) as N(R) con-
tains both D and R and covers L,/O(N) by the Frattini argument applied to the
normal subgroup O(N) of N. Hence x centralizes N(R)/O(N(R)), so u € O(N(R))
as u € N(R) and x inverts u. But p is stationary, being ordinary, so R is a Sylow
p-subgroup of O(N(R)). However, x does not centralize {u> and does centralize
R. This is a contradiction and (i) is proved.

(ii) The subgroup O(N) N H is a normal subgroup of L, N H and contains R.
Hence by the Frattini argument there is a Sylow 2-subgroup S, of L, N H which
normalizes R. However, H covers L,/O(N) as H € Z(p), so S, is a Sylow 2-sub-
group of L. Since p is ordinary, it is nonconstrained by Proposition 2.1; hence
Cr(R) covers Lo/O(N) by Lemma 2.1 and so C.(R) has odd index in Np(R).
Thus S, Cp(R). But SyS H, so So<Cy(R). Since R is a Sylow p-subgroup of
O(H) and S, is generalized quaternion, it follows from Lemma 2.6.2 that H is not
p-constrained 'within S(H) and the lemma is proved.

We remark that actually this lemma is superfluous, for the only part of Theorem
1.1 that we require for the proof of Theorem B is the existence of elements H of
Z(p) that are p-constrained in S(H) when p is exceptional. However, we think the
fuller picture is clearer.

LEMMA 2. If p is an exceptional prime and R is a D-invariant Sylow p-subgroup
of O(N), then H= N(R) is an element of ¥(p) and H is p-constrained within S(H).

This result together with the previous lemma will clearly provide a proof of
Theorem 1.1.

Proof. The subgroup H contains both D and R and it covers N/O(N) by the
Frattini argument. Thus H € #(p) by Definition 1.4 and also H contains a Sylow
2-subgroup of N and hence of G. We now prove that H is constrained as stated.

First, suppose that p is constrained; that is, Cy(R)=S(N) by Lemma 2.1 and
consequently C,(R)=Z(D) as S(N)=0O(N)Z(D) by Lemma 2.4.14. Let R* be a
D-invariant Sylow p-subgroup of O(H) containing R. Hence Cp(R*)<=Z (D). Let
S be a Sylow 2-subgroup of H containing D and normalizing R*. Thus S N Cyx(R*)
is a Sylow 2-subgroup of Cx(R*) as S is a Sylow 2-subgroup of Ny(R*). But His a
Q-group and S is a Sylow 2-subgroup of G, so that it now suffices to prove that
Cs(R*¥)=S N Cx(R*)=Z(S) by Lemma 2.6.2. However, Cs(R*) is a normal sub-
group of S, which is either quasi-dihedral or wreathed, and Cgs(R*) intersects D
in a subgroup of Z(D). In the latter case, the desired assertion is clear as then D= S,
while in the former case, it follows from Lemma 2.1.1 as then D is dihedral of
order eight.
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Next, assume that p is not constrained. Since p is exceptional, it follows from
Proposition 2.1 that p is not stationary. Thus, if R* is as above, then R*>R.
Hence the proof will obviously be concluded once we establish the following
result:

LemMa 3. If H e Z(p), R is a D-invariant Sylow p-subgroup of O(N) contained
in O(H) and R* is a D-invariant Sylow p-subgroup of O(H) properly containing R,
then H is p-constrained within O(H).

Proof. First, x does not centralize R*. For if it did, then R¥*<N N O(H), so
R*< O(N) by Lemma 1.1 and R=R* as R is a Sylow p-subgroup of O(N). This
contradicts our assumption that R*> R.

Let S be a Sylow 2-subgroup of H containing D and normalizing R*. Such a
subgroup exists by Sylow’s theorem applied to N(R*). Moreover, since H € Z(p),
S is a Sylow 2-subgroup of G by Lemma 1.1. However, the subgroup Cs(R*) is a
normal subgroup of S not containing x. But {x)>=Q,(Z(S)) by Lemmas 2.1.1
and 2.1.2, so Cg(R*) N Z(S)=1, which is possible only if Cs(R*)=1. Hence
|Cu(R¥)| is odd and so H is p-constrained within O(H) by Lemma 2.6.2. The
lemma is proved, as is the previous one, and so is Theorem 1.1

4. Structure of L,. The proposition to be established here is to be used to
prove the third statement of Theorem B, on the assumption that Theorem B* is
valid. We shall prove the result in much greater generality in order to make certain
uses of it in the next chapter.

PROPOSITION 1. Let = be the set of primes which divide |O(N)| and which are
neither centralized nor inverted. Set N=N/O,(O(N)). Then the following conditions
hold:

(i) Any T-invariant Sylow subgroup of O(N) is centralized or inverted by X%,.

(ii) Lo has a normal subgroup J containing O,(O(N)) such that Ly=JO(N) and
either

(a) J is isomorphic to SL(2, q) and J © O(N)=1 or

(b) J is isomorphic to SL~(2,9), =9, and |J N O(N)|=3.

(iii) J centralizers O(N).

Proof. We first establish statement (i). Let X be a T-invariant Hall =-subgroup
of O(N). By the definition of =, we need only show that every T-invariant Sylow
subgroup of X is centralized by T. We set Y=0,.(O(N)). Since O(N) is solvable,
and 0,(O(N))=1, Theorem 6.3.2 of [19] implies that Com(Y)< ¥ and Cx(¥)=1.
Thus it suffices to show that [X, T] centralizes Y, as then [X, T]=1 and T central-
izes X.

Let r be a prime divisor of | Y|. There exists a Sylow r-subgroup R of Y that is
normalized by T and X. Indeed, YXT is a solvable group having Y and XT as
Hall subgroups, so there is a Sylow r-subgroup R of Y permutable with X7. But
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as Y is a ='-group, we see that R=Y N RXT. Since Y is normal in O(N)T,
Y N RXT is normal in RXT and we conclude that R is normalized by XT.

It suffices to prove that [X, T] centralizes R, as r was an arbitrary prime divisor
of | Y|. However, each element of T either inverts or centralizes R, by the definition
of = and the fact that r € #’. Thus, TC(R)/C(R) has order at most two and is normal
in N(R)/C(R), so TC(R)/C(R) is central in N(R)/C(R) and hence [T, X]< C(R),
as was required to be demonstrated. Part (i) is proved.

We now turn our attention to (ii) and (iii). These are simply statements about N.
Since we shall work entirely in that group, we drop the “bars” and for the rest
of this proof—only—we use N, Lo, T, and so forth, for N, L,, T.

Let S be a Sylow 2-subgroup of N containing D and let y be the element of S’
of order four defined in §4 of Chapter II, so that y € L, and y ¢ Z(S) by the remarks
at the beginning of that section. We need only prove that y centralizes O(N), for
then Cy(O(N))£S(N) as S(N)=0(N)Z(S) by Lemma 2.4.14. Thus the hypotheses
of Lemma 2.4.16 will be satisfied and both (ii) and (iii) will follow from that lemma.

Let p be a prime divisor of |O(N)| and let R be an S-invariant Sylow p-subgroup
of O(N). Also set K=Ny(R) and Ky,=Cy(R). It will suffice to show that K, is a
Q-group. Indeed, assume that this is the case. We have SC K as R is S-invariant
and consequently S N K, is a Sylow 2-subgroup of K, as K, is normal in K. But
then S N K, clearly contains a quaternion subgroup. However, Lemmas 2.1.1
and 2.1.2 imply that any quaternion subgroup of S contains y. Thus ye SN K,
and so y centralizes R. Since p is arbitrary, it will then follow that y centralizes
O(N), as required.

By the Frattini argument N=O(N)K, so K is a Q-group of characteristic power g
and O(K)<O(N). Furthermore, we have ScK, S(K)=0(K)Z(S) by Lemma
2.4.14, and K,T=K{(x;> as x € Z(N). On the other hand, x, either inverts or
centralizes R, by (i), and so Ky{(x,>=K,T is normal in K. Since Z(S) is cyclic,
K,T¢ S(K). But L,S(K)/S(K) is the unique minimal normal subgroup of K/S(K)
and is isomorphic to PSL(2, ¢) by Lemma 2.4.15, as ¢> 5. Since K,T'S(K)/S(K) is a
nontrivial normal subgroup of K/S(K), it follows that L,< K,T'S(K). Since L, is
nonsolvable and K,S(K) is normal in K,T'S(K), this implies that K, is also non-
solvable. Since K, is a subgroup of the Q-group K and is invariant under the Sylow
2-subgroup S of N, Lemma 2.4.17, together with Proposition 1.1 now yield that
K, is a Q-group and the proposition is proved.

5. Reduction to local subgroups. This section is devoted to a proof that Theorem
B* implies Theorem B. Hence, we assume throughout that Theorem B* holds and
verify the statements (i), (ii), (iii), and (iv) of Theorem B.

We begin with the last assertion. Since every prime divisor of |O(N)| is inverted
or centralized, by Theorem B*, the set = of prime divisors of |O(N)| which is
neither centralized nor inverted is empty and O,(O(N))= 1. Proposition 4.1 applies
and gives us the existence of a normal subgroup J of L, such that L,=JO(N),
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J centralizes O(N), and either J is isomorphic to SL(2,q) and J N O(N)=1 or J
is isomorphic to SL™(2, 9), ¢=9, and |J N O(N)|=3. Thus to complete the proof
of (iv), it remairns to establish that G has quasi-dihedral Sylow 2-subgroups in the
case that J is isomorphic to SL™(2, 9).

Suppose then that J is isomorphic to SL™(2,9) and assume by way of contra-
diction that G has wreathed Sylow 2-subgroups, in which case D is wreathed.
Since g=9, we have e=1 and n=3, whence also 8= — 1. Setting N=N/O(N), we
have N=L by Proposition 2.3.3 as g=9 and hence O(C)<L. But (g+ 8¢)/2"=1
in this case and consequently O(C)=1 by Lemma 2.4.2. Thus O(C)< O(N).

We claim next that O(J)< O(C). Indeed, since J is perfect and O(N) is solvable,
J is the terminal member of the derived series of L, and so J is characteristic in L,.
Hence J is S-invariant and therefore so also is J N O(N). But J N O(N) contains
O(J) and so J N O(N)=0(J) and is of order three. Furthermore, DNJ is a
Sylow 2-subgroup of J and so is generalized quaternion of order sixteen. Since J
is isomorphic to SL"(2,9), O(J)=Z(J) and hence D N J centralizes O(J). In
addition, we know that Z(D) is cyclic of order eight and, as |0(J)| =3, 0 %(Z(D))
necessarily centralizes O(J). But T< G (Z(D))(D N J) by Lemma 2.1.2 and, as the
latter group centralizes O(J), we conclude that T centralizes O(J). Thus O(J)
< 0(C), as asserted.

Finally set R=03(0(C)). Since O(J) is normal in O(N) and O(C)< O(N), we
have that O(J)< R and hence that R#1. It follows therefore that H=N(R) is a
local subgroup of G. Since J centralizes O(N) and O(N) contains R, we see that
J= H. But clearly J covers Ly,/O(N), so H must be a Q-group of characteristic
power g by Proposition 1.1. On the other hand, R is characteristic in O(C) and
hence in C, while C is normal in M, so R is normal in M and M< H. Since M/C
is isomorphic to Aut(T), we see that |4,(T)| is divisible by three. Moreover,
since C is D-invariant, so also is R and hence D<= H. But now Proposition 1.1
forces H to be a D-group or Q D-group. This contradiction completes the proof of
part (iv) of Theorem B.

The argument we have just given did not use anything about ordinary or excep-
tional primes, but was solely a consequence of the factorization L,=JO(N) with
Jisomorphic to SL™(2, 9) and normal in L,. We record this result here for later use.

PROPOSITION 1. If Ly=JO(N), where J is normal in Ly, J is isomorphic to SL™(2, 9),
g=9, and J centralizes O(N), then G has quasi-dihedral Sylow 2-subgroups.

We continue our analysis of Theorem B. Let us look a little more at the structure
of N. First, we have noted above that J is the terminal member of the derived
series of L, and so J is characteristic in L, and is canonically determined. Since
Theorem B* holds, certainly O(N)=AB, where A and B are as defined in §l.
Let W=0(C) N J. It follows, since C has a normal 2-complement and C N O(N)
=4, that O(C) N L=WA. Since N/L is cyclic, we also have that O(C)/O(C) N L
is cyclic and that O(C)' < WA.
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Moreover, O(C) N L is the direct product of W and 4. Indeed, if J is isomorphic
to SL(2, q), in which case J N O(N) =1, this is clear as W<Jand A< O(N). Suppose,
on the other hand, that g=9 and J is isomorphic to SL™(2,9), in which case
|J N O(N)|=3. By what we have shown above, the Sylow 2-subgroups of N are
quasi-dihedral in this case. Since x, normalizes J as J is characteristic in Lo, it
follows that <{J, x,> has quasi-dihedral Sylow 2-subgroups, so that by Lemma
2.2.2,{J, x,) is isomorphic to SU(2, 9) and x, inverts O(J) which has order three.
But J N O(N)=0(J) and so J N O(N) is contained in B. Thus, W N A=1in this
case as well.

Finally, since M /C is isomorphic with Aut (7), it follows that there is a 3-element
a in M and not in C such that x%=x,, x3=x3, and x%=x, and such that a is in-
verted by the involution x,d which lies in D—T. This last condition holds since the
normalizer of a Sylow 3-subgroup of M covers M /C and intersects C in a subgroup
of O(C). We set N;=C(x;), 1 Si<3, and let J;, W,, 4, B;, and so on, be the obvious
subgroups of N;. Here, of course, we have N=N,.

The group W is cyclic of order (g+ 8¢)/2". In fact, if J is isomorphic to SL(2, q),
this follows from Lemma 2.4.2, while if J is isomorphic to SL™(2, 9), this is still
true by Lemma 2.4.12 as G has quasi-dihedral Sylow 2-subgroups and <J, x>
is isomorphic to SU,(2, 9) in this case.

We shall now prove assertions (i) and (ii) of Theorem B assuming (iii) holds.
It will then remain to prove (iii); this we save for last. Under these hypotheses and
with all the above notation, we first demonstrate the

LeMMA 1. (i) WA is normal in M ;
(i) Ci@=1;
(iii) A is cyclic of order dividing |W |.

Proof. (i) Since O(C)/O(C) N L is cyclic, as mentioned above, it follows that
0(C)'=0(C) N L.If N=N/O(N), then O(C)=0(C) and Co,(O(C))=0(C) N L
= W by Lemma 2.4.2. Hence

X = Co(c)(o(c)’) < O(C) ﬁL = WA.

However, W< X as O(C)’<cO(C)NL=WA=WxA and W is cyclic. Now x,
centralizes both 4 and N/L. By the remarks at the beginning of §4 of Chapter II,
d e Lyand so d € J. But then also d centralizes both 4 and N/L. Hence, x,d central-
izes O(C)/O(C) N L and O(C) N L/W. But x.d is an involution and O(C) is of
odd order, so x,d centralizes O(C)/W. Thus, x.d centralizes O(C)/X. Since X is
characteristic in O(C), by its definition, X is normal in M. Since x.d inverts a, we
have that a centralizes O(C)/X. However, as M ={C, x.d, a), this implies that
every normal subgroup of C contained in O(C) and containing X is normal in M.
In particular, X< WA< O(C) and WA=0(C) N Lis normal in C, so WA is normal
in M, as desired.
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(ii) If u € C4(a), then a € C(u). However, if u#1, C(u)< N, since we are assum-
ing, for now, that part (iii) of Theorem B is valid. But a ¢ N as x, and x, are not
conjugate in N and x$=x,. Hence u=1 and (ii) is proved.

(iii) By (i), we have that 4°< WA. Since WA is the direct product of W and 4,
and W is cyclic, it will follow that 4 is cyclic and is of order dividing | W| provided
we can show that 4* N 4=1. However, suppose that 4> N A#1. Hence, there
exist nonidentity elements u and v of A4 such that u®*=v. But x,d centralizes A and
inverts a, so u® *=v. Thus u**=u, whence u*=u as a is a 3-element and again
a € C(u)< N, giving the same contradiction as in (ii), and (iii) is proved.

Since W is of order (g+ 8¢)/2", in order to establish (i) of Theorem B, assuming
Theorem B* and part (iii) of Theorem B, we need only prove that 4B is a Frobenius
group with kernel B and complement 4, when A#1 and B+# 1. However, if 4#1
and B#1 and this is not true, then there is an element u of prime order p in 4
such that Cz(u)# 1. Since 4 and W are cyclic and | 4| divides | W| by the preceding
lemma, we have that AW possesses a characteristic subgroup R of type (p, p) and
that R=<{u>(R N W). But B centralizes W, so Cgz(R)#1 as Cg(u)#1. But WA is
normal in M by the preceding lemma and R is characteristic in WA, so H=N(R)
contains M as well as Cz(R). Thus a€ H, so Cyz(R)*<c C(R)< C(u). Therefore
Cs(R)*< N by part (ii) of Theorem B. But C5z(R)* is inverted by x since the fact that
X3 inverts B implies that x=x;=x§ inverts B% This contradiction completes the
proof.

We next demonstrate (ii) of Theorem B. Setting U=C,(T), we have that U
normalizes both 4 and B as A= Cy,(T) and B=[O(N), T]. If G has quasi-dihedral
Sylow 2-subgroups, then U=T, so U centralizes 4 and U/Cy(B)=T/{x> has order
2 and inverts B. Since n=1 in this case, all parts of (ii) hold. Hence we can suppose
that G has wreathed Sylow 2-subgroups, in which case D is a Sylow 2-subgroup of
N and U is the unique abelian subgroup of index two in D. Moreover, J is isomorphic
to SL(2, q) by part (iv) of Theorem B.

We known that D N J is the unique generalized quaternion subgroup of D
of order 2"+, It follows therefore from Lemma 2.1.2 that U nJ=D’ and that
U= D' x V, where V is cyclic of order 2" and Q,(V)=<x5>. (In fact, we can take
V={s> in the notation of that lemma.) Since x, inverts B, ¥V must act regularly
on B. On the other hand, D’ centralizes B as D'<J and J centralizes O(N). We
conclude that D'= Cy(B) and that U/Cy(B) is cyclic of order 2" and acts regularly
on B.

Thus to complete the proof of (ii), we need only show that U centralizes A.
Suppose false, in which case 4, =[U, A]#1. By Lemma 2.4.2, applied to JD, we
have that U centralizes W and consequently [U, WA]=[U, A]=A,. On the other
hand, U is a Sylow 2-subgroup of C and C is normal in M, so by the Frattini
argument there is a 3-element of M — C, which without loss we may assume to be a,
which normalizes U. But a also leaves WA invariant as WA is normal in M by
Lemma 1. Therefore a also leaves A, =[U, WA] invariant. Moreover, D leaves A4,
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invariant as it normalizes both U and 4. Hence, if p is a prime divisor of |4,]
and we set H=N(0,(4,)), then H is a local subgroup of G containing a, D, and J.
Since a € H, |Ny4(T)| is divisible by three, so H is either a D-group or a Q.D-group
by Proposition 1.1. On the other hand, since J< H, the same proposition forces
H to be a Q-group of characteristic power ¢, a contradiction. Thus U centralizes
A and part (ii) of Theorem B is completely proved.

We are now left with demonstrating part (iii) of Theorem B. We shall accomplish
this with a sequence of lemmas. Let u be a nonidentity element of O(N). We wish
to prove that H=N({u))< N; hence we may assume that u has prime order r.
Moreover, since O(N) is solvable and 4 and B have relatively prime orders, we
may assume that u € 4 or u € B. In particular, {u) is T-invariant, so T< H.

LEMMA 2. The subgroup H contains J, is a Q-group of characteristic power q
and H=O(H)(H N N).

Proof. We know that H is a local subgroup of G containing x. Furthermore,
J< H as J centralizes O(N) by part (iii) of Theorem B, which we have already proved.
Since J covers Ly/O(N), the lemma now follows from Proposition 1.1.

In the case that J N O(N)#1, we have

LemMma 3. If J is isomorphic to SL™(2, 9), then A=1.

Proof. Indeed, in this case, g=9, | 4| divides 5, and J N O(N)< B as it is inverted
by x;. But A(J N O(N)) is a Frobenius group if A#1, which is impossible as
|/ N O(N)|=3. Hence, A=1.

Suppose now that H¢ N. Lemma 2 implies that O(H)¢ N, so there is a T-
invariant Sylow p-subgroup R of O(H) for some prime p dividing |O(H)|, such
that R¢ N. Hence with the usual 7-decomposition notation of §8 of Chapter II,
we have Rj#1 for i=2 or 3. We first investigate the structure of R and H.

LEMMA 4. The following conditions hold:
(i) R is abelian and inverted by x;
(ii) R,=1and R;=R;, 2<i<3;
(iii) R, is an abelian subgroup of J\B;, 2<i<3.

Proof. It will suffice to show that R is inverted by x. Indeed, if that is so, then R
is abelian and R;=1. Thus, R is the direct product of R; and R; and Ri=R,
2<i=<3. Moreover, R,cJ,0(N,) as x centralizes N,/J;O(N;), this quotient being
isomorphic to N/L,, 2<i<3. Hence R,=J,B; as x centralizes 4; and J,O(N;)/J;B,
is isomorphic to A4, 2<i<3, so all parts of the lemma will hold.

Hence, we assume that R is not inverted by x and derive a contradiction. It
follows that R,#1. Moreover, R,<R as Rj#1 for some i, 2<i<3. Hence by
Lemma 2.8.1, there is a nontrivial T-invariant p-subgroup R* of R centralizing
R, such that [R*, x]=R*.
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We claim next that R, < O(N). Indeed, J= H by Lemma 2 and R,=N N O(H)
by definition of R and H, so [J, R,] is a subgroup of N of odd order. Setting
N=N/O(N), it follows that [L,, R,] has odd order as J=L,. Since |R,| is odd,
Lemma 2.4.7 now yields that R, =1, whence R, < O(N), as asserted.

Thus R, is a subgroup of a T-invariant Sylow p-subgroup of O(N). Since we are
assuming Theorem B*, it follows therefore from Lemma 2.3 for any v#1 in R,
that every T-invariant p-subgroup of C(v) lies in N. But R*< C(v) as R* centralizes
R, and R* is T-invariant by construction. Since [R*, x]=R*, we conclude that
R*=1, which is not the case. Hence R, =1 and the proof is complete.

Before going on, we require a subsidiary result:

LEMMA 5. Any subgroup of Lo which covers Lo/O(N) contains J.

Proof. Let X be a subgroup of L, covering L,/O(N). Since L,/O(N) is perfect,
it follows that each member of the derived series of X covers Lo/O(N). In particular,
the terminal member X, does. However, as we have noted at the beginning of
this section, J is the terminal member of the derived series of L,, whence X,<=J.
However, X, covers L,/O(N), so this implies that X, covers J/J N O(N). Thus,
Xo=J and certainly J< X.

LEMMA 6. The following conditions hold:
(i) J normalizes R.
(ii) Ry and R, are conjugate in H.

Proof. We first observe that (ii) will follow from (i). In fact, d eJ and x=x;
Hence, if J normalizes R, so does d. Thus,
. Ry = Cp(xg) = Cg(x3)* =
and (ii) holds.
It remains to establish (i). We set Hy=N4(R) and must demonstrate that J< H,.
In any case, J< H, by Lemma 2. It now suffices to show that

HN N = (Hyn N)O(H) N N).

Indeed, suppose this factorization holds. Since [J, O(H) N N] has odd order,
it follows from Lemma 2.4.7 exactly as in the proof of Lemma 4 above that
O(H) " NcO(N). Since JSH N N, the given factorization thus implies that
(Hy, " N)O(N)=J. Hence, H,N N is a subgroup of N covering Lo/O(N), so
H, N N2J by the previous lemma.

We now derive the required factorization. It suffices to show that HN N
S(Ho, N N)O(H). But HN N covers H/O(H) by Lemma 2 and HoN NSHN N,
so it is enough to prove that H, N N covers H/O(H). However, H, covers H/O(H)
by the Frattini argument. Moreover, O(H)x is central in H/O(H) and x € H,
inasmuch as x € H and x normalizes R. Thus, (O(H) N Hy)x is central in
Hy/O(H) N Hy, so Hy=(H, N N)(O(H) N H,) by the Frattini argument and we
are done.



146 J. L. ALPERIN, R. BRAUER AND D. GORENSTEIN [September

LEMMA 7. Either R, N\ Bi#1, 2<i<3, or the following conditions hold:
(i) g=p™=|R;|=|Rs| for a suitable positive integer m;

(ii) u€ B.

Proof. Assume for the sake of definiteness that R, N B,=1. We shall prove that
(i) and (ii) hold. Since R,=J,B, by Lemma 4, it follows that R, is isomorphic to a
p-subgroup P, of J,.

Suppose that p is not the characteristic of J,. It follows from Lemma 2.4.1 that
P, is cyclic, so R, is cyclic as well. But R, and R; are conjugate in H by Lemma 6,
s0 Rj is cyclic. Since x inverts R, by Lemma 4, and J normalizes R, by Lemma 6,
we have that either J or J/O(J) is faithfully represented on the Frattini quotient
group of R, which is elementary abelian of order p2. Hence, J or J/O(J) is iso-
morphic with a subgroup of GL(2, p). Since J is perfect, J or J/O(J) is isomorphic
with a subgroup of SL(2, p). Moreover, J is not solvable and is not of characteristic
», so Lemma 2.4.8 now forces g=35, contrary to our assumption ¢ > 5.

Hence, p is the characteristic of J,. Since J, has characteristic power ¢, we have
now established that g=p™ for a suitable integer m. Since P, is a p-subgroup of J,
and J, has characteristic power g, it follows from Lemma 2.4.1 that |P,| <q and
P, is elementary abelian. Thus, R, is elementary abelian of order at most g=p™,
so R is elementary of order at most p®", since R=R,R; by Lemma 4 while |R,|
=|R3| by Lemma 6. Hence, in order to establish (i), it suffices to show that |R|
2 p?™. ButJorJ/O(J) is faithfully represented on R, so |R| Z p* by Lemma 2.4.18.

Suppose now that (ii) is false. In this case u € A4, by our choice of u, and T
centralizes u. We shall show that J,< H, which will contradict the factorization
H=O0(H)Cy(x) obtained in Lemma 2.

First, u € N, since x, € T and T centralizes u. Moreover, R, centralizes u. Indeed,
Aut (u)) is abelian and R,=[R,, x] as R,=R; by Lemma 4, and so R, H'
S C(u). We set Ny=N,/O(N,); it follows from above that R,=P, and R, is a
Sylow p-subgroup of J,. Furthermore, u has prime order r by choice. Since R, =1
by Lemma 4 and <u) is normal in H, it follows that r#p. On the other hand, since
R, is a Sylow p-subgroup of J,, it follows from Lemma 2.4.4 that Cy,(R;)=
Z(N,)R,. Since r#p and Z(N,) is a 2-group, Cy,(R;) is thus an r’-group. Since
e ng(l?z), we conclude that #=1. Thus u € O(N,), so J, centralizes u and J,< H,
as desired.

We know that R3#1 or Rz#1 and so Ry#1 or R;#1 by Lemma 4. But R,
and Rj; are conjugate in H by Lemma 6, so Ry # 1 and Rz # 1. We now set K=C(Ry)
and shall study this group in the next two lemmas. The final contradiction will
come from the interrelations.of H and K.

LeMMA 8. K is T-invariant and either K is a Q-group and K=O(K)(K N Ny)
or K has a normal 2-complement.

Proof. We treat the quasi-dihedral and wreathed cases separately. The latter,
being easier, is considered first. In this case, D is wreathed of height n and DN J
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is the unique generalized quaternion subgroup of D of order 2"+, Moreover, by
Lemma 2.1.2, Cp 7(x2)= D' and so is cyclic of order 2". Now J, and hence D N J,
normalizes R by Lemma 6 and T normalizes R by construction, so 7D’ normalizes
Ry =Cg(x;). Thus K=C(Ry) is TD'-invariant. In addition, since x inverts R, and
x is the unique involution of D’, we have K N D' =1. We see then that all the con-
ditions of Lemma 2.3.3 are satisfied with KD’, K, and D’ in the roles of H, K, and
A, respectively. We conclude that either KD’, and hence also K, has a normal
2-complement or that K is a Q-group with generalized quaternion Sylow 2-sub-
groups. Finally, in the latter case, we note that x, € K as x, centralizes R, and so
{x) is the center of some Sylow 2-subgroup of K. Hence K=O(K)Ck(x;)=
O(K)(K N N,) by Proposition 2.3.1. Thus the lemma holds when D is wreathed.

Suppose next that G has quasi-dihedral Sylow 2-subgroups. Again we have that
X, € K and that x inverts R,, so K is T-invariant and K is of index two in KT.
Thus a Sylow 2-subgroup of K is not a Sylow 2-subgroup of G and so is not quasi-
dihedral, which implies that K is not a Q D-group. Hence by Proposition 1.1 K is
either a Q-group, a D-group, or has a normal 2-complement. We assert that K
is not a D-group; we assume that it is and derive a contradiction.

First, R, N B,=1. Indeed, if R, N B, 1, then N(R, N B,) contains J, as well
as K. This implies that N(R; N B,) covers J,O(N,)/O(N,) and so is a Q-group of
characteristic power g by Proposition 1.1. As such it cannot contain the D-group
K by Lemma 2.4.17. Thus R, N B,=1 and now the preceding lemma implies that
q=p™ for some integer m.

~ On the other hand, K is of index two in KT and K is a D-group, so KT is also a
D-group by Proposition 2.1.1. Furthermore, a Sylow 2-subgroup of KT is either
dihedral of order at least eight or quasi-dihedral, by the structure of D-groups
enunciated in Proposition 2.3.4. We choose a Sylow 2-subgroup S* of KT which
contains T. It follows that |Z(S*)| =2 and Z(S*)<T, no matter which structure
S* has. But KN S* is normal in $* and is not trivial, so Z(S*)< K. Since x, is
the unique involution of T which centralizes R,, we conclude that {xgp=2Z(S*). In
particular, S*< N,. If we set N,=N,/O(N,), we have that R, is an S*-invariant
p-subgroup of J,. Moreover, R;#1 as R,=J,B, and R, N B,=1. However, this
is impossible by Lemma 2.4.9 as J, has characteristic p and S* contains a dihedral
subgroup of order eight.

Thus, K is a Q-group or has a normal 2-complement. It remains to demonstrate
in the former case that K= O(K)(K N N,). However, K N S* is of index two in
S* and KN S* is a Sylow 2-subgroup of K. Hence, if K is a Q-group, KN S*
is necessarily generalized quaternion and now the desired conclusion follows
exactly as in the wreathed case.

LeEMMA 9. The following containments hold:
(D) <Bp, wy<K;
(ii) u€ O(K) if u e B.
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Proof. We have proved in Lemma 4 that R, J,B,. Since B centralizes J and B,
is abelian, it follows that B,= C(R.) = K. Moreover, R,= Rj, so R, is inverted by x.
Since R,< H, we have that R, normalizes {u). But x inverts or centralizes u, so
R, must centralize u. Hence, u € K and (i) is valid.

Assume next that u € B; we shall establish (ii). If K has a normal 2-complement,
then this is automatic. If not, then Lemma 8 yields that K is a Q-group and
K=0(K)(K N N,), whence [x,, K]=O(K). But u€ B, so x, inverts u and again
u e O(X).

We are now ready to derive the final contradictions and thus establish assertion
(iii) of Theorem B. Suppose first that u € B, so u € O(K) by the previous lemma.
Moreover, B,< K by the same result. Since <u), B, and O(K) are T-invariant and
u has prime order r, it follows that O(K)B, possesses a T-invariant Sylow r-sub-
group Q which contains u. But x=ux, centralizes u and x, inverts u, as u € B, so
Q. #1 in the T-decomposition of Q. On the other hand, B, is inverted by x and
centralized by x, and r divides |B,| as |B;|=|B| and u € B has order r. Thus,
Q3+#1 as well and so 0> Q.

By Lemma 2.8.1, there is a T-invariant subgroup Q* of Q centralizing Q, such
that [Q*, x]#1. But ue Q, as ue Q and so Q* is a T-invariant r-subgroup of
C(u) not centralized by x. Since r is an ordinary prime, by Theorem B*, which
we are assuming, this contradicts Lemma 2.3.

In particular, we may now assume that if v is any nonidentity element of B,
then N({v))< N. We shall use this in dealing with the case that u € 4.

Finally, assume that u € A, which is the only remaining possibility, by our
choice of u. Hence, by Lemma 7, R, N By#1. If ve R, N B, and v#1, then
v~ is a nonidentity element of B=B;. Thus N({v* ")) N, so N({v))SN,. We
shall contradict this fact.

Since R is abelian, we have that R< K. However, x, inverts Rg= R3, so R3< O(K)
by Lemma 8. In particular, x, does not centralize a T-invariant Sylow p-subgroup
R* of O(K); that is, R*>R* N\ N,. Thus, by Lemma 2.8.1, Cm(R* N N)¢
R* N\ N,, so C(R* N N;)& N,. But R, R* N N, as R, is normal in K. Hence,
choosing v as above, we have v € R, R* N N, and therefore C(v)2 C(R* N N,).
Thus C(v) & N, which yields the desired contradiction N(v))¢ N,. This completes
the proof.

6. Properties of the elements of £(p). There are two key results on the elements
of the important collection #(p) of p-local subgroups of G which we shall establish
in this section. They are as follows:

PROPOSITION 1. If p is an exceptional prime and H € £(p), then H is p-constrained
within S(H).

This is an extension of part of Theorem 1.1, which states that there is at least one
element of Z(p) satisfying this proposition. The next resultis a  pushing-up”’ lemma.
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ProrosiTioN 2. If He #(p) for a prime p, R, is a nonidentity D-invariant
p-subgroup of O(H) and N(R,;) covers H|O(H) and contains a Sylow p-subgroup
of O(H), then N(R,) € Z(p).

This will be used in the following form:

COROLLARY 1. If p is an exceptional prime, H € #(p), R* is a Sylow p-subgroup
of H with R* N\ O(H) being D-invariant and if O, (H)Z(J(R*)) is normal in H,
then N(Z(J(R*))) € Z(p).

Proof (of Proposition 1). Let H be an element of #(p). As usual, it follows
from Lemma 1.1 that H contains a D-invariant Sylow p-subgroup R of O(N) and
that RS O(H). Let R* be a D-invariant Sylow p-subgroup of O(H) containing R.

First, suppose that R*> R. The hypotheses of Lemma 3.3 apply and we deduce
that H is p-constrained within O(H) and consequently p-constrained within S(H).
Hence we may assume that R*=R.

Let S be a Sylow 2-subgroup of H normalizing R. Since H covers L/O(N) by
Lemma 1.1, S is a Sylow 2-subgroup of G and consequently is a Sylow 2-subgroup
of N(R). However, N(R) is p-constrained within S(N¥(R)) by Lemma 3.2. Thus
Cs(R)=Z(S) by Lemma 2.6.2. But Cg(R) is also a Sylow 2-subgroup of Cy(R),
so H is p-constrained within S(H), again by Lemma 2.6.2. This proves the
proposition.

Proof (of Proposition 2). First, we note that N(R,) contains D inasmuch as R,
is D-invariant by assumption.

Next, we show that N(R;) contains a Sylow p-subgroup of O(N). Since Ny )(R;)
is D-invariant and contains a Sylow p-subgroup of O(H), by hypothesis, it follows
that there is a D-invariant Sylow p-subgroup R* of O(H) containing R, as a normal
subgroup. However, any two D-invariant Sylow p-subgroups of O(H) are con-
jugate by an element of Cpyy,(D) and there is a D-invariant Sylow p-subgroup of
O(N) contained in O(H), by Lemma 1.1. It follows that Cg.(x) is a Sylow p-sub-
group of O(N) (and it is D-invariant since R* is and x € Z(D)). But N(R,)= R*,
so our assertion is valid.

Hence, it remains to establish the covering property to show that N(R,) € Z(p).
Let K=Ny(R,), so K= N(R,); it suffices to show that K covers Lo/O(N).

We set Hy=(L, N H)O(H) and claim that H,/O(H) and L,/O(N) are incident
sections. Indeed, O(N) N Hy,c O(H), O(H) N NS O(N), H covers L,/O(N), and
N covers H/O(H), so this is clear. In particular, L,/O(N) and Hy/O(H) are
isomorphic.

The subgroup K covers H/O(H) by the Frattini argument. Let K,=H, N K,
so Hy/O(H) and K,/O(H) N K are incident sections. Moreover, O(H) N K=0(K)
since K covers H/O(H). Furthermore, x € K and K/O(K) is a Q-group with the
image of x central. Thus, K N N covers K/O(K). In particular, K, " NJO(K) N N
is incident with K,/O(K). Thus, L,/O(N) is isomorphic to K, " N/O(K) N N.
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However,
KkNnNcS HNN=0OH)L,NnH)NN < L,

as O(H) N N O(N). Finally,
ONN(KyNN)<cONNNHNK< OH)NKNN = OK)NN.

Thus, Lemma 2.8.6 applies to the sections L,/O(N) and K, " N/O(K) N N and
they are incident. In particular, K, covers L,/O(H) and K,= K. This proves the
proposition.

Proof (of Corollary 1). We set Z=Z(J(R¥)) and we shall verify that Z satisfies
the conditions for R, in Proposition 2; this will suffice for the proof.

First, Z< O(H). Indeed, O, ,(H)< S(H) since H is p-constrained within S(H)
by Proposition 1. Thus, O,.(H)Z< S(H) as Z is a p-group and O,.(H)Z is normal
in H by assumption. However, H is a Q-group, since H € #(p), so S(H) has
O(H) as a normal 2-complement by Lemma 2.4.14. Consequently Z< O(H), as
asserted.

It follows that Z is D-invariant. In fact, Z=0,(H)Z N R*. But Z< O(H), so

Z = 0,(H)Z 0 (R* N O(H)).

However, O,(H)Z, being normal in H, is D-invariant and R* N O(H) is, by
assumption. Thus Z is also D-invariant.

Moreover, Z is normal in R*, by definition of Z; it follows that N(Z) covers
H|0,(H)Z, so N(Z) covers H/S(H), as we have seen that O,(H)Z<S(H):
But S(H)=O0(H)Z(D) by Lemma 2.4.14 as H is a Q-group and H=O0(H)(H N N).
Since Z is Z(D)-invariant, it follows that N(Z) covers H/O(H) and the corollary
is proved.

7. A subgroup of C. In this section and the two that follow, we let p be a
fixed prime divisor of |O(N)| such that p divides |C N L| and p is not stationary
in the case that N is not p-constrained within S(N); our purpose here is to construct
a very important nonidentity p-subgroup Q of C. Its normalizer N(Q) will then be
a p-local subgroup of G of a very special sort. This will lead to the study of another
family of p-local subgroups of G; the existence of Q will show that the family is
nonempty. These local subgroups will then turn out to be D-groups which
“mesh” with N in a nontrivial way.

We now fix a D-invariant Sylow p-subgroup P of C. Since DPO(N) is solvable,
there exist DP-invariant Sylow p-subgroups of O(N); we let R be such a subgroup
and fix it. Hence, by Lemma 2.1, N is p-constrained within S(N) if and only if
Cy(R)S S(N); moreover, if Cy(R)£S(N), then Cy(R) covers Lo/O(N), again by
Lemma 2.1.

The main result of this section is as follows:

PROPOSITION 1. There is a nonidentity characteristic subgroup Q of P and a
Q-subgroup N* of G with the following properties:
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(i) N* is p-constrained within S(N*), covers L|O(N), and contains DQ.
(ii) C*=N¢~n(Q) covers CNLIC N S(L).
(iii) There is a DQ-invariant Sylow p-subgroup R* of O ,(N*), such that
C(QCr(Q)=C*.

The exceedingly complicated form of the result is due to the fact that the proof
divides into a number of separate cases. Let us, in advance, examine one of the
easier possibilities, in order to gain insight into the nature of the proposition.

Thus, suppose that N itself is p-constrained in S(N). We set N*=N and also
assume that Q is some nonidentity characteristic subgroup of P. Let us see what the
conditions amount to under these special hypotheses. First, (i) is clear as N
certainly covers L/O(N) and contains both the subgroups D and Q. Hence, only the
second and third conditions need to be met.

However, even that requirement is simplified in this case. Indeed, C*=N(Q)
as CN N*=C n N=C. Moreover, N is p-constrained within S(N), so Oy, ,(N)
=S(N). Since S(N) has a normal 2-complement by Lemma 2.4.14, so does
DQO,. ,(N) and hence there does exist a DQ-invariant Sylow p-subgroup R* of
O, ,(N). For any such Sylow subgroup, we have

CAQCr(Q)) < C(Q) = N(Q) = C*.

Hence the only other condition Q needs to satisfy (besides being a nonidentity
characteristic subgroup of P) is that N(Q) covers C N L/C N S(L).

Let us conclude this introductory explanation by exhibiting the appropriate
subgroup Q under one further assumption. We suppose that p does not divide
|C : Cn O(N)|. This is indeed the case except for a finite number of primes for a
given value of the characteristic power ¢ of G. With all these hypotheses, we assert
that Q=P will do. Indeed, P=C N O(N) as C N O(N) is normal in C. Since P
is a Sylow p-subgroup of C N O(N), Ng(Q) covers C/C N O(N) by the Frattini
argument, so certainly covers C N L/C N S(L). Moreover, P#1 as p divides
|C N L| by assumption.

The proof of the proposition is divided into a sequence of lemmas. The first
.of these embodies the arguments we have just given. With the above notation, it is
as follows:

LeMMA 1. If N is p-constrained within S(N) and Q is a nonidentity characteristic
subgroup of P such that N(Q) covers C N L|C N S(L), then N*=N and Q satisfies
the proposition.

We shall begin by considering this case: namely, that N is p-constrained within
S(N) and we shall construct the desired subgroup Q. In fact, we shall show that
we may take Q to be Z(J(P)) or Q,(P) for a suitable positive integer m.

We set K=Ng (PN L)P, so K is a group as P normalizes PN L and CN L.
Let U=0,(K)0,K).
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LEMMA 2. With the above notation, we have
(1) K is a subgroup of C.

@ii) K covers CNL|C N S(L).

(iii) 0,(K)=PN L.

Proof. (i) This is clear as P is a subgroup of C.

(i) In fact, we shall show that N;. (P N L) covers CNL/CN S(L). Since
C N L is a normal subgroup of C, it follows that P N L is a Sylow p-subgroup of
C N L. Furthermore, CNL/CN S(L) is abelian by Lemma 2.4.2, so K;=
(C N S(L))(P N L) is a normal subgroup of C N L. Thus, by the Frattini argument,

CNnL= NCnL(P N L)K1
= Non(P N LYP N LY(C N S(L)
= Ngnr(P 0 LYCN S(L)),

and our assertion is valid.

(iii) Certainly PN LS O,(K) as PN L is normal in N¢ (PN L) and in P.
Suppose that the inclusion is proper and set N=N/O(N). Thus, P N L< O,(K),
so there is a p-element & of 0,(K) not contained in L. However, by (ii), it follows
that W=0(C) n L=0(C) N L is contained in K. Hence W is normal in X as
K<C and W=0(C) N L is normal in C. Moreover, i centralizes O,(W) as
ii € 0,(K) and this contradicts Lemma 2.4.2, applied to N.

LeMMA 3. If U=0,, ,(K), then Q=Z(J(P)) satisfies the proposition.

