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REAL VECTOR BUNDLES AND SPACES
WITH FREE INVOLUTIONS

BY
ALLAN L. EDELSON()

Abstract. The functor KR(X), defined in [4], is a contravariant functor defined in
the category of spaces with involutions. It is shown herein that this functor is classi-
fied by equivariant maps into the complex Grassmann manifold, which is given the
involution induced by complex conjugation. For the case of free involutions it is
shown that the classifying maps can be taken to lie outside the fixed point set of the
Grassmann manifold. This fixed point set can be identified with the real Grassmann
manifold. It is then shown that, for free involutions, KR(X) is an invariant of the
homotopy type of the orbit space X modulo its involution. The multiplicative group
of real line bundles, real in the sense of [4], is shown to be classified by equivariant
maps into a quadric surface Q in complex projective space. Q carries a free involution
and this classification is again valid for spaces with free involutions.

I. Introduction. In [4] the definition of Atiyah-real vector bundles was given,
and they, together with the associated K-theory, were studied. The purpose of this
paper is twofold. First we will extend the known classification theorems for
complex K-theory to the new theory. Second we will obtain new results for the
case of Atiyah-real vector bundles over spaces with free involutions. It was antici-
pated that this functor could be used to obtain a characterization of M, the
differentiable seven sphere defined by Milnor in [1]. This question is studied in
§III, where KR(M7}) is computed.

To review the definitions and results of [4], we have that a real space is a topo-
logical space X together with a homeomorphism ¢: X — X with t2=identity. We
will write #(x)=X. An Atiyah-real vector bundle over a real space is a complex
vector bundle £ — X which itself is a real space and such that

(1) =: E— X is equivariant,

(2) the induced map E, — E; is conjugate linear.

The Grothendieck group of Atiyah-real vector bundles over the real space X is
denoted by KR(X). There is a Bott periodicity theorem and derived cohomology
theory.

Define

(1) RP9=RI+iRP,
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(2) BP%=unit ball in R,
(3) S??=unit sphere in R,
(4) KR»Y(X, Y)=KR(X x B Xx SP?U Y x BP9,
(5) KR**°=KR?, KR**=KR™1
We then have the following exact sequences:
(L1) ---KR"Y(X)—> KR (Y)—> KR " X, Y)—>---,
(1.2) ---KR*Y(X)— KR*Y(Y) — KR**""Y(X, Y) —---(p20),
(L.3) 0—> KR YX)— KR"(XxS?% - KRP*1-9(X) -0 (p=3).
Our first result is the following:

ProposITION I1.1. There exists a bijective correspondence
@,(X) — [X, Ga(C ®)]equivartiant-

Here ®,(X) denotes the isomorphism classes of Atiyah-real vector bundles over the
real space X. The Grassmannian is given the involution induced by complex
conjugation.

If we consider the case of spaces with fixed point free involutions we obtain:

ProrosiTION III.1. If X is a compact space with fixed point free involution
t: X — X, then KR(X) is an invariant of the homotopy type of the orbit space X|t.

With this result and the exact sequence 1.3 we obtain
COROLLARY. KR(M7)~Z.

These methods can be used to study the group of Atiyah-real line bundles on
spaces with free involutions. Some results have been obtained and will appear
elsewhere.

II. Classification of real vector bundles. If V,(C™)=U(n)/U(n—k) denotes the
Stiefel variety of orthonormal k-frames in C™®, complex conjugation in U(n)
defines an involution of V,(C™) which sends (v, .. ., v;) to (¥, ..., b,). Define an
involution on the Grassmann manifold G,(C") by requiring that the following
diagram commute:

vicmn L, Gucm

jad T

vi{Ccm P, G(cCm

If ¥V e G,(C™) has basis {v4, ..., v}, 7(V)=7V is the subspace of C* having basis
{01, . . ., Dx}. The classifying bundle % is defined to be that subspace of G,(C*) x C™"
consisting of all pairs (¥, x) such that x € V. Defining an involution on G,(C") x C"
by 7 x K we clearly have that ¥} is invariant under this involution and hence 7 x K
defines an involution on y} by (¥, x) — (¥, X). Since the projection y — G,(C"),
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(V, x) - V is equivariant and the map induced on fibres is conjugate linear, we
have that y} is a real vector bundle over the real space G,(C™). We have the follow-
ing inclusions:

GC™) = GUC™ ) —>--- U GC™) = G(C™)

which are equivariant and hence an involution is defined on G,(C®). Similarly y,
becomes a real vector bundle over the real space G,(C®). If