Proof. Indeed, we need only demonstrate that Q is normal in K and then
N(Q) covers C N L/C N S(L) by the preceding lemma. However, C is the product
of Cp(T) and O(C), K contains Cp(T) as D normalizes P N L, and K C by Lemma
2. Since O(C) is a normal 2-complement in C, it follows that K=O(K)Cp(T).
Since O(K) is normal in K and of odd order, Glauberman’s theorem now implies
that 0,.(K)Q is a normal subgroup of K. But this yields that Q< O, ,(K) which is,
by assumption, the direct product of O,(K) and O,(K). Hence, Q centralizes
0,(K) and so Q is normal in K.

Therefore, we shall assume for the remaining considerations in the constrained
case that

U= Op'(K)Op(K) < Op’.p(K)°

Again, set N=N/O(N). Since P is a Sylow prsubgroup of C, it follows that P
is a Sylow p-subgroup of C. Thus P/P N L is a Sylow p-subgroup of N/L, so it is
cyclic by Proposition 2.3.3. However, PN L2P N O(N), so P[PNL is also
cyclic. As O,(K) is not a Sylow p-subgroup of O, ,(K), neither is P N L by Lemma
2. It follows that if ve P and v* € P N L, then v € O, ,(K). We choose v € P of
minimal order such that v € P N L, v ¢ P. Let v have order p™.

LemMma 4. If Q,(P) is nonabelian, then Q=Q,(P)’ satisfies the proposition.
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Proof. Because of our assumption on Q,(P), Q is nontrivial. As in the preceding
lemma, it suffices to prove that Q is normal in K. We set P,=(P N L, v). Our
choice of v, and the discussion that went with it, shows that P,/P N L is of order p.
Moreover, as P/P N L is cyclic, P N L=0,(K) and P,< O, ,(K), it follows that
0,(K)P; is a normal subgroup of K. Thus, by the Frattini argument, we have
K=0,(K)Ng(P,).

We claim that the minimal choice of v forces the containment Q,(P)<P;.
Indeed, suppose ue P, u¢ Py, and ¥*"=1. Since P/P N L is cyclic, this implies
that there is a positive integer r such that P, ={P N L, u*"). However, u*" has order
less than p™ and this contradicts our choice of v. Hence, we have Q. (P)<P;, so
Qn(P)=Qu(P,).

Thus, the above factorization of K yields now that K=0,.(K)Ng(Q.(P)), so
K=0,(K)Nx(Q) as Q is a characteristic subgroup of Q,(P). Hence we need only
show that Q centralizes O,.(K). To do this, we require only that Q<P N L as
0,(K)=P n L. However, since Q,(P)=Q,(P,),

0=Q,P)<cPicsPnL

as P,/P N L has order p and the result is proved.

To conclude the constrained case, we shall establish that, in fact, Q,(P) is not
abelian. This will be accomplished once we verify the following complicated,
independent property of solvable groups.

LEMMA 5. Assume that Y is a normal subgroup of odd order of the solvable group
X and that the following conditions hold:

(a) The quotient X|Y is a Frobenius group of order 2pr, where p and r are distinct
odd primes, with Frobenius kernel of order r and cyclic complement of order 2p.

(b) If R is a Sylow p-subgroup of Y, then Cx(R)< Y. '

(c) There is an involution t and a p-element u of Cx(t) such that the image of tu
in X|Y generates a cyclic complement of order 2p.

Under these conditions, there is a {tu)-invariant Sylow p-subgroup R of Y such
that u does not centralize Q,(Cx(t)).

The proof is by induction on | X|; the situation finally reached will also motivate
the result itself.

Proof. As we have just stated, we shall proceed by induction on |X|; we may
assume the result holds for all groups of order less than | X| inasmuch as the case
| X|=1 is vacuous.

Suppose that X, is a subgroup of X containing both tu and a Sylow p-subgroup
of Y and covering X/Y. We set Yo=Y N X, and we claim that X, fulfills all the
hypotheses of the lemma. Indeed, Y, is a normal subgroup of odd order of X,.
Moreover, X,/ Y, is isomorphic with X /Y since X, covers X/Y; hence condition
(a) is satisfied by X,. Furthermore, if R, is a Sylow p-subgroup of Y contained in
X, then Cx (Ro)<S X, N Y=Y, so (b) holds. Finally, (c) is valid for X, as {tu)
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< X, and the isomorphism between X /Y and X,/ Y, shows that Y,tu is a generator
for a cyclic complement of the Frobenius group X,/ Y.

Thus if X,< X, we may apply our induction assumption to X,. Hence, there is a
{tu-invariant Sylow p-subgroup R, of ¥, such that u does not centralize Q,(Cg,(?)).
However, R, is a Sylow p-subgroup of Y, by assumption, and so the result holds
for X. Consequently, we shall assume that if X, is any such subgroup, then X,=X.

Since {7, t, u) is a solvable group with Sylow 2-subgroup {t¢>, there is a {tu)-
invariant Sylow p-subgroup R of Y. We now set X,=Nx(R) and we claim that
Xo=X. Indeed, X, contains ¢, ¥ and the Sylow p-subgroup R of Y. Moreover,
X, covers X /Y by the Frattini argument. Thus, X,=X as claimed and so R is
normal in X.

Next, we assert that if #={2, p, r}, then X is a =-group. Since X is solvable,
there is a Hall #-subgroup X, of X containing ¢ and ». Moreover, X; certainly
contains R and covers X/Y. Hence X; =X, again by the above discussion, and
so X is a m-group.

Thus if K/Y is the Frobenius kernel of X/Y, then K/R is an r-group. Indeed,
K|/Y is of order r. Furthermore, Y is a {r, p}-group since Y is a m-group of odd
order. As R is a normal Sylow p-subgroup of Y, it follows that Y/R is an r-group.
Hence, K/R is also an r-group.

This now implies that K/R is cyclic. To see this, we let ¥ be the subgroup of X
containing R such that V/R is the Frattini subgroup of K/R. Since K/Y is of
order r, it follows that Y=>V. Furthermore, K/R is cyclic if Y=V. However,
K|V is a completely reducible X-module since X/K and K/V have coprime orders.
Hence if Y> V, then there are normal subgroups K; and K, of X such that K,< K,
K=K\K,, K; " K,=V, and K,/V is incident with K/Y. Thus, if X,=<{K,, tw),
then X,< X. However, RS X,, {tu)< X,, and X, covers X /Y. This is a contra-
diction, so we must have that Y=V and so K/R is indeed a cyclic r-group.

We now claim that R contains a characteristic subgroup R* of exponent p
such that Cx(R*)< Y. Indeed, R contains a characteristic subgroup R; of class at
most two such that no p’-automorphism of R centralizes R,, by Theorem 5.3.11
of [19]. Since Cx(R)< Y, it follows that Cx(R;)< Y. But X/Y is a Frobenius group,
$0 Cx(R,)< Y. We now set R*=Q,(R,), so that no p’-automorphism of R, central-
izes R*, by Theorem 5.3.10 of [19]. Thus, by an argument similar to the one just
given, we have that Cx(R*)< Y. Moreover, since R; has class at most two and p is
odd, it follows that R* has exponent p and our assertion is valid.

Hence, in order to complete the proof, it suffices to show that there is a chief
factor H/H, of X with the following properties:

(1) HS R*;

(2) t does not centralize H/H,;

(3) u does not centralize the fixed points of # on H/H,.

Indeed, suppose that H/H, is such a factor. Thus, Cy(t) covers the fixed points
of t on H/H, as H is of odd order. But u normalizes Cy(¢) as ¢ and u commute,
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so u does not centralize Cy(t)/Cy,(t) by (3). Thus, u does not centralize Cy(?).
However,

Cu(t) € Cr(t) = Q(C(2))

as R* is of exponent p and we obtain the desired conclusion of the lemma.
However, let R*=H,DH,>---D>H,=1 be part of a chief series of X; set
E=H1/H;+1, 15isk- 1, and set

k=1
z= ) G@.

Since R* is a p-group, it follows that Z/Cx(R*) is a p-group. But Cx(R*)< Y,
Z is normal in X, and O,(X/Y)=1, so Z< Y. Moreover, Cx(F)=R as R is a
p-group and F; is a chief factor of X. But K/R is a cyclic r-group and K/Y is the
Frobenius kernel of X/Y, so X/R is a Frobenius group with kernel K/R. Hence
if Cx(F)¢ Y, then Cx(F)=K. Thus, there must exist an index j with 15j<k-—1
such that Cx(F;)< Y since Z< Y.

We claim that F=F, is the desired chief factor. Indeed, X/Cx(F)= X is clearly a
Frobenius group with kernel K a cyclic r-group and with cyclic complement of
order 2p. Hence, by Lemma 2.8.4, F is a free module for any complement of X
and, in particular, for the complement <{#ii>. We conclude from this that u does not
centralize all the fixed points of ¢ on F. This proves the lemma.

At last we can finish the considerations of the constrained case by proving

LEMMA 6. The subgroup Q,,(P) is nonabelian.

Proof. We assume that Q,(P) is abelian and derive a contradiction. We begin
by setting N=N/O(N) and showing that we may assume that 7 E. We were
careful to choose P as a D-invariant Sylow p-subgroup of C; consequently, D
normalizes Q,(P). Thus, D normalizes the section Q,(P)/Q,(P) N L, which is
incident with P,/P N L. But D centralizes N/L, so D centralizes these sections.
Thus, there is v, € Q,(P) N C(D), v, ¢ P N L. Since Q,,(P) is abelian by assumption,
this implies that v{" =1, so that v, has order p™ precisely by the minimality of m.
Hence, we may replace v by v, ; thus, we may assume v € C(D). However, Cx(D)
is the direct product of Z(D) and E by Lemma 2.4.3, so that 5 € E as we claimed.
In particular, this implies that v» € O(N) as N is the semidirect product of L and E.

Again by the same lemma, there is a cyclic subgroup ¥ of odd order in L inverted
by X, such that & does not centralize O,.(¥). Hence there is an odd prime divisor
r of 0,(V) such that 5 normalizes a subgroup K of order r of 0,.(V) but centralizes
no nonidentity element of K. Moreover, %, inverts K. Since & has prime order p,
it follows that <K, X,, o) is a Frobenius group with Frobenius kernel cyclic of
order this prime r and complement {X,, &) cyclic of order 2p.

Thus, if K=K/O(N) for a subgroup K of N and if we set X={(K, x,, v},
Y=0(N), t=x,, and u=v, then all the hypotheses of Lemma 5 are satisfied. Hence
there is a {xv)-invariant Sylow p-subgroup R of Y=O(N) such that v does not



156 J. L. ALPERIN, R. BRAUER AND D. GORENSTEIN [September

centralize €;(Cr(x7)). Hence there is an element z of order p in Cy(x,) such that z
and v do not commute, but do generate a p-subgroup. Thus, z and v, in fact,
generate a nonabelian p-subgroup of C as each lies in C. Let P* be a Sylow p-
subgroup of C containing {z, v). Since z has order p and v has order p™, it follows
that {z, v)> < Q,(P*) and so Q,(P¥) is nonabelian. Hence, Q,(P) is also nonabelian,
which is the contradiction we have been seeking.

This establishes the lemma and concludes the proof of the proposition in the
constrained case.

Thus, we assume for the remainder of the section that N is not p-constrained
within S(N). We let R be as at the beginning of the section, so Cy(R) covers
Lo/O(N), as we remarked much earlier. To verify the proposition in this case,
we shall set Q=Z(P). Moreover, we shall take N*=N(Q N O(N))if Pn O(N)#1
and N*=N(R) if P N O(N)=1. Our first result, however, tells us about Z(P).

LEMMA 7. The subgroup Z(P) is contained in L.

Proof. We shall assume that Z(P)¢ L and derive a contradiction. We begin by
observing that P N LS O(N). Indeed, set N=N/O(N), so P is a D-invariant
Sylow p-subgroup of O(C). Hence, by Lemma 2.4.2, Z(P)<L or P N L=1. Thus,
we must assume that PN L=1, whence PN LS O(N) as we claimed. Since
P N L+#1 by our choice of the prime p, this implies that P N O(N) # 1.

We now distinguish two cases: P abelian; P not abelian. We shall deal with each
of these separately, beginning with the easier of the two.

Thus, suppose that P is not abelian. Since N/L is cyclic, by Proposition 2.3.3,
it follows that P’ O(N). Hence P'<P N O(N)<R as R is DP-invariant. Conse-
quently, C(P’) covers Ly/O(N), so N(P') does also. Hence, N(P’) is a Q-group of
characteristic power g by Proposition 1.1 as P’#1. However, P’ is a characteristic
subgroup of P, so N(P’) covers M/C by the Frattini argument. Thus, Ny(P’) is
a D-subgroup of the Q-group N(P’), contrary to Lemma 2.4.17.

We now assume that P is abelian. We claim that it suffices to show that N(P)
contains a Q-subgroup. Indeed, if that is the case, then N(P) is a Q-group or a
QD-group by Proposition 1.1 inasmuch as N(P) contains D. But N(P) covers
M|/C, by the Frattini argument; therefore, N(P) must be a QD-group, again by
Lemma 2.4.17. Now C(P)=T, so C(P) is a normal subgroup of even order of the
QD-group N(P). It follows therefore from Proposition 2.2.2 that C(P) is also a
Q D-group. However, C(P)< C(P N O(N)), so the latter group is also a Q D-group.
But C(R) covers L,/O(N); consequently, C(P N O(N)) covers Lo/O(N). Since
PN O(N)+#1, it follows from Proposition 1.1 that C(P N O(N)) must be a Q-
group of characteristic power g, contrary to the fact that it is a Q D-group. Thus, we
shall conclude the proof by establishing that N(P) contains a Q-subgroup.

We set X, =C(R) and let Y,=O(N) N X,. We shall now examine the structure
of X,. First, X, covers L,/O(N) by hypothesis; therefore X,/ Y, is isomorphic to
Lo/O(N), which is isomorphic to SL(2, g). Furthermore, since ¥o=Cou,(R) and
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R is a Sylow p-subgroup of O(N), it follows that Y, is the direct product of Z(R)
and a p’-group K. Since SL(2, g) has no nontrivial normal subgroup of odd order,
we have that O(X,)= Y,; also K is a characteristic subgroup of Y.

The group Z(R) is in the center of X,. Hence X,/K is the extension of the central
p-subgroup Y,/K by the group X,/Y,, which is isomorphic to SL(2, g). However,
N>Las PEL, so ¢>9, as N/L is isomorphic with a subgroup of odd order of the
group of automorphisms of the Galois field with g elements. Hence by Lemma
2.4.16, X,/K is the direct product of Y,/K and a group Jy/K, the latter being iso-
morphic to SL(2,q). Thus, it follows that J,/K=0"(X,/K) and so Jo/K is a
characteristic subgroup of X,. Moreover, J,/K is clearly incident with L,/O(N).

We now conclude the proof. The subgroups L, and R are normalized by P,
s0 X, is P-invariant. Consequently, J, and K are also normalized by P. Thus
C,,x(P) is isomorphic to Cr(P), where L,, P are the images of L,, P respectively
in N=N/O(N). Moreover, K is a p’-group; therefore, C;(P) covers C; x(P).
Hence it suffices to show that Cr(P) is isomorphic to SL(2, g,) for some prime
power ¢,. Indeed, this will imply directly that C; (P) is a Q-group. Since C,,(P)
< N(P), this will establish the desired assertion concerning N(P).

However, we are assuming that Z(P)¢L, so that Z(P)¢ L. Hence by Lemma
2.4.2, P<E. Thus, by the same lemma, Cr,(P) is isomorphic to SL(2, g,), where
g=q% and m=|P|. The lemma is now proved completely.

The next result will be used to show that the subgroup we take for N* has the
desired properties.

LemMA 8. If R, is a nonidentity DP-invariant subgroup of R, then N(R,) is a
Q-group which covers Lo/O(N), contains DP, and is p-constrained within O(N(R)).

Proof. Since C(R) covers Lo/O(N), certainly N(R,) does as well. Moreover, DP
is contained in N(R,) as R, is DP-invariant. Hence by Proposition 1.1, N(R,) is a
Q-group and N(Ro)=O(N(Ro))(N(Ro) N N). Thus, all is verified except the last
statement: we need only establish that N(R,) is p-constrained within O(N(R,)).
It will suffice to show that x normalizes but does not centralize a p-subgroup of
N(Ry). Indeed, if this is the case, then x will normalize but not centralize a p-
subgroup of O(N(R,)) as the image of x is central in N(R,)/O(N(R,)). But then if
S is a Sylow 2-subgroup of N(R,) containing D and R* is an S-invariant Sylow
p-subgroup of O(N(Ry)), it will follow that x does not, centralize R*. However, S
is quasi-dihedral or wreathed, so Z(S) is cyclic and (x> =Q,(Z(S)). Thus Cz(R*)
=1. Since Cs(R*) is normal in S, it follows that Cs(R¥)=1. But Cs(R¥) is a Sylow
2-subgroup of Cy,(R*) and consequently the latter group is of odd order. Now
Lemma 2.6.2 implies that N(R,) is p-constrained within O(N(R,)), as asserted.

However, N is not p-constrained within S(N); our assumptions thus yield that
p is not stationary. Let R, be a {(x)-invariant Sylow p-subgroup of O(N(R)). As
usual, R, is not centralized by x and R= Cy (x). Hence by Lemma 2.8.1, there is a
nonidentity element u of R, which is inverted by x and which centralizes R. Thus
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ue N(R,) and x normalizes but does not centralize the p-subgroup <{u). This
proves the lemma.
We now deal with the first of the two possibilities:

LEMMA 9. If PN O(N)#1, then Q=Z(P) and N*=N(Q N O(N)) satisfy the
conditions of the proposition.

Proof. Since P N O(N) is a nonidentity normal subgroup of P, it follows that
Q0 N O(N)#1. Thus, Q N O(N) is a nonidentity DP-invariant subgroup of P;
sincé R is P-invariant, we also have that P N O(N)< R. The previous lemma now
applies with R,=Q N O(N) and implies that N * satisfies condition (i) of the prop-
osition.

We claim that in this case we have C* =Ny (Q). Indeed, we need only show that
N(Q)<= N* by definition of C*. Hence, it suffices to verify that N.(Q) normalizes
Q N O(N). However, Nc(Q) certainly normalizes Q and C N O(N) is a normal
subgroup of C. Thus, No(Q) normalizes C N O(N) N Q= Q N O(N), as desired.

By Lemma 8, N* is p-constrained in O(N*); thus O, ,(N*)=O(N*) and so
DQO, ,(N*) has a normal 2-complement. Therefore there is a DQ-invariant
Sylow p-subgroup R* of O, ,(N*). It follows that

CQCr(Q)) = Cc(Q) = Ne(Q) = C*,

which establishes part (iii) of the proposition. It now remains to prove that N(Q)
covers C N L/C N S(L). Since L=LyD with L, normal in L and since D= N (Q),
it will suffice to show that Nc(Q) covers C N Ly/C N S(Ly).

To this end, we set X=C. (P N O(N)). Since P N O(N)< R, we have X2 C,(R),
which in turn covers Lo/O(N). In particular, X/S(Lo) N X is isomorphic with
Lo/S(L,). This implies that S(X)=S(L,) N X.

The subgroups S(X) and S(L,) are each the direct product of (x> and a group
of odd order as Xs L,= N. Hence, Cysq,(T) is isomorphic to C N Lo/C N S(Lo)
and Cygx(7) is isomorphic to C N X/C N S(X).

We now set H;=CnNL, K;=Cn S(Ly,), H;=CnN X, K,=C N S(X), and
H=C*=N,(Q). We assert that we need only demonstrate that H covers H,/K.
Indeed, we already know that K, N H,=K,, that H,< H,, and that H,/K, and
H,/K, are isomorphic. Hence, by Lemma 2.8.6, H,/K; and H,/K, are incident.
Thus, by Lemma 2.8.5, if H covers H,/K,, then it covers H,/K,. Since H=C*,
it will therefore follow that C* covers C N L,/C N S(L,), which is what we have
to prove. Hence our assertion is valid.

We note that P N H, is a Sylow p-subgroup of H,. In fact, P normalizes L,
and P N O(N). Thus, P normalizes X and so P normalizes C N X. The subgroup
P(C N X) has Sylow p-subgroup P as P P(C N X)< C and has C N X as a normal
subgroup; consequently, PN H,=PN (CN X) is a Sylow p-subgroup of H,
=Cn X.
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Furthermore, C N S(L,) is normal in C, so P N S(Ly)=P N O(N) is a Sylow
p-subgroup of C N S(Ly,). Thus, Z(P N O(N)) is a Sylow p-subgroup of
Consap(P N O(N)), which is just C N S(Lo) N X=K, inasmuch as S(Lo)yNn X
=S(X) and K,=C N S(X).

The subgroup H,/K, is isomorphic to Cpsu,(T), which is cyclic, by Lemma
2.4.2. But Q=Z(P)< C N X=H,, so this implies that K,Q is a normal subgroup
of H,. However, Z(P N O(N))is a Sylow p-subgroup of K, and is clearly normalized
by 0,50 Q*=Z(P N O(N))Q is a Sylow p-subgroup of K, Q. The Frattini argument
now yields

Hy = Ny (@)K,

However, K,Q/K, and Z(P N O(N)) are central factors of Hj, inasmuch as
H,/K, is cyclic and Z(P N O(N)) is central in X< C(P N O(N)). Hence, since the
automorphism group of a stability chain of a p-group is also a p-group and since
Z(PN O(N))Q is normal in the Sylow p-subgroup PN Hj of H,, it follows that

Nu(Q%) = (PN Hy)Cyy(Q%) = C(Q)

Thus N(Q) covers Hy/K,. Since H,< C, it follows that C*=N(Q) covers H,/K,
and the lemma is proved.

The next result is the final one of the section. It completes the nonconstrained
case of Proposition 1 and so gives the last step of the proof of that proposition.
We note that this last case is the only one in which C* # Ng(Q).

LemMa 10. If P N O(N)=1, then Q=Z(P) and N*=N(R) satisfy the conditions
of the proposition. Furthermore, R< Cg.(Q).

Proof. As in the preceding lemma, we have that N* fulfills condition (i) of the
proposition as a direct consequence of Lemma 8.

We now claim that Q centralizes R. To see this, we set N=N/O(N). Lemma 7
implies that O<L. Hence, J is a subgroup of O(C) N L=0(C) N L, which is
inverted by d by Lemma 2.4.2. Since P N O(N)=1, Q is isomorphic to Q and so
Q is inverted by d. However, C(R) covers Ly/O(N), so A, (R) is of odd order.
Thus, as d € L, and d normalizes R, we have that d centralizes R. Hence, 0=[Q, d]
also centralizes R. Thus, Q= N*.

As in the previous lemma, there is a DQ-invariant Sylow p-subgroup R* of
O, (N *). Moreover, R< R* as R'is obviously normal in N*. Hence, Cz(Q)2R
and so

C(QCr(Q)) = Cc(R) N N(Q)
< N* N Ny(Q)

c C*.

This proves part (iii) of the proposition and also establishes the final statement
of the lemma.
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We now set X=C, (R), so X covers Lo/O(N) and, as before, S(X)=S(N) N X.
Moreover, just as in the previous result, using Lemmas 2.8.5 and 2.8.6, it suffices
to prove that C* covers C N X/C N S(X). However, C N X< N*, so it is enough
to show that N(Q) covers C N X/C N S(X). Again this quotient is cyclic and
Q<L, by Lemma 7, so Q< X. Thus (C N S(X))Q is normal in C N X. Moreover,
P N O(N)=1 by assumption, so x, inverts R. Hence C N S(X) is a p’-group as
Z(R)is a Sylow p-subgroup of S(X). Thus, Q is a Sylow p-subgroup of (C N S(X))Q
and the Frattini argument yields that

CN X = Nenx(Q)NC N S(X)),
as desired. This proves the lemma and completes the proof of the proposition.

8. A second family of local subgroups. We shall define and examine another
set of local subgroups of G. The preceding section will imply that this collection
is nonempty. We preserve all the hypotheses of the preceding section. We choose
Q, N*, and R* in accordance with Proposition 7.1. Moreover, we set C*=
NcAne(Q), as before, and we now let Q*=QCr(Q). Hence, Q* is D-invariant
and Cy(Q*)< C*. To get started, we list some properties of N(Q):

LEMMA 1. If H=N(Q), then
(i) H contains DQ*;

(i) Ax(T)=Aut(T);

(iii) C* N H covers C* N LIC* N S(L);

@iv) C* N O, (H)=S(L).

Proof. The group Q is D-invariant, as it is characteristic in P, so D< H. More-
over, Q* normalizes Q, by its definition. This establishes (i). Furthermore, again
as Q is characteristic in P, N(Q) covers M/C, so (ii) is valid. Statement (iii) is
immediate from Proposition 7.1 as C*< N (Q)< H. Finally the last assertion is a
direct consequence of the next result:

LEMMA 2. If K is any subgroup of G containing Q¥, then
C*N 0,(K) = S(L).

Proof. We set X=C* N 0,(K) and we shall first prove that X< S(N*). Let
N*=N*/0,(N*). Since XSC*<N* and N* is p-constrained in S(N*), it is
sufficient to establish that X centralizes R* inasmuch as R*=0,(N*) by definition
of R*. However, O,.(N*) is certainly a p’-group, so Cr«(Q) is the centralizer of
0 in R*. Thus, by Theorem 5.3.4 of [19], we need only prove that X centralizes
both Q and Cg(Q) to conclude that X centralizes R*. But [X, 0*]< 0,(K), so
[X, O] and [X, Cr.(Q)] are p’-groups, since Q*= QC.(Q). Moreover, X< C*
S N(Q), so [X, Qlis a p-group and X centralizes Q, which is one of the conclusions
we want. Finally, we have

[X, Ce(Q)] = [X, R*] < R*
as R* is normal in N* and so X* also centralizes Cz.(Q)= Cz.(0).
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We claim next that N N S(N*)< S(L). Indeed, we have N N S(N*)S S(N N N¥).
But N*=0O(N*)(N N N*) by Lemma 2.4.14 as N* is a Q-group containing D.
Since N* covers Lo/O(N), it follows that N N N* covers Lo/O(N), so S(N N N*)
< S(N). Since S(N)=S(L), we conclude that N N S(N*)=S(L), as claimed.

Finally X< S(N*) by the first paragraph of the proof and XcC*<C<N, so
X< NN S(N*). Thus, X< S(L) and the lemma is proved.

We are now ready to define the new collection of p-local subgroups.

DerINITION 1. The family .#(p) is the collection of all p-local subgroups H of G
satisfying the following conditions:

(@) DQ*<H;

(b) Au(T)=Aut (T);

(©) C*N Hcovers C*NLIC* N S(L);

@) C*n O, (H)=S(L).

In particular, it is immediate from Lemma 1 that N(Q) € #(p). Our next
result lists some properties of the elements of .#(p). We shall then state and prove
the main result of this section.

LeEMMA 3. If H is an element of #(p), then
(i) H is a D-group with respect to T.

(ii) O,(H) is of odd order.

(iii) C* N 0, (H)<O(L).

Notice that the last assertion is an improvement of the statement of Lemma 2
for the elements of .#(p).

Proof. To prove (i), it will suffice to show that C N H covers C N L/C N O(N).
Indeed, assume this is the case. Since H contains D by part (a) of Definition 1,
Proposition 1.1 implies that H is not a Q D-group. But A4(T)=Aut (T) by part
(b) of Definition 1, so H must be a D-group with respect to T, again by Proposition
1.1, and our assertion is valid.

But C* covers C N L/C N S(L), by Proposition 7.1, and

C*NnL < (C*Nn SWL)C*N H)
by (c) of Definition 1. Hence
CNL=(CnSL)C*NL)
S (CNSILYC*NSL)C*N H)
c (CnSIL)CN H),
as C*<C, so CN H covers CN L/CN S(L). Furthermore, as DS H, Cp(T)
€C N H. Since S(L)=S(N)=0(N)Z(D) by Lemma 2.4.14 and Z(D)<= C,(T), we
conclude that C N H covers C N L/C N O(N), as required. This proves (i).
Next, suppose that O,.(H) is of even order; it follows that TN O,(H)#1.

Indeed, since H is a D-group, its Sylow 2-subgroups are either dihedral, quasi-
dihedral or wreathed. Now D< H, so if S is a Sylow 2-subgroup of H containing
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D, it is immediate that any nonidentity normal subgroup of S has a nontrivial
intersection with T. In particular, TN O, (H)#1 as S N O,(H) is normal in S
and is a Sylow 2-subgroup of O,.(H).

However, H is a D-group with respect to T, so all the involutions of T are con-
jugate in H. Thus, T< O,.(H). But T< C*, by Proposition 7.1, so T< C* N O,(H)
and hence T<S(L) by statement (d) of Definition 1. This is a contradiction as
Z(D) is a Sylow 2-subgroup of S(L) by Lemma 2.4.14 and Z(D) is cyclic. Thus
(ii) is proved.

The last statement of the lemma now follows directly. In fact, C* N O,.(H)
<= S(L) by statement (d) of Definition 1 and C* N 0,.(H) is of odd order, by part
(ii) of this lemma. But O(N)=0O(L) is a normal 2-complement in S(L), again by
Lemma 2.4.14 and we conclude that C* N O,(H)<O(L). The lemma is thus
completely proved.

The main result of this section is as follows:

ProrosiTiON 1. If H is an element of #(p), R, is a nonidentity D Q*-invariant
p-subgroup of H and O,.(H)R, is normal in H, then N(R,) € #(p).

This proposition, which is analogous to Proposition 6.2 for the elements of
ZL(p), will be used in the next chapter to construct elements of .#(p) containing
Sylow p-subgroups of G. Before giving the proof we shall state and prove an
important consequence, which is likewise analogous to Corollary 6.1.

CoROLLARY 1. If H is an element of #(p), P, is a Sylow p-subgroup of H and
O, (H)Z(J(P,)) is normal in H, then there is a conjugate of Z(J(P,)) in H whose
normalizer in G is an element of #(p).

Proof (of the corollary). By the proposition, it suffices to exhibit a DQ*-invariant
conjugate in H of Z=Z(J(P,)). However, Q*< H as H € .#(p), so there is he H
such that Q*<P%, by Sylow’s theorem. Thus, Q* normalizes Z*, since Z is a
normal subgroup of P;. Moreover, D normalizes Q* and O,(H)Z"=0,(H)Z
is normal in H, so D normalizes K=0,(H)Z"Q*. However, Z"Q* is a Sylow
p-subgroup of K, Q* is D-invariant, and K has odd order as O,(H) is of odd
order by (ii) of Lemma 3. Hence, there is a D-invariant Sylow p-subgroup of K
containing Q*. We may assume that it is (Z*Q*)* for some k in X, Thus,

Z% = 0,{H)Z N (Z" Q%)

is both D-invariant and Q*-invariant and the corollary is demonstrated.

Proof (of Proposition 1). First, D and Q* both normalize R,, by assumption,
so DQ*< H,=N(R,). This establishes (a) of the definition of .#(p) for H;.
Moreover, O,.(H) is of odd order, by (ii) of Lemma 3, so A4(T) and Ap(T) are
isomorphic, where H=H/O,(H). Similarly, since H, covers H/O,(H), by the
Frattini argument, it follows that Ay, ~4(T) and Ap(T) are isomorphic. Thus,
Ay, (T)=Aut (T) and so H, satisfies (b) of Definition 1. Statement (d) is also clear.
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In fact, Q*<H,, so C* N O,(H,)<S(L) by Lemma 2. It therefore remains to
demonstrate the covering property given by (c).

However, if we set K=H N H,=Ny(R,), then it suffices to show that C* N K
covers C* N L/C* N S(L) since C* N K< C* N H,. This is a question concerning
the structure of H, rather than of H,, and we shall now deal with it.

First of all, since H € .#(p), C* N H covers C* N L/C* N S(L); that is,

C*NL < (C*Nn S(L)C*nN H).
Hence, it is sufficent to prove that

C*Nn H < (C* N 0,(H))(C* n K).
Indeed, then
C*NLc (C*nSIL)C*N O, (H)(C*NK)

= (C* n S())(C* N K),

as C* N 0,(H)< S(L), since H € .#(p). However, this last statement is just the
assertion that C* N K covers C* N L/C* N S(L).

The analysis of the preceding section and the proof of Proposition 7.1 showed
that there are two possibilities: namely, either

(1) C*=N¢(Q); or

(2) Q=Z(P), N*=N(R), and, by Lemma 7.10, Q centralizes R.

The first case occurred if p was constrained or if PN O(N)#1 and p was
nonconstrained. The second case was for p nonconstrained, but inverted; that is,
P n O(N)=1. We shall conclude the proof of this proposition by establishing the
desired factorization of C* N H in each of these cases.

First, we shall deal with case (1), so C*=N(Q). Suppose that ue C* N H. It
follows that R; and R} are Sylow p-subgroups of O,.(H)R,. Moreover, Q normal-
izes R, as Q< Q* and R, is Q*-invariant, by assumption. Therefore, Q* normalizes
RY. However, u € C*=N(Q), so Q= Q" Hence R,Q and R!Q are Sylow p-sub-
groups of O,.(H)R, Q. Similarly T normalizes R, and Q and u € C, so R, QT and
RYQT are Hall {2, p}-subgroups of O,(H)R,QT as O,(H) is of odd order by
Lemma 3. Hence, O, (H)R; QT is solvable and there is z € O,.(H) such that

(RiQT)* = R, QT.
However, [QT, z]<0,(H) as z € O,(H). In addition,
[OT, z] = (QT), 9T) < {(RiQT)? QT) = R, QT.
Since O, (H) N R, QT =1, it follows, in fact, that z centralizes QT. Thus z central-
izes both Q and T, so certainly z € C*. Moreover,
RY? = (RYQTY N O,(H)R, and R; = R, QT N O,(H)R,.

Thus, R¥*=R, and so uz € Ny(R,)=K. Since u and z are elements of C*, so is uz.

Hence, we have
u = uz)z"te(C* n K)(C* N 0,(H)).
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The two factors are permutable as C* N O,.(H) is a normal subgroup of C* N H.
Since u is an arbitrary element of C* N H, the desired factorization of C* N H
follows in case (1) described above.

We now turn to case (2); the argument here is entirely similar. In fact, we have
simply to replace Q by QR throughout. To make this change, three points have to
be checked. First, that QR< Q*. Indeed, Q centralizes R in case (2) and RS R* as
N*=N(R) in case (2), so

0% = 0Cr(Q) 2 QCr(Q) = QR.
Second, C* normalizes QR. Indeed, in this case,

C* = Noan(Q) = No(Q) N N(R).
Third, C(QRT)< C*. Indeed,

C(QRT) = C(Q) N C(T) N C(R)
< Ne(Q) N N(R) = C*.

The argument is now as follows. Again if u € C* N H, then R, and RY are Sylow
p-subgroups of O, (H)R,. Also QR normalizes R, as Q* does by assumption and
ORc Q*. Since C* normalizes QR, this yields that QR=(QR)* normalizes R,.
Proceeding as above, since R is T-invariant, we obtain z € O,.(H) such that

(RIQRT)* = R, QRT
and also that z € C(QRT). Thus, z € C* and so ze C* N O,.(H). Again,
RY = RYQRT N O, (H)R;, R, = R;QORT N O,(H)R;,

so R¥*= R, and hence uz € K. The rest of the proof is the same and again we obtain
the desired factorization of C* N H. This completes the proof of the proposition.

9. Constraint for elements of .#*(p). We again preserve our assumptions on the
prime p and prove a constraint result for element of .#(p). However, it turns out
to be easier to work in a larger collection of p-local subgroups of G and, moreover,
there is one application to come in which we use this larger family instead of #(p).

The relevant family of subgroups is defined as follows:

DEerINITION 1. We let .#*(p) be the collection of all p-local subgroups K of G
satisfying the two conditions:

(a) H contains D and is a D-group with respect to 7.

(b) O,(H) is of odd order.

The following remark gives part of the motivation for considering this collection:

LeMMA 1. Each element of #(p) is in #M*(p).

Proof. If K is an element of .#(p), then D< K by Definition 8.1, which defines
#(p). Moreover, Lemma 8.3 shows that K is a D-group with respect to T and that
O,(H)< O(H). This proves the result.
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The main result of this section is as follows:
PROPOSITION 1. If K is an element of #*(p), then K is p-constrained within O(K).
The preceding lemma and this proposition have an immediate consequence:

CoROLLARY 1. If K is an element of #(p), then K is p-constrained within O(K).

The proof of the proposition is quite long; it is broken up into a sequence of
lemmas which constitute the rest of the section. We begin with a pair of lemmas
which effect a reduction: the existence of a certain type of element of #*(p) will
be enough to prove the proposition.

We shall preserve the notation of the preceding two sections. Thus, P, Q, R, R*,
and so forth, are as usual.

LeEMMA 2. If K is an element of #*(p), then K is p-constrained within O(K) if
and only if T normalizes, but does not centralize, a Sylow p-subgroup of O(K).

Proof. Since K € .#*(p), we have that O,(H)< O(H). In particular, O, ,(H)
SO(H) and so O, ,(O(H))=0, ,(H). Moreover, there is a T-invariant Sylow
p-subgroup X of O(H), so X,=0,, ,(H) N X is a T-invariant Sylow p-subgroup of
Op’.n(H )

First, if K is p-constrained within O(K), then C;(X,)=1, by Lemma 2.6.3. Hence,
T normalizes, but does not centralize X. On the other hand, suppose that K is not
p-constrained within O(K). Again, we apply Lemma 2.6.3 and conclude that T
centralizes X,. Hence [X,, T]=1, so

[XO,XsT]g[XO,T]=1’ [T,X05X]§[19X]=la

and consequently, by the three subgroup lemma, [X, T, X ]=1.

Thus, [X, T] is a subgroup of O(H) which centralizes O, ,(O(H))/0,(O(H))
as X, covers this section. Since O(H) is solvable, it follows that O(H) is p-con-
strained and so [X, T']< O, ,(H). Hence, [X, T]= X N O, ,(H)= X, and so

X, T,T]< [X,, T] = 1.
But X'is a p-group and T is a 2-group, so T centralizes X and the lemma is proved.

LEMMA 3. Suppose that there exists an element K of #*(p) with the following two
properties:

(a) K is p-constrained within O(K);

(b) X contains a D-invariant Sylow p-subgroup of C.
Under these conditions, every element H of #*(p) is p-constrained within O(H).

Proof. Let K be as described. Now any two D-invariant Sylow p-subgroups of C
are conjugate by an element of C(D), so we may assume that P, our fixed D-
invariant Sylow p-subgroup of C, is contained in K. Let H be an arbitrary element
of #*(p); we shall assume that H is not p-constrained within O(H), and shall
derive a contradiction.
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The subgroup O, ,(H) is of odd order and is normalized by D. Hence, there is a
D-invariant Sylow p-subgroup Z of O, ,(H). By Lemma 2, it follows that T
centralizes Z, so Z is a D-invariant p-subgroup of C. Hence, there is u € Cy(,(D)
such that Z*< P. However, H" € /#*(p), since u centralizes D, so we may replace
H by H* and assume that Z< P.

To complete the normalization of the configuration in question, we let U be a
DP-invariant Sylow p-subgroup of O(K). Such a subgroup exists since O(K)DP
is solvable and has D as a Sylow 2-subgroup.

Since K is p-constrained within O(K), Lemma 2 yields that T does not centralize
U. Thus, no involution of T centralizes U. Indeed, this follows immediately from
the fact that any two T-invariant Sylow p-subgroups of O(K) are conjugate by an
element of C N O(K) and the fact that the involutions of T are conjugate in K,
inasmuch as K is a D-group with respect to T.

Since P is a Sylow p-subgroup of C, it follows that P= Cpy(T). Hence by Lemma
2.8.1, since no element of T# centralizes PU, we have F/#1, 1<i<3, where
F=Cy(P) and F; is the standard T-decomposition notation for F. Thus F*
={(F;, F;, F3) is a noncyclic p-group, normalized by T, [F* T'|=F%*, and F*
centralizes P.

However, H is a p-local subgroup of G since H € .#*(p) by assumption. Thus,
there is a nonidentity p-subgroup Z, of H such that H=N(Z,). Hence Z,=Z, so
that, as Z< P, we have C(P)< C(Z,)< H. In particular, F*< H. But H is a D-group,
so that F*/F* N O(H) is cyclic, by Lemma 2.5.4. Thus, there is an index i, 1 i< 3,
such that x; centralizes F*/F* N O(H). Hence, F;cO(H) if j#i, 15j<3. In
particular, F,={F;j) for j#i is a nonidentity T-invariant p-subgroup of O(H) with
[Fo, T]=F,. It follows that T normalizes but does not centralize some Sylow
p-subgroup of O(H); this contradicts Lemma 2 and completes the proof of this
lemma.

LeEMMA 4. If p is not constrained, then N(Q) is p-constrained within O(N(Q)).

This will establish the proposition in the case that p is not constrained. Indeed,
N(Q) € #(p), by Definition 8.1 and Lemma 8.1. Hence, N(Q) € #*(p)by Lemma 1,
N(Q) is p-constrained within O(N(Q)), and N(Q) contains the D-invariant Sylow
p-subgroup P of C since Q is a characteristic subgroup of P. Thus Lemma 3 will
imply the proposition in this case.

The proof of this lemma is fairly short.

Proof. By Lemma 2, it suffices to show that some element ¢ of T# normalizes,
but does not centralize, a T-invariant p-subgroup of O(N(Q)) as such a subgroup is
contained in a T-invariant Sylow p-subgroup of O(N(Q)).

To prove this, observe first that p is exceptional by assumption and so a 7-
invariant Sylow p-subgroup U of O(N(R)) contains R properly. Moreover, N(R)
covers N/O(N) and contains both D and R, so N(R) is in Z(p). The proof of
Proposition 6.1 now shows that N(R) is p-constrained within O(N(R)). As above,
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we may choose U to be DP-invariant; indeed, P normalizes R by our definition of
Rin §7 and O(N(R))PD is solvable. The constraint of N(R) implies, by Lemma 2.6.2,
that x does not centralize U. Thus, in the T-decomposition notation, Uz#1 or
U;#1. But de D interchanges x, and x3, so Uz#1 and Uz#1 since U is D-
invariant. Since P is a Sylow p-subgroup of C, we have P=Cpy(T), so Lemma 2.8.1
forces Fi{#1, i=2, 3, where F=Cy(P). But Q<P, so Fy={(F; F3><N(Q).
Since N(Q) is in #(p), it is a D-group with respect to T by Lemma 8.3, so
Fy/Fy N O(N(Q)) is cyclic by Lemma 2.5.4. But F,, is not cyclic as F3#1 and F3#1
and we conclude that x does not centralize F, N O(N(Q)). Since Fo N O(N(Q))
is T-invariant, the lemma is proved.

Thus we shall henceforth assume that p is constrained. In particular, by Lemma 2.1,
Cy(R) lies in S(N). Moreover, the argument following the statement of Lemma 4
shows that we may assume that N(Q) is not p-constrained within O(N(Q)). We set
H=N(Q) and preserve that notation for the remainder of this section.

We begin by describing H in some detail. We shall then return to the demon-
stration that there is an element of #*(p) satisfying the hypotheses of Lemma 3.

LEMMA 5. Under the above hypotheses, we have
(i) H is of linear type of characteristic power exceeding three. In particular, G
has quasi-dihedral Sylow 2-subgroups.
(ii) P N O(H) is a Sylow p-subgroup of O(H).
(iii) Cy(P) is a D-group with respect to T.

Proof. (ii) Since H is not p-constrained within O(H), Lemma 2 implies that T
centralizes each Sylow p-subgroup of O(H) that it normalizes. Moreover, O(H)PT
is a solvable subgroup of H, so there is a PT-invariant Sylow p-subgroup of O(H).
But P is a Sylow p-subgroup of C and O(H) is normal in O(H)PT, so (ii) is proved.

(i) Observe that if G has wreathed Sylow 2-subgroups, H is necessarily of linear
type of characteristic power three by Proposition 2.3.4 as D< H, so the first
assertion of (i) will imply the second.

We shall assume that H is not as described and derive a contradiction. Since
Dc H, it follows from Proposition 2.3.4 that H/O(H) is isomorphic with PGL,(2, 3)
for some n=1, or with 4.

First, we note that no element u of D—Z(D) centralizes QR N H=Q(R N H)
= ONx(Q). Indeed, if u does not centralize Q, this is so. In any case # does not
centralize R as Cy(R)<= S(N) and D N S(N)=Z(D). Hence, if u centralizes Q, then
u does not centralize Cz(Q) by Theorem 5.3.4 of [19] and our assertion is valid.

Assume now that H= H/O(H) is isomorphic with PGL,(2, 3) for some n. But
OR N H is a T-invariant subgroup of H, so QR N H is a T-invariant subgroup of
odd order in H. Hence QRN H=1 by Lemma 2.5.9 and so QR N HS O(H).
However, it follows from the preceding paragraph that T does not centralize
OR N H inasmuch as T< D and T¢ Z(D). Thus QR N H is a p-subgroup of O(H)
normalized but not centralized by T. This contradicts our assumption that H is not
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p-constrained within O(H), in view of Lemma 2. Hence, we may assume that H is
isomorphic within 4,, in which case D is dihedral of order eight and G has quasi-
dihedral Sylow 2-subgroups.

By an above paragraph, it is sufficient to prove that some four subgroup of D
centralizes QR N H. However, D is a Sylow 2-subgroup of H since |D|=8 and
| H| =2520. Moreover, any subgroup of odd order in A, that is normalized by a
Sylow 2-subgroup is centralized by a four subgroup of that Sylow subgroup by
Lemma 2.5.9. Thus QR N H is centralized by a four subgroup of D. Hence, we
need only prove that D centralizes QR N O(H) to conclude that some four sub-
group of D centralizes QR N H.

Thus, it suffices to show that D centralizes any Sylow p-subgroup U of O(H)
that it normalizes. However, H=O(H)Ny(U) by the Frattini argument. Thus,
O(H)Cy(U) is a normal subgroup of H containing O(H). Moreover, it contains 7,
by Lemma 2, as H is not p-constrained within O(H). Hence, O(H)Cy(U)=H as
H/O(H) is simple and so A,(U) is of odd order. Thus, Cyx(U)=D as DS Ny(U)
and this part of the lemma is proved.

(iii) We set U=P N O(H) so U is a Sylow p-subgroup of O(H), by (ii). Hence,
H=O(H)N4(U) by the Frattini argument. Thus, if we set K=Ny(U) then K is
also a D-group with respect to T, contains P and is of the same characteristic power
r as H. In particular, K/O(K) contains a unique minimal normal subgroup, iso-
morphic to PSL(2, r), which contains the image of T. Moreover, O(K)< O(H) so
that U is a Sylow p-subgroup of O(K). It will clearly suffice to show that Cx(P)
is a D-group with respect to 7.

We now set K= K/0,(O(K)), so that we need only prove that Cg(P) is a D-group
with respect to T as Cx(P) maps onto K. We have U= 0,(K) is a Sylow p-subgroup
of O(K)=0(K). Moreover, if K;=Cy(U), then K;,=Cg(U) and T<K, as T
centralizes P2 U. Thus, K, covers the unique minimal normal subgroup of K/O(K)
isomorphic with PSL(2, r). Moreover, O(K;)< O(K) now follows, so K, is also a
D-group with respect to T of characteristic power r. If U= P, then (iii) follows, so
we may assume that U< P.

In particular, this implies that r#9. Indeed, if r=9, then the image of T in
K/O(K) is self-centralizing, by Lemma 2.5.7, part (iii), and Proposition 2.3.4.
However, U= P and U is a Sylow p-subgroup of O(K), so the image P in K/O(K)
is nontrivial. This contradiction forces r#9.

The definition of K forces 0, (0O(K))=1. Thus, as O(K) is p-constrained, being
of odd order, and U=0,(K), we have Coi,(U)=2Z(U). Moreover, O(K;)< O(K),
so O(K,)=Z(U). Hence, O(K,) is central in K, as K;=Cx(U).

Hence, the structure of K; enunciated above, the fact that r#9, and Lemma 2.5.6
yield that K; has a normal subgroup which is the direct product of Z(U) and a
group L, containing T and isomorphic with PSL(2, r). Moreover, L, is a char-
acteristic subgroup of L,Z(U), being the derived group of this product. Thus P
normalizes L,.
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Thus, X=P/Cp(L,) is a group of automorphisms of L, centralizing 7. We form
the semidirect product L,X; it suffices to show that Cr(X) is a D-group with
respect to T. However, Cr(T)=T, by Lemma 2.5.7, so Cr x(T)=TX. But O(L,X)
centralizes L, which contains 7, so O(L,X)=1. Hence, LoX is a D-group with
respect to T and O(L,X)=1.

Since Cr x(T)=TX, Lemma 2.5.7 and Lemma 2.5.8 yield the desired conclusion:
Cr(X) is a D-group with respect to 7. Indeed, X=E, in the notation of those
results. This proves the third assertion and establishes the lemma in all its parts.

The lemma shows, in particular, that the proposition is valid when G has
wreathed Sylow 2-subgroups. Thus it remains to establish the proposition in the
case that p is constrained and G has quasi-dihedral Sylow 2-subgroups. This is the
most difficult case.

We shall now choose and fix some more subgroups and notation. We note, first
of all, that in the present case D is dihedral of order eight, Z(D)={x), and y=d.
We set K= N(R). The arguments of the proof of Lemma 4 show that K is an element
of Z(p), so as usual, by Proposition 6.1, K is a Q-group of characteristic power g
and is p-constrained within S(K). We also have the following obvious facts.

LEMMA 6. The centralizer in K of R is contained in S(K) and S(K)= O(K)Z(D).

Proof. Indeed, K is in Z(p), so K=0O(K)(K N N), by Lemma 1.1. But we are
assuming Cy(R)SS(N), so Cx~n(R)SS(KN N)=S(K) and Cx(R)<O(K)S(K)
= S(K). Moreover, S(K)=0(K)Z(D) by Lemma 2.4.14.

We now choose and fix two more subgroups. Let U be a normal subgroup of K
contained in R with Cx(U)< S(K) and minimal subject to these conditions. Such a
subgroup exists, by the previous lemma. If U is abelian, we let ¥ be a normal sub-
group of K contained in U such that U/V is a chief factor of K. Such a subgroup
exists since U1 inasmuch as S(K)<K. Finally, if U is nonabelian, we let
V=2Z(U).

We continue the proof by analyzing U and V in some detail in the next lemma.

LemMMA 7. If U and V are as described, then

(i) U is of exponent p and of class at most two;

(i) PN Uand P NV are Sylow p-subgroups of C N U and C N V, respectively;
(iii) PN U#1and PN V=1.

Proof. (i) We let U, be a critical subgroup of U, in accordance with Theorem
5.3.11 of [19]). Thus, U, has class at most two. Moreover, y does not centralize U
as y ¢ S(K), so y does not centralize U,. But Cx(U,)S(K) is a normal subgroup of
K and K/S(K) has a unique minimal normal subgroup which contains the image of
y. Hence, Cx(U;)< S(K) and U, =U, by our minimal choice of U. Similarly, we
can apply the same argument to Q,(U) as y does not centralize Q,(U), by Theorem
5.3.10 of [19]. Thus, U=Q,(U). Since p is odd, it follows that U has exponent p
and so (i) is proved in full.
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(ii) The group R is P-invariant by choice, so P< K. Thus P normalizes U, as U
is normal in K. It follows that P normalizes C N U and P is a p-subgroup of
(C N U)P. However, P is a Sylow p-subgroup of C and (C N U)P<C, so Pis a
Sylow p-subgroup of (C N U)P. However, CN U is a normal subgroup of
(CNU)P, so PNU=CNUNPis a Sylow p-subgroup of C N U. Similarly,
P N Vis a Sylow p-subgroup of CN V.

(iii) We assume that P N U=1 and derive a contradiction. Since U is a p-
subgroup, it follows that C N U=1. Hence, x, inverts U as x centralizes RS N
and U< R. If S is a Sylow 2-subgroup of K containing D, then S is quasi-dihedral,
since K € Z(p) forces K to cover L/O(N), by Lemma 1.1. Hence, y = x,x3 for some
s in S. But then x§ also inverts U, so y centralizes U, which is not the case. This
contradiction forces us to accept that P N U#1.

Finally, suppose that P N V#1; again we shall derive a contradiction. Since
PN V+#1, N(P N V)is a p-local subgroup and

NP N V)2 C(PN V)2 C(P) 2 Cy(P).

But Cy(P) is a D-group with respect to 7, by Lemma 5, so N(P N V) is a D-group
or QD-group by Proposition 1.1. However, the minimal nature of U yields that
Cx(V)ES(K), so Cx(V) covers the unique minimal normal subgroup of K/S(K).
Hence, Cx(V) is a Q-group of characteristic power g. But Cx(V)S N(P N V), so
N(P N V)isa QD-group of characteristic power ¢, contrary to Proposition 1.1.

LeMMA 8. If we set Hy=N(P N U), then
(i) H, is an element of M*(p).
(ii) H, contains the D-invariant Sylow p-subgroup P of C.

Proof. Certainly the second assertion is valid. Indeed, P N U is a normal sub-
group of P as U is normal in K and P< K since R is P-invariant by its very choice.

Thus, we must prove (i). But H, is a p-local subgroup since P N U#1, by the
previous result. Moreover D normalizes P and also normalizes U since D<K.
Hence, D< H,. It remains to show that H, is a D-group with respect to T and that
O,(H) has odd order.

However, Cy(P) is a D-group with respect to T, by Lemma 5. Thus, the auto-
mizer in Cy(P) of T has order divisible by three. But Cx(P)< C(P N U)< H,, so
Ay, (T) has order divisible by three. Since D< H,, it follows that Ay (T) is Aut (T).
These conditions imply that H, is a D-group with respect to T or is a Q D-group
by Proposition 1.1. Hence, we shall assume that H, is a QD-group and derive a
contradiction.

However, Pisnormal in C and Uis normal in K, so P N Uis normalin C N Kand
C N K< H,. Since K € #(p), Lemma 1.1 implies that H, covers C N L/C N O(N).
Since T<= H, and H, is a local subgroup of G, it follows from Proposition 1.1 that
H, is not a QD-group.
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We now prove that O,.(H,)< O(H,). We know that T does not centralize U as
Cx(U)< S(K)=<O0(K), x) and T< K. Hence, by Lemma 2.8.1, T does not centralize
Ny(Cy(T)), which is Ny(C N U). But C n U=P N U, as we pointed out above, so
T does not centralize Ny(P N U). Let S be a Sylow 2-subgroup of H,; containing
D, so that S is either dihedral or quasi-dihedral and Z(S)=<{x). If O,(H,) ¢ O(H,),
then SN O,(H,)#1 and so Z(S) N O,(H)#1 as SN O,(H,;) is normal in S.
Thus x € O,.(H,). But as H, is a D-group with respect to 7, all the involutions of T’
are conjugate in H,. Hence, if O,.(H,)¢ O(H,), then T< O,.(H,). But then

[N(PNU),TI < UN Op(Hy) =1,
which is a contradiction. The lemma is proved.
LEMMA 9. If H, is as above, then H, is p-constrained within O(H,).

Once this result is established, it will follow from Lemma 8 that if we set K= H,,
then K satisfies all the hypotheses of Lemma 3. The conclusion of Lemma 3 will
then show that Proposition 1 is valid. Hence, to prove Lemma 9, we shall assume
for the remainder of the section that H, is not p-constrained within O(H,) and derive
a contradiction. We shall, as usual, proceed by a sequence of lemmas. Our assump-
tion implies, by Lemma 2, that T centralizes every p-subgroup of O(H,) that it
normalizes. We shall use this fact without reference.

LeEMMA 10. One of the following holds:
(i) U is elementary abelian, V=1, and |U : U N P|=p;
(ii) U is extra-special, V=Z(U) has order p, U N P is abelian, and

Ny(UNP) = (UNP)V.

Proof. First, we claim that V is cyclic. There were two possibilities in our
definition of ¥, but in either case V<Z(U), so ¥<C(P N U)< H,. Moreover,
PN V=1,by Lemma 7, so [V, T]=V. But Vis abelian, so if V,=[V, T] N O(H,),
then [V,, T]1=1 and V,=1, by our assumptions on H;. Hence V is isomorphic to
VO(H,)/O(H,), which is cyclic, by Lemma 2.5.4.

Suppose that U is nonabelian; we shall prove that (ii) holds. In fact, U is of
exponent p and class two exactly, by Lemma 7. Hence, V'=Z(U) is not the identity
and is cyclic, so V has order p. Thus U is extra-special. Moreover, C N V=1,
again by Lemma 7, so [V, T]=V and U N P intersects V trivially; consequently,
UnN P is abelian. Therefore, it remains to show that Ny(U N P)=(U N P)V.
However, US RSN, so x centralizes U and U N P=Cy(x;). But then x, inverts
Z(U)=V, and U/(U N P)V. Thus, if the desired conclusion is false, then (U N P)V
is not a maximal abelian subgroup of U. However, in the latter case there are
elements u,, u, of U inverted by x, which do not commute. But then V'={[u,, u,]),
S0 x, centralizes V, a contradiction.

Finally, assume that U is abelian, so U< H, as H;=N(P N V) and U is element-
ary, by Lemma 7. Our choice of U shows that Cx(U)< S(K). Since T N S(K)=<{x),
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it follows that x, does not centralize U and hence U N P< U. Moreover, since H;
is a D-group and U is elementary, another application of Lemma 2.5.4 shows that
U/U N Pis cyclic, so |U : U N P|=p. It remains to show that ¥'=1; if this is not
so, then V has order p and it follows that U=(U N P)V. In particular, x, centralizes
U/V, so the normal closure of x, in D does as well. Hence, y centralizes U/V.
But C(V) & S(K), by our choice of U and V, so y centralizes V. Thus, y centralizes
U, which contradicts the containment C,(U)< S(K). This proves the lemma.

LeMMA 11. If P, is a subgroup of order p in P N\ U and we set Hy= N(P,), then
the following conditions hold:
(i) Ay, (T) has order divisible by three.
(ii)) (PN U)VT<H,.
(iii) T centralizes every p-subgroup of O(H,) that it normalizes.

The first assertion implies that H, is a D-group with respect to T or a Q D-group
by Proposition 1.1. We do not eliminate the latter possibility since we do not know
that H, covers C N L/C N O(N). Note that P, exists as P N U#1 by Lemma 7.

Proof. (ii) The previous lemma shows that P N U is abelian and ¥ centralizes
it, so PN U and V are contained in H, Furthermore, T centralizes P N U, so
T<H,.

(i) By Lemma 5, Cy(P) is a D-group with respect to T. Thus, the automizer in
Cyu(P) of T has order divisible by three. However, Cy(P)< H, as P,<P.

(iii)) Suppose that there is a p-subgroup of O(H,) normalized but not centralized
by T. Hence, condition (i) implies that no involution of T centralizes any T-
invariant Sylow p-subgroup of O(H,). Let X be a (P N U)T-invariant Sylow
p-subgroup of O(H,); it exists since O(Hy)(P N U)T is solvable. In particular, if
Y=N;(P N U), then Y/#1, 1 i<3, by Lemma 2.8.1. As usual, Y;< O(H,) for
at least two values of i, by Lemma 2.5.4, and this is a contradiction.

LEMMA 12. The subgroup U is abelian.

Proof. We shall assume U is not abelian and derive a contradiction. In particular,
U has the structure given in part (ii) of Lemma 10. We set K= K/Cy(U),so Kis a
D-group as x centralizes US R and Cx(U)< S(K). Thus, K is a D-group faithfully
represented on U, which is an elementary abelian group isomorphic to U/V.
Hence, if |U| =p", then K is isomorphic with a subgroup of GL(h, p). Since SL(2, p)
is a Q-group, no subgroup of SL(2,p) is a D-group by Lemma 2.4.17. Since
GL(2, p)|SL(2, p) is cyclic, the same is clearly true of GL(2, p) and consequently
h>2. Thus, |U|=p**+* with m22.

This implies that Cy(P,) contains a subgroup U, with the following three
properties:

(a) U, is extra-special;

(b) V=2Z(Uo);

(¢) U, is T-invariant and T does not centralize Uy/V.
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Indeed, P N U is abelian and Cy(P N U)=(P N U)V. Since m=22 and | P,|=p,
Cy(P,) is nonabelian and so Cy(Py)>(P N U)V. Thus T does not centralize
Cuy(Py)/V and, as x centralizes Cy(P,), we have that Cy(P,) contains a T-invariant
subgroup F of order p inverted by x, with F# V. Then F does not centralize P N U
and so there exists a subgroup P; of order p in P N U such that [F, P,]# 1. Setting
U,=<F, Py, it is immediate that U, has the required properties.

Since T does not centralize ¥, we have V¢ O(H,) by the previous lemma. We
shall derive a contradiction by showing that V< O(H,).

First, we note that U, N N H,. Indeed, U, U<R and U,< Cy(Py)< H,.
Moreover, the first assertion of the previous lemma yields that H, is a D-group
with respect to T or is a Q D-group. We shall show that V= O(H,) in either case.

Suppose first that H, is a D-group and set Hy,= H,/O(H,). By Proposition 2.3.4,
either H, is isomorphic to A, or Hy,=LE, where L is isomorphic to PSL(2, t),
PGL(2, t), or PGL*(2, t) for some odd ¢, L is normal in H,, E is cyclic of odd order,
LN E=1, and E centralizes T. Moreover, in the latter case, if L, is the normal
subgroup of L isomorphic to PSL(2, t), then as usual L,T is isomorphic to PSL(2, t)
or PGL(2, t). Now U, is a T-invariant extra-special p-subgroup of H, N N=Cp (x)
and V= U;. Hence if H is isomorphic to 4, then V= U;=1 as the Sylow subgroups
of A, are abelian for all odd primes. On the other hand, if H is of the form LE,
then Cr (%) is dihedral by Lemma 2.5.7. Since Cp (¥)=Cr(X)E and L, has index
at most two in L, it follows that the Sylow subgroups of Cp,(X) are either metacyclic
or abelian on at most two generators for all odd primes. In either case, we see that
Cp,(%) does not contain an extra-special p-group. This forces V=1, since otherwise
U, would be an extra-special p-subgroup of Cg (¥). Thus ¥'< O(H,) in this case as
well.

Suppose, on the other hand, that H, is a QD-group. We have VS O(N) as
V< U< R< O(N). Therefore, using Proposition 1.1, we have

V = [V, T] < [O(N) N H,, T
c [O(NN Hy), T]
< O(Hy).

This proves our assertion.
We now conclude the section by proving just the opposite, namely:

LEMMA 13. The subgroup U is not abelian.

Proof. This time we assume that U is abelian and derive a contradiction. Hence,
U is elementary abelian, V=1, and |U : U N P|=p, by Lemma 10. We again set
K=K/Cx(U). Now K is a Q-group of characteristic power g as K covers N/O(N).
Since x centralizes U and C(U)< S(K)=<O0(K), x), it follows from Lemma 2.4.15
that K is a D-group of linear type of the same characteristic power q. Moreover,
X2 ¢ K’ by Lemma 2.4.1, applied to K/O(K), and hence X, ¢ K'. Since ¢>5 and
since Cy(X,)=U N P, all the hypotheses of Lemma 2.5.10 are satisfied and we
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conclude that there is an odd prime r other than p and a nonidentity r-element &
in K inverted by X, with Cp . y(9)#1. Since ¥=1 and <{x) is a Sylow 2-subgroup
of Cx(U), it follows that there is an r-element v of K with image & in K such that x
centralizes v and x, inverts v.

We can therefore take P, to lie in Cp , y(v) and do so. Hence (U, v) is a subgroup
of H, of odd order centralized by x.

We now set U, =[U, v]; we claim that U, < O(H,). Since v does not centralize U
by choice, U, #1 and U; =[Uj, v] as U is a p-group, v is an r-element, and p, r are
distinct primes. Moreover, U;{v) is T-invariant. Again there are two possible
structures for H,. If H, is a D-group, we again set H,= H,/O(H,), so that either H,
is isomorphic to 4, or Hy=LE, where L and E are as in the preceding lemma. Since
A, possesses no nonabelian subgroups of odd order invariant under a four group,
U, =1 in the first case and so U, < O(H,). On the other hand, in the second case,
teL as X, inverts & and X, e L. For the same reason, & € L,, where again L,
denotes the normal subgroup of H, isomorphic to PSL(2, t) and of index at most
two in L. But then also U,<L,. Furthermore, Cr,(¥) is again dihedral and so
contains no nonabelian subgroups of odd order. Since <U,, 7)< Cr (%), we con-
clude that U, =[U,, 5]=1 and so U,< O(H,).

On the other hand, if H, is a Q D-group, then we have, since U< O(N), that

Ul = [U,VU] = [O(N) N H09 NN HO]
< [O(N N Hp), NN Hy)
S O(HO),
again by Proposition 1.1.
But [U,, T]is a p-subgroup not centralized by T. Indeed, if T centralizes U,, then
v does also since v is inverted by x,, contrary to the fact that U, =[U,, v]#1. Thus
[Uy, T] is as described; but [U,, T]< O(H,) and this contradicts Lemma 11. This
completes the proof, the section, and the chapter.

CHAPTER V. THE STRUCTURE OF O(N). PROOF OF THEOREM B*

1. QOutline of chapter. This chapter is devoted to a proof of Theorem B*; this
section contains an outline of the chapter and explains the break-up of the proof
into several stages. It is, of course, to be understood that our simple group G with
quasi-dihedral or wreathed Sylow 2-subgroups satisfies the working hypotheses
listed in §1 of Chapter IV. As a consequence, all results to Chapter IV hold for
the group G.

In order to discuss the long proof to follow, we introduce yet another property
of prime divisors of |O(N)|, namely:

DEerINITION 1. If p is a prime divisor of |O(N)|, then p is totally inverted if
C N Lis a p'-group.

That is, if P is a Sylow p-subgroup of C, then P N L=1. In particular, if p is
totally inverted, then it is certainly inverted. The relevance of this concept is as
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follows: the assumption on the prime p in §§7, 8 and 9 of the last chapter was that
p was exceptional and not totally inverted.

In order to establish Theorem B*, we must prove there are no exceptional
primes. We prove this in three stages:

(1) If p is not the characteristic of G and p is not totally inverted, then p is
ordinary.

(2) If p is the characteristic and p is not totally inverted, then p is ordinary.

(3) If p is totally inverted, then p is ordinary.

The first assertion is shown in §2; the next is proved in §§3, 4, 5 and 6; the third
statement is demonstrated in the next five sections.

The reader interested in the idea of the proof, but not wishing to go into all the
details, might do well to read the chapter under the assumption that the character-
istic, if it divides |O(N)|, is an ordinary prime. This considerably reduces the
argument but leaves contact with all the essential ideas.

We preserve all the notation introduced in the preceding chapter.

2. Elimination of the first set of primes. As the title of the section suggests, we
shall carry out the first step of the proof of Theorem B* as described above. We
shall prove

PROPOSITION 1. If p is a prime divisor of |O(N)| other than the characteristic of
G and p is not totally inverted, then p is ordinary.

This result has a consequence for the structure of N; namely, the following
application of Proposition 4.4.1.

COROLLARY 1. If p is the characteristic of G and N=N|O,(N), then
(i) Any T-invariant Sylow subgroup of O(N) is centralized or inverted by %,.
(i) Lo has a normal subgroup J containing O,(N) such that L,=JO(N) and either
(@) J is isomorphic to SL(2,q) and J N O(N)=1, or
(b) J is isomorphic to SL™(2,9), g=9, and |J N O(N)|=3.
(i) J centralizes O(N).

For the moment let us assume the proposition is valid.

Proof (of Corollary 1). We let 7 be the set of prime divisors of |O(N)| which are
neither centralized nor inverted. Proposition 4.4.1 yields detailed information
about the structure of N/O,(O(N)). However, the above proposition implies that
every prime divisor of |O(N)|, other than the characteristic of G, is ordinary or
exceptional and totally inverted. But ordinary primes are centralized or inverted
by Definition 4.1.3, while totally inverted primes are certainly inverted. Hence, =
is either empty or consists of the characteristic p alone and so 0,(O(N))=0,(O(N))
which, in turn, is O,(N) as p is odd. The corollary is now a direct consequence of
Proposition 4.4.1.

The proposition will follow from the next two lemmas.
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LeMMA 1. If p is an exceptional prime and not totally inverted, then there is a
Sylow p-subgroup P of G such that N(Z(J(P))) is an element of #(p).

Proof. Choose H € .#(p) maximizing |H|,. It is a consequence of Lemma 4.8.3
that H is a D-group with respect to 7 and that O,.(H)< O(H). Moreover, O, (H) # 1
as H is a p-local subgroup, by Definition 4.8.1. Hence, H is p-stable by Proposition
2.6.1. Moreover, H is p-constrained by Corollary 4.9.1. Hence, if P is a Sylow
p-subgroup of H, then

H = O0,(H)Ny(Z(J(P)))

by Theorem 2.7.1. In particular, O,.(H)Z(J(P)) is a normal subgroup of H. Thus,
by Corollary 4.8.1, replacing P by a conjugate in H, if necessary, we may assume
that H, = N(Z(J(P))) € #(p). To prove the lemma, we simply must now show that
P is a Sylow p-subgroup of G. However, if this is not the case, then P is a proper
normal subgroup of a p-subgroup P;. Since Z(J(P)) is a characteristic subgroup of
P, it is normal in P, and

|Hilp 2 |Py| > |P| = |H]|,

which contradicts the choice of H. This proves the lemma.

LEMMA 2. If p is an exceptional prime, not totally inverted and not the character-
istic of G, then there is a Sylow p-subgroup P of G such that N(Z(J(P))) is an element

of Z(p).

Proof. This argument is very similar to the preceding one. Choose H € Z(p)
maximizing |H|,. Thus, H is a p-local subgroup, by Definition 4.1.4, so O,(H)#1
and H is a Q-group of characteristic power ¢, by Lemma 4.1.1. Moreover, H is
p-constrained within S(H) by Proposition 4.6.1; in particular, O,.(H)< S(H), by
Definition 2.6.1. But p is not the characteristic of H by hypothesis and so H is
p-stable by Proposition 2.6.1 since ¢> 5 is a constant assumption. Thus, if P is a
Sylow p-subgroup of H, then

H = 0,(H)Nu(Z(J(P)))

by Theorem 2.7.1. In particular, O, (H)Z(J(P)) is a normal subgroup of H.
Thus, we may assume, after replacing P by a conjugate in H, if necessary, that
N(Z(J(P)))=H, € Z(p), by Corollary 4.6.1. Our choice of H now implies that P
is a Sylow p-subgroup of G, just as in the proof of the previous lemma.

Proof (of Proposition 1). Let p be a prime which violates the proposition, so p
is exceptional, not totally inverted, and p is not the characteristic of G. Hence, by
Lemma 1, there is a Sylow p-subgroup P, of G such that N(Z(J(P,)))=H, € #(p).
Similarly, by Lemma 2, there is a Sylow p-subgroup P, of G such that N(Z(J(P,)))
=H, e #(p). But H, is then a D-group, by Lemma 4.8.3 and H, is a Q-group, by
Lemma 4.1.1. This is a contradiction as H; and H, are conjugate subgroups of G.
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3. A family of cyclic subgroups. We now fix p as the characteristic of G for the
next four sections of this chapter. In particular, N has the structure described in
Corollary 1 of the previous section. In dealing with .#(p) it was important to
include the covering property. Since N is now known to have a more restricted
structure, we can simplify any work with the covering property.

We do this by introducing the following concept:

DeriNITION 1. The set of all D-invariant subgroups of J incident with

(O(C) N J)OL(N)O(N)
is denoted by #.
Here J is the subgroup which exists by virtue of Corollary 2.1, whence either
J N O(N)=0,(N) and J/O,(N) is isomorphic to SL(2, g) or |J N O(N) : O,(N)|
=3, ¢=9, and J/O,(N) is isomorphic to SL™(2, 9). '

LemMMa 1. The section (C N J)O,(N)[{x)>O,(N) is cyclic of order 3(q+ 8¢). The
collection W~ is nonempty and each element of W is cyclic of order (q+ 8¢)[2", is
centralized by Cp(T), and is inverted by d.

Proof. We set N=N/O,(N). Since O,(N) has odd order, the section in question
is isomorphic to

CHT)/K%).

There are two possible structures for J. If J is isomorphic to SL(2, q), then Cy(T)
is cyclic of order g+ 8¢ by Lemma 2.4.2. Suppose, on the other hand, that J is
isomorphic to SL™(2, 9), in which case g=9. Thus the characteristic of G is three
and so p=3. But J N O(N)=0(J) has order three and is normal in O(N). Since
O03(O(N))< O4(N)=0,(N), it follows that O,(N)#1, contrary to the fact that
N=N/O,(N) by definition. Thus this case cannot arise and so the first assertion is
established.

Furthermore, by Lemma 2.4.2, O(C(T))=W is cyclic of ‘order (g+ 8¢)/2", W
centralizes Cp(T), and W is inverted by d. Moreover, D={Cy(T), d) as Cp(T)=T
and d=y if G has quasi-dihedral Sylow 2-subgroups, while Cy(T) is abelian of
index two in D and de D— Cy(T) if G has wreathed Sylow 2-subgroups. On the
other hand, (g+ 8¢)/2" is relatively prime to 2 and to p, since p is the characteristic
of G and so divides g. Since x is central in (C N J)O,(N), which is in turn D-
invariant, there exist D-invariant Hall {2, p}'-subgroups of (C N J)O,(N). If W is
such a subgroup, then W is incident with (O(C) N J)O,(N)/O0,(N) and the remain-
ing conditions of the second assertion hold for W. Thus #” is nonempty and the
lemma is proved.

We shall frequently make a choice of an element W of #. This leads to no
ambiguity largely because of the following remark:

LeMMA 2. If W and W, are elements of W and P is a D-invariant Sylow p-subgroup
of C, then W, =W, P).
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Proof. The definition of #"and Lemma 1 yield immediately that any two elements
W and W, of #  are certainly conjugate by an element of C N O,(N). Indeed, W
and W, are D-invariant Hall p-complements of WO,(N). However, C N O,(N) is
a normal subgroup of C as O,(N) is normal in N, so C N O,(N)=P N O,(N) and
hence W,=(W, P>.

We shall see in the next result that (W, P) is, in fact, just WP.

We now collect some properties of the elements of #.

LeMMA 3. If W is an element of W, then the following conditions hold:
i) Wn ON)=1;

(i) CO(N)=0,(N)Ncow(W);

(iii) W is permutable with any Sylow p-subgroup of C;

(iv) C=(C N O,(N)N(W);
(v) If p is exceptional, but not totally inverted, then W normalizes Q.

In statement (v), @ is the subgroup which we proved existed in §7 of the previous
chapter under the hypothesis that p was exceptional, but not totally inverted.

Proof. (i) By definition, W<J and the incidence condition (or the fact that W
is a p’-group) forces W N O,(N)=1. Hence, if N=N/O,(N), it suffices to prove
that W N O(N)=1. But we have already noted in the proof of Lemma 1 that J is
necessarily isomorphic to SL(2, q), whence J N O(N)=1. Since W<J, the desired
conclusion W N O(N)=1 holds.

(ii) First, O(N) centralizes J by Corollary 2.1, so O(N) centralizes W. Moreover,
W is normal in C as W=0(C) nJ and O(C) N J is normal in C. Thus W is normal
in O(N)C. However, O(N)C=O(N)C and so the product WO,(N) is normal in
O(N)C. But W is a Hall p’-subgroup of WO,(N), so (ii) follows from the Frattini
argument.

(iii) Let P be a Sylow p-subgroup of C. Since WO,(N) is normal in O(N)C by
(ii), it follows that WO,(N) N C=W(O,(N) N C). Since O,(N) is normal in N,
we also have that O,(N) N Cis normal in C and so O,(N) N C=0,(N)N P as P
is a Sylow p-subgroup of C. Hence W(O,(N) N C)P= WP is a group and (iii) is
valid.

(iv) As we have just seen, C N O,(N) and W(C N O,(N)) are normal subgroups
of C. Since W is a Hall p-complement in W(C N O4(N)), (iv) follows by the
Frattini argument.

(v) The subgroup Q was a characteristic subgroup of a fixed D-invariant Sylow
p-subgroup of C; let this Sylow p-subgroup be P. We claim that it suffices to show
that there is an element W, of # such that W, normalizes Q. Indeed, if that is the
case, then W< W, P by Lemma 2 and part (iii) of this lemma, so W also normalizes
Q as P certainly does.

We let X/O(N) be the subgroup of Lo/O(N) of order (g+3¢)/2" in
O(C)O(N) N Ly/O(N). We now claim that we need only produce a D-invariant
subgroup W; of X incident with X/O(N). Indeed, if W, is such a subgroup, then
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W, e # once we know that W,<J, since X/O(N) and (O(C) N J)O,(N)/O,(N)
are incident. However, the element d of D centralizes O(N)/O,(N) as it lies in L,,
so any subgroup of odd order in L,/O(N) inverted by d lies in J/O,(N). Thus, if
W, is as described, then d inverts W, since d inverts X/O(N) and W, is D-invariant.
Thus W, <J and our reduction is established.

Proposition 4.7.1 yields that N(Q) covers C N L/C N S(L), so certainly N(Q)
covers X/O(N). Let Xo=XN N(Q) and Y,=O0(N) N N(Q). Thus X,/Y, is
incident with X/O(N). In particular, X,/ Y, is cyclic of order (g + 8¢)/2", is centralized
by Cp(T) and is inverted by d. Moreover, by the reduction of the previous para-
graph, it suffices to establish the existence of a D-invariant subgroup of X incident
with X,/ Y,.

We set Z,=0,(N) N N(Q), so Z, is a normal p-subgroup of X, contained in
Y,. Set Xo=Xo/Z,, so Yo= Y,/Z,. We now assert that we need only construct a
D-invariant subgroup of X, incident with X,/ Y,. Indeed, if K/Z, is such a subgroup,
then K/Z, is cyclic of order (g+ 8¢)/2", is centralized by C,(T), and is inverted by d.
In particular, K/Z, has order prime to p and is D-invariant. Since Z, is a p-group,
K thus contains a D-invariant Hall p-complement and this subgroup clearly
satisfies all the requirements.

Finally set X,=Cg(Cp(T)) and Y,=X, N ¥,. Since Cp(T) centralizes X,/Y,
and X, is of odd order, it follows that X,/Y, is also cyclic of order (g+ 8¢)/2".
Moreover, as d normalizes Cp(T) and inverts X,/Y,, we also have that d inverts
X,/ Y,. But d centralizes O(N)/O,(N), as we have noted above, and so d centralizes
both Y; and Y. In particular, Y, =Cy,(d). Since X; has odd order, the subset W,
of X, inverted by d covers X,/Y,;. But X,/Y, is cyclic and W, N Y, =1, which
together imply that W, is a subgroup. Thus W, is cyclic of order (g+ 8¢)/2" and W,
centralizes Cp(T) as W,cX,, so W, is invariant under D={Cy(T), d). But
W, N Y,=1 as d inverts W, and centralizes Y,, whence X,= W, Y,. Thus W, is
the required D-invariant subgroup of X, incident with X,/ ¥,. This completes the
proof of the lemma.

4. Properties of signalizers. We preserve our hypotheses on the prime p; we
shall be studying the D-invariant p-subgroups of G, namely the elements of U(D; p).
It is through use of these subgroups that we shall be able to prove later that p is,
in fact, an ordinary prime. We shall use the specialized signalizer notation which we
defined in Chapter 1.

Our main result in this section is as follows:

PROPOSITION 1. Let H be a subgroup of G containing D satisfying the following
conditions:

(a) O(H)#1;

(b) P is a D-invariant Sylow p-subgroup of C contained in H;

(c) W is an element of W contained in H;

(d) V is an element of Ny(D, W; p) containing P.
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Under these conditions we have

(i) There is an element U of Wy(D, W; p) containing V such that U € U}(D; p)
and U N O(H) is a D-invariant Sylow p-subgroup of O(H).

(ii) If U, and U, are elements of Wy(D, W; p) containing V, both of which are
elements of W§(D; p), then U, and U, are conjugate by an element of No(W) which
centralizes D.

The subgroups P and W are permutable, by Lemma 3.3. Moreover, W is D-
invariant, by Definition 3.1, so PW is also and PWD is a group. The proof of the
proposition depends on a few preliminary lemmas. Throughout these five lemmas
we assume that the elements of #~ are nontrivial; equivalently, that (g4 8¢)/2" > 1.

First, we fix some notation. Let p be the set of primes dividing | W|=(q+ 8¢)/2"
and let o=p U {p}. As in the last chapter, let N;=C(x;), 1<i<3, so N=N,. We
begin with one more special fact about elements of #.

LemMMA 1. If W is an element of W, then W< O(N,) for at most one value of i,
1gis3.

Proof. Indeed, W& O(N)=O(N,), by the definition of #~ Thus, if the lemma is
false, then W< O(N,) N O(N;). However, N, and N; have the same structure as
does N, since all the involutions of T are conjugate in G. In particular, if we set
N;=N,/O,(N)), 25i<3, we have that J, is normal in N, and J; centralizes O(N;),
by Corollary 2.1. Since W< O(N)), it follows that W centralizes J;, 2<i< 3. How-
ever, K;,=C; (W) maps onto J, as W is a p’-group; consequently, K; is a Q-group
of characteristic power ¢ and O(K))x; is central in K;/O(K}), 2<i<3. Since N(W)
contains K; and W+#1, it follows from Proposition 4.1.1 that N(W) is also a Q-
group of characteristic power ¢ in which O(N(W))x; is central in N(W)/O(N(W)),
2<i<3. However, the center of that quotient group is cyclic by Lemma 2.4.7, so
we have a contradiction. The lemma is proved.

The next result is to be used in proving the one that follows.

LeMMA 2. If W is an element of #, then W<L, for all i, 1 <i<3.

Proof. Let X be a Hall p-complement of O(C) which contains W and set
Y=Cx(X"). It will suffice to show that W< Y< L. Indeed, suppose this is the case.
Since O(C) is a characteristic subgroup of C, it is normal in M= N(C). Hence
M =0(C)Ny(X), by the Frattini argument, inasmuch as X is a Hall subgroup of
O(C). Thus, it follows that M=O(C)N,(Y). Therefore, there is a, € Ny(Y) so
that a, cyclically permutes x,, x, and x; by conjugation. We have now W<, =L
and Wac Y%= YcL, so that WS L¢i ' =L,. Similarly, a7 € Ny(Y), so W<L,.

We shall now show that Y=L and we begin by setting N=N/O(N). Since
W< X< O(C), we have W XcO(C) and W=0(C) nL; consequently, X=
O(Crx(T)). 1t follows thérefore from Lemma 2.4.2, applied to the Q-group LYX,
that Cy(X’)= W and hence, that Cg(X')< L. But clearly Y< Cg(X"), so Y<L and
YeL.
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It remains to prove that W< Y. To do this, we now set N=N/O,(N). Since X is
a p’-group, it is isomorphic with X, so that it suffices to show that W< Y. However,
N/L is cyclic, by Proposition 2.3.3, and consequently X' < L. Moreover, Y= Cy(X")
since X and X are isomorphic. Hence, it is enough to demonstrate that W is
central in O(C) N L. But W=0(C) nJ, by Definition 3.1, and so O(C) " L=
W(O(C) n O(N)). However, W<J and J centralizes O(N), by Corollary 2.1; in
particular, W centralizes O(C) N O(N). Since W is cyclic, by Lemma 2.4.2, it
follows that W is central in O(C) N L, as required.

We employ the usual 7-decomposition notation in stating the next result:

LeEMMA 3. If X is a T-invariant r-subgroup of G for some r in p, W is an element of
W and {X, W) is of odd order, then the following conditions hold:

(i) If there is an integer j, 1<j=<3, such that X;j#1 and W& O(N,), then
X;<= O(N;) and r is ordinary and inverted.

(i) There is an integer i, 1 i< 3, such that X< N,.

Proof. (i) First, suppose that X;< O(N;); we shall show that r is as required.
Since X;#1 and X;< O(N)), it follows that r divides |O(N)|. Moreover, r divides
|W| as r € p. Hence, r divides |C N L| and r is not totally inverted. Since r#p, as p
and g+ 8¢ are coprime, Proposition 2.1 yields that p is ordinary. Furthermore, any
T-invariant Sylow r-subgroup of O(N) is centralized or inverted by x,. However,
{(Xj> is a T-invariant r-subgroup of O(N,) not centralized by T, so r is indeed
inverted. :

Thus it suffices to show that ¥Y={X}) is contained in O(N,). Hence, we assume
that Y¢ O(N;) and derive a contradiction. In any case, Y is an r-subgroup of N,
and [Y, T]=Y. Since T<L;, we have, in fact, that Y<L,.

We set N;=N,/O(N,), so Y is a nonidentity r-subgroup of L, and [Y, T]=Y.
Moreover, W< C< N;and W+ 1 as W¢ O(N,). Thus, W is a nonidentity subgroup
of O(C). In addition, Lemma 2 implies that W< L,. Hence, it will suffice to prove
that | Y| divides g+ 8e. Indeed, if this is the case, we have an immediate contra-
diction to Lemma 2.4.6 with W, Y, L, T in the roles of W,, X, L, and T respectively
since (W, Y> has odd order.

But Y is an r-subgroup of L, and r is a divisor of g+ 8c. Thus | Y| also divides
g+ 8z by Lemma 3.1(v) of [22] applied to L,/{X,).

(ii) We assume the assertion is invalid, so that X;# 1 for at least two values of i,
1=i<3. By Lemma 1, we may choose j, 1 £j<3, such that X5 1 and W& O(N,).
Hence, by (i), X;< O(N;) and r is ordinary and inverted. Therefore, by Lemma 4.2.3,
if u is a nonidentity element of X, then every T-invariant r-subgroup of C(u) lies
in N;.

‘ However, as X{#1 for at least two values of i, 1 £i<3, we have X;< X. Thus,
by Lemma 2.8.1, there is a nonidentity T-invariant subgroup Y of X centralizing
X; such that [Y, x;]= Y. Therefore, Y is a nonidentity T-invariant r-subgroup of
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C(u) and Y does not lie in N,. This is the desired contradiction and the lemma is
proved in full.

The next lemma is quite technical ; however, it is only to be used in the argument
of the last of the preliminary lemmas.

LEMMA 4. Let R and Y be subgroups of G with the following properties:

(a) R is a D-invariant p-subgroup;

(b) Y is a D-invariant r-subgroup for some r in p;

(c) R and Y are permutable;

(d) <Y, W) has odd order for some element W of #.

Under these conditions, we have that
[R, T] < O,(RY).

Proof. We set K=RY, so that K is a subgroup of G. We let K=K/O,(K); it
must be shown that [R, T]=1.

As a first step, in the usual 7-decomposition notation, we prove that R;=1. To
do this, it suffices to demonstrate that R} centralizes O,(K), since K is a solvable
{p, r}-group. However, set Z=Y N 0, (K), so that Z is a Sylow r-subgroup of
0,.(K) and Z=0,(K). Moreover, let F=C(x,) and let I be the set of elements of
Z inverted by x,, so that Z=FI.

We claim that in order to establish our assertion on Ry, it suffices to show that R;
centralizes 7. Indeed, suppose this is the case. Therefore, x, inverts each element of
R} and centralizes Z/{I), so that R} centralizes Z/<I)=0,(K)/{I>. However, R}
centralizes {J), by assumption, so that R; centralizes Z, since each element of R}
is a p-element, while Z is an r-subgroup and r+#p as r is in p.

We now shall show that R} does centralize I; we may, of course, assume that [#1,
so that Y7 # 1. Hence, applying Lemma 3, with Y in place of X and j=1, and using
the fact that W¢ O(N), we conclude that Y;=O(N) and that r is ordinary and
inverted. This yields that Y7 is an abelian subgroup inverted by x,.

Furthermore, x centralizes Y. Indeed, some x; centralizes Y by Lemma 3,
1<i<3, so Cp(Y) is a nontrivial normal subgroup of D. But then Cz;(Y)#1
and, as x is the unique involution of Z(D), x centralizes Y, as stated. It follows that
I=ZNnY,.

We now assert that in order to show that R; and  do commute elementwise, it
is enough to see that R, and Y; are permutable; indeed, assume this is the case.
Thus R, and Y are permutable, so R, normalizes I=0,(K) N Y{ by Lemma 2.8.3.
Since x, inverts both R; and 1, it follows that x, has no nontrivial fixed points on
R I, which is a group as R; normalizes I. Thus x, inverts R;f and R;[ is abelian,
so R’ centralizes 7, as required.

Now R is permutable with Y, by assumption, and Y< N, as we have shown above
that x centralizes Y. Moreover, we know that Y;< O(N) and that.r is an inverted
prime, so that ¥; =Y N O(N). Hence, R; and Y7 are indeed permutable, by Lemma
2.8.3. Thus, at long last, we have established that R} =1.
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Moreover, R;=1 if j=2 or 3. Indeed, since x centralizes Y, it follows that x
centralizes O,(K). However, any element of R; is inverted by x and normalizes
O0(K), so R; centralizes O,(K) and therefore R;=1, 2<j<3, as claimed.

Finally, [R, T]=<R}, Ry, R3). Indeed, if R*=(R}j|1Zi<3), then R*=[R*, T]
c[R, T). Moreover, R=R,R*, so [R, T]<[R*, T] and our assertion is valid. But
each R;SO,(RY), 15i<3, since we have already shown that Rj=1, 1<i<3.
Hence R*< O,(RY) and the lemma is proved.

The last result preliminary to the proof of the proposition is as follows:

LeEMMA 5. If W is an element of W and X is a DW-invariant o-subgroup of G,
then

@ X=0,(X)(X N N)=0,(X)Nx(W);

(i) O,(X)X N C) contains a Sylow p-subgroup of X.

Proof. First, we let R be a D-invariant Sylow p-subgroup of X and we claim that
[R, T1= O4(X). Indeed, if r is any prime divisor of |X| other than p, let Y be a
D-invariant Sylow r-subgroup of X permutable with R. Since X is a o-group and
r#p, it follows that r € p and so [R, T]<= O0,(RY) by the previous lemma. But now
the desired conclusion [R, T']< O,(X) is a consequence of Lemma 2.8.7.

Moreover, preserving this notation for r and 7Y, it is a consequence of Lemma 3
that C;(Y)#1 inasmuch as (Y, W)><=(X, W)=XW is of odd order. But Cp(Y)
is a normal subgroup of D and so x € Cp(Y) for any r and any Y. Thus

X = R(X N N).
Therefore, since R=[R, T](R N C), we have
X =RXNN)=I[R TIRNCYXNN)
= [R,TAX N N) € O,(X)(X N N),
50 X=0,(X)(X N N) and half of (i) is established. Furthermore,
R=[R,TRNC)<S 0,X)(XNC)

so the second assertion (ii) is also valid.

It remains to demonstrate the second factorization of X in (i). However, X " N
is a DW-invariant subgroup of N, so X " NS CO(N), by Lemma 2.4.9, applied to
N/O(N), inasmuch as W(X N N) is of odd order, is normalized by D, and contains
W.If we set N=N/O,(N), then X " N= CO(N)=CO(N). But WO(N) is the direct
product of W and O(N), by Corollary 2.1, and W=0(C) N L is normal in C,
whence W is normal in W(X N N).

Hence, W(X N N) normalizes WO,(N), so certainly W(X N N) normalizes
WO,(N) N W(X N N). However, WS N, so W(X N N)=WXnN N and

WO, (N)N W(XNN)=WO,N)NNNWX
= WO,(N) N WX
and we have that W(X N N) normalizes WO,(N) N WX.
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We claim now that WO,(N) N WX=W(O0,(N) N X). Since W(O,(N) N X)
S WO,(N) n WX, itis enough to demonstrate the reverse inequality. Thus suppose
that ue WO,(N) N WX, so that u=wv, where we W and ve O,(N). Since
WS WO,(N) N WX, it follows that ve WO, (N) " WX, so ve WX. But X is
normal in WX, as X is W-invariant. Thus WX/ X is a p’-group, as W is a p’-group,
so that ve X as v is a p-element, being in O,(N). Hence, v e O,(N) N X, so
ue W(O,(N) N X) and WO, (N) N WX< W(0O,(N) N X), as claimed.

It now follows that W(X N N) normalizes W(0O,(N) N X). Since W is a Hall
subgroup of W(0,(N) N X), we conclude by the Frattini argument that

XN N < (0,N) N X)NW),
SO
X NN = (04(N) N X)Nx o n(W).

But we already have proved the factorization
X = 0,(X)(X N N).
In particular, this implies that 0,(X N N)< 0,(X) and, as
O,(N)N X < O,(NN X),

it follows that O,(N) N X< 0,(X). Hence, X N N< O,(X)Nx(W) and we conclude
that

X = O,(X)Nx(W).
This completes the proof of the lemma.

We are now ready to embark on the proof of the proposition.

Proof. We shall treat the case in which H has a normal 2-complement at the
end of the proof, so assume to begin with that H is not of this type. Moreover, H
is not a Q D-group. Indeed, assume the contrary. Since O(H)+# 1, by hypothesis,
O,(H)#1 for some odd prime r and so H is contained in the local subgroup
K=N(O,(H)). Since H is a QD-group, clearly so also is K. But this contradicts
Proposition 4.1.1 as WD< H< K. Since D< H, we can therefore assume, in view of
Proposition 4.1.1, that H is a Q-group or a D-group.

We set H=H/O(H) and we claim that there is a unique element of U%(D; p)
containing ¥ and this subgroup lies in Ug(D, W; p); that is, it is permutable with
W. We shall prove this by examining separately each of the two possible types of
structures for H.

First, suppose that H is a Q-group. In this case H has characteristic power g by
Lemma 2.4.8, as W< H, and so H has characteristic p. Let U be any element of
Wg(D; p) which contains V. Thus, U< Cg(T) by Lemma 2.4.9. However, P is a
Sylow p-subgroup of C=C(T), so that P is a Sylow p-subgroup of Cg(T). But
P=V<U, so U=P and therefore P is the unique element of Ug(D; p) containing P.
Moreover, W and P are permutable by Lemma 3.3, so certainly W and P are
permutable.
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Next, suppose that H is a D-group. There are three cases to consider. First, if H
is isomorphic to A, then D is dihedral of order eight and D normalizes a unique
nonidentity subgroup R of odd order in H; namely R=0(Cg(x)) and |R|=3, by
Lemma 2.5.9. If p=3, then W=1 and R2V; while if p#3, then 1 is the unique
element of U¥(D; p) containing V. Either way, the desired properties hold. Second,
if H is isomorphic to PGL,(2, 3) with n>2, which will be the case if G has wreathed
Sylow 2-subgroups, then D is a Sylow 2-subgroup of H and 1 is the unique element
of U¥(D; p) by Lemma 2.5.9. Again the desired properties hold.

Assume finally that H is not of one of these forms. Then by Proposition 2.3.4,
H is isomorphic to a subgroup of PT'L(2, r) for some odd r, D is dihedral of order
eight, and H=LE, where L is isomorphic to PSL(2, r), PGL(2,r), or PGL*(2,r),
L is normal in H, E is cyclic of odd order, L N E=1, and E centralizes a Sylow
2-subgroup of H, which without loss we may assume contains D. Let L, be the
subgroup of L of index at most two isomorphic to PSL(2,r) and set K=L,D.
Since a quasi-dihedral 2-group has only one conjugacy class of four groups and
since L, contains a four group, it follows, if L is isomorphic to PGL*(2, r), that
DcL, inasmuch as D is generated by its four subgroups. Hence, in all cases, K
is isomorphic to PSL(2, r) or PGL(2, r). Furthermore, E normalizes K and KE is
isomorphic to a subgroup of PT'L(2, r). Moreover, since KE is of index at most two
in H, itis normal in H and contains every subgroup of H of odd order. In particular,
KE contains W, V, and every element of Ug(D; p).

Applying Lemma 3.1 (iii) and (vii) of [22] to KE and using the fact that D
centralizes E, it follows now that every element of Wg(D) lies in Crz(¥)= Cr(X)E
and that Cg(X) is a dihedral group. Furthermore, Cx(T)=T by Lemma 3.1(iii) of
[22] and so Cge(T)=TE as T< D and D centralizes E. Since W and P centralize T,
it also follows that WP<E. Moreover, as P is a Sylow p-subgroup of C and
Cu(T)=C N H maps onto Cg(T), we see that P is a Sylow p-subgroup of E. Since
Cr(%) is dihedral, we also have that O,(Cg(%)) is the unique Sylow p-subgroup of
Cr(%) and consequently U= 0,(Cg(¥X))P is the unique Sylow p-subgroup of Cgz(¥)
containing P. In particular, V< U as ¥V contains P. Since U is clearly D-invariant,
it also follows that U € M D; p) and hence U is the unique element of U3(D; p)
containing V. Finally, W centralizes P as each is contained in E, which is cyclic,
and W normalizes O,(Cg(¥)), so W normalizes U. Thus U e WUg(D, W; p) and
therefore the desired conclusions hold in this case as well.

Let Y be the subgroup of H containing O(H) such that Y is the product of W
and the unique element of WU%(D; p) which we have just described. Thus, DY is a
group and has Y as a normal 2-complement. Moreover, DY contains W and V.
We claim that it suffices to verify the proposition with H replaced by H;=DY
provided we show at the same time that U, U,, U, are Sylow p-subgroups of Y.

Indeed, suppose that all these statements are true; we shall complete the proof.
We begin by establishing (i). We have, by assumption, an element U of U (D, W'; p)
containing V such that Ue U (D;p) and U is a Sylow p-subgroup of H;. We
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shall demonstrate that U fulfills all the conditions of (i). However, O(H) is normal
in H, as O(H)s DY< H, so U N O(H) is a Sylow p-subgroup of O(H). Moreover,
U and W are permutable as U € Uy (D, W; p). Finally, let U* be an element of
WE(D; p) containing U. Since U is a Sylow p-subgroup of Y and because of the
above description of Y, U e UE(D; p). Since U* € Ug(D; p) and U*=T, it follows
that U*=U and so U*<O(H)U. But U is a Sylow p-subgroup of O(H)U as
U< O(H)U<Y. Since UcU* and U* is a p-group, we conclude that U*=U.
Thus U e U%(D; p) and so all parts of (i) hold.

As for (i), let U, and U, be as described in the statement of (ii). Thus, U, and
U, are D-invariant p-subgroups of H containing V. Hence, by the uniqueness
assertion proved above, we have U,, U, contained in Y. Hence, U,, U, are elements
of W% (D; p), so the conjugacy holds because it holds in H,; by assumption.

Let us pause to state this reduction clearly. We need to establish the following
two assertions:

(1) There is an element U of Uy (D, W; p) containing ¥ such that U is a Sylow
p-subgroup of H;;

(2) If U, and U, are elements of Uy (D, W; p) containing V, both of which are
elements of W% (D; p), then U, and U, are conjugate by an element of No(W)
which centralizes D.

Observe also that if H itself has a normal 2-complement, the proposition will
follow from (1) and (2) with H,=H. Hence the proposition will be proved in its
entirety once these two statements are established.

We make one further reduction. Let X be a D-invariant Hall s-subgroup of Y
containing VW. We claim that we need only show that X has a D-invariant Sylow
p-subgroup containing ¥ and permutable with W. Indeed, let U be such a Sylow
subgroup of X. Clearly U fulfills (1), as X is a Hall subgroup of Y and Y is the
normal 2-complement of H,;. Next, suppose that U; and U, are as stated in the
hypothesis of (2). Since U, is a D-invariant p-subgroup of Y and U is a D-invariant
Sylow p-subgroup of Y, there exist elements ¢; in Cy(D) such that Usic U, 1 Si<2.
Since U, € U¥(D; p), this in turn implies that Ufr=U, 1 <i<2.

On the other hand, Cy(D)< Co(D) as T< D and Cy(T)<O(C). But O(C)
=PNy(W) by part (iv) of Lemma 3.3 and the fact that O(C) is a normal 2-
complement in C. Since P and Ny(W) are each D-invariant and P is a Sylow
p-subgroup of O(C), Lemma 2.8.8 now yields that

CowD) = Cp(D)Now(W) N C(D)).

Hence ¢;=bu;, where b, € No(W), b; centralizes D, and ;e P, 1<i<2. Since
PcVcU, this implies that Ub=U, 1=<i<2, and so U,=U}, where b=
b,b; ' € No(W) and b centralizes D. Thus (2) also holds and our claim is valid.
Thus, in order to establish the proposition in full, it remains only to produce a
D-invariant Sylow p-subgroup of X which contains ¥ and is permutable with W.
Since V is D-invariant, there is a D-invariant Sylow p-subgroup U of X containing
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V. We assert that U is automatically permutable with W. Indeed, if W=1, this is
obvious. On the other hand, if W#1, then X=0,X)Nx(W) by Lemma 5 and
again our assertion is obvious.

5. Construction of a certain signalizer. We shall demonstrate here the existence
of a signalizer with certain special properties. We shall then prove a transitivity
result which uses this constructed subgroup. These results will be proved under the
following assumptions: the prime p is, as in the preceding two sections, the
characteristic of G; and, in addition, p is exceptional, but not totally inverted.

PRrOPOSITION 1. If We# and P is a D-invariant Sylow p-subgroup of C, then
there is V € (D, W; p) containing P such that

@) 0 (VW)=1;

(ii) VWD is contained in an element of £(p) and in an element of .#(p).

The results of §§7 and 8 of Chapter IV apply to any D-invariant Sylow p-sub-
group of C and, in particular, to P. Let Q be the characteristic subgroup of P
there constructed.

Proof. We begin by applying Proposition 4.1 with N in place of H and V'=P.
(Note that O(N)#1 as our conditions imply that p divides |C N O(N)|.) We
deduce that there is U e Uy(D, W; p) containing P such that Ue U%(D; p) and
R=UnN O(N) is a D-invariant Sylow p-subgroup of O(N). Moreover, U and W
are of coprime order, so that R=U N O(N) is normalized by W, by Lemma 2.8.3,
as Wn O(N)=1.

We shall construct V by separate but similar consideration of two possibilities.
First, suppose that p is constrained; that is, by Definition 4.2.1, N is p-constrained
within S(N). In this case, we set V'=PN(Q).

Since P< U and R=U N O(N), it follows that P normalizes R. Hence, as Q is a
characteristic subgroup of P, we have that P normalizes N;(Q) and so V is a
nonidentity p-subgroup which certainly contains P.

The subgroup R is D-invariant, as we saw above. Furthermore, P is D-invariant
by choice and Q is a characteristic subgroup of P, so that Q is also normalized by
D. Hence Ng(Q) is D-invariant, so ¥'=PNg(Q) is also.

Moreover, R is normalized by W, as we also saw, and Q is W-invariant, by part
(v) of Lemma 3.3, as p is exceptional and not totally inverted by assumption, so
that Nz(Q) is normalized by W. Since W and P are permutable, by part (iii) of
Lemma 3.3, it follows that W and V are permutable and so Ve U(D, W; p).
In particular, as W is D-invariant, being an element of #, we have that YWD is a
subgroup of G.

We have seen that P, W and D normalize R; hence VWD< N(R) as Nx(Q)<R
-and V'=PNg(Q). But N(R) is an element of £(p), by the Frattini argument and
Definition 4.1.4. Furthermore, N(Q) € .#(p), by Lemma 4.8.1 and Definition
48.1.
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Hence, in order to establish the proposition in the case under examination, it
remains to show that O,(VW)=1. However, W normalizes Q and Ng(Q), so
Vo= QNx(Q) is a p-subgroup of ¥ normalized by W. Thus, if we set Wy=Cy(V5),
then it suffices to show that W,=1. However, W, is a p’-group, Q is a p-group,
and W, centralizes Q as Q< V,. Moreover, Cy(R)= S(N) by Lemma 4.2.1 as p is
constrained, while W N S(N)=1 by part (i) of Lemma 3.3 and the fact that O(N)
is a normal 2-complement of S(N). Thus W acts faithfully on R, so certainly W,
does also. Hence, W, acts faithfully on Cgr(Q) by Theorem 5.3.4 of [19]. But
Cr(Q)S ¥y, s0 Wy=1, as required.

Next, suppose that p is not constrained and set K= N(R). Thus, again K € Z(p)
and now K is p-constrained in S(K) by Proposition 4.6.1. We claim that O(K)
possesses a PW D-invariant Sylow p-subgroup F. (Note that our above arguments
show that PW D is a group and a subgroup of K.) Indeed, there is U, € Ux(D, W; p)
such that U, contains P, U, € U¥(D; p), and U, N O(K) is a D-invariant Sylow
p-subgroup of O(K), by Proposition 4.1. We set F=U,; N O(K). Since P U,, we
need only see that F is normalized by W to verify our assertion. But W N O(X)
SNN O(K) and NN O(K)<O(N), by Lemma 4.1.1, so that W n O(K)=1.
Since W and U, are permutable, it now follows from Lemma 2.8.3 that W
normalizes F.

The remainder of the proof in this case is very similar to the corresponding part
of the previous argument. We set ¥'=PN(Q) and V is a nonidentity D-invariant
p-subgroup of G. Furthermore, V certainly contains P and again V is permutable
with W since W is permutable with P and normalizes both Q and F. Also VWD
cKe Z(p) and VWD<=N(Q) € #(p). Again Vo,=QNx(Q) is a p-subgroup of
VW normalized by W. Moreover, Cx(F)< S(K) as K is p-constrained within S(X).
Since W N O(K)=1 and O(K) is a normal 2-complement in S(K), it follows that
W N S(K)=1 and so W acts faithfully on V,. Again, we derive that O, (VW)=1
in the same way as before and the proposition is proved.

The next and last result of this section is a key transitivity theorem. The sub-
groups ¥ and W are as in Proposition 1.

PROPOSITION 2. Any two elements of W§(D, W'; p) which contains V are conjugate
by an element of No(W).

First, we require a consequence of a result of the previous section.
LemMA 1. If U is an element of W(D, W'; p) and U contains P, then U= O, (UW)P.

Proof. We set X=UW, so X is a o-subgroup, since U and W are permutable,
by hypothesis. Thus, X is a DW-invariant o-subgroup of G, so that O,(X)(X N C)
contains a Sylow p-subgroup of X, by Lemma 4.5. However, X=UW, W<C,
and U contains the Sylow p-subgroup P of C, so that X N\ C=PW. But Wis a
p’-group, so O,(X)P is a Sylow p-subgroup of O,(X)(X N C). However, O,(X)P
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< U and U is a Sylow p-subgroup of X, so that O,(X)P=U and the lemma is
proved.
- We now turn to the proposition.

Proof. We assume the result is false and argue to a contradiction. Choose
elements U,, U, of U%(D, W; p), each of which contains ¥V, but which are not
conjugate by an element of No(W). Furthermore, among all such pairs of sub-
groups, choose this one maximizing |U; N U,|.

We set U=U,; N U,, so that U is also D-invariant. Moreover, U< U,, i=1, 2,
by the maximality of U; among elements of WU(D, W; p) and since U, # U,. We
now claim that even U is permutable with W. Indeed, by the previous lemma, since
PcVcU,i=1, 2, we have that

U, = O,(WU)P.
Hence, as P< U,
U= U, NU, = (0,(WU;)) N O(WU,))P.

But W is permutable with P, by Lemma 3.3, while W normalizes O,(WU,) and
O, (WU,). Thus, W is certainly permutable with U, as asserted.

Hence, UW is a subgroup of G. Moreover, O,(UW)=1. Indeed, VW< UW,
W is a p-complement of both VW and UW, while O,(VW)=1, by Proposition 1.
Thus, since UW has odd order and U is a Sylow p-subgroup of it, we have by
Theorem 2.7.1, that Z(J(U)) is a normal subgroup of UW.

We now set H=N(Z(J(U))). It follows that O(H)+#1 as 1<P< U. Moreover,
W< H as we just saw that UW< H. Hence, since W and U, i=1, 2, are permutable,
soare Wand U; N H. Thus, as D normalizes U, we have that U, He Uy(D, W p).
Furthermore, U; N H> U since U;> U and Z(J(U)) is a characteristic subgroup
of U.

By Proposition 4.1, we may choose P; an element of Uy(D, W; p) which is in
N%(D; p) and contains U; N H, i=1, 2. Also, by the same result, there is ¢ € No(W)
with ¢ centralizing D such that P,=P¢{. We now let Q,, i= i, 2, be an element of
NE(D, W; p) which contains P,. Thus, U;, Q;, 0, Q, and U, are elements of
U¥(D, W; p). Moreover,

U10Q12U10P12U1('\H3 U=Uan2,

so that U; and Q; are conjugate by an element of N(W), by our choice of U,
and U,. Also, Q; and Q% are clearly so conjugate. Furthermore,

er\ngPfﬁP2=P22 UgnHD U,
so Qf and Q, are conjugate by an element of No(W). Finally,
0.NU,2P,NU,2U,"nH> U,

and so Q, and U, are conjugate by an element of N.(W). Hence, so are U, and U,,
which is a contradiction. This proves the proposition.



190 J. L. ALPERIN, R. BRAUER AND D. GORENSTEIN [September

6. Elimination of the second set of primes. The end product of the argument
developed in the previous three sections is as follows:

PROPOSITION 1. If p is a prime divisor of |O(N)| and p is not totally inverted, then,
p is ordinary.

Proof. If p is other than the characteristic of G, then the assertion has already
been dealt with in Proposition 2.1. Hence, we shall assume that p is the character-
istic of G, not totally inverted and exceptional; we need only derive a contradiction.

Since p fulfills all the conditions of the last three sections, we choose We %"
and fix it and we choose ¥V € U4(D, W; p) in accordance with Proposition 5.1.

We shall, in fact, prove that there exist elements U, i=1, 2 of U%(D, W; p),
each containing V such that if H,=N(Z(J(U))), i=1, 2, then H, € #(p) and
H,€ #*(p). This will give the desired contradiction. Indeed, this yields that H, is
a Q-group, by Lemma 4.1.1, H, is a D-group, by Definition 4.9.1, so certainly H,
and H, are not conjugate. However, H, and H, are conjugate as U, and U, are
conjugate by Proposition 5.2.

By Proposition 5.1 we know that VWD is contained in an element K; of #(p)
and in an element K, of #*(p). Let U, € U¥ (D, W; p), i=1, 2 with V< U;. Among
all such pairs of subgroups, we may assume that |U,| and |U,| are maximized.

We now assert that it suffices to show that H;=N(Z(J(U,))) € L(p), Hy=
N(Z(J(Uy)) € #*(p) and W< H,, i=1, 2. Indeed, assume that this is the case;
we need only show that U, e U%(D, W;p), i=1,2. Thus, suppose that U, ¢
NA(D, W; p) for j=1 or 2; we shall derive a contradiction. We now have that
there is V; e U(D, W; p) with U;=V;; consequently, U;<V*=Ny(U). Thus,
there are D-invariant p-subgroups of H, properly containing U,. However, Prop-
osition 4.1 implies that every element of U} (D, W; p) containing V is an element
of N§(D;p). In particular, there is S;e Ug (D, W;p) with U,=S,. Thus, H;
contradicts the maximal nature of our choice of K;. This contradiction establishes
our assertion.

We begin by demonstrating that W< H,, i=1, 2. To do this, it suffices to show
that W< Nyy(Z(J(U)). However, O,(VW)=1, by Proposition 5.1, so that
0,(UW)=1 as V= U, and W is a p-complement of U;W. Since U;W is of odd
order, Theorem 2.7.1 now yields that Z(J(U))) is normal in WU,, as required.

We now shall deal with H,. In view of Proposition 4.6.2, in order to show that
H, € Z(p), it suffices to prove that R,=Z(J(U,)) is a nonidentity D-invariant
p-subgroup of O(K;) and that N(R,)=H, covers K;/O(K,) as well as contains a
Sylow p-subgroup of O(Kj).

However, K, is p-constrained in S(K;) by Proposition 4.6.1. Since K, € #(p),
we have that K; is a Q-group of characteristic power g and hence also of charac-
teristic p. Moreover, ¢> 5 by assumption and U, € W% (D; p). Thus the hypotheses
of Proposition 2.7.1 are satisfied and we conclude that K;=0,(K;)Nk,(R,). In
particular, H, contains U; and so by Proposition 4.1 H,; contains a Sylow p-
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subgroup of O(K;). Moreover, as U, is D-invariant, being an element of
Uk (D, W;p) and as U, #1 since U, 2P, it follows that R, is a nonidentity D-
invariant p-subgroup of K;. Finally, O,(K;)< S(K;), by definition of p-constraint
within S(K;) and O,.(K;)R, is normal in K, by the above factorization of K;.
Hence 0,.(K;)R,< S(K;). But S(K;)=0(K,)Z(D) by Lemma 2.4.14 as K, € Z(p)
and consequently R, < O(K,). Furthermore, as Z(D) normalizes R,, our factoriza-
tion of K, implies that Ny (R,) covers K;/O(K;).

It remains to show that H, is an element of .#*(p). Arguing now on U, as we
did above on Uy, it follows that R, is a nonidentity D-invariant p-subgroup of G,
so H, is a p-local subgroup of G containing D. Hence, by Definition 4.9.1, we
need only prove that O,.(H;)< O(H,) and that H, is a D-group with respect to T

However, K, is p-constrained within O(K), by Proposition 4.9.1, as K, € #*(p).
Hence, by Proposition 2.7.2, we have K,=0,(K,)(K; N Hp) inasmuch as U, €
W%.(D; p). But 0,(K;)< O(K,) by the constraint, so K= O(K;)(K, N Hy).

Since K, € #*(p), it is a D-group with respect to T, so that A, (T)=Aut (T).
The last factorization stated for K, yields that Ay,.u,(T)=Aut(T) and so
Ay (T)=Aut (T). Since D< H,, it follows therefore from Proposition 4.1.1 that
either H, is a D-group with respect to T or a QD-group. However, WD< H,,
so H, is a local subgroup of G which covers C N L/C N O(N) and contains T.
Proposition 4.1.1 therefore implies that H, is not a Q D-group.

Finally, let S be a Sylow 2-subgroup of H, containing D, so that either S is
dihedral or quasi-dihedral or else S=D and S is wreathed. We conclude in each
case that any nonidentity normal subgroup of S intersects T nontrivially. Hence if
SN O, (Hy)#1, then TN Oy (Hy)#1, so TSO,(H,) as all elements of T# are
conjugate in H,. Thus T<K,; N O,(H;)<S 0,(Kj), the latter inclusion holding
- because H, covers K,/O,(K5). This implies that T< O(K5) as 0,(K3)< O(Kj) and
this is a contradiction. Thus S N O,.(H;)=1 and we conclude that O,.(H,;)= O(H,).
This completes the proof.

The proposition has a direct consequence for the structure of N; namely, the

COROLLARY 1. The subgroup N satisfies the following conditions:
(i) Any T-invariant subgroup of N is centralized or inverted by x,.
(ii) L, has a normal subgroup J such that L,=JO(N) and either
(a) J is isomorphic to SL(2,q) and J N O(N)=1, or
(b) J is isomorphic to SL™(2,9), ¢=9, |J N O(N)|=3, and G has quasi-
dihedral Sylow 2-subgroups.
(iii) J centralizes O(N).
(iv) A Hall subgroup of O(N), for the set of inverted primes, is normal in N.

The first three parts of the statement of this result (with the exception of the
assertion concerning quasi-dihedral Sylow 2-subgroups in part (b) of (ii)) are
obvious analogues of the three assertions of Corollary 2.1. Moreover, the proof is
almost the same.
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Proof. The above proposition shows that every prime divisor of |O(N)| is
ordinary or exceptional and totally inverted. But ordinary primes are centralized
or inverted by Definition 4.1.3, so every prime divisor of |O(N)| is centralized or
inverted. Thus, the set = of primes which are neither centralized nor inverted is
empty and O,(O(N))=1. The statements (i), (ii), and (iii) are now direct conse-
quence of Propositions 4.4.1 and 4.5.1.

We now prove the last statement of the corollary. In fact, let 4, be a T-invariant
Hall subgroup of O(N) for the set of centralized primes, so that x, centralizes A,.
Let B, be a T-invariant Hall subgroup of O(N) for the set of inverted primes. Hence
O(N)=A,B, and this implies that B, is precisely the set of elements of O(N)
inverted by x,. Indeed, if an element ab of O(N) with a € 4, and b € B, is inverted
by x,, then (ab)~=ab~* and so b~'a~'b=a, whence a=1 as a and b are of odd
order. But the subset of O(N) inverted by x, is always a normal subset, so B, is
normal in O(N), as required.

7. The structure of N. In this and the following four sections we again let p be an
exceptional prime. By the results of the previous section we know that P is a totally
inverted prime; that is, x, inverts a T-invariant Sylow p-subgroup of O(N)(C N L).
In particular, as T certainly centralizes C N L, it follows that this p-subgroup is
contained in O(N). Our purpose in these final five sections is to show that no such
prime p exists, by deriving yet another contradiction. We shall do this much in the
spirit of an earlier work (Lemma 6.12 of [22]).

The final result of the previous section is a detailed description of N which is a
consequence of our knowledge of the nature of the exceptional primes. In this
section, we shall use this information to derive some useful facts about N. They
will be used in the subsequent sections.

We begin by fixing a great deal of notation for the remainder of the chapter.
Let W denote the 2-complement of C N J, so that W is cyclic of order (g+ 8¢)/2",
by Lemma 2.4.2. We note that W is a p’-group. Indeed, the Sylow p-subgroups of
O(N)(C N L) are contained in O(N), by an above remark. In addition,J N O(N)=1
org=9,J N O(N) is of order three, and S is quasi-dihedral by Corollary 1 of the
preceding section. Furthermore, J N O(N) is not contained in C by Lemma 2.4.12.

Let B* be a T-invariant Hall subgroup of O(N) for the set of inverted primes
and let A be the usual T-invariant Hall subgroup of O(N) for the centralized
ordinary primes. Proposition 1 and Corollary 1 of the previous section now imply
that O(N)=AB*. As a consequence, we have that O(C N L)= WA as J and O(N)
commute elementwise and W= 0O(C) N J. Moreover, 4 is a p’-group as pis inverted.
Hence, 0,(C)=1 as W is also a p’-group; this is a fact we shall constantly use.

Let a be a fixed 3-element of M, a ¢ C, so a cyclically permutes the nonidentity
elements x=x,, x5, X3 of T; we may assume that x¢=x,, x3=x; and x3=x,. We
set N;=C(x;), 1<i<3, so that N=N,, while N¢=N,, N¢=N,; and Ng¢=N,.
Similarly, we set J, =J, J,=J¢, J;=J% and define D;, W,, A4,, B¥ 1<i<3. Thus,
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each of the groups N, has the same structure as N but with respect to D,, 4;, B¥,
and so on, instead of D, 4, B* and so forth. Next, set P,=0,(Ny), 1 £i<3, so P;
is the unique Sylow p-subgroup of the abelian group B and P{=P,, Pi=P;,,
P3=P;.

If 8¢e= —1 and p divides ¢ then, by Lemma 2.4.10, there are precisely two Sylow
p-subgroups of J;, 1 £i<3, normalized by C and these contain all the C-invariant
p-subgroups of J;. Let these be 0, and QF; so'we may assume that Q%= Q,, 0%= Qs,
Q%= 0, and similar equations hold for QF, 0%, 0%, as a® e C=N(Q,) N N(@P).
Moreover, by Lemma 2.4.10, Q, and QF are conjugate by an element z; of D,
while J;={Q,, 07>, 1 <i<3. Note that P,Q,, P,Q; are direct products. Indeed, J
and O(N) form a direct product, for otherwise =9 and S is quasi-dihedral, in
which case =1 and =1, contrary to our present assumption that 8e=—1.
Finally, recall by Lemma 2.4.10 that Z(D,) acts trivially on Q; and QF and that
C N Li/Z(D))=W,Cp(T)/Z(D;) acts faithfully and irreducibly on Q; and Qf,
1=ig3.

We now examine the set of p-subgroups of N, 1 £i<3, permutable with C.

LeMMA 1. If 1 Si<3, then the elements of W} (C; p) are as follows:
(i) P,Q; and P,Q} if 6e¢= —1 and p divides q;
(ii) P, in all other cases.

Proof. The subgroups given are elements of Uy (C; p); hence, we need only
show that any element U € Uy (C; p) is contained in one of them. First, we show,
that U € L;. Indeed, if N;=N,/O(N), then C=Cg(T) and any element of Uy(C; p)
lies in L, by Lemma 2.4.9.

However, UO(N,) N J; is a C-invariant p-subgroup of J;, so J; n UO(N,)< Q; or

¥ (where we set Q;= QF=1if de=1 or if p does not divide q). Hence U< Q,0(N;)
or OFfO(N,). Each of these products is a direct product (as Q,=QF=1 if ¢=9)
and P; is the unique Sylow p-subgroup of O(¥,). The result now follows immediately.

Let P be our usual T-invariant Sylow p-subgroup of C. Since O(C) N L=WA is
a p’-group, we have that PN L=1 and PN L;=1, 1<i<3. Thus, P “plays the
same role” in all the groups N;, 1 <i<3. We reserve the notation P,, 1 £i<3, for
the subgroups defined above. The final result of this section is as follows:

LEMMA 2. The elements of W3 (T, C; p) which contain P, 1<i<3, are as follows:
(i) PQ,P, and PQ}P; if 8¢e= —1 and p divides q;
(ii) PP; otherwise.

Proof. Let Ue U} (T, C; p) with P< U and set N,=N,/O(N,). Since U is per-
mutable with C, it follows from Lemma 2.4.11 that U< CV, where V € Ug(C; p).
Hence, U= CQ, or CQf by Lemma 2.4.10. But U=P and PQ,, PQF are Sylow
p-subgroups of CQ, and CQF, respectively. Thus USPQ,0(N;) or PQ¥O(N)).
Again, the only Sylow p-subgroups of PQ;0(N;) and PQ;*O(N;) which contain P
are PQ,P; and PQ}P; respectively, which proves the lemma.
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8. An omnibus lemma for signalizers. In eliminating the prime p we shall be
dealing extensively with the p-subgroups of G normalized by the 2-groups T and
D. This section contains one result which collects all the necessary elementary
facts about such signalizers in one long lemma. Only in the next section do we get
deeper into the proof and prove a useful transitivity theorem.

Because we shall only be dealing with the one fixed prime p we shall simplify the
notation. We shall write U,(Y) instead of U,(Y, p) and systematically drop the
symbol p from all such notation for the remainder of the chapter. Of course, all
the notation fixed in the previous section will be used fully with no further
explanation.

The omnibus lemma is as follows:

LEMMA 1. Let H be any subgroup of G containing C and let U € U§(T, C).
(i) In the T-decomposition of U we have
(@) Uie UKT, C), 15i=3;
(b) U is a C-invariant subgroup of P;, P,Q; or P,QF.
(ii) Moreover, U contains the following subgroups:
(a) A T-invariant Sylow p-subgroup of C;
(b) A Sylow p-subgroup of O(H).
(iii) If O(H)#1 then
(@) U=0,(UCYUN O);
(b) U=(U n O(H))(U N N,) for some j, 1 <j<3.
(iv) If O(H)#1 and U* € U}(T, C) then U and U* are conjugate by an element
of M N H.
(v) The subgroup UC has a normal 2-complement which is nontrivial if W# 1.
(vi) If V=0,(UC), then V € N}(C) and V contains every element of WNy(C)
contained in U.

We shall prove this lemma part by part but in an order different from the given
one.

Proof of (i)(a). Since U is T-invariant and T is abelian, it follows that each
U, 1<i<3, is a T-invariant subgroup of H. Hence, we need only see that U, and
C are permutable, that is, CU; is a subgroup. However, CS N,, so that Ny N CU
=C(N,n U)=CU,.

Proof of (v). Set F=C,(T). Since F is a Sylow 2-subgroup of C and U has odd
order, F is a Sylow 2-subgroup of CU. Moreover, F is abelian of type (2%, 2%)
and T=Q,(F). We claim that Ny(F)< Cey(F). Indeed, Noy(T)=CNy(T)=C
since Ny(T) and T commute elementwise as U is T-invariant. Since T is character-
istic in F, it follows that Ngy(F) centralizes T. Since T'=Q,(F), every element of
Ngu(F) of odd order is thus forced to centralize F, whence Ncy(F)< Cou(F), as
asserted. Hence, by a theorem of Burnside, CU has a normal 2-complement. Since
W has odd order, W< O(CU) and so this normal 2-complement is nontrivial if
W#1.
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Proof of (ii)(a). By (v), it follows that U< U*, where U* is a T-invariant Sylow
p-subgroup of CU. Thus U*=U(U* N C), so U*C=CU*. But Ue UE(T, C) as
Ue NWKT, C), so U=U*. Hence U is a Sylow p-subgroup of CU, so |CU:U|
=|C: Cn U|is prime to p. Thus C N U is a Sylow p-subgroup of C and certainly
is T-invariant.

Proof of (i)(b). By (i)(a), CU; is a subgroup, so it is a subgroup of N,. By (ii)(a),
there is a T-invariant Sylow p-subgroup R of C contained in U, so R< U;. Applying
Lemma 7.2, with R in place of P, we have that Uj is contained in P,R, P;Q;R or
P,QFR. But T centralizes R, so Uj is contained in P,, P;Q, or P,Qf as these sub-
groups are the intersection of L; and RP,, RP,Q; and RP,;Q}, respectively, and as
U< L,. However, each of the three subgroups of L, is inverted by an element of
T—{x;), so U] is the intersection of U; with the corresponding one of them and is
therefore a subgroup and is C-invariant.

Proof of (iii)(a). With the usual notation for 7T-decompositions, we have
U=U,U;U,U;. By (ii)(a), U contains a T-invariant Sylow p-subgroup R of C, so
Uy=R=U N C. Moreover, U, 1 £i<3, is a C-invariant subgroup, by (i)(b), so
U=(Uj, U;, Us>< U is also C-invariant. Since U= U,U, it remains only to show
that U< 0,(CU), 1<i<3. However, CU is solvable by (v), C contains a p-
complement of CU, which then automatically normalizes the p-group Uj, so that
U{< 0,(CU), as required.

Most of the remaining parts of the lemma will be handled together. Before doing
this we show that the last statement, namely (vi), is a consequence of the others.
This will prove (vi) once we deal with these other parts.

Proof of (vi). By (v), UC is solvable, so that ¥=0,(CU) is the unique element of
N¥(C), inasmuch as C contains a p-complement of CU. If the result is false, then
V¢ NE(C),so that V= V* e UH(C). In particular, V= Ny.(V), whence V ¢ W%, (C).
Hence, there is U* € Uy (T, C) with 0,(CU*)> V'=0,(CU). But Ue U}, (T, C)
as Vis normal in UC and U € UE(T, C). This contradicts (iv) applied to Ny(V)
and the subgroups U, U* as C is normal in M N H.

This leaves (ii)(b), (iii)(b), and (iv) to be proved. Since O(H)+#1 is assumed in
these assertions except (ii)(b) and since (ii)(b) is clear if O(H)=1, we shall assume
for the remainder of the section that O(H)# 1. We shall now proceed by a sequence
of lemmas to verify the remaining three parts of the omnibus lemma. We set
H=H|O(H).

LEMMA 2. The group H is a 2-group, a Q-group or a D-group, and O(H)=1.

Proof. We need only see that H is not a Q D-group inasmuch as H is a subgroup
of G. However, C< H, whence H covers C N L/C N O(N) and H contains T, so
that H is not a Q D-group by Proposition 4.1.1.

LEMMA 3. For some i, 1 Zi<3, U< Cy(x).

Proof. If H is a 2-group, then U=1 and the result is trivial. If H is a Q-group,
then H=Cpg(x,) for some i, 1 <i<3, by Proposition 2.3.1 and the fact that the
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center of a Sylow 2-subgroup of H intersects T nontrivially. Again the result is
clear. Finally, suppose that H is a D-group. If H is isomorphic to 4., then |U| <3
and the result is clear by inspection. In any other type of D-group, U is a subgroup
of odd order normalized by the four subgroup 7 of H and the result follows directly
from Lemma 2.5.7.

Proof of (iii)(b). Indeed, by Lemma 3, X, centralizes U for some i, 1 <i<3, so x;
centralizes U/U N O(H). Hence, U= Cy(x)(U N O(H))=(U N N)(U n O(H)).

We now let X be a subgroup of H containing O(H) and U and such that
X € UKT, C). We may do this as certainly U e Uy(T, C). Since X is permutable
with C, XC is clearly a subgroup of H.

LEMMA 4. Under the above conditions we have the following:

(i) The group XC has a normal 2-complement.

(ii) There is a T-invariant Sylow p-subgroup V of XC containing U.
(iii) The subgroups V and C are permutable.

Proof. Since X has odd order, F=Cp(T) is a Sylow 2-subgroup of XC, being
one of C. As in the proof of (v), Nx(F)< Cx(F) and so (i) follows from Burnside’s
theorem.

In particular, XC is solvable and U< O(XC). Thus, part (i) of the lemma is
immediate.

In order to establish (iii), it suffices to show, in the usual T-decomposition nota-
tion, that C and <V{>, 1<i<3, are permutable. Indeed, V="V, V VsV, so
V=V (V{){Vay{Vsy and Vy=Cy(T)< C is certainly permutable with C.

We shall prove that ¥y =<{¥;) and is normalized by C. First, V; < N,, so certainly
V{<L; as T centralizes N;/L,, We set N,=N,/O(N,). Then <O(C), V;) is of odd
order as O(C) and V are contained in the normal 2-complement O(XC) of XC.
Hence, by Lemmas 2.4.10 and 2.4.11, ¥/< Q, or Q¥ so V< Q,0(N) or V<
QFO(V,;). However, Q,0O(N;) and QfO(N;) have normal Sylow p-subgroups Q,P,
and QFP; respectively, so Vi< Q,P; or V/< Q}P,. Since each of these Sylow sub-
groups is abelian, certainly (V{>= V.

Set R;=[Vj, C], so R; is a p-group of elements inverted by x,, j#i. In particular,
R2V;{ and R, is C-invariant. Hence to prove (iii), we need only show that R,=V},
and so it suffices to demonstrate that |R,| <|V;|. However, R,< XC, so R, is con-
tained in a T-invariant Sylow p-subgroup V* of XC and certainly R,=(V*);.
But ¥ and V* are conjugate by an element of Cxo(T)=C, so |(V*);|=|V{| and
" |R| £|Vi|, as required.

As an immediate consequence we have

LEMMA 5. With the above notation, we have U=V and U=X.
Proof. The previous lemma shows that ¥ € Uy(T, C) and V= U. But
Ue UKT, C),
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by our choice of U, so U=V. Next, US X by our choice of X, so U is a Sylow
p-subgroup of X. However, X, the image of X in H, is a p-group, again by our
choice of X, so U= X and the lemma is proved.

Proof of (ii)(b). We have that O(H)< XC< H, so O(H) is a normal subgroup of
XC. Since U=V is a Sylow p-subgroup of XC, it follows that U N O(H) is a
Sylow p-subgroup of O(H).

This now leaves only part (iv) of the omnibus lemma to be proved. We choose
U* e U(T, C) as there stated.

LEMMA 6. If U*< X, then U and U* are conjugate by an element of M N H.

Proof. We have seen that U is a T-invariant Sylow p-subgroup of XC. The
same, of course, is true of U*, as it was chosen in the same way U was. But XC
has a normal 2-complement which is T-invariant, so U and U* are conjugate by an
element of C N O(XC)=C N HES M N H, as required.

LEMMA 7. The subgroups U and U* are conjugate by an element of M N H.

Before proving this let us stop to note that this completes the proof of the
omnibus lemma.

Proof of (iv). By Lemma 7, there is an element m of M N H such that (U*)"=U.
In particular, (U*)"< X as U= X. But, by Lemma 6, the subgroups (U*)™ and U
are conjugate by an element of M N H, inasmuch as (U*)" € U¥(T, C) since M
normalizes C as well as T.

Proof of Lemma 7. Let U*=X*, so that X and X* are elements of U, C).
Indeed, U= X by Lemma 5, so U € U%(T, C) by our choice of X, and the same is,
of course, true for U*. Moreover, O(H) has odd order, so M N H=Ng(T).
Hence, we need to show that the elements X and X* of U¥(T, C) are conjugate by
an element of Ng(T). Since we shall be dealing with H in the remainder of the
proof, we shall omit all the “bars” throughout..

By Lemma 2 there are three possible structures for H. However, if H is a 2-group,
then X'=X*=1 and the result is immediate. Hence, H is a Q-group or a D-group
such that O(H)=1.

First, suppose that H is a Q-group. Then H=Cy(x,) for some i, 1<i<3, as
T< H. Moreover, H has characteristic power ¢, since C< H. Hence, by Lemmas
2.4.10 and 2.4.11, X< CQ, or CQfF if 6e=—1 and p divides g, while X< C in all
other cases. But Q, and QF are conjugate by an element of Ny(T'), by Lemma 2.4.10,
so we may assume that X and X* are both contained in C or CQ,. But X, X* €
NX(T, C), so X and X* are Sylow p-subgroups of C or CQ, and each contains Q,
in the latter case inasmuch as Q; is C-invariant. It follows that X and X* are
conjugate as desired.

Next, assume that H is a D-group. First, suppose that H is isomorphic to 4.
Thus, the only nontrivial subgroup of odd order normalized by T has order three,
so either | X|=1 or p=3, | X|=3 and X=0(Cy(x,)) for some i, 1 <i<3. A similar
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statement holds for X*, so X and X'* are conjugate by an element of Ny(T) since
all the elements of T# are conjugate in H.

If H is isomorphic to PGL,(2, 3), then Uy(T) is trivial by Lemma 2.5.9, in
which case the desired conclusion is obvious. Hence we can assume that S is
quasi-dihedral and that H is of linear type.

In this case, H=KCy(T), where K is isomorphic to PSL(2,r), PGL(2,r), or
PGL*(2, r), r odd, by Lemma 2.5.7. Moreover, Cy(T)=C is the direct product of
T and the cyclic group O(C), while K N O(C)=1, by the same lemma. Now X
and X* each contain a T-invariant Sylow p-subgroup of C, by (ii)(a), and we may
assume, without loss of generality, that it is the same Sylow p-subgroup P of C.
Furthermore, by Lemma 2.5.7 any element of Uy(T) is contained in Cy(x;), for
some i, 15i<3. However, Cy(x;)=Cx(x)C as H=KC. Moreover, Cg(x,) is a
dihedral group, by the same lemma. Thus, X= R, P, where R, is the Sylow p-sub-
group of Cy(x;) for some i, 1<i<3. If R;=1, then X=P, so X*=P by the maxi-
mality of X and since X*2P. Thus we may assume X=R;P, R;#1 and similarly
X*=R,P, R;#1, for some j, 1 £j<3. If i=j, then again X=X* and we are done,
so we may also assume that i#j.

If H is a D-group with respect to T, then |Ny(T): C]| is divisible by three. Since
C is normal in Ny(T), there is a 3-element of N4(T) which normalizes P and cyclic-
ally permutes the elements of T#. In this case we again have that X and X* are
conjugate as desired.

This leaves the possibility that H is not a D-group with respect to T, whence
T ¢ K,, where K is the subgroup of K isomorphic to PSL(2, r). Hence, |T N K,| =2.
Thus if x; and x; both lie in Kj, then x;=x; and consequently X'= X*. Therefore
we can assume without loss that x; ¢ K,. But then x; ¢ K, or else Cx(x;) would be a
p'-group by Lemma 2.5.7. Furthermore, in this case, T is not a Sylow 2-subgroup
of K, so Ng(T) contains a 2-element v not in 7. Since x; and x, are the two elements
of T# not in K, and v does not centralize T, v necessarily interchanges x; and x;.
We can clearly choose v to normalize P. Again X and X* are conjugate as desired.

9. A subgroup which is not a p-group. This section begins the elimination of the
prime p. We shall prove two results, the first of which is a transitivity theorem for
G and the second shows that the subgroups P;, 1 i< 3, generate a subgroup of G
that is not a p-group.

The first of these is as follows:

ProrosITION 1. If U; and U, are elements of WE(T, C), then U, and U, are
conjugate by an element of M.

This will be used to show

PROPOSITION 2. The subgroup of G generated by P,, P, and Pj is not a p-group.

We shall prove these in turn; however, the second proof will be broken up into
a sequence of lemmas.
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The heart of the proof of Proposition 1 is as follows:

LeEMMA 1. If V, and V, are elements of WE(C), then V, and V, are conjugate by
an element of M.

Proof. Assume the assertion is false and among all pairs of subgroups ¥; and
V. which satisfy the hypothesis and not the conclusion of the lemma, choose V;
and ¥, maximizing the order of |V; N V,|. Set Y=V, NV, so that Y<V,,
i=1,2.

We claim that Y=1. Indeed, suppose Y#1 and let H=N(Y). Thus, YV, H
€ Ny(C), i=1, 2, so we may choose X; € U%(T, C) containing ¥; N H. By (iv) of
Lemma 8.1, there is m € M N H such that X'=X,. Now V; N He Ny(C), i=1, 2,
so if we set Y;=0,(CV)), then ¥, " HC Y; and Y, € U§(C), by Lemma 8.1, part
(vi). Hence, YI'=Y,. Choose R, € U¥(C) with Ri2Y,, i=1,2, so YIis also an
element of UX(C). Now ViNR,2ViNH>Y, RRNRF2Y,2V,NnH>Y,
R, N V2V, N H>Y, so by our choice of V; and V, it follows that ¥V, and R,,
R, and R%, R, and V¥, are respectively conjugate by an element of M. Since m € M,
it follows immediately that ¥; and V, are conjugate by an element of M, which is
a contradiction. Hence Y=V; N V,=1, as asserted.

Each of the groups V, V, is certainly T-invariant and so is generated by its
intersections with N, N, and Nj. Since the elements of T# are all conjugate in M,
we may assume, without any loss of generality that ¥; N N#1, ¥V, N N#1. Thus,
Vin N, i=1, 2, is an element of Uy(C). By Lemma 7.1, since D= M and Q, and
OfF are conjugate by an element of D, we may also assume that ¥; " Nand V, " N
generate a p-subgroup of N. This subgroup is therefore C-invariant, so there is
V e N%(C) which contains ¥; " N and ¥V, N N. In particular, V; N V#1 and
Vo N V#1, so V; and V are conjugate by an element of M, by our choice of V;
and V; and as V; N V,=1. Hence, V; and V, are also conjugate by an element of
M, which is yet another contradiction. This proves the lemma.

Proof of Proposition 1. The subgroup CU;,, i=1, 2 is solvable, by (v) of Lemma
8.1. Moreover, U, is certainly an element of W&, (T, C), i=1,2, so that Uj=
O,(U,C)(U; N C), by part (iii) of that lemma. Furthermore, V,=0,(U;C) € U%(C)
by part (vi) and U; N C is a Sylow p-subgroup of C by part (ii).

Hence, by Lemma 1, there is m € M such that V7=V, and by Sylow’s theorem
in C, there is ¢ € C such that (U, N C)")*=U, N C. Thus,

upe = (Vy(Up n O™
= (Vao(Uy N CO)"°
= V(U N C)
= U29
as required.
Turning to Proposition 2, we set F={P,, Py, P;>, K=N(F) and preserve this
notation for the remainder of the section. We shall assume that F is a p-subgroup
and derive a contradiction.
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LEMMA 2. The subgroup K is a D-group containing M.

Proof. Indeed, C normalizes P; as C< N; and P,=0,(N;), 1 £i<3, so that C<K.
~ Also the element d of D centralizes x; =x and interchanges x, and xs, so P¢=P,,
P$=P;, P§=P, and so de K. Finally, the element a of M cyclically permutes
X, X9, and x3, so a € K. But M={C, d, a) and therefore M<K, as claimed.

In particular, C< M, so K is not a Q D-group by Proposition 4.1.1. But M<K,
so the elements of T# are all conjugate in K and K is not a Q-group and does not
have a normal 2-complement. Hence, the lemma is proved.

LeMMA 3. If U e UX(T, C) then [U, T1< O(K).

Proof. In the T-decomposition notation, [U, T]1=(U,, Us, Us), so it suffices to
show that U< O(K), 1 <i<3; by symmetry it suffices to prove this for i=1.

By Lemma 8.1, Uj is a C-invariant subgroup of P,, Q, P, or QfP,. But P, K
and x, inverts P,, so that P,< U;. Hence, U; equals P,, Q,P, or QFP, as C acts
irreducibly on Q, and QF.

If S is wreathed, then D=S and U;=O(K) by Lemma 2.5.9, applied to
K=K/O(K). Hence we may assume that S is quasi-dihedral. In this case, W#1,
W is inverted by the element d=y of D, and W acts irreducibly and nontrivially
on Uj/P,. Since P, < O(K), we need only show that [U;, W]< O(K). If K is of linear
type, the second condition on W implies that # lies in the normal subgroup K,
of K isomorphic to PSL(2, r) for some odd r. But Cg(T)<T by Lemma 2.5.7
and consequently W=1, whence W< O(K) and hence also [U;, W]< O(K), as
required.

On the other hand, suppose K is isomorphic to A;. If W=1, then as above
[U;, W1= O(K). In the contrary case, | W|=3 and WO(K) is the unique maximal
T-invariant subgroup of K of odd order containing W. Hence also U;< WO(K).
But WO(K)= W is abelian, so again we conclude that [U], W]<O(K) and the
lemma follows in this case as well.

LemMA 4. If U € (T, C), then U € NX(T, C).

Proof. Choose X € U4(T, C) with U< X; we shall prove that U= X. By Lemma
8.1, part (ii)(a), we know that U, is a Sylow p-subgroup of C, so that U,= X,. It
remains to show that U/ =X/, 1<i<3.

Now U/2P, 15i<3, as we saw above. First, suppose U;>P; for some i,
1£i<3, say i=1. By choice of notation, we may assume that U;=Q,P;. But
ae Kand Q,< 0O(K), by Lemma 3, so Q,= Q% and Q;= Q% are contained in O(K).
This forces Uz = Q, P, since otherwise U;= QXP, and Q%< O(K), whence {Q,, 0%
has odd order, contrary to Lemma 2.4.10. Similarly, Uj= Q3P;. In any event,
Ui e U(C), 1£i<3, by Lemma 7.1. However, U/< X/< N, and X is also an
element of Uy (C), by Lemma 8.1, part (i)(b). This yields that U; = X| as required.
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Hence, we may assume that U/ =P, 1 <i<3, and again we must demonstrate
that U] = X{. We set U*=(Uj, U;, U3), so U*=F and we let X*={X], X3, X3).
It suffices to prove that U*= X*. In any case, U*< X'*.

We observe that U* € UE(C). Indeed, U* is C-invariant as each Uj is, 1 £i<3,
and so U*<O,(CU). But 0,C)=1 and CU=(C N U)O,CU), so that
C N UN 0, (CU)=1. Hence, U*=0,(CU) and our assertion is immediate from
Lemma 8.1(vi).

However, X* N K is C-invariant as X* and K are, so X* N K=U*. Thus, as
K=N(F) and F=U* in this case, we have that Nx(U*)=X* N K=U*. But X*
is a p-group, so this implies that U*=X* and we are done.

LEMMA 5. There is a D-invariant element of W¥(T, C).

Proof. Choose U e UX(T, C) and let V be a D-invariant Sylow p-subgroup of
O(K) with T-decomposition V'=V,V{¥V;V;. But O(K) N U is a T-invariant Sylow
p-subgroup of O(K), by Lemma 8.1(ii)(b), so | V{|=|U;| for all i. Moreover, as we
saw above, U; =P, or P,Q,, with suitable choice of notation. Also, ¥ and U N O(H)
are conjugate by an element of C N O(K), so that V; is a subgroup since U; is a
subgroup by Lemma 8.1(i)(b). Furthermore, <C, V{><=C(O(K) N N;). Applying
Lemmas 2.4.10 and 2.4.11 to N,/O(N,), we conclude at once that V; equals P,
P,Q, or P,QF, 1<i<3. But Uy, V;> is also of odd order, so V;#P,Qf since
{Q\, OF> is of even order, by Lemma 2.4.10. Hence V/=Uj, 1 Si<3.

In particular, D normalizes U*={Uj, U;, Us). Moreover, U* is also C-invariant
by Lemma 8.1(i)(b). Hence, if P is a D-invariant Sylow p-subgroup of C, then P
normalizes U* and D normalizes the subgroup PU*. Moreover, PU* is clearly
permutable with C and is a Sylow p-subgroup of CU. Thus, PU* € U(T, C) and
is D-invariant. This proves the lemma. A

We now let U be a fixed D-invariant element of UE(T, C) and let P=U,=U N C,
a D-invariant Sylow p-subgroup of C, also be fixed.

LEMMA 6. The group U* is M-invariant.

Proof. The subgroups U N O(K) and (U N O(K))* are T-invariant Sylow p-
subgroups of O(K), where a is the element of M — C chosen in §7. Hence, there is
¢ € C such that ac normalizes U N O(K). But ac normalizes T, so ac normalizes
U* as U*<U N O(K) by Lemma 3. Thus, ac, D and C normalize U* and the
lemma is proved as M={C, D, a).

LEMMA 7. The subgroup U is the unique element of W(T, C) containing P.

Proof. We already have that P< U and that U € U¥(T, C), the latter by Lemma 4.
Choose V € U4(T, C) with ¥=P. By Proposition 1, there is me M such that
V=U™ Thus, in our above notation, U=PU*, so V=P™(U*)"=P™U*, as U* is
M-invariant, by Lemma 6. In particular, [V, T]=U* as P"<C. On the other
hand, if V'* is defined for ¥ as U* was for U then V*=0,(CV)=[V, T] and
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V=PV*. But then V*=U* as each is equal to [V, T] and so V=PU*=U, as
required.

LEMMA 8. For each i, 15i<3, 0,=0F=1.

Proof. The subgroups Q; and QF are C-invariant, by Lemma 7.1, so PQ,
PO} € U(T, C). Thus, by Lemma 7,

Oy, OF> < (PQ,, PO} < U.

But <{Q,, Q> has even order if Q,#1 and U is a p-subgroup. Thus, Q;=QF=1,
as required.

LEMMA 9. The subgroup K is an element of £(p).

This result contradicts Lemma 2, inasmuch as elements of #(p) are Q-groups;
hence, once we prove this lemma, then Proposition 2 will be established and the
section will be complete.

Proof. We first note that N(P,) is an element of #(p). Indeed, N(P,) covers
Ly/O(N), contains D and P, itself is a Sylow p-subgroup of O(N), so N(P,) fulfills
all the conditions of Definition 2.1.4. Hence, N(P,) is an element of .#(p) and also
contains C.

We also assert that U* has T-decomposition U*=P;P,P;. Indeed, PP, €
N (T, C),so P,< Uby Lemma 7. Thus, P, < U; ; however, 0, = 0f=1,by Lemma 3§,
so P,=Uj;. But U* is M-invariant, by Lemma 6, so U;=P, and Uz=P; and our
assertion is valid. In particular, F=U*. Moreover, U has T-decomposition
U=PP,P,P; and PN U*=1 as U*=0,(CU), by Lemma 8.1(iii)(a), and since
0.,(C)=1.

We choose a C-invariant subgroup X of U* maximal such that P,< X and
N(X) € Z(p). We may do this as N(P,) € £(p), as we saw above. It suffices to
show that X=U*, as K= N(F) by definition and F=U*. Hence, we shall assume
that X< U* and derive a contradiction.

We set H=N(X) and choose Ve U¥(T, C) with V=2 PX; we claim that V=UnN H.
Indeed, P< V and V € U T, C), so V< U by Lemma 7. On the other hand, U n H
is T-invariant as U is T-invariant and T< D< H as H € #(p). Moreover, C< H as
X is C-invariant, so C(UN H)=CUN H and UN H is permutable with C.
Thus, UNn He N (T, C), so V=UnN H, as desired, since V<sUN H and
V € UK(T, C). In particular, as P< V, we have V*=U* N H, where V*=[V, T},
as usual. But V*=U* N N(X) and X< U*, so that X< V*,

We observe now that P N O(H)=1. Indeed,

PNOH)<s PNOH)NN < Pn O(N),

by Lemma 4.1.1(iv). But P N O(N)=1 as p is inverted, even totally inverted.
On the other hand, we have V*< O(H). Indeed, V; and V; are inverted by x=x,
and O(H)x is central in H/O(H), so that V;< O(H) and Vz< O(H). Moreover,
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Vi< U;=P,, as we saw above, so that
Vi< P, € X< O(H).
Hence, V*={V7, V3, V5> < O(H), as claimed.

However, V' N O(H) is a Sylow p-subgroup of O(H), by Lemma 8.1(ii)(b). But
V*<O(H) and- P N O(H)=1, so it follows that V*=V N O(H) and V* is a
Sylow p-subgroup of O(H).

We claim that N(V*) € Z(p). Indeed, U* is D-invariant so that V*=U* N H
is as well and so D< N(V*). Moreover, V* is a Sylow p-subgroup of O(H), so
N(V*) covers H/O(H). Hence, N(V'*) e £(p), by Proposition 4.6.2, as all the
requirements of that result are satisfied.

But V'* is also C-invariant, as U* is C-invariant and V*=U* N H, and X< V'*;
thus, we have contradicted the maximality of X and the proof is complete.

10. A transitivity theorem. The last two sections of this chapter are devoted to
developing a contradiction to Proposition 2 of the preceding section and so remove
the possibility that p exists.

Here we prove the following important preliminary result:

PropoSITION 1. If R, € U¥(C) and U and V are elements of WXT, C) which
contain R, then one of the following holds:

(i) U and V are conjugate by an element of C.

(ii)) U NV contains P, or P;.

First, however, we establish the

LemMma 1. If R is a nonidentity element of Wy (C), H=N(R), and U e U(T),
then [U, x]= O(H). Moreover, H has a normal 2-complement or is a Q-group.

Proof. Since H contains C, it follows that H is not a Q D-group. Moreover, if
H has a normal 2-complement then the assertion is immediate. Hence, we may
assume that H is a Q-group or D-group.

First, suppose that H is a Q-group. By the results and descriptions of §7 we see
that R is inverted by x, and x;, while x centralizes R. However, R is certainly
normal in H, so x must be in the center of a Sylow 2-subgroup of H and thus
H=0(H)(N n H). Hence, [U, x]< O(H).

Second, assume that H is a D-group. If S'is wreathed, the lemma follows at once
from Lemma 2.5.9, so we may suppose that S is quasi-dihedral, in which case §=1.
We claim that R¢ P,. Indeed, if RS P, then J< C(P,), so J< H, contradicting the
fact that H is a D-group. Thus, as a consequence, we conclude from Lemma 7.1
that e=8e= —1 and p divides gq.

By the remarks at the beginning of §4 of Chapter II, N=LE, where E= O(C(S)).
Since E<C, it follows that C=(C N L)E. But C N L is a p’-group, inasmuch as
p is totally inverted, and therefore E contains a Sylow p-subgroup P of C. In
particular, P centralizes some Sylow 2-subgroup of N. Thus, P centralizes a Sylow
2-subgroup of G.
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On the other hand, since H is a D-group and x, inverts R, we have from Lemma
2.5.3 that Cy(R) contains a four subgroup T*. But T and T* are conjugate in G
as S is quasi-dihedral, so R is conjugate to a subgroup of P. In particular, R also
centralizes a Sylow 2-subgroup of G. Thus |N(R):C(R)| must be odd. But x,
inverts R, so |[N(R): C(R)| is even, a contradiction.

We now begin the proof of the proposition. We assume it is false and derive a
contradiction. Hence, choose U, V € U&(T, C) which violate the result and maxi-
mize |[U N V N C| first and |U N V| second subject to these conditions. As usual,
by Lemma 8.1, we have U=U,U*, V=V, V*, where Uy=CN Uand Vo,=CNnV
are Sylow p-subgroups of C and where U*=[U,T] and V*=[V,T] are C-
invariant. We also set R=U N ¥ and keep all this notation fixed for the remainder
of the section.

We now proceed as usual to prove the proposition by a lengthy sequence of
lemmas.

LEMMA 2. We have that
@ |U|=|7].
(i) Uy=V,.

Proof. Indeed, U and V are conjugate by an element of M, by Proposition 9.1,
so (i) is valid. Choose ¢ € C such that V§= U, We may do this as U, and ¥V, are
Sylow p-subgroups of C. Hence, Ve=(V,V*)*=U,V*. Now, R, is C-invariant by
hypothesis, so R,cUN Ve. Also, U, V¢e W4T, C) as ce C. Furthermore,
Un Ven C=U,, a Sylow p-subgroup of C. Hence, by our choice of U and V,
we have that U N ¥V N C is a Sylow p-subgroup of C; for otherwise either U and
V¢ are conjugate by an element of C or U N ¥ contains P, or P;. Since P, and Py
are C-invariant, we see that in either case the proposition holds for U and V,
which proves the assertion. However, UN VN C=(UNC)N (VY N C)=U, N V,,
so Uy=V,, as desired.

We shall denote P=U,= V¥, for the remainder of the section. Hence, U=PU*,
V=PV* and R=UNV.

LemMA 3. R e U4 (T, C).

Proof. Since U and V are T-invariant, so is their intersection R. Moreover,
CUNV)=CPU*NPV*
= C(P(U* N V*)
= C(U*NV*).
But U* and V* are C-invariant, so that U* N V* is as well. Hence C(U N V)

is a subgroup and C and U N V=R are permutable.
We now fix yet some more notation. We let R*=[R, T'] and H= N(R¥*).
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LeMMA 4. Under the above conditions,
(i) R,SR*,

(i) R*=0,(CR)=U* N V*,

(iii) UNn HoR, VN HOR,

iv) PN U*=PN V*=PN R*=1.

Proof. First, R, € U%(C) and R,= U N V by the hypothesis of the proposition.
In particular, R,< R. Moreover, since R, is a C-invariant p-subgroup of N=N,,
we have that x, inverts R,, by Lemma 7.1. Hence, R, =[R;, T]=[R, T]=R* and -
(i) is valid.

By Lemma 8.1, U*=0,(CU). In particular, U* is normal in CU¥, so that
CNn U*=Pn U*isnormal in C. But O,(C)=1, as we noted above,so P N U*=1.
Similarly PN V*=1. Now R*<U*N V* as U*=[U,T], V*=[V,T] and
R=UNV,s0 PN R*=1 as well and (iv) holds.

Since R is T-invariant, certainly R=(C N R)[R, T]; that is, R=PR¥*. Moreover,
R*<U* N V*<R, so R=P(U* N V*). However, PN R*=P N (U* N V*)=1,
so we conclude that R*=U* N V*. Since U* and V* are C-invariant, it follows
that R* is as well. Hence R*< O,(CR). But C N O,(CR)=1 as O,(C)=1 and PR*
is a Sylow p-subgroup of CR as R and C are permutable, by Lemma 3. Hence,
O,(CR)=R* and (ii) is verified.

We have that U#V, so UDR. Since U=PU* and R=PR*, this implies that
U*> R*. Hence, Ny.(R*)> R*. However, U* " R=R*as R*<U*and PN U*=1.
Thus, Ny.(R¥)£ R, so Ny(R*)> R, which is H N U2 R. Similarly, H N V>R and
the lemma is proved in full.

LEMMA 5. There is no element of Wy(T, C) which contains both U N H and
VN H.

Proof. If this is false, then there is X € U¥(T, C) which contains U N H as well
as VN H. Thus, UN X2U N H> R, by Lemma 4(iii), so the proposition is valid
for U and X by our maximal choice of U and V. Similarly, it holds for X and V.

Suppose first that U and X are conjugate by an element of C, that is, condition
(i) of Proposition 1 holds. Hence, X and ¥V are not conjugate by an element of C,
since U and ¥ violate the proposition and so are not conjugate by an element of C.
Thus, X N V contains P, or P;. Choose ¢ € C such that X°=U. Since P, and P,
are C-invariant, we have that if one of them is contained in X N ¥V then it is also
in U and again we have contradicted our choice of U and V. Thus, U and X are not
conjugate by an element of C. Similarly, X and V are not conjugate by an element
of C.

Hence, P,<cUN X, i=2 or 3 and P, XNV, j=2 or 3. Moreover, i#j as
P,£UNV and PsEUN V. Thus, (P,, P;>< X. But RR<R=UN V by Lemma
4(i). Since P;<R,, it follows that P,cU N H= X, so {P,, P,, P;>< X. This
contradicts Proposition 9.2 and the lemma is proved.
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LemMMA 6. If X, Ye UX(T, C) with UNn HS X and VN H<Y, then X and Y
are not conjugate by an element of C.

Proof. In fact, suppose that ¢ € C such that Y°=X. Since P U N HcS X and
PV N HcY, we have that CN X=C N Y=P, so that P°=P. Hence U and V°
are elements of U¥(T, C), which both contain P. Moreover, R*<U N V and R*
is C-invariant by Lemma 4(ii). Since R=PR*, we have Rc U and R< V°. The
proposition cannot hold for U and V° or it will hold for U and ¥V as P, and P,
are C-invariant. Hence, by our maximal choice of U and ¥V we have |U N V¢|
=|UN V|, since REU N V°, and consequently R=U N V*. Thus, all the above
results apply equally well to U and V° as to U and V. In particular, we have
{UN H, (VN H)*)< X, inasmuch as H= N(R*) contains C, which contradicts the
previous lemma and so this lemma is now proved.

We now fix elements X and Y of UX(T, C) with Un HS X and V' N HSY.
We keep this notation for the remainder of the section. As usual, X*=[X, T'] and
Y*=[Y,T],so PX*=X,PY*=Yand PN X*=PN Y*=1.

LEMMA 7. With the usual T-decomposition notation, we have that { X3, X3y ¢ O(H).

Proof. We assume the contrary and derive a contradiction. By Lemma 8.1(i)(b),
X; is a C-invariant subgroup of N. Since R,< X, we must have X]=R,, since
R, € UXC). But R, S R*, by Lemma 4(i), so X;< O(H), as certainly R*< O(H).
Hence, X*< O(H).

By part (iv) of Lemma 8.1 (which applies as R, #1, so O(H)#1), we have that
X and Y are conjugate by an element of M N H. Hence, Y*=[Y, T]= O(H) as
well. Moreover, X N O(H) and Y N O(H) are Sylow p-subgroups of O(H), by
Lemma 8.1(ii)(b). Thus, X and Y are T-invariant Sylow p-subgroups of the 7-
invariant subgroup PO(H). Since PO(H) has odd order, it follows that X and Y
are conjugate by an element of C, which contradicts Lemma 6. Hence, this result
is proved.

We shall now choose our notation so that X3¢ O(H). We may clearly do this
without any loss of generality.

We shall study the structure of H. Since O(H) # 1, there are four possibilities for
H. We shall show that none of these occur; this contradiction will complete the
proof of Proposition 1.

LeMMA 8. The subgroup H is not a QD-group and it does not have a normal
2-complement.

Proof. Indeed, C< H as R* is C-invariant, by Lemma 4(ii). Hence H is not a
QD-group by Proposition 4.1.1. Finally, if H has a normal 2-complement, then X
and Y are T-invariant Sylow p-subgroups of H, by Lemma 8.1(ii)(b). In particular,
X and Y are then conjugate by an element of C N O(H), which contradicts
Lemma 6.
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LEMMA 9. The subgroup H is not a Q-group.

Proof. We have seen that Xj is a subgroup not contained in O(H). But x, and
x, invert X3, so if H is a Q-group, then O(H)x; is central in H/O(H) and
H=O0(H)(H N Ng). Thus, T is a four subgroup of a Sylow 2-subgroup T* of H,
so that Q,(Z(T*))=<xs) and T* is either quasi-dihedral or a subgroup of a
wreathed 2-group. In either case, x; and x, are conjugate in T*, so certainly there
is ve H with x}=x,. But PSR, so we have P;=0,(N;)=P! and P,=P}< R}
S(R*)*=R*< U N V, contradicting our choice of U and V. Hence, H is not a
Q-group.

LeMMA 10. The following conditions hold:
(i) S is quasi-dihedral.
(ii) H is a D-group.

Proof. Suppose, by way of contradiction, that S is wreathed, in which case
Cs(T)=Cp(T) is abelian of type (2", 2"). Since C< H, we have Cp(T)< H. Hence
if T* is a Sylow 2-subgroup of H containing C,(T), then either T* is wreathed or
T*=Cy(T). If T* is wreathed, it follows from the preceding two lemmas that H
must be a D-group, whence H/O(H) is isomorphic to PGL,(2, 3) and, by Lemma
2.5.9, every element of Uy(T) is contained in O(H). But then X and Y are T-
invariant Sylow p-subgroups of O(H) and so are conjugate by an element of
C N O(H), contrary to Lemma 6.

On the other hand, suppose T*=C,(T). Since H does not have a normal
2-complement, Brauer’s theorem ([6,II, Theorem 1, §VI]) implies that O(H)T*
has index 3 in H. It follows at once from this that every element of Uy(T) is
contained in O(H) and we reach the same contradiction as in the preceding case.

Since § is quasi-dihedral and H is neither a Q D-group nor a Q-group nor does
H have a normal 2-complement, H must be a D-group. Thus both parts of the
lemma hold.

LEMMA 11. The element x ¢ H'.

Proof. Suppose x € H'. Since H is a D-group, a Sylow 2-subgroup of H’ is
dihedral, so x € T* for some four subgroup T* of H’'. But then by Lemma 2.5.1
Ay(T*) has order divisible by three. Since T*< N and S is quasi-dihedral, there is
ve N such that (T*)’=T, inasmuch as S has one conjugacy class of four sub-
groups.

We now set K=H". By our remark on A4(T*), it follows that A(T) also has
order divisible by three, so there is k € K such that x¥=x,, x£=x;. However,
P, R,SR*< H and P}=P, as P;=0,(N), so P,=0,(K) as R*<0,(H). Hence
Py;=0,(N;)=0,(N,)=P¥ and P,< O,(K). Similarly, P;< O,(K) and {P,, P,, P3)
is a p-group, contradicting Proposition 9.2. This proves the lemma.

This next result clearly completes the proof of the proposition.
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LEMMA 12. The subgroup H is not a D-group.

Proof. To prove the lemma, we shall contradict the fact that H is a D-group,
which we have established in Lemma 10. By the preceding lemma, we have that
x ¢ H'. In particular, H=H/O(H) is not isomorphic to A, and so H is of linear
type. Hence Cg(x) has a normal 2-complement, by Lemma 2.5.7. Thus, H N N
= Cy(x) also has a normal 2-complement since O(H) is of odd order.

We claim that PR, is a Sylow p-subgroup of H N N. In fact, assume the contrary
and let R be a Sylow p-subgroup of H N N with R>PR,. However, LyP/L, is a
Sylow p-subgroup of N/L,, by Lemma 2.4.2(i) applied to N/O(N). Thus, RN L,
DRy, as R,cL, by Lemma 7.1. In particular, R, is not a Sylow p-subgroup of L,,
s0 R; =P, and either eé§=¢=1 or = —1 with p not dividing ¢, by Lemmas 2.4.1(i)
and 2.4.10 applied to N/O(N). (Here §=1 as S is quasi-dihedral.) Hence, as R2P,
it follows that R N J is a nonidentity p-subgroup of J.

But RNJ<H and C<H as R* is C-invariant. We claim that R N J and WT
generate JT. Once this is shown, then JS H, so H is a Q D-group, contradicting
Lemma 8, and so PR, will be a Sylow p-subgroup of H N N.

However, W is a p’-group, so that p divides g or g—e. If p divides g, then =1,
by our remarks above. Hence in either case, Lemma 2.4.6(ii), applied to JT/O(J),
yields that (WT, R N J>=JT inasmuch as WT' N JT=C N JT.

We next observe that X and Y are elements of U%(T, C). Indeed, the arguments
of Lemma 8.4 and Lemma 8.5 with X in place of U clearly show that X € U¥(T, C).
Of course, the same holds equally well for Y.

Suppose that X=Y. Thus, X and Y are T-invariant Sylow p-subgroups of the
T-invariant group XO(H), since X N O(H) and Y N O(H) are Sylow p-subgroups
of O(H), by Lemma 8.1(ii)(b). Since XO(H) is of odd order, X and Y are conjugate
by an element of C, which contradicts Lemma 6. Hence, the proof of this lemma and
of the proposition will be complete once we establish the final result of this section,
namely:

LEMMA 13. Under the above conditions, we have that X=Y.

Proof. Since we shall be working in H throughout the argument, we shall drop
all the “bars”. First, x ¢ H', so H has a normal subgroup K of odd index such that
K is isomorphic to PGL(2, r) for some odd r, by Proposition 2.3.4 and Lemma
2.5.7(vi).

We now assert that X *< Cg(x;). Indeed, X € U(T, C), so X< Cy(x,) for some i,
1<i<3, by Lemma 2.5.7. Furthermore, Cy(x;) = Cx(x;)Cyx(T), by the same lemma,
Hence, X*=[X, T]< Cg(x;) as Cx(x;) is normal in Cy(x;). However, X5+#1, by
Lemma 7 and the choice of notation following. Since x; and x, invert X3, it now
follows that i=3 and our assertion is valid. Thus also X< Cy(x5).

The next step is to show that Cx(x;) is a p’-group if j=1, 2. In fact, as we saw
in the beginning of the proof of Lemma 12, X contains a Sylow p-subgroup of
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H N N. Hence, as X< Cy(x3), it follows that Cy(x;) contains a Sylow p-subgroup
of Cy(x). Thus a Sylow p-subgroup of Cx(x) is contained in Cx(T). But Cx(T) is
a 2-group by Lemma 2.5.7, so that Cg(x) is a p’-group. It remains therefore to see
that Cx(x) is a p’-group.

However, this will be immediate once we prove that x=x,; and x, are conjugate
in H. But x¢ H' and so TN H’ has order two. Thus there are exactly two
involutions of T not in H’, one of which is x,. But these two involutions are
conjugate in H since a Sylow 2-subgroup of H has order at least eight as K is
isomorphic to PGL(2, r). Hence, we need only see that these two involutions are
just x; and x,. They cannot be x; and x3 as Ck(x;) is a p’-group and Cg(x3) has
order divisible by p, so the involutions are as described and thus Cg(x,) is a p’-group
for j=1, 2.

It follows that Y*< Cx(x;). Indeed, if Y*=1, this is clear, while if Y*#1, then
Y* is a nonidentity p-subgroup of Ck(x;), for some i, 1 £i< 3, since Y € Uy(T, C),
by the same reasoning as was applied to X above. But Cg(x;) is of order prime to p
if j=1, 2. Thus, <X*, Y*)>< Cx(x3).

However, Ck(x;) is a dihedral group, by Lemma 2.5.7(i) and (ii), so it has a
unique Sylow p-subgroup Q. Moreover, Ck(x3) is C-invariant, so Q is as well.
Hence PQ € U (T, C). But X*<Q, Y*<Q and X=PX*, Y=PY*, so X<PQ,
Y<SPQ. But X, Y € U}(T, C) by their definition. Hence X=PQ =Y, the lemma is
proved and the section is complete.

11. Elimination of the last set of primes. We come at last to the final section
of the chapter and the contradiction that shows that no exceptional totally inverted
primes do exist.

In order to describe the main result of the section we fix some more notation.
We let R;=R¥=P, 1<i<3, unless 8c¢= —1 and p divides ¢, in which case we set
R;=Q,P, and R{*= QfP;.

The chief end of our analysis is the

PROPOSITION 1. The subgroup generated by R, and R; is a p-group.

We begin by noting the important fact that this result gives the final contra-
diction. Indeed, suppose the proposition is true. Since C normalizes R, and Rj,
we certainly have (R,, R;> € N(T, C), so there is U € UE(T, C) with <R,, Rg>< U.
If we set ¥'=U¢, where the element a is the element fixed in §7, then

(P, P3) =<{R,R;><= U
yields
(Pg, P1) = (P, Py c U* = V.
If U and V are conjugate by an element of C, then (P, P,, P3>< U N V since

Py, P,, P; are certainly C-invariant. But (P,, P,, P;) is not a p-group, by Proposi-
tion 9.2. Hence U and V¥ are not conjugate by an element of C. Thus, by Proposition
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10.1, U N V contains P, or P3. If P, U N V, then P,c U, so {P;, P,, P;>< U as
{Py, P;>< U from above; while if Ps< U N V, then P;< ¥V and {P,, Py, P;)<V as
{P,, P,>< V. Hence, in either case we have contradicted Proposition 9.2.

Before embarking on the proof of the proposition, we remark that it suffices to
show that (R;, R,> or {(Rf, R}) is a p-group for some i, j, 1 <i, j<3 with i#j. To
see this, we first note that the element z, € D, which interchanges Q, and Q¥ also
interchanges Q, and Q%, Q% and Qj,, while similar statements hold for z, and z,.
In fact, z; ¢ C as Q,, QF are C-invariant and so z, inverts ¢ modulo C, inasmuch as
D, =D< M and M/C is isomorphic to the symmetric group Ss. That is, az, =z,a~c
for some ¢ € C. Thus,

05 = 03 = QI = (@™
= (tr = e,

and (Q%)* = Q; similarly may be shown. Now, if (R, R;) is a p-group, 1 i, j<3,
i#J, then conjugation of this p-group by a or a~* shows that (R,, R, is a p-group.
Similarly if (R, R}) is a p-group, 1<i, j<3, i#j, then conjugation by z; shows
{Ry, R, is a p-group, where 1<k =<3, k+#1i,j. Thus, again {R;, R3) is a p-group.
We shall use this comment often without further mention.

We now proceed with the usual sequence of lemmas.

LEMMA 1. If H is a subgroup of G containing C, with R,< H and R;< O(H), then
{Ry, R3) is a p-group.

Proof. Choose U € U%(T, C) with U2 R," By Lemma 8.1(ii)(b), U N O(H) is a
Sylow p-subgroup of O(H). Hence, as R;< O(H), R; is T-invariant and U N O(H)
is a T-invariant Sylow p-subgroup of O(H), there is c€ C N O(H) such that
R5< U N O(H). But R; is C-invariant, so R;< U and {R,, R;>< U. This proves the
lemma.

LEMMA 2. If there are integers i, j, 1<i, j<3, i#j, such that Cp(R)#1 or
Cp(R¥)#1, then {R,, Rs) is a p-group.

Proof. We may as well assume that j=1, i=3 and R=Cp (Rg)#1. We set
H=N(R). Thus, H is a subgroup which contains C, since P, and R; are C-invariant.
Moreover, R;< H as R; centralizes R, by definition of R. Furthermore, P,< H as
P, is abelian, so R,< H since J and P, commute elementwise. Thus, in view of
Lemma 1, it suffices to show that R;< O(H).

However, the element d lies in J and hence centralizes P;, so D< H. Thus,
H e Z(p) by Definition 4.1.4 as D< H, P,<H, and H covers L,/O(N). Hence,
H=O0(H)(H N N,), so [Rs, x]<O(H). But, x=x, inverts Rs, so R;=[R3, x] and
the lemma is proved.

We now fix some further notation. We set K= N(P,), choose V € U(T, C) with
R, <V, as we may do since R,, being abelian, lies in K. Thus, with the usual
T-decomposition notation, ¥, is a Sylow p-subgroup of C, by Lemma 8.1(ii)(a),
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and we set P=V,. Moreover, by part (i)(b) of that lemma, V; is a C-invariant
subgroup of R; or R¥ and, in particular, is abelian. We set X;=Cy;(R,), i=2, 3.
Moreover, we shall be using Lemma 8.1 throughout the rest of the section and shall
now do so without any further reference.

LeMMA 3. With the above notation, we have
(i) Ke Z(p) and K is p-constrained within O(K).
@ii) PN O(K)=1, VN OK)=P,V3Vi, VinNnOK)=P,, and VN O(K) is
C-invariant.
(iii) Vi=R,, Vi< O(K), i=2,3.
(iv) X,#1, i=2 or 3, and X, is C-invariant.

Proof. We have NcK as P, =0,(N), so K contains D, covers L,/O(N), and
contains a Sylow p-subgroup of O(N). Hence, K € Z(p).

Moreover, p is exceptional, so p is either not stationary or it is stationary and
neither centralized nor inverted, by Definition 4.1.3. But p is inverted, even totally
inverted. Hence, p is not stationary, so P, is not a Sylow p-subgroup of O(K), by
Definition 4.1.1. Thus, there is a D-invariant Sylow p-subgroup of O(K) properly
containing P,. From Lemma 4.3.3 it follows that K is p-constrained in O(K) and
(i) is established.

Now V2R, by choice. Moreover, Vi € Uy (C), 15i<3, R,SV; as x, inverts
R,, and R, € U} (C). Thus Vi=R,. Furthermore, x inverts ¥; and V3, while
O(K)x € Z(K|O(K)) as Ke Z(p). Thus, V;<O(K) and V3= O(K). This shows
that (iii) is valid.

We have P N O(K)<P N O(K) N N, as P< N. But O(K) N NS O(N), by Lemma
4.1.1(v), so P N O(K)<P N O(N). However, p is inverted and thus P N O(N)=1
and we have that P N O(K)=1.

We also have V,=V,V;=PR,, by part (iii), so V; " O(K)=V,; " N n O(K)
and V; N O(K)< V; N O(N), again by Lemma 4.1.1. However, PR, N O(N)=P,
since PN Ly=1 and R,=Q, P, or P,. Hence, V; N O(K)EPI. Since P, is normal
in K, we deduce that ¥; N O(K)=P,.

Consequently, ¥ N O(K)=V,V3V; 0 O(K), so VN OK)=(V, " OK))V3V3
since {V3, V3y<O(K) by (iii). Since V; N O(K)=P, it follows that ¥ N O(K)
=P,V;V3. Since C normalizes P; and each Vj, we also have that ¥ n O(K) is
C-invariant. Thus all the assertions of (ii) have been proved and it remains to
establish (iv).

The intersection ¥ N O(K) is a Sylow p-subgroup of O(K). However, it contains
Py, so the containment is proper, as we saw above. Hence, Ny - o) (R1)2 R; N O(K)
as R, N O(K)=P,. Since ¥ N O(K) and R, are T-invariant, so is Ny o, (Ry).
The T-decomposition of this group shows that Ny;(R,)# 1 or Ny;(R,) # 1. However,
x inverts V3 and V3 and centralizes R;, so Ny;(R,)< X, i=2, 3. Thus, X,#1 or
Xs#1, as required. Furthermore, X; is C-invariant as R; and V| are both C-
invariant.
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LeEMMA 4. If X, # 1, then one of the following holds:

(D) <Ry, R is a p-group;
(i) The characteristic of G is p, de= —1, X,= Q% and {R,, R¥) is a p-group.

Note that (R,, RY), being a p-group, does not trivially imply the desired assertion
that (R,, R,) is a p-group. One must have that (R;, R;> or (R¥, Rf) is a p-group,
i#j, 1=i, j<3, in order to deduce that.

Also observe that the proposition is now proved unless p divides g and de= —1
since a similar argument applies if X371, while we already know that X,#1 or
X;#1.

Proof. If X, N Py#1, then Cp,(R,)#1, so {Ry, R3) is a p-group, by Lemma 2,
and the proof is complete.

On the other hand, if X, N P;=1, then X is either Q, or QF. Indeed, X, is
C-invariant by Lemma 3(iv), so X, is a C-invariant subgroup of R, or R}. However,
C N J acts trivially on P, while by Lemma 2.4.10(iii), it acts irreducibly and
nontrivially on Q, and Q%, so X,=Q, or QF, as asserted. In particular, Q,%1
and consequently the characteristic of G is p and 8e= —1.

Suppose first that X, = Q,. By definition of X,, we have R, < C(X,). Moreover,
since X,= Q,, also R,= C(X5). Thus, <R;, Ry>= C(Q5).

We now assert that C(Q,) has a normal 2-complement. Indeed, this will follow
from Burnside’s theorem if we show that a Sylow 2-subgroup of C(Q,) is cyclic.
We know that x, € C(Q,). Hence if S* is a Sylow 2-subgroup of C(Q,) containing
xo and if S* is not cyclic, then Cs-(x,) is also not cyclic, whence S* N N, is not
cyclic. However, Cy,(Q5) has a cyclic Sylow 2-subgroup by Lemma 2.4.4, applied
to N,/O(N,). Thus S* is cyclic and C(Q,) has a normal 2-complement, so our
assertion is valid.

In particular, R,< O(C(Q,)). But Q, is C-invariant, so C(Q,) is a normal sub-
group of the product H of C(Q;) and C. Hence R, O(H) and R, < H. Thus, by
Lemma 1, with R, in place of Rz, we have that (R,, R;) is a p-group. Conjugation
by a~* now yields (i).

Finally, if X,= Q%, we argue in the same way and conclude that {(R;, R¥)> is a
p-group. The lemma is proved.

The last bit of the argument will be useful later on. We have proved

LEMMA 5. If 1 Si<3, then R, O(N(Q))) and R¥< O(N(Q})).

We shall now assume that <R,, Rg> is not a p-group and derive a contradiction
with the final lemmas. Moreover, as X, #1 or X3# 1, we may as well assume that
X,#1. Thus, we deduce from Lemma 4 that p divides ¢, de=—1, X,= 0%, and
{Ry, R¥> is a p-group.

We now choose and fix an element U of U¥(T, C) which contains V. We use the
usual 7-decomposition notation for U and we set U*=(Uj, U;, U}, V*=
Vi, Vi, Vap.
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LEMMA 6. With the above notation, we have
() Ui=Ry;

(ii) Uy=P, PN U*=PNV*=1;

(iii) U*=U,U3U;, V*=V V3V,

Proof. The set U; is an element of Uy(C) and contains R, as R, =V < Uj, by
Lemma 3. Hence, U; =R, and (i) holds.

Similarly, P V< U, so U,=P. We know that U*=0,(CU) and V*=0,(CV).
But 0,(C)=1,s0 PN U*=P N V*=1 and (ii) is also valid.

Finally, U*2 U;U;U; and U=PU;U;Us, so that if U*> U;UzU; then PN U*
# 1. This does not happen, by (ii), so U* factors as required. Similarly, the factoriza-
tion for V* holds.

We now have considerable information on the T-decompositions of U and V,
having determined U, V,, Uj, V| and some information about ¥, namely that
X,= Q%< V;. We shall now determine the other components of the T-decomposi-
tions of U and ¥V as well as study Z(U*). This latter group will lead us to the final
contradiction.

LEMMA 7. We have
(i) V32 0s;
(ii) U;=R%.

Proof. We already have that V;2> Q¥. Moreover, z; € D;=D<K as D< N and
P;=0,(N). Hence, Q;=(Q%)=<V?=. But Q¥<O(K), by Lemma 3(ii), so Qs is
contained in the T-invariant Sylow p-subgroup V% N O(K) of O(K). However,
¥V N O(K) is also such a subgroup of O(K), so VN O(K) and V= N O(K) are
conjugate by an element of C. Since V'* is C-invariant, and V' N O(K)< V'* by
Lemma 3(ii), it follows that V*2= Q3, so V3= Q5 and (i) is proved.

As for (ii), it suffices to show that U= R¥. However, {R;, R¥) is a p-group and is
certainly an element of W4(T, C). However, any two elements of U%(T, C) are
conjugate by an element of M, by Proposition 9.1, so that U contains the con-
jugates of R, and R¥ by an element of M. Thus, U contains an element of U¥,(C)
or U%.(C). But Q¥<U and Q;c U and we know that {Q,, 03> and <Q3, 0%
are not p-groups. Hence R¥< U or Rz< U. But R3¢ U as R, U and (Ry, Ry is
not a p-group, by assumption. This proves the lemma.

Before continuing with the analysis of the factors of the 7-decompositions of U
and V we require two results, the second of which is a determination of the
important subgroup Z(U*).

LeEMMA 8. We have J= N(V N O(K)).

Proof. We begin by observing that any subgroup of N which covers L,/O(N)
certainly contains J=J;. Indeed, since ¢> 3, we have that J is the ultimate term of
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the derived series of JO(N). However, the ultimate term of the derived series of a
subgroup of L, which covers L,/O(N) is not only contained in J, but also covers
Lo/O(N) as Lo/O(N) is perfect and so is actually equal to J. Thus, our assertion is
true.

We now set Ky=O0(K)(L, N K), so that L, N K covers Lo/O(N) since K € Z(p).
Now V' N O(K) is a Sylow p-subgroup of O(K), so Ko=O(K)Ng,(V N O(K)).
Moreover, applying the Frattini argument to the Sylow 2-subgroup <{x> of the
normal subgroup Ny, (V N O(K)) of Nk (V N O(K)), we conclude that

Ko = O(K)(N N Ni,(¥ 0 O(K)).
Hence,
Ko N Ly = (O(K) N N)N N Ng (VN0 O(K)))
S O(N)(N N Ng (¥ N O(K))
€ O(N)Ng,(V N O(K)).

Thus, Ng(V N O(K)) covers Lo/O(N) since K, N L, covers that section. The
lemma now follows from the preceding paragraph.
This last result is now used to prove the

LEMMA 9. The center of U* is Q%.

Proof. Indeed, Z(U*) is a nonidentity C-invariant group. Moreover, P N U*=1,
by Lemma 6(ii), so Z(U*) N C=1. Thus, Z(U*) has T-decomposition

Z(U*) = (R, 0 Z(U*)(R3 N Z(U)(Us N Z(U*)

since U; = R,, by Lemma 6(i) and U;= R%, by Lemma 7(ii). Moreover, Z(U*) N P;
=1, 15i<£3, by Lemma 2. Furthermore, each factor is C-invariant, so that
R, N Z(U¥*)is Q, or 1 and R¥ N Z(U*) is Q% or 1. Finally, V32 Q,, by Lemma 7(i),
so U= R; and thus, Ui N Z(U¥*) is Q5 or 1. Hence, we need only show that
0, ¢£Z(U*) and that Q; £ Z(U*).

However, suppose that Q;< Z(U*). Thus, R; = N(Q3) as R, =U; < U* by Lemma
6(i). Moreover, by Lemma 5, R;< O(N(Q3)). Hence, as Qg is C-invariant means
C< N(Q,), we have from Lemma 1 that {(R;, R;) is a p-group, which is a contra-
diction. Thus, Q;£Z(U*).

Finally, x=x, inverts ¥ N O(K)/P, as P, is certainly normal in K= N(P;) and
VN O(K)=P,V;V;, by Lemma 3. Moreover, ¥ N O(K)/P, is nontrivial as
Vi2 Qs, by Lemma 7(i). However, J normalizes ¥ N O(K), by Lemma 8, so J
acts on ¥V N O(K)/P,. Furthermore, as we have noted at the beginning of §7,
JN O(N)=1 when 8¢= —1. But 8e= —1 by Lemma 4(ii). Since O(J)<J N O(N),
it follows that O(J)=1 and hence that {x) is the unique minimal normal subgroup
of J. We conclude that J acts faithfully on ¥V n O(K)/P,. Thus, @, does not
centralize ¥V N O(K), so @, £Z(U*) as desired. This proves the lemma.
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We can now complete our determination of the T-decompositions of U and V.

LeMMA 10. We have
(i) Us=V3=0s;
(i) V2= Q3.

Once we prove this result, all the T-decompositions we have are as follows:

U= PRleQs, U* = RngQa;
V= PRngQa, V* = RIQ:QS’
V0 OK) = P03 Qs

Proof. We have U322 V32 @5, by Lemma 7(i), so UzS R;. Assume that Uz & O,
so that Us N P;#1. Since 0% =Z(U*), by Lemma 9, this implies that Cp,(Q%)#1.
Conjugation by the element a yields that R=C (Q%)#1. Thus, R is a nonidentity
subgroup of P,, so C(R)=J,=J and C(R)= Q¥ as we just have seen.

Moreover, Q3 centralizes P;. Indeed, V32 Q3 so Q32 K=N(P,). But x=x,
inverts Qs and centralizes P,, so [Qs, P,]=1 as claimed. In particular, H=C(R)
20, so H2{Q3, 0% and therefore H2J3, by Lemma 2.4.10. Hence H=<{J;, J5>
and so H is a Q-group of characteristic power g with H=O(H)(H N N) by Prop-
osition 4.1.1(iii). Thus X is in the center of H= H/O(H), contrary to the fact that
X is not in the center of J;. We conclude that U< Qs, so Q;< Vi< Us< Q, and
(i) is established.

We know that J normalizes V' N O(K) by Lemma 8, so y € J normalizes ¥ N O(K).
Furthermore, C normalizes ¥ N O(K) by Lemma 3(ii) and hence D,=D=
{C N D, y> normalizes ¥ N O(K). In particular, (V' N O(K))*:=V N O(K). Hence,
Cy nou(X2)*1 = Cy r ox(¥3)and | Cy oy (X2)| = | Cy n ocx(¥3)|. However, Cy ~ oy(X2)
=V; and Cy,om(Xs)=Vs=Qs, by (i). Hence, |V;|=|Qs|=4q. Since V;= 0%, by
Lemma 4(ii), this implies that V;= Q% as |Q¥| =q.

We reach the penultimate lemma:

LeMMA 11. The center of V* is P,Q%.

Proof. First, Z(V*)=2P,Q%. Indeed, Q¥ =Z(U*), by Lemma 9, and QfcV*,
so Q¥<Z(V*). Moreover, P, is normal in V*, while x centralizes P; and inverts
0% and Qg, so QF and Q, centralize P;. Since R, is abelian and V*=R,Q0%Q,
it follows that P, S Z(V*).

To conclude the proof we need only show that Z(¥*/P,) has order g as then
Z(V*)<P,Q%. However, ¥ N O(K)/P, is elementary of order ¢2 as V N O(K)
=P, 0%Q; and as x=x, inverts QF and Q3. Moreover, as in the previous lemma,
J acts faithfully on ¥V N O(K)/P,. Since Q, is a Sylow p-subgroup of J, it follows
therefore from Lemma 2.4.18 that the centralizer of Q, on ¥ N O(K)/P, has order
q. Since V*= Q,(V N O(K)), we conclude that Z(¥V*/P,) has order g, as required,
and the lemma is proved.
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The next and final result of the section—and of the chapter—contradicts Lemma
9 and so completes all the proofs.

LEMMA 12. The center of U* contains P, Q%.

Proof. Choose a T-invariant subgroup F of U* containing ¥'* maximal subject
to the condition that Z(F)= P, 0%. We may do this as Z(V*)= P, Q% by the previous
lemma. It suffices to show that F= U*, so we assume F< U* and derive a contra-
diction. We set Y=Ny.(F), so YO F.

However, we have the containments

U* = RiR§Q; © F2 V* = R, 0505,

$0 Y=R;Nzy(F)Qs. But F2Q¥%, so Y=FNp,(F). Thus we will have that Z(Y)
2P, 0%, and a contradiction, once we show that Np,(F) centralizes both P, and Q%.

However, Y N Py=N;,(F)S R¥=P,0%, which is abelian. Thus, ¥ N P, cer-
tainly centralizes Q%. It remains to show that Y N P, centralizes P;.

The group Y N P, normalizes Z(F) and centralizes x, and thus normalizes
[Z(F), x.]. However, Z(F)= P, Q¥, by assumption. Suppose first that Z(F)< P, R¥.
Since x, centralizes R¥ and inverts P,, we have [Z(F), x;]=[P,, x;]=P,, whence
Y N P, normalizes P;. But x inverts Y N P, and centralizes P;, so YN P,
centralizes P;.

Hence, in order to complete the proof, we need only see that Z(F)<P,R%.
However, Fis T-invariant, V*< F< U*, so F has T-decomposition

F = R,Q3(F N P3)Qs.
Hence, Z(F) has T-decomposition
Z(F) = (R, N Z(F)XQ3(F N Py) N Z(F))(Qs N Z(F)).

But R, N Z(F)c=Z(V*) as Ry, V* and Q3 N Z(F)<Z(V*) as Qs;<V*. Hence,
R, NZ(F)cP, and Q; NZ(F)=1. But Q¥(F N P;)<R%, so Z(F)<P,R%, as
required.

CHAPTER VI. STRUCTURE OF N. PROOF OF THEOREM C

1. Outline of chapter and some consequences of Theorem B. In this, the final
chapter of the paper, we consider a simple group G with quasi-dihedral Sylow
2-subgroups which satisfies the conclusions of the expanded form of Theorem B,
stated in §1 of Chapter IV; and we shall prove that such a group G necessarily
satisfies the conclusions of Theorem C. This will complete the proof of all of our
Main Theorems, for as we have shown in Chapter I, Theorems A, B, and C
together with certain results of Chapter III imply the three Main Theorems.
In particular, the characteristic power g of G can be assumed to be greater than 5,
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the Main Theorems having been established in §8 of Chapter III in the cases g=3
and 5.

We use the same notation as before. In particular, we know from Theorem B
that O(N)=AB, where A is cyclic of order dividing 4(g+¢), B is abelian, and if 4
and B are both nontrivial, then O(N) is a Frobenius group with kernel B and
complement 4. Furthermore, T centralizes 4, the involution x,=z of T inverts B,
and C*(w)< N for any element u#1 of O(N). Moreover, Ly=JO(N), where J is
normal in N, J centralizes O(N), and either J is isomorphic to SL(2, q) and JO(N)
=Jx O(N) or g=9, J is isomorphic to SL™(2,9), and |J N O(N)|=3. We note
also that since S=(S N J)T, A4 centralizes S. Since the element y of S inverts
O(C) N J, it follows that A=0(C(S)) N L=E N L.

In this section, we shall give a brief outline of the chapter and shall then derive
a few direct consequences of Theorem B. The last of these (Lemma 3 below),
when combined with Corollary 3.9.2, will immediately yield part (i) of Theorem C.

As in Chapters I and III, we have a=|4|=|C N O(N)|, b=|O(N) : C " O(N)|
=|B|, e=|E/E N L|=|E/A|, and |N|=2abeq(q—1)(q+1) (cf. equation 3.3.2). We
also set C,=0(C) and let ¢ be a 3-element of N(T') which cyclically permutes the
involutions of T.

§2 consists of several, somewhat independent results, which it is convenient to
establish at the outset. First, we prove that for any prime p dividing b, a Sylow
p-subgroup of N is a Sylow p-subgroup of G. This result, in conjunction with the
order formula for a regular Q D-group given in Proposition 3.2.6 is then used to
prove that part (ii) of Theorem C holds whenever G is regular. A similar conclusion
is then obtained in the cases g=7 and ¢=9, even if G is not regular, using the
order formulas for QD-groups of characteristic power 7 and 9 developed in §8
of Chapter III. For g=7, it then follows that G is regular. After that, we argue
that part (iii) of Theorem C holds if 4+ 1. Thus if 4#1, G is regular and therefore
part (ii) of Theorem C holds in this case by one of the preceding results of the
section. Finally we establish an omnibus lemma concerning the structure of
N(C,) in the case that A=1.

In §§3, 4, and 5, we establish parts (ii) and (iii) of Theorem C. In view of the results
of §2, we can assume that ¢> 7. §3 is devoted to a proof that the case 4=1, B=1is
impossible, the argument being primarily character-theoretic. Then in §§4 and 5,
we argue that the case A=1, B#1 is also impossible. This argument is largely
local group-theoretic, but does require one particular fact whose proof is character-
theoretic: Namely, every prime divisor of b is necessarily a divisor of g(q—1)(g+1).
Together, these results force 4#1 and therefore parts (ii) and (iii) of Theorem C
will follow from the results of §2.

In the final two sections we investigate the case e=1 in more detail. In §6 we
show that G is a doubly transitive permutation group of the type described in
part (iv) of Theorem C, while in §7 we prove that the order of 4 is (g+ 1)/2d, where
d=(g+1, 3). Together these results will establish part (iv) of Theorem C.
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In §§2 and 7, we shall point out in two remarks what is required to establish the
corresponding analogue of Theorem C in the case of simple QD-groups with
wreathed Sylow 2-subgroups.

We turn now to some consequences of Theorem B.

LEMMA 1. If B=1, then L=(JT) x O(N)=(JT) x A.

Proof. If J is isomorphic to SL™(2,9), then JT is isomorphic to SUD(2,9)
by Lemma 2.2.2. But then z inverts O(J) by Lemma 2.4.12. However, O(J) has
“order 3 and lies in O(N), so O(J)< B, contrary to our assumption that B=1.
We conclude that J is not isomorphic to SL™(2, 9) and hence that L,=J x O(N).
Since B=1, O(N)=A and therefore T centralizes O(N). Since L=L,T=JTO(N),
the lemma follows.

As a corollary, we have

LEMMA 2. If B=1 and E=A (equivalently, b=1 and e=1), then N=(JT)x A
and N is isomorphic to a quotient of GL(2,q) if e=—1 and of GU(2,q) if e=1 by a
central subgroup of odd order d=(q+ ¢)/2a.

Proof. We know that N=LE. Since E=A by assumption and since A<L, it
follows that N=L. Hence by the preceding lemma, L=(JT) x A. Moreover, JT
is isomorphic to L/O(N) and hence to SL*(2,q) if e=—1 and to SU*(2,q) if
e=1. Finally, 4 is cyclic of order a dividing (¢+¢)/2. But now the lemma follows
at once from the structure of GL(2, g) and GU(2, g) as described in Chapter II.

We next prove

LeMMA 3. The following conditions hold:
(i) Co=(Co N L)E;
(ii) Co N L is normal in N(T).

Proof. Since N=LE and E< C,, we have C,=(C, N L)E, proving (i). To prove
(i), set W=C, N J, so that C, N L=WA. In §5 of Chapter IV we have argued
that assertions (i) and (ii) of Theorem B are a consequence of assertion (iii). In
carrying out this argument, we have shown in Lemma 4.5.1 that the conclusion
that WA is normal in N(T) follows from part (iii) of Theorem B. Since WA
=Co N L, and since G satisfies all the conclusions of Theorem B, we see that (ii)
holds.

This enables us to prove

PROPOSITION 1. We have N=L and E=A.

Proof. Since C, N L is normal in N(T) by the lemma, it is invariant under the
element ¢ of N(T). But now as G is simple, Corollary 3.9.2 implies that Co=C, N L.
Since Co=(C, N L)E by the preceding lemma, it follows that ESL. On the other
hand, N=LE and E N L=A; and we conclude at once that N=L and E=A.
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2. Preliminary results. We begin this section with the following key result:

PRrOPOSITION 1. If P is a Sylow p-subgroup of B for some prime divisor p of b
and Q is a p-subgroup of N containing P, then N(Q)< N. In particular, a Sylow
p-subgroup of N is a Sylow p-subgroup of G.

Proof. Set H=N(Q) and K=C(Q). We shall argue that H< N. Indeed, by part
(iii) of Theorem B, which holds for G, C(P)<N. Since C(Q)<= C(P), it follows
that K< N. Furthermore, L=Lz)> and z inverts P, so a Sylow 2-subgroup S,
of K is contained in L, and therefore is either cyclic or generalized quaternion.
Since x € K, we can choose S, to contain x. But then in either case x is the unique
involution of S,, so {x) is characteristic in S,. Since K is normal in H, it follows
therefore by the Frattini argument that

H = KNy(So) = KNy({x)) = KCy(x).

Since N=C(x) and K< N, we conclude that HS N, as asserted.

As for the final assertion of the proposition, take Q now to be a Sylow p-sub-
group of N and let R be a Sylow p-subgroup of G containing Q. By the preceding
argument, Nx(Q)< N, whence Nx(Q)=Q as Q is a Sylow p-subgroup of N. This
forces Q=R and so Q is a Sylow p-subgroup of G.

As a corollary, we have

PROPOSITION 2. If G is regular, then B=1.

Proof Since G is regular by assumption and since e=1 by Proposition 1.1,
Proposition 3.3.2* yields

m |G| = 2ab%q*(g+1)(g—1)(g*—eq+1).
On the other hand,
)] |N| = 2abg(g+1)(g—1).

Equations (1) and (2) together imply that b2 divides |G:N|. Hence a Sylow
p-subgroup of N for p dividing b is certainly not a Sylow p-subgroup of G, contrary
to Proposition 1.

ReMARK. If G is a simple QD-group with wreathed Sylow 2-subgroups, which
satisfies the conclusions of Theorem B, then it is very easy to establish the corre-
sponding Proposition 1 above. Moreover, the general character theory of QD-
groups with wreathed Sylow 2-subgroups, based on an analysis of the principal
2-block of G, will show that G is always “regular”, in the sense that |G| is neces-
sarily given by a formula analogous to that of Proposition 3.3.2*. Hence the
same argument as above will show that B=1. Thus for simple Q D-groups with
wreathed Sylow 2-subgroups, parts (ii) and (iii) of the corresponding Theorem C
will follow very much more easily than in the quasi-dihedral case, once the general
character theory of such groups is developed.
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A similar argument yields
PRrOPOSITION 3. If G has characteristic power q="1 or q=9, then B=1.

Proof. We apply Propositions 3.8.3 and 3.8.4. In view of the preceding proposi-
tion, we need only consider the nonregular cases, of which there are three. How-
ever, in each of these cases, it is still true that b° divides |G| and that 5% divides
|G:N|, so we reach the same contradiction from Proposition 1.

As a consequence, we also have

PROPOSITION 4. If G has characteristic power q=11, then G is regular.

Proof. This is immediate from Proposition 3.8.7 since we now know that b=1
and that a divides (g+¢)/2=3.

Since parts (ii) and (iii) of Theorem C have been verified in the case g=7, we
shall assume for the balance of the proof of these parts of the theorem that g>7.

We wish next to show that G is regular whenever 4 # 1. We require the following
preliminary lemma:

LeMMA 1. The following conditions hold:
(1) Co/A is cyclic of order 3(q+¢) and is inverted by the element y of D;
(ii) If A#1, the element t does not normalize A.

Proof. Since E=A by Proposition 1.1, we have C,=C, "L by Lemma 1.3.
Since A=C N O(N), it follows therefore from Lemma 2.4.2, applied to L/O(N),
that Cy/A is cyclic of order $(g+¢) and is inverted by y. Thus (i) holds.

Suppose next that 47# 1 and that ¢ normalizes A. Since S centralizes A4, so there-
fore does St. However, C(4)< N since G satisfies the conclusions of Theorem B.
Thus S*<SN and so S*=S for some element u of N. It follows that ru e N(S)
SN(Z(S))=C(x)=N. We conclude that ¢ € N, contrary to the fact that x'=x,
by the definition of z. (Alternately, one can argue, under the given conditions,
that N(4) is a QD-group of characteristic power ¢ and then invoke Theorem A
to obtain a contradiction.)

We now prove

PROPOSI'flON 5. If A#1, then G is regular.

Proof. We shall show that the following two conditions are satisfied:

(#) For each block b of N with the defect group T, the (unique) degree of the
characters in b is coprime to g (cf. Chapter III, §9).

(#H There exist irreducible characters w of C which are trivial on T and which
have the stabilizer C in N(T).

If these conditions are established, we can apply Proposition 3.9.4 and obtain
Proposition 5.

Suppose that (#) is false for the block b. Then the degree of a character £ € b
is divisible by the prime p dividing g. Since b has defect 2, £(1) is divisible by 2" -1
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and hence by 4. By Proposition 1.1, N=L and hence |N:Ly|=2. If &, is an irre-
ducible constituent of £|L,, we have either £(1)=£y(1) or £(1)=2£,(1). In any case,
£0(1) is divisible by 2p.

Assume first that g#9. Then L,=J x O(N). Hence £, can be written as product
of an irreducible character 7, of J and an irreducible character n, of O(N)=AB.
We note that 75(1) is not divisible by p. This is clear if a=1 or b=1, since then
O(N) is abelian. If a#1, b#1, then as we have seen from Theorem B, O(N) is a
Frobenius group with Frobenius kernel B and complement 4. Since B is abelian,
it follows that 7,(1) divides | 4| =a, cf. [19, Theorem 4.5.3]. Since Wwe also know
that a divides 3(g+¢), (1) is indeed coprime to p.

It now follows that n,(1) is divisible by 2p. However, this yields a contradiction
since J~SL(2,q) and the only degree of an irreducible character of SL(2,q)
divisible by p is q itself, [26, p. 128] or [27]. This establishes the condition (#)
for g+#9.

If g=9, then by Proposition 2.3, b=1 and by Lemma 1.1, N=L=(JT) x 4.
Again, L,=J x A does not have an irreducible character of a degree divisible by 2p.
Again, condition (#) holds.

By Proposition 1.1 and Lemma 1, Cy/A4 is cyclic of order 4(g+¢). Let w, denote
an irreducible character of C, with the kernel 4. Let « be the extension of w, to
C=Tx C, which is trivial on T. Then w has the kernel Tx 4. This implies that
o' has the kernel T'x A* and ™" has the kernel Tx A*"'. Moreover, the three
kernels are distinct by Lemma 1 and hence the irreducible characters o, !, o'~ of
C are distinct. Since y inverts Co/A4, again by Lemma 1, the character ¥ is the
conjugate complex @ of w. Since a#1, @ is different from w, !, »*~! (note that ¢
is a 3-element). Hence w has at least four distinct conjugates in N(T'). We then
must have six distinct conjugates of w in N(T'). The stabilizer of w in N(T) is
necessarily C, and w satisfies condition (#).

As remarked in the beginning of the proof, this completes the proof of the
proposition.

COROLLARY 1. We have A=1 or B=1.

Indeed, if 4#1, by Proposition 5, G is regular and then B=1 by Proposition 2.
We conclude this section with an omnibus lemma concerning the structure of
N(C,) in the case that 4=1.

LEMMA 2. Assume that A=1 and set H=N(C,), K=C(Cy). Then the following
conditions hold:
(i) C, is a nontrivial cyclic group of order 3(q+¢) which is inverted by y and
centralized by t.
(i) |H:K|=2, D is a Sylow 2-subgroup of H and T is a Sylow 2-subgroup of K.
(iii) H/O(H) is isomorphic to PGL(2,q") with ¢'=3,5 (mod 8) and K/O(H)
is isomorphic to PSL(2, q’). Moreover, if B=1, then q'=3 or 5.
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(iv) HN N=CyBD and B is cyclic of order }(q' —¢'), where ¢'=¢' (mod 4).
(v) Cy(zy) is a dihedral group and O(Cy(zy)) is cyclic of order 3(q' +¢') and is
inverted by x.
(vi) O(Cy(zy)) and B are of relatively prime orders.
(vii) For any element w#1 of C,, CW)< K, T is a Sylow 2-subgroup of C(w),
O(C(w))=C,, C, is normal in C(w), and N({(w))=H.
(viii) If wy, and w, are elements of C, that are conjugate in G, then wo=wi?!.

Proof. Since A=1, C, is cyclic of order 3(¢+ ¢) and is inverted by y by Lemma 1.
Moreover, Cy#1 since ¢>7 by our present assumption. Furthermore, M=N(T)
={C,y, T, y, t) normalizes C,=0(C) and y inverts ¢ (modulo C). In particular,
te M'. But M'c K=C(C,) as C, is cyclic. Thus ¢ centralizes C, and so all parts of
(i) hold.

Let W, be any nontrivial subgroup of C, and set F=N(W,). We shall analyze
the structure of F. Since W, is characteristic in C, and C, is normal in M, we have
McF. In particular, D=<T, y)< F and so a Sylow 2-subgroup S, of F containing
D is either dihedral or quasi-dihedral. In either case, Z(F)=Z(D)=<x) and so if
N=N/O(N), then Ny (W,)=<{C,, 7> by Lemma 2.4.2 (i). However, O(N)=B as
A=1 and B centralizes C, as C,<J. It follows therefore that N, (Wo)=<{C,B, y)
and hence that

NN(Wo) = Nf\ F= CoBD.

In particular, D is a Sylow 2-subgroup of N N F and therefore S, =D. Thus D
is a Sylow 2-subgroup of F. Since T centralizes W, and the involution zy inverts
W,, it also follows that F has a normal subgroup of index 2. On the other hand,
t € F by (i) and ¢ normalizes, but does not centralize T. Hence F does not have a-
normal 2-complement and so F is a D-group with dihedral Sylow 2-subgroup of
order eight.

Next let P be a T-invariant Sylow p-subgroup of O(F) with T-decomposition
P=P,P,P;=P,P/P;P;. Since ¢ cyclically permutes the involutions x; of T, 1 <i<3,
either each P{=1 or each P{#1. Suppose P;#1, in which case P,<P. Since P;
is inverted by x; =z and P; normalizes W,, P; centralizes W, and so P;< C (W,).
Since Ny(W,)=Co,BD, we obtain that P;< Cy,B=C,x B. Since z inverts B and
centralizes C,, it follows that P;< B. Since G satisfies the conclusions of Theorem
B, we conclude that C(P;)< N. On the other hand, Nx(P,)>P,; and so x inverts
some element u#1 of Np(P,). Since x centralizes P;, u is forced to centralize P,
and, in particular, P;. Hence u € C(P;)<N, so x centralizes u which is not the
case. This contradiction shows that P;=1 for all i, 1 <i<3, and hence that P=P,
< C,. Since the prime p was arbitrary, we conclude that O(F)< C,.

We argue next that F= H. Since C, is abelian, we have Cy,< F. It will suffice to
show that Co< O(F). Indeed, if this is the case, then Co=O(F) by the preceding
paragraph. But then C, is normal in F and so F< H=N(C,). However, the reverse
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inclusion also holds as W, is characteristic in C,. Thus the desired conclusion
F=H will follow.

Set F=F/O(F). Since F is a D-group having a normal subgroup of index 2
and dihedral Sylow 2-subgroup D of order eight, Proposition 2.3.4 implies that
F=L*E*, where L* is isomorphic to PGL(2, q’), ¢’ odd, L* is normal in F, E* is
cyclic of odd order, and E* centralizes D. In particular, E*< C,. However, the
element y of D inverts C, and consequently E*=1. Thus F=L* and C,cL*.
But T centralizes C, and so Co=1 by Lemma 2.5.7 (iii). Thus C,< O(F) and the
desired assertion F= H follows.

We can now easily verify the various parts of the lemma. We have shown that
H=H|O(H)=F is isomorphic to PGL(2,q’). Since |D|=8 and D is a Sylow
2-subgroup of F, we must have ¢’=3, 5 (mod 8). Furthermore, H’ is of index 2
in H and acts trivially on C, as C, is cyclic. Since y does not centralize C,, it follows
at once that K= H' and |H:K|=2. Since H' is isomorphic to PSL(2, q'), we see
that (ii) and the first assertion of (iii) hold. Furthermore, taking W,=<w) in (vii),
the various parts of (vii) follow directly from the fact that F= H and C(w) is normal
in F.

Since O(H)=C,, B " O(H)=1 and hence B and B are isomorphic. Furthermore,
we have shown above that Cy(x)=H N N=C,BD, whence Cg(x)=BD. However,
since xe D', Lemma 2.5.7 (i) implies that Cg(X) is a dihedral group of order
2(¢q' —¢'), where ¢’ =¢’ (mod 4). Thus B is cyclic of order (¢’ —¢’) and consequently
B is cyclic of the same order. Thus all parts of (iv) hold. Furthermore, if B=1,
then (¢’ —¢")=1, whence ¢’=3 or 5 and the final assertion of (iii) also holds.

Since the involution zy inverts C,, it lies in H— K= H— H'. But now (v) follows
at once from Lemma 2.5.7 (ii). Clearly (iv) and (v) imply (vi).

Finally we verify (viii). Suppose then that wy, w, are elements of C, with w,=w?
for some u in G. Clearly we may assume that w,# 1. By (vii), N({w;))=H for
i=1 and 2 and consequently N({w,)) is equal to both H and H*. Thus u € N(H).
Since Co=O(H), u normalizes C, and therefore u € H=N(C,). But H=K{y) with
K centralizing and y inverting C,. We conclude at once that u either centralizes or
inverts Cy. Hence w,=wi! and (viii) holds. This completes the proof of the lemma.

3. Elimination of the case O(N)=1. The object of this section is the proof of
the following proposition.

ProposiTION 1. If G is a simple QD-group of characteristic power q>71, then
O(N)#1.

Proof. Assume that this is false for some G. Then clearly the conclusions of
Theorem B hold trivially for G with A=B=1. In particular, Proposition 1.1
holds for G and hence N=L and E=A=1.

Our proof is based on a method used already in [8, §10] in the case e= —1. We
shal! refer to this here indicating the changes which have to be made when ¢=1.
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There is a simplification at the end where it was necessary in [8] to deal directly
with some special values of ¢. It may be remarked that we use the results of Chapter
III only as far as they refer to the principal 2-block By(2, G) and are stated in
Chapter III, §2. The notation x,=1, xi,..., xs, ¥, etc. will always refer to
By(2, G). If the condition e=1 is added to the hypotheses of Proposition 1, the
proof does not require Theorems A and B any further and, in particular, it is
independent of the induction approach used in Chapters IV and V.

It should be observed that the notation in [8] differs from our notation. The group
elements denoted by

X, 2, ¥, Yz, t
in the present paper are denoted in [8] by
JJJ,FT Y !

respectively. The subgroup T is denoted by D in [8] and C, is denoted by .
The exponent n+ 1 of the order of the Sylow 2-subgroup of G is taken in [8] as n.
The 2-regular core O(M) of a group M is designated by K;(M). Finally, the degree
fi=xi(1) are called x; in [8].

Since we have a=b=e=1, we have

M IN| = [C()| =29(g—D(g+1);  |C| =4|Co| = 2Ag+e);

cf. Lemmas 2.4.1 (i) and 2.4.2 (ii). If this is substituted in Proposition 3.2.6, we
have

@ &=16] = 2+ orig—or FLI = wgraa-or B

Since ¢ > 7, we have Cy# 1. By Lemma 2.2 (i), the group C, is cyclic.

No change is necessary in the proof of the Propositions (10A), (10B), (10C)
and (10G) of [8]. We may also obtain them alternatively from Lemma 2.2. In
particular, all elements w+#1 of C, have the same centralizer K and we have

K|Cy ~ PSL(2,3) ~ Ay, or K|Cy~ PSL(2,5) ~ As.

We refer to the first possibility as Case A and to the second possibility as Case B.
In order to obtain the analogue of [8, (10D)] for both cases e= —1 and e=1,
we apply Proposition 3.2.3.
First of all, since y(1)=q, we have

3)  xi(x) = d1¢q, x2(¥) = —dseq, x3(x) = — 383, xa(x) = 8x(eq—1).

If we use the same notation as in Proposition 3.2.2 for the Q-group N with asterisks
added, then ¢ can be taken as the character y§, which has degree q. Moreover, for
2-regular elements r of N, we have

@ 8T +i(r) = 3 +x¥(r) = xV*(n),
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where 8 is a fixed sign. Then yV*(1)= 6§ +q and, as x*V*(1) is not divisible by 4,
necessarily 8§ =e. It is now clear from (1) that for any odd prime p dividing g+,
the character y* of N is of defect 0 and then vanishes for all p-singular elements
of N, cf. [9]. If r € C, and r# 1, we can choose a prime factor p of }(g+¢) which
divides the order of r. Then y*(r)=0 and as (4) holds for r, we have

«/:(r) = —8;" = —e,

(This can also be seen in other ways.) It now follows from Proposition 3.2.3 that
if re Cy and r#1, then

B xalxr) = -3, xa(xr) = 8, xs(xr) = — 8, xa(xr) = —28,.

This is actually the same as the equation (10.5) in [8, (10D)].

We now come to the proof of the crucial Lemma (10E) of [8], which states that
if P is the Sylow p-group of G for some prime p dividing 4(g+¢) and if P is abelian,
it is impossible that N(P)= C(P)<{x,), where x, is an involution which inverts P.

Suppose by contradiction that N(P) is of this form. Then the results of [6, III,
§IX] apply with m=2. It follows that the principal p-block By(p, G) consists of
(|P]+3)/2 characters which as in [8] will be denoted by

©) Xo=L, ¢ (=12...,(P|-D/2)

(which are not to be confused with the character ¥ of N in Proposition 3.2.3).
The characters (6) are real-valued. Moreover, there exists a sign 8* such that for
all p-singular elements w of G, we have

)] Pi(w) = 8%,
while for all p-regular elements r of G and all i,
®) &*+¢y(r) = $9(r).
In particular, all *(r) with the same r are equal. Finally, if we set
® @ = (1)1 +8%)/(h1 (1) —$1(x0))*
and if w#1 is an element of P, we have
C(xo)|?
10 Gl=g= |C(xo 2,
(10 l I g=a |C(W)| w

where 1 denotes the number of conjugates of x, which invert w.

Since p divides the order (q+¢)/2 of C,, we may assume without restriction that
P N Cy#1 and we can choose w#1 in P N C,. By the results of [8, §10] discussed
or by Lemma 2.2, the centralizer C(w) is K and the extended centralizer C*(w)
of wis H. Hence p is the number of involutions in H— K. Since H has the dihedral
Sylow 2-subgroup D={y, z)> and since x, z, xz lic in K while the other two in-
volutions yz and yxz are conjugate in H, the number p is the number of conjugates
of yz in H. Thus,

p = |H:Cy(y2)|.
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Since |H:K|=2 and yze H—XK, it is then clear that p=|K:Cx(yz)|. If we use
[8, (10A)] and [8, (10C)] it is now clear that
2 |K]? K]
= = = + 2’
€O = KT1CO2F ~ [CaaE ~ 79+
where y=3 in the Case A and y=5/3 in the Case B.
Since |C(x,)| =|N|, it follows from (10) and (1) that

11 |G| = g = 2ayq*(g—e)*(q+2)°.

If v denotes the 2-adic exponential valuation of the rationals, then as v(g)=n+1,
v(g+¢e)=1, and v(g—e)=n—1, we find

12 (@) = —n—1.

It follows from (8) that either ¢,(1) or (1) is odd. Now all real-valued irreducible
characters of odd degree lie in By(2, G). If |P|#3, the degrees (1) cannot be
odd since by Corollary 3.2.1, By(2, G) does not contain two different characters
of the same odd degree. If |P|=3, we can interchange 4, and ¢, if necessary,
and we may assume that ,(1) is odd. It follows that , € By(2, G). Then ¢, must be
one of the characters x;, x2, xs in Bo(2, G).

If 4, = x5, comparison of (5) and (7) for w=xr with r#1 in P N C, yields

8a = Xa(xr) = xa(W) = ¢(W) = &*.

By (3),

P1(x0) = xalXo) = —02¢4.
Now, (9) becomes

a = fofat+3)/(f2+ 8269)>

Since v(eg—1)=n—1, the congruence for f; in Proposition 3.2.6 shows that
vW(fa+85)=n—1, v(fz+38;eq)=n+1 and then w(e)<n—1-2(n+1)=—n—3, which
is not consistent with (12).

Similarly, if ), =xs, we have

=83 = xa(xr) = Py(xr) = &%, P1(x0) = xalX0) = xa(x) = — 85,
and then

a = f3(fs—83)/(fs+83)%

Here, by Proposition 3.2.6, v(f3+83)=n and we find »(«)=1-2n, which again is
inconcistent with (12).
Thus, only the possibility ¢, =x, remains. Here by (5) and (7)

-8 = Xl(x") = i (xr) = 8%,
while by (3) #,(X0) = x1(%) = 312¢. Thus,
@ = filfi—8)/(fi —:09)".
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On substituting this in (11) and comparing the result with (2), we obtain

(13) (g—)(f1+8)) = (g +e)(fi—3).

In the Case A, y=3 and (13) shows that 3(¢+¢) divides f, +8,. Since f;+8, is
even, g+e also divides f; + 6,. If we set

fi+8, = k(g+e)
with integral k, then (13) yields

3(fi—81) = k(g—e).
It follows from the last two equations that
68, = 3(f1+8.)—3(f1—31) = 2k(g+2e).

Since ¢> 17, this is clearly impossible.
In the Case B, (13) with y=5/3 implies that 4(q+¢) divides 3(f; +39,). Again,
q+ ¢ also divides 3(f; +8,) and if we set

3(fi+8y) = k(g+e)
with integral k, we find
5(fi—381) = k(g—e).
The last two equations imply
158, = k(q+4e).

Since g+4e then divides 15, and since ¢>7, we can only have g=19. Then k=1,
8,=1, fi=5. By Propositions 3.2.4 and 3.2.6, then 6=f,+f5, 5/;=361f;. This is
absurd and we see that [8, (10E)] holds in our case.

If we take here / as $(g + ¢), then the statement [8, (10F)] is obtained as a corollary
as in [8]. We now know that /=4(g+¢) is divisible only by the primes p=3 or 5.
If 5 divides /, we must have Case B.

It was already mentioned that [8, (10G)] holds. Again, the proof of [8, (10H)]
applies. Actually, we need it only for p=3 where it can be simplified slightly.
As in [8, p. 148, lines 12 and 13}, it follows that 9 does not divide /. (An analogous
proof is carried out in detail below in Propositions 7.1 and 7.2.)

We now see that we must have

(14) I=3g+e) = 345"

with A=0 or 1 and with m>0. Since ¢> 7, necessarily m>0. Then 5|g+¢ and, as
remarked above, we then have Case B. Since |K:C,| =60 and since |Cy| =3(q+¢)
is divisible by 5™, it follows that 5™** divides g=|G]|.

Let v now denote the 5-adic exponential valuation of the rational numbers(*2).

(*2) The following discussion also appears in [8]. We repeat it here to make it clear that it
does not depend on the hypothesis 25|/.
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Then v(q+¢&)=m, v(q)=0, v(g—e)=0. On account of (2), we have

(15) m+1 = v(g) = m+v(fy) +v(fa+ 82) — 2v(fo+ 8229).
Hence, we have one of the following two cases: »(f3)>0 or »(f3+385)>0. We
refer to the former case as Case I and to the latter case as Case II.

Case 1. v(f3)>0.

Then

(16) Wfat82) =0,  v(fat32eq) = 0.

Let P, denote the Sylow 5-subgroup of C, and set P,={r). Since (5) shows that
x2(xr)#0, it follows that r belongs to a defect group D of the 5-block B(5) to
which y, belongs, cf. [5, II]. On the other hand,

a7 (Ic—é;)—l %"’)) = Wg)—nfo)— | Cn).

Since C(xr)< C(x), we have
W(|C@&xr)]) = W(N|) = v(g+e) = m.

On the other hand, C,= C(xr) and we conclude that we have equality. Now
(15) and (16) show that the right side of (17) vanishes. It follows from the definition
of defect groups in [5, I] that C(xr) contains a conjugate of the defect group D of
B(5). It is now clear that we can choose D=<{r)=P,.

Case 11. v(f;+85)>0.

Here, v(f;)=0. As we have (fy+8;)—(fa+0826q)= —8ze(q—e), v(fo+829)=0.
Thus,

(16%) W(f2) = v(fa+82¢q) = 0.

Note that by Proposition 3.2.4, f,+8,=f,. If P,={r) is the Sylow 5-subgroup
of C, as before, by (5) ys(xr)= —238,. Let B(5) here denote the 5-block of G to
which y, belongs. The same arguments as in the Case I show that B(5) has the
defect group P,

We follow [8] in studying 5-blocks of G with defect group P,. On account of
[8, (10A), (10B), (10G)] or of Lemma 2.2 (vii), we have C(P,)=C(Cy)=K, N(P,)
=K{yz)>, and as we have Case B, K/C,~PSL(2, 5). We can then set K=K, x C,
cf. [25], where K,~PSL(2, 5). It follows from (14) that we may set Co=Py X V,
where V is a group of order 3*, h=0 or 1. (In [8], the group V is denoted by %,.)

The group K,~PSL(2, 5) has a unique irreducible character § of degree 5 and
we interpret 6 as a character of K which is trivial on C,. Let w be a faithful linear
character of the cyclic group P, and interpret w as a character of K which is trivial
on K, x V. Then the 5™ irreducible characters 6! with 0 <i<5™ form a 5-block b
of K with the defect group P,. The arguments in [8, p. 149] show that in both Cases
I and 11, B(5) is the block b€ of G. If w € Py, w# 1, and if r is a 5-regular element of

C(Py)=K, we can set
xu(wr) = d,(w)b(r)
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for y, € B(5), where the d,(w) are the generalized decomposition numbers for w,
cf. [8, (10.12)]. Since 6(x)=1, then d,(w) =x,(wx) for x, € B(5). If u € G, we consider
the values y,(¥) with x, € B(5) as entries of a column X () for B(5), cf. [6, I, p. 165].
Then X(wx) is the column X(w) with the entries d,(w). It follows that the column
R denoted by a(w—1) in [8] can be written as follows:

(18) R=5"> X(wx)(@w)—1)

with w ranging over P,. As in [8], we see that R is an integral column, that (R, R)
=3, and that (R, X(#))=0 for 5-regular u € G. Then R has three nonzero entries
and these are + 1. This implies that the Case II is impossible, cf. the first paragraph
of [8, p. 150].

If we have Case I, the arguments in [8] show that y,, x; € B(5) and that we have a
further character x,; such that, with a suitable sign », we have the entries

R X(1) X(x)
Xz | =92 Ja —82¢q
X3 83 fZa —8;

X8 1 782fa—383fs) n(l—eq)

Here, the entries of R for y, and x; are obtained from (18) and (5), those of X (1)
are obvious, and those of X(x) are obtained from Proposition 3.2.3. The character
xs is chosen as the character in B(5) different from y, and y; for which the third
nonzero entry appears in R. The entries of X(1) and X(x) for y, are obtained
from the orthogonality with R.

We wish to apply [6, ITI (2A)](*®) using the block B(5) and the column R which
is a linear combination of columns X(w) with w € Py, w+# 1. Both involutions are
to be chosen as x. Finally, we use the subgroup H= K{yz) which is the extended
centralizer C*(w) for each w#1 in P,.

Let B*(5) denote the 5-block b¥ of H. Then (B*(5))¢=B(5). Then B*(5) covers
the block b of the normal subgroup K of H, e.g. by [7, 1, (4D)] and B*(5) consists
of the irreducible constituents of the characters of H induced by the characters in b.
Since 6 is the unique irreducible character of degree 5 of K which is trivial on C,,
0 is stable in H and hence there exist two extensions 6, and 6, of 6 to characters of
H. These belong to B*(5). Let R* and X *(u) have analogous significance for B*(5)
and H as R and X (u) have for B(5) in G. Then

19) R* = 57 3 X*(wx)(@(w)—1)

(*3) Since this part of the proof was given in [8] without full details, we shall present it
here completely.
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with w ranging over P,. Moreover, R* is an integral column for B*(5), (R*, R¥*)=3
and (R*, X*(u))=0 for 5-regular » in H. Again, R* has three nonzero entries and
these are all + 1. Since 8 is trivial on P,, we have 6(xw)=60(x)=1 for w € Py and (19)
shows that R* has entries — 1 for 6, and 6,. Let ¥ denote the third character of H
for which R* has a nonzero entry. Since 6, and 0, can be identified with the two
irreducible characters of degree 5 of H/C,~PGL(2, 5)~ S5, we obtain the entries
in the row belonging to 6, and 6, in the following table.

R* X*(1) X*(x) X*(2)

6, | -1 5 1 1
b, | -1 5 1 -1
x| 1 10 2 0

The orthogonality of R* with X *(1) shows that the entry of R* for y¥ cannot be
—1. Then this entry is 1 and the other entries for y} are obtained from the ortho-
gonality of R* with X*(1), X*(x), and X*(yz).

Note that the intersection of the conjugate class of x in G with H consists of the
conjugate classes of x and of yz in H. We are now ready to apply [6, III (2A)] and

find
—8,g2 & 1 —eq)? 1 1 1
, ,{,ﬂz( 2 sjfz 1) - [~ A0 5 )P+ h2)?)

where

1 1 1
16091 0 = Gt o

1 ! S S S
h(02) = mx—)P 02(X)+leTyZ_)|—2 02(}’2) = |CH(X)| ICH(yz)I

h(6,) = 0,(x)+

1
|Cr(x)|?

o1 L -
W) = e B0 e Gar 02 = 6w

Our result can then be written in the form

g —80%s(8sfs—83fa) + 85 f2(82fo— 8 f0) +fafo(l—2q)® _ 2 |H| 1
IN| Sofa(B2fa—83f3) 5 |Cu(yz)[?

Since we have Case B, we have |Cx(yz)| =6 by [8, (10C)] and since yz € H, |H: K|
=2, this implies |Cy(yz)|=12. Also, |H|=120|C,|=60(g+¢). Thus, the last
term in our equation is —(q+ ¢)/6.

The numerator of the factor by g/|N|? on the left can be written in the form

828313 + 828:0°f3 + fo fa(—2¢9).
Since f; f:=q%f3 and 8,8,=238; (cf. Chapter III, §2) this can be written in the

form
8. fofaf T H(@?+ 17 —2816qf1) = S:1fofafT H(fi—B169)°.
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If we use this, and substitute |N| and g from (1) and (2), we obtain

2g%g+e2)(g—e)® fi(fi+8) (f=8eaf _ _
49%(q—)*(q+e)* (fi—8:29)° % YA (g+2)/6.

Since 8,(f1+98,)= — 8, f5— 83f5 by Proposition 3.2.4, our equation becomes
3(82fa+8sfa)(g—¢) = (q+¢e)(82f2—8afa).

Hence
28,fx(q—2¢) = —23,f3(29—¢).
On multiplying with f; and using f; f,=¢%fs, we have

q%(q—2e) = fi(2q—e).

This implies that 2g—e divides g—2¢ and hence that 2g—e divides 3. This is im-
possible and the proof of Proposition 1 is complete.

4. Elimination of the case /=1, B#1. We continue with our assumption that
the characteristic power g of G exceeds 7 together, of course, with the assumption
that G is a simple Q D-group satisfying the conclusions of Theorem B. We know
from Proposition 3.1 that O(N)#1. Hence either A#1 or B#1. In the next two
sections we shall demonstrate that the case A=1, B#1 does not occur. This will
imply that 451, in which case parts (ii) and (iii) of Theorem C will then follow
from Propositions 2.2 and 2.5. Since part (i) of Theorem C has been proved in
§1, all that will then remain is to establish part (iv) of Theorem C.

We assume by way of contradiction that A=1 and B#1. In view of Proposition
2.3, it follows that ¢g#9. Hence, under the given conditions, our assumptions
imply that ¢ >9. In particular, this implies that L, is a direct product. Since O(N)
=B in the present case, we have

(1) Lo = JxB.

Our argument will be largely group-theoretic. However, at one point in the next
section we require a character-theoretic result which will restrict the possible prime
divisors of b=|B|. We shall make considerable use of the omnibus Lemma 2.2.
We again set H=N(C,) and K= C(C,). In particular, by the lemma, O(H)=C,,
H/C, is isomorphic to PGL(2, q'), where ¢’ =¢’' (mod 4), ¢'= + 1, K/C, is isomorphic
to PSL(2, q'), and D is a Sylow 2-subgroup of H. Moreover, B is cyclic of order
) b= ¥q'—¢).

In this section, we shall treat the special case

A3) q =q and & =e.

However, we begin with an easy consequence of Proposition 2.1 and Lemma 2.2
(vii), which is valid in all cases.
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LeEMMA 1. The following conditions hold for any subgroup R of G of odd order:

(i) If Co= R and C, is a Hall subgroup of R N H, then C, is a Hall subgroup of R
and R possesses a normal complement to C;

(ii) If BE R, then R possesses a normal complement to B.

Proof. Let the assumptions be as in (i). Let P be a nontrivial Sylow p-subgroup
of C, for some prime p, and let Q be a Sylow p-subgroup of R containing P. By
Lemma 2.2 (vii), N(P)< H. In particular, No(P)< H N R. Hence No(P)=P and
consequently Q=P and P is a Sylow p-subgroup of R. Moreover, Ng(P)<K as
R is of odd order and K is of index 2 in H. But K centralizes P since it centralizes
Co. Thus P<Z(Nx(P)) and so R has a normal p-complement by Burnside’s transfer
theorem. Since p is arbitrary, both parts of (i) follow at once.

The proof of (ii) is similar. Let P be a nontrivial Sylow p-subgroup of B and let
U denote a Sylow p-subgroup of N containing P. Since L,=Jx B is of index 2
in N=L, it follows that U=(U N J)x P. Since U N J is abelian by Lemma 2.4.1
and since B is abelian, we see that U is abelian. Moreover, by Proposition 2.1,
U is a Sylow p-subgroup of G.

Next let Q be a Sylow p-subgroup of R containing P. Since the Sylow p-sub-
groups of G are abelian, Q< N(P). But N(P)< N by Proposition 2.1 and so Q< N.
Hence by the same proposition, N(Q)< N. Furthermore, since L, is of index 2
in N and R is of odd order, NN R=L, N R and consequently Nz(Q)<L, N R.
But L,=J x B and B is abelian, so P<Z(Ng(Q)). Since Q is abelian, Theorem 7.4.4
of [19] now yields that R possesses a normal complement to P. Since p is again
arbitrary, (ii) also follows.

For the balance of the section we assume that ¢’ =q and ¢ = . We let p be the prime
divisor of ¢ and fix this notation. As the first step in the argument, we prove

PROPOSITION 1. e= —1.

We carry out the proof by contradiction in a sequence of lemmas. Thus through-
out we assume that e= +1.

LEMMA 2. The following conditions hold:
(i) A Sylow 2-subgroup of G has order 16;
(ii) Uy(Cy; p) and N(C,B) are trivial;
(iii) B{y) is a cyclic subgroup of H of order q—1 and acts regularly on some
Sylow p-subgroup of H which is elementary abelian of order q;
(iv) If P is a nontrivial p-subgroup of G, then N(P) does not contain a four sub-
group.

Proof. In the present case, |N|=2bq(q+ 1)(¢—1). Furthermore, by Lemma 2.2
(iii), g'=9=3, 5 (mod 8). Since =1, we have, in fact, g=5 (mod 8), whence 16
is the exact power of 2 dividing N. Since N contains a Sylow 2-subgroup of G,
(i) holds.
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By Lemma 2.2 (iv), b=4(¢—¢) and so B has order prime to p. Furthermore,
since e=1, Lemma 2.4.6 (i) implies that W;(C,) is trivial. Since N=L,T=(J x B)T,
both parts of (ii) follow at once.

Since y € J, y centralizes B. Hence by Lemma 2.2 (iv), B{y) is a cyclic subgroup
of H of order ¢'—¢'=q—1. Since H= H|C, is isomorphic to PGL(2, g), it follows
from Lemma 3.1 (vi) of [22] that B{y) acts regularly on a Sylow p-subgroup P
of H and P is elementary abelian of order g. But |Co| =3(g+¢) is prime to p. Since
B{y) N Cy=1, (iii) follows at once.

To prove (iv), it will suffice to show that T normalizes no nontrivial p-subgroup
of J. Indeed, if this is the case, then Uy(T'; p) is trivial as B is a p’-group. Since the
involutions x=x;, X, x3 are conjugate in N(T), it follows that Ug(T; p) is
trivial for all i, 1<i<3. But then if T normalizes the p-subgroup Q of G, our
conditions force Cg(x;)=1 for all i. Therefore Q=1 and so T normalizes no non-
trivial p-subgroup of G. However, G has only one conjugacy class of four sub-
groups by Lemma 2.1.1 and hence no four subgroup of G will normalize a non-
trivial p-subgroup of G, as asserted in (iv).

Suppose then that T normalizes a nontrivial p-subgroup of J. Since the Sylow
p-subgroups of SL(2, g) with g=p™ are known to be disjoint from their conjugates,
it follows that T normalizes a Sylow p-subgroup Q, of J. Since JT=JT/{x) is
isomorphic to PGL(2,q), Lemma 3.1 (vi) of [22] implies that N;n(Q,)=0,7,
where Y is cyclic of order g—1 and acts regularly on Q,. If Y is the inverse image
of Yin JT, then T< Y, | Y|=2(9—1), and Y has a normal 2-complement. Further-
more, since ¢e=1 and ¢=3, 5 (mod 8), it follows that |O(Y)|=3(g—1)=b. In
particular, O(Y)#1 and O(Y) has order relatively prime to }(g+1)= |Co|- Hence
x, must invert O(Y). But O(Y) acts regularly on Q, and consequently if we
consider the action of O(Y){x,> on Q,, we must have Cg (xz)#1. Since Cq (x,)
centralizes T, we conclude that p divides |C,|, which is not the case. This contra-
diction completes the proof of (iv).

Let P be a Sylow p-subgroup of H normalized by B{y>. By Lemma 2.2 (ii),
P centralizes C, and so CyB{y) normalizes P. We next prove

LemMA 3. If Q is a CoB{ y)-invariant p-subgroup of G of maximal order containing
P and F=N(Q), then the following conditions hold:
(i) Q is abelian and inverted by x;
(ii) F has a normal 2-complement
(iii) B is a Hall subgroup of O(F);
(iv) Q is a Sylow p-subgroup of G.

Proof. First, Cy(x) is a Cy-invariant p-subgroup of N=C(x), so Co(x)=1 by
Lemma 2 (ii). Hence x inverts Q and so Q is abelian, proving (i).

By Lemma 2 (iv), F does not contain a four group, so a Sylow 2-subgroup of F
is either cyclic or generalized quaternion. Thus F is either a Q-group or has a
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normal 2-complement. Consider the first case. Then F=0O(F)(F N N) as x=)? is
in the center of some Sylow 2-subgroup of K. Likewise we have that FNJ is a
Q-group. Since C,< F N J and C, is cyclic of order $(g+ 1), an argument entirely
analogous to that of Lemma 2.4.2 (ii) yields that F N J=J. Since also BEFN N
and F does not contain a four group, it follows that Lo=Jx B=F N N. Thus
B< O(F) and F=O(F)J.

In either case, set R=O(F)C,. Then PCoBS R N H. Since H= H|/C, is isomor-
phic to PGL(2, q), Lemma 3.1 (viii) of [22] implies that PB is a maximal subgroup
of H of odd order, whence PC,B is a maximal such subgroup of H. We conclude
therefore that PCoB=R N H. Since |P|=q, |Co|=4%(g+1) and |B|=%(g—1), it
also follows that C, is a Hall subgroup of RN H.

We can therefore apply Lemma 1 to C, as well as to B to conclude that C, is a
Hall subgroup of R and that CyB has a normal complement U in R. Since x
centralizes CyB, we have Cy(x)= Cy(x)C,B. Since Cx(x) is CyB-invariant, it follows
that Cy(x) is as well. Thus Cy(x) € Uy(C,oB) and hence Cy(x)=1 by Lemma 2 (ii).
(We do not yet know that x leaves U invariant.)

We claim that B is a Hall subgroup of R. Indeed, if r is a prime divisor of b
and V is a Sylow r-subgroup of R such that ' N B is a Sylow r-subgroup of B,
Proposition 2.1 implies that V< N. In particular, ¥N US N, whence VN U
SCy(x)=1. But ¥ n U is a Sylow r-subgroup of U as U is normal in R and V
is a Sylow r-subgroup of R. We conclude that U is an r’-group. Thus U has order
prime to b. Since R=UBC, and C, also has order prime to b, we see that B is a
Hall subgroup of R, as asserted. In particular, since BSO(F)<R, B is a Hall
subgroup of O(F) and so (iii) holds.

Furthermore, since U has order prime to |CyB|, it is characteristic in R and so is
y-invariant. Since Cy(x)=1, x inverts U and U is abelian. If Q, denotes the Sylow
p-subgroup of U, then Q, is characteristic in U and hence is invariant under
CoB{y>. But Q= U as Q is normal in F and so Q< Q,. It follows therefore from
our maximal choice of Q that Q= Q, and we conclude that Q is a Sylow p-subgroup
of R and hence of O(F). If F has a normal 2-complement, Q is a Sylow p-subgroup
of F=N(Q) and hence Q is a Sylow p-subgroup of G, so (iv) holds in this case.

Thus the lemma will be completely proved once we establish (ii). However, if
F does not have a normal 2-complement, then the above argument shows that
F=0(F)J. Since x inverts Q, J is faithfully represented on Q;=Q,;(Q) regarded
as a vector space over GF(p). Lemma 2.4.18 now yields that |Q;|=¢2. Since
J N Q,=1 and q divides |J|, it follows that ¢® divides |G]|.

On the other hand, |C|=2(q+¢) and |N|=2bg(q—1)(g+1) with b=1}(g—e).
Hence C has order prime to p and a Sylow p-subgroup of N has order g. Since ¢°
divides |G|, we conclude at once from the definition that G is regular. But then
Proposition 2.2 implies that B=1, contrary to assumption.

We shall now construct a Sylow p-subgroup of G by an alternative procedure.
We need the following preliminary result:
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LeMMA 4. If Q, is a Sylow p-subgroup of J, then Ny(Q,)= YB, where Y is cyclic
of order 2(q—1) and O(Y)B is abelian of type (b, b). In particular, the Sylow 2-sub-
group of Y is cyclic of order 8.

Proof. Arguing as in the final paragraph of the proof of Lemma 2, we have that
N;7(Q1)=0,Y, where | Y|=2(g—1), Y/{x) is cyclic, and Y has a cyclic normal
2-complement of order }(¢—1)=b. Furthermore, by Lemma 2 (iv) itself, Y does
not contain a four subgroup. It follows at once that the Sylow 2-subgroups of Y
are cyclic of order 8. Since Y/{x) is cyclic, this implies that Y is cyclic. Since
O(Y)<J, O(Y) centralizes B and O(Y) N B=1. Since B is also cyclic of order b,
O(Y)B is therefore abelian of type (b, b) and all parts of the lemma are proved.

We now prove

LEMMA 5. If R is a YB-invariant p-subgroup of G of maximal order containing Q,,
then R is a Sylow p-subgroup of G.

Proof. Set V=N(R). Since R#1, V does not contain a four group by Lemma 2
(iv) and hence ¥V does not contain a Sylow 2-subgroup of G. Lemma 2 (i) now im-
plies that a Sylow 2-subgroup of ¥ has order at most 8. But Y< ¥ and the Sylow
2-subgroup of Y is cyclic of order 8. We conclude that ¥ has cyclic Sylow 2-sub-
groups and hence that V possesses a normal 2-complement.

We shall argue next that X=0(Y)B is a Hall subgroup of O(V) and that X
has a normal complement in O(V). Indeed, let r be a prime divisor of b and let
U be a Sylow r-subgroup of O(V) containing one of X. Since U N B is then a
Sylow r-subgroup of B, Proposition 2.1 implies that US N. But O(Y) is a Hall
subgroup of J inasmuch as |O(Y)|=b=4(¢—1) and |J|=q(g—1)(g+1). Hence X
is a Hall subgroup of N and so X contains a Sylow r-subgroup of N. It follows that
U< X, whence X contains a Sylow r-subgroup of O(¥). Since r was arbitrary, we
conclude that X is a Hall subgroup of O(V).

Furthermore, C,(U)< C(U N B)< N since U N B#1 and G satisfies the con-
clusions of Theorem B. But x € Cy(U) as U< N. Since Cy(U) is normal in Ny(U)
and since a Sylow 2-subgroup of Cy(U) is cyclic, it follows at once by the Frattini
argument that

Ny(U) = Cy(U)(Ny(U) 0 N),

whence Ny(U)< N. In particular, Ny, (U)< N. On the other hand, U N O(Y)#1
as r divides b=|0(Y)|. Applying Lemma 3.1 (v) of [22] to JT/{x, it follows at
once that N,7(U N O(Y)) has O(Y) as a normal complement. Since U=(U N O(Y))
x (U N B), it follows that Ny(U) has O(Y)B= X as a normal complement. Since
Now (U)= Ny(U), we conclude that Noy,(U)< X. But X is abelian and hence U
is in the center of its normalizer in O(V). Burnside’s transfer theorem now yields
that O(V) possesses a normal r-complement. Since this holds for each prime divisor
of b and since X is a Hall subgroup of O(V), we conclude at once that X has a
normal complement ¥V, in O(V).
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Finally, our conditions imply that ¥, has order prime to |X|. In particular,
V, is characteristic in O(¥) and V, contains a Sylow p-subgroup of V. Since V,
has order prime to YX = YB, it follows that YB normalizes some Sylow p-subgroup
R, of V, and hence of V. But RS R, as R is normal in ¥V, whence R=R, by our
maximal choice of R. Since R is a Sylow p-subgroup of its normalizer, we conclude
that R is a Sylow p-subgroup of G.

We can now easily complete the proof of the proposition. Let Q, F, Y, and R
be as above. Since Q and R are Sylow p-subgroups of G by Lemmas 3 and 5 and
since YB normalizes R, we see that (YB)* normalizes Q for some u in G, whence
(YB)*< F=N(Q). Since F has a normal 2-complement by Lemma 3 (ii), it follows
that (O(Y)B)*<O(F). But O(Y)B is abelian of type (b, b) by Lemma 4 and
therefore b? divides |O(F)|. Since |B|=b, this implies that B is not a Hall
subgroup of O(F), contrary to Lemma 3 (iii). This completes the proof of the
proposition.

We next prove

PROPOSITION 2. A Sylow p-subgroup of G has order q.

Proof. Since B#1, G is not regular by Proposition 2.2. As in Lemma 3 above,
this implies that ¢® does not divide the order of G. Thus a Sylow p-subgroup of G
has order less than ¢3. We use this fact to establish the proposition.

Since e= — 1, Lemma 2.4.10 implies that C = C,T normalizes a Sylow p-subgroup
0, of N. Moreover, Q, is elementary abelian of order g and C acts irreducibly on
0,. Assume by way of contradiction that Q, is not a Sylow p-subgroup of G.
We shall argue that a Sylow p-subgroup of G has order at least ¢® and this will
contradict the conclusion of the preceding paragraph.

Set F=N(Q,), so that CoBT< F. We shall argue that F has a normal 2-comple-
ment. Since C,=0(C) has order prime to p and since G has only one conjugacy
class of four groups, Q, does not centralize any four subgroup of G. Hence a
Sylow 2-subgroup S; of C(Q,) is either cyclic or quaternion (since a Sylow 2-sub-
group of G is quasi-dihedral of order 16). Since x € C(Q,), we can choose S; to
contain x, in which case x € Z(S;) and hence S;<N. Since N=(J x B)T with JT
isomorphic to SL*(2, ¢), it is immediate that {x) is a Sylow 2-subgroup of Cy(Q,).
Hence (x)=S, and C(Q,) has a normal 2-complement. Furthermore, since
C(Q,) is normal in F, it follows by the Frattini argument that F=C(Q,)(F N N).
But F N N2 CBQ, by Lemma 2.4.10. Furthermore, if we set N=N/B{x), Lemma
3.1 (vi) of [22] shows that Ny(0,)=CQ,. Hence FN N=CBQ, and so FN N
also has a normal complement. Since {x> is a Sylow 2-subgroup of C(Q,), we
conclude at once that F itself has a normal 2-complement, as asserted.

We know that H= H/C, is isomorphic to PGL(2, q) and that B is cyclic of order
1(g—e)=3(g+1). Lemma 3.1 of [22] implies therefore that B is a maximal sub-
group of H of odd order. Hence C,B is a maximal such subgroup of H. Since
CoB<= O(F), it follows that C, is a Hall subgroup of H N O(F). We conclude
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therefore from Lemma 1 that CoB has a normal complement U in O(F). Clearly
0,< U. Since O(F) N N=C,BQ,, we also have that Un N=Q,.

We argue next that also B is a Hall subgroup of O(F). As in Lemma 3, if V
is a Sylow r-subgroup of O(F) with ¥ N B a Sylow r-subgroup of B, r a prime
divisor of b, we have by Proposition 2.1 and the normality of U in O(F) that
VNUSN and V=V N U)V N B). Since UN N=Q, and r is prime to p, it
follows that ¥ N U=1 and V< B. Thus B is a Hall subgroup of O(F), as asserted.
Since O(F)=UC,B and C,B is a Hall subgroup of O(F), this implies that U is
characteristic in O(F). In particular, U is T-invariant. Since Cy(x)=U N N=Q,,
x inverts U/Q, and so we also have that U/Q, is abelian.

Set Q=0,(U). Since Q, is a p-group and U/Q, is abelian, it follows that Q
is a Sylow p-subgroup of U. Since F has a normal 2-complement and O(F)= UC,B,
Q is, in fact, a Sylow p-subgroup of F. Moreover, Q is invariant under C,BT
inasmuch as U is normal in O(F) and is T-invariant.

By assumption, @, is not a Sylow p-subgroup of G. Since Q is a Sylow p-sub-
group of F=N(Q,), it follows that Q> Q,. We shall determine the order of Q.
The involutions of T are x=x;, x5, x3 and Q has the corresponding T-decomposi-
tion 0=0,;0,0;. We claim that Q;#1, i=2 and 3. Indeed, suppose, say, that
Q,=1. Then x, inverts 0= Q/Q,. But x, also inverts B and consequently B is
forced to centralize Q. Since B centralizes Q,, this implies that B centralizes Q.
However, C(B)= N as G satisfies the conclusions of Theorem B. Since Q, is a
Sylow p-subgroup of N, it follows that Q= Q,, which is not the case. Thus Q;#1,
i=2 and 3, as asserted.

Finally, Q;=N,=C(x;) and Q, is C-invariant, i=2 or 3. But N;=(J,T)x B,
where J; is isomorphic to J and B; to B. Hence Q,<=J; and we conclude now from
Lemma 2.4.10 that Q; is necessarily a Sylow p-subgroup of J;. Thus |Q;|=¢q for
i=2 and 3. Furthermore, Co(T)=1 as C, is a p’-group. Hence Q= Q,0Q,0; has
order ¢3. However, this is impossible since a Sylow p-subgroup of G has been
shown to have order less than ¢°.

We can now easily establish the main result of the section.

PROPOSITION 3. If A=1 and B#1, then either q' #£q or & #e.

Proof. Assume by way of contradiction that ¢'=g and ¢'=e. Let P be a Sylow
p-subgroup of H=N(C,). Since H/C, is isomorphic to PGL(2, q), P is elementary
abelian of order ¢. Hence by Proposition 2, P is a Sylow p-subgroup of G. Like-
wise a Sylow p-subgroup Q; of N has order g and is a Sylow p-subgroup of G.
By Sylow’s theorem, P and Q, are conjugate. Since Q, centralizes x, we conclude
that P centralizes some involution u of G.

We have already argued in Proposition 2 that (x> is a Sylow 2-subgroup of
C(Q,). Hence (u) is a Sylow 2-subgroup of F=C(P) and consequently F has a
normal 2-complement. On the other hand, K=C(C,) has index 2 in H, whence
P<K and so P centralizes C,. Thus CoS F and hence Co< O(F). If H=H/C,,
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then Cy(P)=P by Lemma 3.1 (vi) of [22] and so F N H=Cy(P)=PC,. Hence C,
is a Hall subgroup of F N H and now Lemma 1 (i) yields that C, is a Hall subgroup
of O(F). But then by the Frattini argument, some involution » of F normalizes
Co. Thus ve FN H=PC,, which is impossible as PC, is of odd order. This
completes the proof of the proposition.

5. The case A=1, B#1 (continued). We continue the notation and initial
assumptions of the preceding section. In particular, A=1, B#1, and ¢>7. By
Proposition 4.3, either ¢’ #q or & #e. The elimination of this remaining case is
based in part on the following proposition which imposes a restriction on the
prime divisors of b. Its proof is primarily character-theoretic.

PRrOPOSITION 1. If p is a prime divisor of b, then p divides q(q—1)(q+1).

Proof. As noted at the beginning of the preceding section, our conditions imply
that ¢ #9, that Ly=J x B, that N=L, and that E=1. In particular, B is centralized
by the Sylow 2-subgroup (s%, sz) of J. On the other hand, B is inverted by z.
This implies that B is abelian. If u, and u, are two elements of B which are conju-
gate in G, then as S is a Sylow 2-group of the extended centralizers C*(u;) and
C*(uz) of u; and uy, u, and us® are conjugate in N(S)=SxE. Since E=A4=1
under our present conditions, the remark above shows that u,=ui!.

Suppose that p is a prime which divides b, but not g(g—1)(g+1), and let P be a
Sylow p-subgroup of B. Since

|N| = 2bg(g—1)g+1),

P then is a Sylow p-subgroup of N and, by Proposition 2.1, P is a Sylow p-subgroup
of G. As a subgroup of B, P is abelian. If r € N(P) and if u € P, the elements u
and «" are conjugate. As we have seen, then u"=u**. If u;, u, € P—{1} and u} =u,,
we cannot have uj=u;! since then (uyuy) =u,uz*#(uuz)* . It follows that r
either centralizes P or inverts P. Since for r=z we have the latter case, we conclude
that

M N(P) = KC(P), 2).

The following argument is very similar to one used in §3. It follows from (1)
that we can apply the results of [6, III, §IX], in particular the Theorems (9A)
(9B), (9C) of that paper with m=2. It follows that the principal p-block B,(p, G)
consists of (|P|+3)/2 characters yo=1, ,, $® with i=1,2,..., (|P|—1)/2 (which
are not to be confused with the character ¢ of N in Proposition 3.2.3). They are
real-valued. Moreover, there exists a sign 8* such that, for every p-singular element
wof G.

() $a(w) = 8%,
while for all p-regular elements r of G and all i

€) &*+4u(r) = ).
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In particular, all °(r) with the same r are equal. Finally, if we set

C)) a = (D) +8%)/(() —$(2))
and if u#1 is an element of P, we have
_ 1€
IGI =« W #29

where p denotes the number of conjugates of z which invert u.

It follows from Theorem B that C(u)< N. Since J and B centralize u, while z
inverts u, the group C(u) is the normal subgroup L, of N of index 2 and p is the
number of involutions which lie in N—L,. Since x € Ly, and z ¢ L,, pu then is the
number of elements in the conjugate class of z in N. Thus

b= IN:Cy@)| = N:C].
Since |C(z)|=|N| and |C(u)| =3|N|, it follows that

|N|®
l_CF.

The equation (3) shows that either ¢,(1) or all (1) are odd. Since the characters
are real-valued, accordingly either #, € By(2, G) or P € By(2, G) for all i, cf.
[6, IV]. If |P|#3, the latter case is impossible, since Corollary 3.2.1 shows that
By(2, G) does not contain two different irreducible characters of the same odd
degree. Thus, ¥, € By(2, G) for |P|#3. We may assume that this is still true for
|P| =3, since we can here interchange 4, and ¢, if necessary.

It follows from i, € By(2, G) that ¢, is one of the characters x;, xs, xs of the
principal 2-block By(2, G). Now (2) implies that

Pi(xu) = +1.
On the other hand, as u € O(N), Proposition 3.2.3 shows that

® G| = 2«

xi(xu) = +q fori=1,2.
Hence necessarily #, = x3. Now Proposition 3.2.3 yields
$a(2) = xo(2) = xs(®) = =85, hixu) = xs(xu) = —3s.

On comparing the second equation with (2), we find 8* = — 83 and (4) becomes
e = fo(fa—83)/(f3+85)%

_ [N =29
191 = [Cp? Gasr

On comparing this formula with the expressions for |G| in Proposition 3.2.6,
we have

6) f[i(fi+8,) g+e _ Sao(fa—82) q—e - 2fs(fa—33)_
(i—3819)* q (f2t0:29) ¢ (fs+85)?

Thus
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Suppose first that §3= — 1. Then the last expression in (6) is more than 2. Since
(9+¢)/g<2, it follows that 8,e=1. Moreover

AU +8)(g+2) > 29(fi—9)*

Hence
1+/)@g+1) > 29(ff—2q9f1+47),

fil@—-1) < fi(4g*+q+1).

whence

Since for g=7, we have
44°+q+1 < 49°+29—6 = (9—1)(49+6),

f1 < 4q+6.
Since 8,8,83=1, it follows from 8;= —1, 8, =¢ that 8,= —e. Then (6) yields

(g-9fa(f2—32) > 29(fa—9)%
As in the case of f;, we see that

[ < 4q9+6.
Since f3q%=f, f>, it follows that

fa9* < (49+6)* < (59)*.

Hence f3<25. However, in the proof of Lemma 3.7.3, we have seen that f3> 100
for g=7. Hence we have a contradiction.
Assume next that 83=1. Then 8,=68,= —1. It follows from Proposition 3.2.8
that f; >¢2 f,>4¢>
If e=1, the expression on the left in (6) is less than (g+1)/g<8/7. If e=—1,
then as fi(f; —1)/(f1—¢)? is increased if f; is replaced by a smaller value lying
above ¢, we find
A=) g—-1 _q¢%g*°—1)gq—1 _q+1
(i-9? ¢ ~ @—9° ¢ q

In either case, (6) implies

we obtain

<8
7

fo(fs—1)
2 ot 17 <
This is false for f;=6 and hence for all f;=6. Thus, f;<6. However, this is
impossible and the proposition is established.
We use this to prove

8
7

PROPOSITION 2. q'+&'#q+e.

Proof. Assume, by way of contradiction, that ¢’ +&" =q+e. If &’ =e¢, this would
force ¢’ =q, contrary to Proposition 4.3. Thus

@) e =—e and q' = q+2e.
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By Lemma 2.2 (iv), b=21(¢'—¢) and hence by (7),
®) b = (g +3e).

But by Proposition 1, any prime divisor r of b is a divisor of g(g—1)(g+1)
=g(q—e)(g+¢). Since r divides g+ 3¢ by (8) and r is odd, the only possibility is
that r=3 and r divides g. Thus ¢g=3™ and b=3" for suitable positive integers m
and A.

Substitution in (8) yields

) 4.3071 = 3m-1p,

the only solution of which is A=1, m=2, and e=1. Thus b=3 and g=9. However,
by Proposition 2.3, b=1 when g=9. This contradiction establishes the proposition.

By Lemma 2.2 (v), Cy(zy) has a cyclic normal 2-complement U of order 4(g' +¢')
which is inverted by x. Note that since b=21(q'—¢’) and b#1, ¢'>3 and conse-
quently Us1. We shall now use Proposition 2 to establish the following property
of U:

LEMMA 1. U does not centralize a four subgroup of G.

Proof. Suppose, by way of contradiction, that U centralizes a four subgroup
T, of G. We set C¥=0(C(T,)), so that Cg is a normal 2-complement in C(T5).
In particular, U C§ as U has odd order and U centralizes T,. Since G has only
one conjugacy class of four subgroups, T, and T are conjugate in G and therefore
so are C¥ and C,. Hence if we set H*= N(Cy), it follows that H* and H are con-
jugate in G. As a consequence, Lemma 2.2 applies as well for H* and C¥.

Since U< C§, Lemma 2.2 (vii) implies that H*=N(U). But U centralizes C,
by Lemma 2.2 (ii), applied to H, whence Co< H*. It follows now from Lemma
2.2 (ii), applied to H*, that C, centralizes C¥. Hence Cy< H. Observe next that
since zy centralizes U, Lemma 2.2 (vii), applied to H*, yields that zy centralizes
C¥. Thus CF<=Cx(zy). But U is a normal 2-complement in Cy(zy), so CF< U.
Since U< C¥, we conclude that U=C¢.

On the other hand, |U|=%(g’'+¢’), while |C¥|=|C,|=%(g+¢). Since U=C§,
it follows that ¢’ +¢'=q+¢. However, this contradicts Proposition 2.

Now set T*={x, zy), so that T* is a four group. Since T* is conjugate to T,
there exists a 3-element ¢* in N(T*) such that x*"=zy. Setting N*=C(zy), it
follows that N*=N®. But N=JTB=JT*B and hence N*=J"T*B" We set
J*=J* and B*=B" and fix all this notation. In particular, B* is cyclic of order b,
J* is isomorphic to SL(2, q), N*=(J* x B¥)T*, and x inverts B*.

We next prove

LEMMA 2. The following conditions hold:
(i) UsJ*;
(ii) |U| divides q(q—¢).
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Proof. We know that U=0(Cy(zy))=N*, so UcJ* x B*. Since |U| is prime
to b=|B*| by Lemma 2.2 (vi), it follows that U<J*, proving (i).

A cyclic subgroup of SL(2,q) of odd order necessarily has order dividing g,
q—e, or q+e. Since U is cyclic and J* is isomorphic to SL(2, g), either (ii) holds or
|U| divides g+e. However, O(C(T*)) is a cyclic subgroup of J* of order 4(g+ ).
By the structure of SL(2,q), if |U| divides g+¢, a conjugate of U must lie in
O(C(T*)) and hence U centralizes a conjugate of T*, contrary to Lemma 1.

We next prove

LemMA 3. If H*=C*(U), then we have
(i) H* has a normal 2-complement containing CoB*;
(i) C, is a Hall subgroup of O(H*) and O(H*) has a normal Co-complement
(iii) If V* is a Hall subgroup of O(H*) containing B* for the set of primes dividing
b, then V*S N*;
(iv) HN O(H*)=UC,.

Proof. By Lemma 1, C(U) does not contain a four group. Hence if S, is a
Sylow 2-subgroup of C(U) containing zy, then S, is either cyclic or generalized
quaternion. In either case, zy € Z(S,), so SoS N*. If S, is generalized quaternion,
then S, necessarily lies in J*. But no nontrivial subgroup of J* of odd order
centralizes a quaternion subgroup of J* as J* is isomorphic to SL(2,q),
as is easily verified. Since U<J* by Lemma 2 (i) and U#1, we conclude that .S,
cannot be generalized quaternion. Hence S, is cyclic and so C(U) has a normal
‘2-complement. Since |H*: C(U)| =2, so also does H*. Furthermore, U centralizes
C, by Lemma 2.2 (ii) and centralizes B* by Lemma 2 (i), so CoB*< O(H*). This
proves (i).

Since H=H|O(H) is isomorphic to PGL(2,q'), U#1, and U=O0(Cg(zp)),
U=0(Cg(U)) by Lemma 3.1 (v) of [22]. Hence UC,=0(Cy(U)). But O(Cyx(U))
=H N O(H*) as O(H*) is a normal 2-complement in H*. Therefore UC,=
H N O(H*), which proves (iv).

We use (iv) to establish (ii). Indeed, |U| divides g(g—¢) by Lemma 2 (ii). Since
|Co| =%(g+ ), it follows that C, and U have coprime orders. But then C, is a Hall
subgroup of UCy=H N O(H*). Now (ii) is a direct consequence of Lemma 4.1 (i).

Finally let ¥* be as in (iii). Since B* is conjugate to B, Proposition 2.1 holds
for B* and we conclude at once that V*< N*. Thus (iii) also holds and the lemma
is proved.

We can now readily establish the main objective of §§4 and 5:

PROPOSITION 3. The case A=1, B#1 does not occur.

Proof. In view of the results of this and the preceding section, the proposition
will be established provided we show that the situation described in Lemmas 2
and 3 above leads to a contradiction. This we shall now do. We preserve the
notation of those lemmas.
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By Lemma 3, C, and V'* are each Hall subgroups of O(H*) and V* is centralized
by zy. Since zy inverts C,, it follows that C, and V* have coprime orders. Indeed,
if not, then zy would normalize some nontrivial Sylow r-subgroup R, of C, and
R* of V* for a suitable prime r. But then R, and R* would be zy-invariant Sylow
r-subgroups of O(H*) and so would be conjugate by an element of Coyyey(zy).
However, this is impossible as zy centralizes R* and inverts R, and each is non-
trivial.

By Lemma 3 (ii), C, has a normal complement X* in O(H*). Furthermore,
V*< X* as V* and C, have coprime orders. Since V* and C, are zy-invariant
Hall subgroups of O(H?*), it follows that C, leaves invariant some conjugate
V¥ of V* by an element of Cyx.(zy). In particular, zy also centralizes Vg*. Since
Co=[C,, zy], we see that C, also centralizes V. Hence VF< N(Co)=H. Thus
V¥E< H N O(H*) and consequently V§< UC, by Lemma 3 (iv). However, V¢ and
C, have relatively prime order and therefore | V| divides |U]|.

On the other hand, |V§|=|V*| and b divides |V'*| as B*< V*. Hence b divides
|U|. But U=0O(Cg(zy)) by definition and so |U| is relatively prime to b by Lemma
2.2 (vi). This contradiction completes the proof of the proposition.

6. Double transitivity of G in the case e=1. As we have already noted at the
beginning of §4, the results of §§1-5 show that parts (i), (ii), and (iii) of Theorem C
hold for G and so it remains only to establish part (iv) of Theorem C. This we shall
do in the next two sections. :

We thus have that G is a simple Q D-group of characteristic power ¢ which satis-
fies the conclusions of Theorem B and we now assume that e=1, where, by defini-
tion, g=¢ (mod 4). Our results imply that E=A, that G is regular, that B=1,
and that 4 is cyclic of order a dividing 3(g+ 1) (as e=1). In particular, N=(JT) x 4.

In this section we shall prove the following basic result:

PROPOSITION 1. If e=1, G has a doubly transitive permutation representation of
degree q®+ 1 such that if G, denotes the subgroup leaving one letter fixed, then G,
has a normal subgroup Q of order q® which acts regularly on the set of remaining
letters and G,/ Q is cyclic of order (q?—1)/d with d=(q+ 1)/2a.

We shall carry out the proof in a sequence of lemmas. However, we first collect
some known facts concerning N and G, which we shall need. First of all, in view
of the results of Chapter III, we may, as usual, assume that > 5. We have

0)) JT[Kxy ~ PGL(2,q)
and also
¥)] |N| = 2aq(g—1)g+1).

Since G is regular, the degrees of the characters xy, xs, . . . in By(2, G) have the
following values:
h=¢ fa=4¢—q+l, fi=4@—q+)), [fi=4¢-q,

@) f=q¢*+1.
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In addition, &,=1, 8,=8;=—1 (Proposition 3.3.1). Since b=e=1, Proposition
3.3.2* reads

O] |G| = 2aq%(q—1)(g+1)(g*—q+1).
Note that
(5) q_l = 2n—1k’

where k is an odd integer.

Suppose that g=p™, where p is a prime. Let Q, denote a Sylow p-subgroup of JT.
This is then a Sylow p-subgroup of N. If JT=JT/{x), then by (1), Nyp(Qo)= O, W,
where W is cyclic of order g— 1. It follows therefore from (1) that

NIT(QO) = QoW,

where the complement W of Q, is an abelian group which is either cyclic of
order 2(g—1) or the direct product of <x) with a cyclic group of order g—1. In the
latter case, as shown by (5), JT would contain an abelian subgroup of type (2”1, 2).
Since n2 3, no such subgroup occurs in the Sylow 2-subgroup S of G. Hence we
have the former case. In particular, W contains a cyclic subgroup of order 2"
After replacing Q, by a suitable conjugate, we may assume that S,={s> occurs
in W. Then W=S,x W,, where W, is cyclic of order k and

Ny (Qo) = QoW = Qo(So x Wp).
Since N=(JT) x A, it follows at once that

(6) Nu(Qo) = Qo(Sox Wy x A).
Since g—1 and a=|A4| are coprime, the group
) H = Sox Wox A

is cyclic of order 2(g—1)a.

It follows at once from the structure of PGL(2, g) that Q, is elementary abelian
of order g and that all elements of Q% are conjugate under the action of H. Since
<x> X A centralizes Q,, it is now clear that W acts transitively on Qf with x the
only element of W# centralizing any element of Qf. In particular,

® Cx(Qo) = Qo x<x)x A.

This is an abelian group of order 2aq.
Since E= A, we also have

©) N(S) = Sx A.

We also note that
(10 Cu(So) = Cu(y) = Sox Wyx A4
and that '

(11) N(So) = <C(So), 2).
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We now begin the proof of the proposition.

LeMMA 1. If po is a prime dividing " =(q—1)/2"~*, then G does not contain
elements of order pp,.

Proof. Let P be a Sylow p,-subgroup of W,. Since k is coprime to 2, a,q,q+1
and g%2—q+1, it follows that P is a Sylow py-subgroup of G.

If ue P and u+#1, we have S,= C(u). Since (p,, a)=1, the equation (9) shows
that u cannot centralize a Sylow 2-subgroup of G. Hence C(u) has the Sylow 2-
subgroup S,. If u is conjugate in G to u’ € P, a Sylow group argument shows that
u and u’ are conjugate in N(S,). Then (10) and (11) show that «'=u or u' =u?.
Also, since z normalizes S, it normalizes W, and P. A remark above show that z
cannot centralize any u51 in P. Hence z inverts P and we have o' =u*1,

If v € N(P), then for u € P, u and u® are conjugate and hence v*=u**. If u, and
u, are nonidentity elements of P, then (u,u5)" = (u,uz)**. It is then impossible that
u!=u,, u3=u;'. Hence v either centralizes all elements of P or v inverts all elements
of P. Since we have the latter case for v=z, we conclude that

N(P) = KC(P), 2).

We can now apply the results of [6, III, §IX with m=2, in particular (9A) and
(9B)]. It follows that the principal p,-block Bo(po, G) consists of (| P| + 3)/2 characters

Xo = l’ ¢(1), ‘ﬁ(i) (l = 1, 2a LS} (IPl - l)/2)'
These are real-valued. There exists a sign 8* such that
(12) $a(v) = &*
for all py-singular v € G. We have
B+ (1) = $O)

for all i. Either #,(1) or (1) is odd. Now any real-valued irreducible character
of odd degree lies in By(2, G), [6, IV]. Hence either ; or all y® lie in By(2, G).
Again the latter case is impossible for |P|#3, since Corollary 3.2.1 shows that
By(2, G) does not contain two different irreducible characters of the same odd
degree. If | P| =3, we may interchange , and ¢, if necessary. We can then assume
that then, too, ¢, € By(2, G).

It is now clear that i, is one of the characters x;, xs, x3 in Bo(2, G). If u#1 is an
element of P, then, by (12)

Pa(su) = Pi(s%u) = 8*.

Now, Proposition 3.2.2 implies that this is not true for ¢;=x, or ;=ys.
Hence ¢, =x,. However, x, of degree ¢° has p-defect 0 and vanishes for all p-
singular elements of G. Now (12) shows that we cannot have elements of G which

are both p-singular and p,-singular. In particular, there do not exist elements of
order pp, in G.
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LeMMA 2. Ifu#1 is a p-element of G then |C(u)| divides 2aq®.

Proof. As we have already used, y; of degree ¢° has p-defect 0 and vanishes for
all p-singular elements of G. Since 1+ y;(u)=x*(4) by Proposition 3.2.4, we have
xP(w)=1. We now find

(13) |G| X(l)(“)___ |G| 1 ___Zaqa(q_l).
ICw| f |IC)| ¢°+1 |Cw)| ~

(cf. (4)). As is well known, this expression is an algebraic integer. Thus, |C(u)|
divides 2ag®(g—1). It follows from Lemma 1 that |C(u)| does not contain an odd
prime factor of g—1=2""1k. If 4 divides |C(u)|, then C(u) contains a conjugate
of T or of {y)>. However, |C(T)| =2(q+ 1)a is not divisible by p. Neither is |C(y)|,
cf. (10). Hence, 4 does not divide |C(u)| and |C(x)| must divide 2aq® as had been
stated.

LemMMA 3. If Qisa §ylow p-subgroup of C(Q,), then Q is characteristic in C(Q,)
and

(14) C(Qo) = (4 x<xD).

Proof. Since Q, is abelian, we have Q, <l C(Q,) and hence Q,= Q. By (8),
{x> x A belongs to C(Q,) and Lemma 2 shows that {x)> x 4 is a Hall subgroup of
C(Qy). If re{x>x A4 and if r has even order, then C(r)cC(x)=N and hence
C(r)=N. If r has odd order, then r € 4 and if r#1, by Theorem B, C(r)< N and
again C(r)=N. A Sylow group argument shows that if two elements r, and r, of
{x)>x A are conjugate in G, they are conjugate in N(S). It follows from (9) that
then r, =r,. We conclude therefore from Burnside’s transfer theorem that (x> x 4
has a normal complement in C(Q,). Since this normal complement is a Sylow
p-subgroup of C(Q,) by Lemma 2, C(Q,) has a unique Sylow p-subgroup Q
and Q is characteristic in C(Q,). Also, (14) holds.

On account of (6) and (7), H normalizes Q,. Then H normalizes C(Q,). On
account of Lemma 3, H normalizes Q. Thus, we have

LEMMA 4. The group Q is normalized by the cyclic group H of order 2(q—1)a.

We show next

LEMMA 5. The group Q is a Sylow p-subgroup of G.

Proof. Suppose first that we had Q= Q,. By (14)

C(Qo) = Qox A x<x).

Since the elements of N(Q,) normalize C(Q,), they normalize {x), i.e. they lie in
N. Then Q, is a Sylow p-subgroup of N(Q,). As Q, is certainly not a Sylow p-
subgroup of G, this is impossible by the elementary properties of p-groups.

Hence Q,< Q. Since Q, and Q are normalized by H, the set Q — Q, consists of
full classes of elements conjugate with regard to H. Suppose that ue Q— Q, is
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centralized by an element r#1 of H. Lemma 1 implies that r has order prime to k
and then (7) shows that r € S, x 4. If r has even order, then u centralizes x and then
ue @ N N=Q,, a contradiction. Thus r € 4#. By Theorem B, C(r)=N and again
u e Q N N=Q,, which is impossible.

Hence u € Q— Q, is not centralized by any element r of H¥. It follows that the
class of H-conjugates of u consists of |H|=2(g—1)a elements. Hence |Q|—|Q,|
is divisible by 2(g—1)a.

Set |Q:Qo|=p"; h21. It follows that p"q—g=2(g—1)ac with integral ¢>0.
Then g divides 2ac and as (g, 2a)=1, q divides c, say c=qc, with integral c,>0.

We now have
—1 = 2(qg— Dac,.

Since p"—1 is divisible by g— 1 =p™—1, we see that 4 is divisible by m. Since a#1,
we have, p"—1>p™—1 and consequently 4 2 2m. Thus | Q: Q,| 2 p*" =42 and there-
fore | Q| 2¢°. But now it follows from (4) that | Q| =4° and that Q is a Sylow p-sub-
group of G, as we wished to show.

Now Lemma 4 yields that

(15) N(Q) 2 QH

and that |N(Q)| 24°2(g—1)a.

We are now in a position to establish Proposition 1. Since G has an irreducible
character y, of p-defect 0, a theorem of Green (cf. [23] or [29]) implies that there
exists a Sylow p-subgroup Q; of G with @ N Q,=1.

This implies that the ¢° groups Q% with u € Q are distinct. Since these groups are
different from Q, the set Q of all Sylow p-subgroups consists of at least g+ 1
members. On the other hand, |Q|=|G:N(Q)|, whence, by (4),

9°+1 = 2aq*(g—1)(q+1)(g*—q+1)/|N(Q)|.

Thus |N(Q)| =2aq*(g—1). Since we have proved the reverse inequality, we have
equality and (15) becomes

(16) N(Q) = QH.
It also follows that |Q|=¢°+1 and that Q={Q} U {Q% | u e Q}.

Now Proposition 1 is evident. Indeed, if we let G act by conjugation on Q, we
obtain a transitive permutation representation R of G of degree ¢g*+1. As G is
simple, this representation is faithful. The subgroup G, of G fixing the element
Q€ Q is N(Q). The normal subgroup Q of N(Q) is transitive on the set Q—{Q}.
Thus, R is doubly transitive. It is also clear that no element of

Q-{Q}={0t|ueQ}
is fixed by a nonidentity element of Q. This means that Q acts regularly on Q— —{0}.
Finally, (16) shows that N(Q)/Q, which is isomorphic to H, is a cyclic group of
order |H | =2a(g—1), i.e. of order (¢2—1)/d with d=(g+1)/2a.
This concludes the proof of Proposition 1.
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REMARK. It should be pointed out that work on a characterization of PSU(3, g),
g odd, by means of centralizers of involutions was begun by Suzuki a number of
years ago. The earlier parts of the work had some overlap with Proposition 1
above and also paralleled that of an earlier, unpublished version of [8]. In particular,
he was able to construct a projective space on which the group G acted. However,
it was not possible to prove that the space was Desarguesian. It was his later
investigation [28] which enabled him to complete this portion of the work in the
case that the subgroup H above has order g%—1 (that is, g% — 1 (mod 3) and d=1)
using a nongeometric approach involving generators and relations for G. Using
the method of block designs, O’Nan [24*] has recently been able to treat the case
that | H|=(q2— 1)/d, where d=(g+ 1, 3). Combined with the results of the following
section, his work completes the characterization of PSU(3, q), g odd.

7. The value of d in the case ¢=1. In this section G will be a group which
satisfies the same assumptions as in §6. We shall use the same notation. To com-
plete the proof of part (iv) of Theorem C, it remains to establish that the integer
d=(q+1, 3). Here

d=(q+1)/2a
with a=|A| dividing (¢+ 1)/2.

PROPOSITION 1. Let p, be an odd prime which divides (q+1)/2. If po#3, then py|a.

Proof. Let P, denote a Sylow p,-subgroup of J. Then |Py| is the highest power
of p, dividing g+ 1. Suppose that p, does not divide a. Then the formula §6, (4)
shows that P, is a Sylow p,-subgroup of G.

It follows from Lemma 2.4.2 that P, is cyclic and that for a suitable choice of P,

N(PO) = <C(PO)’ y2>,
where the involution yz inverts P,. Again, the results of [6, III, §IX] apply with
m=2. The principal p,-block By(p,, G) then consists of (|Po| +3)/2 characters
l, l/’l’ ¢(‘) (l = 1’ 2’ cees (IPOI _1)/2)'

These are real-valued. As |Po| #3, (1) is odd.
Again, it follows that i, is one of the characters y,, xs, xs of the principal 2-block
By(2, G). There exists a sign 8* such that

0)) 8* +¢u(1) = $@(1).
For all p,-singular elements u of G, we have
#)) Pi(u) = 8%,

The orthogonality relations applied to ¢, |P, then show that
?3) (1) = 8* (mod |Py)).



1970] QUASI-DIHEDRAL AND WREATHED SYLOW 2-SUBGROUPS 249
Since g= —1 (mod |P,|), we have

fo=q*—q+1=3, f3=4q(g*—q+1)=-3 (mod |P|)

and on comparing this with (3), we see that ¢, # x3, xs. Hence ¢, =x,, ¥,(1)=f1=¢*
and (3) shows that é*= —1. Now, by (1)

¥ = g 1.

As a degree of an irreducible character, g3 —1 divides |G|. Then ¢?+g+ 1 divides
|G|. However, g2+q+1 is coprime to g, g+ 1, and g2—g+1 while the greatest
common divisor of g2+¢+1 and g—1is 1 or 3. Since g2+¢g+1>3, the formula
§6, (4) for |G| yields a contradiction.

In the case p,=3, we have

ProposiTION 2. If g+ 1=0 (mod 9), then 3|a.

Proof. Suppose that a#0 (mod 3). Let P, be a Sylow 3-subgroup of C,. Then
the order |Py|=3" is the highest power of 3 dividing ¢+1 and, by assumption,
h=2. Since P,=J, by Lemma 2.4.2, P, is cyclic, say, Po=<u).

Since ¢ normalizes the abelian group C,, it normalizes P,. As y inverts P, Co NJ
and inverts ¢ (mod C), it follows directly that ¢ centralizes P,

Since t ¢ P,, the group P=<{P,, t) is abelian of order at least 3***. On the other
hand, formula (4) of §6 shows that 3"*! is the highest power of 3 dividing |G].
Hence |P|=3"*! and P is a Sylow 3-subgroup of G. Either P is cyclic of order
3"*+1or it is of type (3%, 3).

All fusion in the abelian Sylow group P takes place in N(P). Since u and w¥=u"1
are conjugate in G, they are conjugate in N(P) and N(P) contains a 2-element x,
which inverts . Hence

N(P) 2 {C(P), xo> = C(P).

If P is cyclic, N(P)/C(P) is isomorphic to a subgroup of the multiplicative
group of coprime residue classes of integers mod 3"**. Since |N(P)/C(P)| is prime
to 3, this order must be 2 and x, inverts P. Furthermore, |C(P)| must be odd;
otherwise P would centralize an involution and hence a conjugate of P would be
contained in N. However, under our present assumptions, P, is a Sylow 3-sub-
group of N and, as |P,| < |P|, we would reach a contradiction. Thus |C(P)| is odd.
Since x2 centralizes P, it follows that xZ is odd and hence that x, is an involution.

We shall show that the same conclusions hold if P is of type (3", 3). We let
N(P) act by conjugation on P and obtain a faithful representation of N(P)/C(P)
by automorphisms of P. Since N(P)/C(P) has order prime to 3 and since A> 1 by
assumption, it follows that this representation is decomposable (cf. [19, Theorem
5.2.2]). Hence there exists a basis {w,, w,} of P, say with w;, of order 3* and w, of
order 3 such that every element of N(P) maps w; on a power of w; (i=1, 2). In
particular, this implies that w, is not conjugate in G to a power of w;.
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Furthermore, we see in this case that N(P)/C(P)is an elementary abelian 2-group
of order 2 or 4. However, if this order were 4, it would follow that |C(w5)| is even.
But then w, would be conjugate to an element of N. Since P, is a Sylow 3-subgroup
of N and Q,(Po)=w$ '), w, would thus be conjugate to a power of w;, which
we have just shown not to be the case. Therefore | N(P)/C(P)| =2 and we conclude
that

N(P) = (C(P), X0,

where x, is a 2-element which inverts P. We have just noted that |C(wj)| is odd.
Since x2 centralizes w,, x2 has odd order and so x, is an involution.

Now the results of [6, ITI, §IX] can be applied and, as in the proof of Proposition
1, we obtain a contradiction. This establishes the lemma.

As before, let p, denote an odd prime dividing g+ 1 and let P, denote a Sylow
Ppo-subgroup of W. Then P, is a cyclic group of order | Po| = p}, where p} is the highest
power of p, dividing g+ 1. Let P, denote a Sylow p,-subgroup of 4. Then |P,|=pf
is the highest power of p, dividing a. Then P;, too, is a cyclic group. We shall
assume that P, #1. As we have shown, this is so if p,#3 and if po=3 and h=2.
Since a|g+ 1, we have h= k. We set Po=<uo), P,=<u,» and P=P, x P,.

If 5 is an automorphism of P, we have formulas

niup—uguf,  uy —> ugul,

where o, B, v, & are integers with « and y to be taken modulo p} and with g and &
to be taken modulo p. We then have a representation of the automorphism group
of P by matrices

@ (5 5)s Gy modrhip, smodsy

of this type. Since automorphisms of N(P) map u; on elements of order p§, we see
that y is divisible by p~*, say,

® y = P8 *yo.

In particular, if we let N(P) act on P by conjugation, we obtain a representation
R of N(P) with the kernel C(P). We prove

LEMMA 1. The elements y and t belong to N(P). We have

©® ') = (7 1)
Set
-

If po#3, we must have h=k and
%) 2+1=0, «=8 4y=—3 (modph).
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If po=3 and if h#£k+1, then k=1, h=3, and

® a=1+3"1 y=3"ly, a+fro=0, @ #0 (mod3),
where «, is an integer.

Proof. Since y and ¢ normalize Cy= W, x A (cf. §1), they normalize the unique
Sylow po-subgroup P=P,x P, of C,. Hence y, t € N(P). The formula (6) is im-

mediate as y inverts W and centralizes A. Define «, 8, y, 8 by (4). Since ¢2=¢"?
(mod C) then

R(t~Y) = R(t?) = ("‘2"‘5)', (z+ 8)/3).

(x+8)y, & +By
Also, ty=yt ! (mod C) and hence

- (5 - (L322 233

Thus,

o) o’ +By =, (e+8)y = —y (mod pf),

(«+3B=-B  ¥+py=29  (modpp).

Now R(z ~*) can be written in the form
o« B\
R (—7 3)
On multiplying with R(¢), we find
@?—Py=1, (e=8)y =0 (modp}),
(«—8B=0, &—By=1 (modpf).

Before discussing these congruences, we observe that in (5), y,#0 (mod p,).
Indeed, suppose that y,=0 (mod p,). The definition of R(z) shows that

(10)

W = ujul.

Raising this to the exponent p§~! and using (5) and y,=0 (mod p,), we see that
if u* is the p§~1st power of u;, we have

*) = w*)’.
Now u* is an element different from 1 of P, < A. Then C(u*) has the Sylow 2-group
S and since u* and (u*)° are conjugate in G, they are conjugate in N(S)=SC(S)
=8x E=8x A. (Here we have used Lemma 2.1.1 and Proposition 1.1 to determine
the structure of N(S).) Hence (u*)°=u* i.e. ¢ centralizes u*. But then by Theorem
B, t € N. This is not true as x!=xz. Thus, y,#0 (mod p,).

As a second preliminary remark, we shall show that if §=1 (mod p,), we have
B#0 (mod p,). In order to do this, we form a linear character § of E=A whose



252 J. L. ALPERIN, R. BRAUER AND D. GORENSTEIN [September

value for a generator of 4 is a primitive poth root of unity. Then 6 defines a 2-block
By of G of full defect, cf. Chapter III, §5. Since N=TJx 4 by Lemma 1.1 as B=1,
0 can be extended to a character 6, of N which is trivial on 7J and which then is
trivial on Sc7J. Thus B, satisfies the condition (*) of Chapter 3, §6. Since 8+#1,
Proposition 3.7.6 shows that B, has a minor subsection (x, b). Now Proposition
3.6.2 shows that ¢ does not stabilize 6.. Here, . is trivial on P, and if we set
A=P; x A*, 0. is trivial on the group A* of order prime to po. On the other hand,
0c(u,) is a primitive poth root of unity. Now

O0c(t ~uot) = Oo(uguf) = 0c(uy)?, O0c(t ~ust) = Oc(udud) = Oc(uy)’.

If we had B=0 (mod p,), 8=1 (mod p,), we would have (6;|P)!*=0.|P and as
6% and 6, are trivial on the set of elements of C of order prime to p,, then 6% * =6,
a contradiction. Hence if =1 (mod p,), we must have B#£0 (mod p,).

We now discuss the congruences (9) and (10). They imply that

Qa+1)(e—1) = 2¢2—a—1 =0 (mod pk),

11)
(25+1)(8—=1) = 282—8—~1=0 (mod p).

Moreover, we have o?2=1+pBy=8% (mod pk), i.e. a= + & (mod pk).

Suppose first that p,+#3. Since the greatest common divisor of 2«+1 and «—1
divides 3, we have either =1 (mod p}) or 2a= —1 (mod p}).

If =1 (mod p%), (9) implies By=0 (mod pf). On account of (5), then By,=0
(mod p¥). This is impossible since k >0 by Proposition 1 and since we have shown
that B#0 (mod p,), yo£0 (mod p,). (We here have §=1 (mod p,).)

Thus, 2«+1=0 (mod p%) or, if we use fractions (mod p}), «=—3% (mod p}).
Then 8= +o=F4 (mod pf). Now (11) shows that we have 8= —% (mod p¥).
By (9),

By = a—a? = —% (mod ph).

It follows from (5) that A=*k. This shows that the lemma holds for p,#3.
Assume now that po=3. If =2, Proposition 2 shows that k=1. For h=1,
we still have k>0 since we assume h#k+ 1. It now follows from (11) that =1
(mod 3), 6=1 (mod 3).
If h=1, we must have k=1. It follows from (9) and (5) that

Byo =Py =0 (mod3).

This is impossible since, as was shown, B#0, y,#0 (mod 3).
Suppose then h=2. Since a=1 (mod 3), «—1 and 2«+1 have the greatest
common divisor 3. Now (11) shows that e =1 (mod 3*~*) or that a= —% (mod 3"*~1).
Suppose first that «= —4 (mod 3*~1). By (9) and (5)

3By, = By = —3—% = -} (mod3"~7).



1970] QUASI-DIHEDRAL AND WREATHED SYLOW 2-SUBGROUPS 253

If A>2, then h— k=1, which was excluded. If h=2, we see that h#k and then k=1,
i.e. we would still have h—k=1.

Thus, our assumption A—k# 1 implies that =1 (mod 3"~1). Set a =143
Then by (9) and (5)

3h - kﬁ'}’o = oa— a2 = — a03h -1 (mOd 3").

This implies k=1 and By,= — o, (mod 3). Since B£0, y,#0 (mod 3), we have the
situation described in Lemma 1 and the proof is complete.
As an immediate consequence of the lemma, we prove

PropOSITION 3. If g% —1 (mod 3), we have d=1. If q+1 contains 3 with the
exact exponent h>0, we have either d=3 or d=3""1.

Proof. We know that d has the value (g+1)/2a. It follows from Lemma 1 that
for any odd prime p, dividing g+ 1, the exponent 4 of p, in g+ 1 and the exponent
k of p, in a are equal. Hence (g+ 1)/2a can only be divisible by the prime 3. For
Po=23, we have either A=k +1 and then d=3 orelse k=1, i.e. d=3""1,

In view of Proposition 3, either part (iv) of Theorem C holds or g+ 1 is divisible
by 3 to the exact exponent A>2 and d=3""1, In the balance of the section, we
shall show that this case cannot occur by proving

PROPOSITION 4. If g+ 1 is divisible by 3, then d=3.

We shall carry out the proof by contradiction in a sequence of lemmas. Thus
we assume A>2 and d=3""1. Since d=(q+ 1)/2a, this implies that a is divisible
by 3 to the first power only. We preserve the notation Py, Py, P=Py X Py, uq, u.
Under the present assumptions, P, is cyclic of order 3* and P, has order 3=3*.
By Lemma 1, Q=(P, t)> has order 3"*2. Formula (6.4) for |G| shows that Q=
{Pyx Py, t) is a Sylow 3-subgroup of G.

Furthermore, the proof of Lemma 1 shows that we have formulas

tYugt = uful, tuyt = uul,

y =31y, a=1+3""1q, d=1 (mod3), oy+Byo=0 (mod3),
and

o 20 (mod3), «#0 (mod3), B=0 (mod3).

Since (8, 3)=1, we can replace u;, by uf. Then B is replaced by 1. We can also
choose 8=1. For simplicity, we set

(12) | = 3r-1,
Thus we have

(13) tlugt = udtouy, " lugt = ugou.
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The proof of Lemma 1 also shows that

(14) Yy =ugt,  yTluy =uy,
and
(15) tugt =1 = uf*%url, tuyt =t = ulfou,.

Note that formulas (13) and (15) remain the same when ¢ is replaced by an arbitrary
element of tP=1t(P, % P,).

LeMMA 2. We have Q' ={ub, u,>=Q,(P) and Z(Q)=<udy=G*(P).

Proof. These assertions follow immediately from (12) and (13).
The next lemma is very close to Lemma 2.2.

LEMMA 3. If w is a nonidentity element of P, then we have
() If we PY withv=0, 1, or —1, then C(w)=N".

(i) If we BY(P), then C(w)={C, t).

(iii) In all other cases, C(w)=C.

Proof. First of all, if w e P, C(w)=N as G satisfies the conclusion of Theorem B
and (i) follows at once.

We can therefore assume that w ¢ PY for any ». We set K=C(w), so that C=
CoT=(W x A)T< K. Let R be a Sylow 2-subgroup of K containing T and suppose
R>oT. Since R is dihedral or quasi-dihedral, x; € Z(R) for some i, 1<i<3.
Since ¢ cyclically permutes x;, x,, X3, it follows that R, = RY < N for some j=0, 1,
or —1 and that R, centralizes w,=w". But R,>T and w, € P. However, by the
structure of N=(JT)x A, we clearly have Cp(R;)=P;, whence w; € P, and so
we PY,v=0, 1, —1, contrary to assumption. We conclude that T is a Sylow 2-sub-
group of K.

Since w ¢ P;, Lemma 2.4.2(i), applied to N/O(N)=N/A, implies that N N K
=Cy(w)=C. Since w ¢ Pt or Pt™*, it follows similarly that C(x;) N K=C, 1<i<3.
In particular, since O(K) is T-invariant, it follows from the T-decomposition of
O(K) that O(K)< C,.

Suppose first that K has a normal 2-complement, whence K=C,T'=C and
t ¢ K. Moreover, w ¢ <(u3>=0(P). Indeed, y inverts ¢t (mod C), y inverts P,,
and ¢ normalizes G (P)= U *(P,), which forces ¢ to centralize T *(P,). Since ¢ ¢ K,
the assertion follows and so (iii) holds in this case.

Assume then that K does not have a normal 2-complement, in which case
Ny (T)> Cx(T)=C and so t € K. Equation (13) now implies that w € {u3> = G *(P).
Thus it remains only to show that (ii) holds in this case. We set K= K/O(K) and
apply the main theorem of [22] to obtain that K contains a normal subgroup L*
of odd index isomorphic to PSL(2, q'), ¢’ odd. Since Cx(x)=K N N=C, as we have
shown above, Cr.(X)<=C. However, Cr.(%) is dihedral of order ¢’ —e’, where
g'=¢ (mod4) and &=+1 by Lemma 2.5.7()) and consequently Cr.(x)=T,
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whence ¢’ — &' =4. Thus ¢’ =3 or 5 and it follows in either case that K=L* and that
C,=1. In particular, Co= O(K).

If ¢'=3, then K={C,, T, t)={C, t> and (ii) holds. To complete the proof,
we show that the case ¢'=35 cannot occur. Indeed, since Cy(Co)=Cx(O(K)) is
normal in K and contains T, the assumption g’ =5 would force Cx(C,) = K inasmuch
as K/O(K) is simple. But then ¢ would centralize C, and so would also centralize
P, contrary to equation (13). Thus all parts of the lemma hold.

LeMMA 4. We have C(t)< Q.

Proof. If false, ¢ centralizes an element u* of C, of prime order p*#3. The
Sylow p*-subgroup P* of C, is the direct product of the Sylow p*-subgroups Py
of W and P¥ of A, which by Proposition 3 are cyclic of the same order. We claim
that ¢ centralizes R* =Q,(P*). Indeed, ¢ centralizes u* € R*; so either this is true
or Cr(t)=<u*>. However, as y inverts ¢t (mod C), Cp(¢) is y-invariant. Since
R*/{u*) has order p* and since y inverts ¢ (mod C), it would follow in the latter
case that ¢ centralizes R*/{u*>. But then as ¢ is a 3-element and p* #3, this would
imply that ¢ centralizes R*. We thus conclude that ¢ centralizes R* and hence
centralizes R¥=Q,(P¥). Since R} is normal in N and G=(N, t) by Proposition
3.7.8, R¥ is normal in G, contrary to the simplicity of G.

LEMMA 5. We have
cP)=C, N(P) = N(T) =<C,y, 1),
C(@=2(0), N =<2z,
where z* is an involution of Cy which inverts Py and centralizes P;.
Proof. Since C=C,T and C, is abelian, C centralizes P. Since by Lemma 2 (iii),

C(uo)=C, we find C(P)=C. An element w of N(P) normalizes C(P) and hence the
unique Sylow 2-subgroup T of C(P)=C. Thus,

weN(T) = <C, y, t).

On the other hand, every element of N(T) normalizes C=C(T) and hence the
unique Sylow 3-subgroup P of C. Thus, N(P)=N(T).
We have Q=<P, t> and so

C(Q)=CP)NC({H)=CnNCE) = C).

However, by the preceding lemma, C.(¢)< Q. Thus, C(Q)=Z(Q).

The subgroup CQ is normal of index 2 in N(T)=<C, y, t> and so by the Frattini
argument Nyq,(Q) contains an involution z*. Since ¢ cyclically permutes the in-
volutions of T, clearly no involution of C normalizes Q, so z* ¢ C. Replacing Q
(equivalently ¢) by a suitable conjugate, we can assume without loss that z*e CD—C
=Cy. Thus, z* inverts P, and centralizes P;.
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We have <{Q, z*>< Ny (Q), and we argue next that equality holds. Indeed,
either this is the case or there exists an element u* of C of prime order p*#3
which normalizes Q. But ¢ normalizes the unique Sylow p*-subgroup P* of C
and consequently [¢, u*]€ Q N P*=1. Thus ¢ centralizes u* and so u* € Cq(?),
contrary to Lemma 4. Hence

(16) Nua(Q) = <@, z*).

Thus to complete the proof of the lemma, we need only show that N(Q)= N(T),
for then N(Q)=<Q, z*> will follow from (16). Let w be a 3’-element of N(Q).
Then w normalizes Z(Q) and, by Lemma 2, Z(Q)=<{ud>=0(P). But Z(Q) is
a cyclic 3-group inverted by z*. Hence w either centralizes or inverts ¥ '(P); and
correspondingly w or wz* centralizes ¥ 1(P). However, by Lemma 3 (ii), C(G (P))
={C, t)= N(T). Since z* € N(T), it follows in either case that w e N(T'). Thus,
N(T') contains every 3’-element of N(Q). Since Q is a Sylow 3-subgroup of G,
this yields the desired conclusion N(Q)= N(T).

LEMMA 6. If ve Q—P, then v is not conjugate in G to an element of P and, in
addition, C(v) has odd order.

Proof. Assume to the contrary that there exists r € G for which v"=u with
u € P. Then r can be chosen so that it transforms a given Sylow 3-subgroup R
of C(v) into a given Sylow 3-subgroup R® of C(u). Lemma 3 shows that we may
take R® either as P or as Q. Choose R so that it contains the 3-subgroup
(v, Z(Q)) of C(v). Then Z(Q)'< @ and, in particular, (u3)" € Q. This implies that
(ud) e Pand, as I=3""*29, (u})" is an element of order 3 in P. Thus,

@y =ulul #1  (,j=0,1,0r —1).

By Lemma 3, u} is not conjugate to uf! in G, hence i#0. Furthermore, by (13),
the element ¢ or ¢ ~! conjugates uihu] with j= +1 into ug'. Since te Q, we can
replace r by rt or rt ~1, if necessary, and so can assume without loss that

by = ugt

Hence either r or ry belongs to C(ub)=<C, t>. In both cases, r normalizes P.
We conclude that v"=u€ P implies v € P, a contradiction. This proves the first
statement of the lemma.

Finally, if |C(v)| were even, v would commute with an involution. Then a
conjugate of v lies in N and hence some conjugate of v lies in P, as P is a Sylow
3-subgroup of N, which has been excluded.

LEMMA 7. The element t can be chosen of order 3. If this is done and if we set
a*=1+42-3""2a,, then

(17 (tupu)® = gt

for all integral i, j.



1970] QUASI-DIHEDRAL AND WREATHED SYLOW 2-SUBGROUPS 257
Proof. In any case, t3e P N C(t)=Z(Q)=<ud>. We have
(rubd)® = 2t ~“ubul bl tubult ~ - .
Now (13) and (15) yield
(tibud)® = t2ub® ooyt ubudub@ +1a0)u1—1
— t2ugi+2ilaot = tzug‘“'t.
Since u3 € Z(Q), we obtain

(18) (tubul)® = t3udt™,

As (3, «*)=1 and 2 € <ud>, we may choose i such that u3!** is the inverse of ¢3.
Since we can replace ¢ by any element of the coset tP, we may assume t3=1.
Then, for arbitrary i and j, (17) follows from (18).

LemMA 8. Ifv e Q—P, then C(v) has the Sylow 3-subgroup {v, Z(Q)) of order 3".

Proof. There exists a Sylow 3-subgroup P* of C(v) which contains <{v, Z(Q)>.
Since v® € P N C(v)=Z(Q), we have |[<v, Z(Q)>|=3-3""1=3" Suppose we have
|P*|>3". There exists r € G for which (P*)'< Q. Because of our assumption on
|P*|, we have |(P*)" N P|>3""1, and consequently there exists an element
w € (P*)" with w e P—Z(Q). Since v" € C(w), Lemma 3 implies that v" is conjugate
to an element of P. However, this is inconsistent with Lemma 6. Hence P*=
{v, Z(Q)) is a Sylow 3-subgroup of C(v), as we wished to show.

LEMMA 9. Any two elements of Q—P that are conjugate in G are conjugate in

N(Q)=<Q, z*).

Proof. Let v;, v, be two elements of Q — P that are conjugate in G. By Lemma 8,
C(v,) has the Sylow 3-subgroup <v;, Z(Q)>, (i=1, 2). Hence there exists r € G such
that v =v, and (vy, Z(Q)>"={vs, Z(Q)). In particular, (uh)" € vy, Z(Q)>. Now
Lemma 6 implies that (u})" € Z(Q), whence (ub) =ug'. Since C(ub)=<C, t> by
Lemma 3 and y inverts u}, it follows that r € C, ¢, y>=N(T).

Now let H denote the normal 3-complement of the abelian group C. Then
C=Px H and H is normal in N(T). Since N(T)={y>QH=<{z*, Q>H, we can
set r=ryr; with r, €{(Q, z*> and r,e€ H. Then r~'v,r=v, implies r{'v,r,=v,
(mod H). But ri'vyryeQ, v, Q, and Q N H=1. Hence ry'v,r,=v, Since
r; €<Q, z*> and {Q, z*>=N(Q) by Lemma 5, the lemma is proved.

As our final lemma, we have

LemMA 10. If v is an element of Q — P, then C(v) has a normal 3-complement.

Proof. By the focal subgroup theorem, it suffices to show that if v,, v, are two
distinct elements of the Sylow 3-subgroup P*=<v, Z(Q)) of C(v), then v, and v,
are not conjugate in C(v). Suppose to the contrary that r~'v,r=v, with r € C(v).
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Since P* is abelian, we may asume that r normalizes P*. As in the proof of the
preceding lemma, it follows that r € N(T'). If H has the same significance as in
that lemma and if we set r=r,r, with r, €<Q, z*), r, € H, we again have r; *v,r,
=v, (mod H) and also ry*vr; =v (mod Q).

Since Q N H=1, we conclude as before that r,v,r, =v, and r; *vr, =v. By Lemma
6, C(v), and hence r,, has odd order. Since r; € (Q, z*), this implies that r, € Q.
But Q={P, v), and so the intersection of C(v) with Q is <Z(Q), v)=P*. Thus,
r € P*. Since v; and v, also lie in P* and P* is abelian, we have v, =v,, a contra-
diction.

We are now ready to prove Proposition 4. If v € Q — P, it follows from Lemma 8
that the conjugacy class of v in Q consists of 3**+2/3*=9 elements. Since |Q’'|=9
by Lemma 2, the conjugacy class of v in Q is vQ’. Now Lemma 9 shows that the
intersection of the conjugacy class I'(v) of v in G with Q is equal to

(19) TW) N Q = vQ' U v Q'.

We next note that z*~1£z* is an element of order 3 in Q—P. It follows from
formula (17) of Lemma 7 that

¥ Yz er1Q' v t1Q.

If we had z*~1tz* € tQ’, then z* ~1tQ’z* =t Q’ and the involution z* would central-
ize one of the nine elements of ¢Q’. This is contrary to Lemma 6. Hence
z*~z*et~1Q’ and then z*~1tQ’z*=¢~1Q’'. It is now clear that one of the
conjugate classes of Q in (19) belongs to tP and the other one to 7 ~1P.

We now work with columns belonging to the principal 3-block By(3, G). In
particular, let X(r) denote the column whose entry for y € By(3, G) is the value
x(r), r € G. In particular for r=v € Q — P, it follows from [6, I, §III] and Lemma 10
that X(v) is also the column of generalized decomposition numbers for the block
By(3, G) and the 3-section of v. With the product of two columns defined in the
usual manner, we have

(20) (X(), X(v)) = 3,

as the Sylow 3-subgroup of C(v) has order 3%, (Lemma 8). If v’ € Q—P and if v
and v’ are not conjugate in G,

(21 X, X)) = 0.
Finally,
22) (X(1), X)) = 0.

Let A denote the linear character of Q with the kernel P for which A(¢) is a primi-
tive third root of unity p and form the column

23) R=3"%D % X(u)(1-Au).

ueQ
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Since the entry of R for the character y € By(3, G) is the inner product (x| Q, 1 —2),
the column R is integral. Since 1 —A vanishes on P, it suffices to let # range over
Q—P. Clearly, Q—P is the union of the sets (19) for v=1tu} with j=0,1,2,...,
3*-1_1 and this union is disjoint. If u € tu},Q’, we have X (u)= X (tu}), and 1— A(u)
=1—p, while for ue(tu})*Q’, we have X(w)=X(tu})), 1—Mu)=1—p~1. As
|Q'|=9, we find

gh-1_3 gh-1-3

R=3"%+2 5 9x(aut)(1—p+1—p=) = 37%+1 > X(tul).
j=0 j=o0

Since (19) shows that the 3"~ elements 71} lie in 3*~! distinct conjugate classes
of G, it follows from (20) and (21) that

(R,R) = 3-2+2.30.38-1 = 3,

Thus, R has exactly three nonzero entries and each of them is + 1. It is clear
from (23) that the entry R,, of R for the principal character x, of G is 1. Moreover,
if ve Q—P and if r is a 3-regular element of C(v), then by Lemma 6, vr has odd
order and then

1+ x,(vr) = x¥(vr)

by Proposition 3.2.4; (the notation y,, ¥ refers to By(2, G)). Here x* has degree
¢*+1=(q+1)(g>—q+1), which is divisible by 3**1, but not by 3**2. Hence ‘¥
belongs to a 3-block of defect 1. Now the main result of [5, II] implies that x‘*’(vr)
=0, x1(vr)=—1 and that x; € By(3, G). In particular, x,(v)=—1 for all ve Q—P.
Now (23) shows that the entry R,, of R for y, is —1.

Suppose that the third character of By(3, G) which gives a nonzero entry for R
is x;- Since x,(1)=¢?, then (22) reads

1—¢®+x;(1) = 0.
It follows that x,(1)=¢®—1.

Then ¢®—1=(q—1)(¢*>+q+1) divides |G| =2a(q+1)(g— 1)g*(g>—q +1).

However, g2+q+1 is coprime to g+ 1, to the divisor a of g+1, to ¢ and to
q>—q+1. The greatest common divisor of g2+¢g+1 and g—1 divides 3. Since
q+1=0 (mod 3), we have (¢>+g+1, g—1)=1 and therefore g2+g+1 is coprime
to |G|. This is a contradiction and the proof of Proposition 4 is complete.

This completes the proof of part (iv) of Theorem C.

ReMARK. In conclusion, we should like to mention what remains to be done to
obtain the analogue of Theorem C for a simple Q D-group G with wreathed Sylow
2-subgroup S. We have already pointed out in §2 that parts (ii) and (iii) of the
corresponding Theorem C will follow from the group order formulas for such a
group G provided G satisfies the conclusions of Theorem B.

As for part (i) (i.e. N=L and E=A), there are two reasonable approaches
to this problem. The first method would be to proceed as in the quasi-dihedral
case, which would require an analysis of certain 2-blocks of full defect, other than
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the principal 2-block, comparable to that carried out in §§3.5, 3.6, and 3.7 above.
A feasible alternative approach also exists. Since one will know at the outset that
B=1 (part (ii) of the corresponding Theorem C), which was not true in the quasi-
dihedral case, one can attempt to carry through the analogue of part (iv) of Theorem
C in the case g= —1 (mod 4) without assuming that E=A. If this can be done,
the desired conclusion E= A will then follow from the simplicity of G.

It should be pointed out that to complete the proof of the Third Main Theorem,
the case g=1 (mod 4) must be shown to lead to the group L;(q). In the quasi-
dihedral case, we used a result of Brauer [8] to achieve this. The analogous result
for the wreathed case has at present been established only when N is isomorphic
to GL(2, q) and remains to be completed when N is isomorphic only to a homo-
morphic image of GL(2,q). Furthermore, if the second approach to the proof
that E= A4 is to be taken, it will also be necessary to extend this analysis to the case
EoA.

Added in proof. The necessary work in the wreathed case has now been com-
pleted. Thus the analogues of our three Main Theorems hold for groups with
wreathed Sylow 2-subgroups. The proofs will appear in subsequent papers.
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