V= <vla R ] vk> € Gk(Cn)

is a fixed point, it follows that 5; € ¥ and hence the vectors {(v; +,), —i(v,—7,)} are
all real, i.e. fixed, and span V. Assume then that if ¥V e G,(C™) is a fixed point,
V=<v,, ..., v where v; is real for i=1, ..., k. The map G,(R") — G,(C™) defined
by <xi, . .., Xx> = (X3, . . ., X is an embedding onto the fixed point set of G,(C™)
for k £n=<oo. In particular then taking k=1 we have embeddings of PR" and PR®
onto the fixed point sets of PC™ and PC ™ respectively. Now let X and Y be real
spaces, X compact and let ®,(X) denote the set of isomorphism classes of real
n-dimensional vector bundles over X, [X, Y], the set of equivariant homotopy
classes of maps X — Y. As a first result we have

PROPOSITION 11.1. There exists a bijective correspondence ®,(X) — [ X, G.(C*®)]..

Proof. By [1, Theorem 2.4] a real vector bundle is locally trivial in the category
of real spaces. Let £ *5 X be a real vector bundle. Then Vx € X 3 a neighborhood
of U, of x and an isomorphism h,: #~(U,) Z, U, x C™. If x=1(x), then U, can
be taken to be a connected open set containing x. If x# 7(x) then U, can be taken
to be the union of two disjoint open sets U,=U, U U,, where the involution
maps U, homeomorphically onto U,,,. Let {U;}i, be a finite subcovering giving
the local product structure, and let {p;}>, be a partition of unity subordinate to
the given covering so that cl(p;/ (0, 1])= U,. Define a partition of unity by
¢:(x) =3(pi(x) +pi(7(x))). Then cl (g *(0, 1)) = U; and g(x)=¢,(r(x)). Assume then
the partition of unity {p;} is equivariant in this sense.

LemMA I1.1. 3 an equivariant map g;: w~*(U;) — C?" which is an isomorphism
when restricted to each fibre.

Proof. For xe U; let ¢,=n"(x) and define g,: £, — C2" by the following
composition:

~

£~ R © 1C—r C

where §,(x, e)=(h(x, )—h((x, €))) ® 1—i(h(7(x, €))—hy(x, e)) ® i, and u is the
C-isomorphism p[(xy, . . ., X2,) ® z1=(x;2, ..., X3,2). Then g; is a monomorphism
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on each fibre since g.(c)=0 = hy(x, e)+h(r(x, €))=0, h(x, e)—h(7(x,e))=0
= h(x, e)=0 = e=0. Also g; is C-linear since

&i(x, ie) = (h(x, ie)+ h(r(x, ie))) ® 1—1(h(x, ie)—h(=(x, ie))) ® i
= (ih(x, )= ih(7(x, €))) ® 1 —i(h(x, €)+ih(r(x, €))) ® i
= i(h(x, &)= h(r(x, €))) ® 1+ (h(x, &) +h(r(x, €))) ® i
= ig(x, e).
1t is clear that g; is equivariant. Thus g;: #~1(U;) — C?2" is the required map.
Now let {U;}/~, be an open covering of X by real subsets and g;: #~(U;) — C2"

equivariant and a monomorphism on each fibre. Let {P;} be an equivariant partition
of unity subordinate to the given covering. Define a map

gzg_»czn @@ CZn; C2mn

by g(x, &)=(p1(x)g:(x, €), . . ., Pn(x)gm(x, €)). Since gi(¢,) and g,(£,) lie in com-
plementary subspaces for i#j we have that g is a monomorphism on each fibre.
Clearly g is equivariant. g defines a map g: £ — y2™ by g(x, e)=({g(£.)), g(x, €))
and a map of base spaces §: X — G,(C?™) be x — {g(£,)>. We have then proved

Lemma I1.2. If ¢ 2, X is a real n-dimensional vector bundle, there exists a classify-
ing map §: X — G,(C?™) for m sufficiently large, such that g*(y2™"™)> ¢ as real
vector bundles.

Now let j: G,(C¥) — G,(C**') be the natural equivariant inclusion. The proof
of the following is exactly as for the complex case and will be omitted.

Lemma IL3. If g: X — G.(C¥) is a classifying map for the real vector bundle
¢ X, X then the composition jo g: X — G,(C**") is also a classifying map for §.
From the sequence of equivariant inclusions G, (C™) —::-— G(C™*¥)—...
— G,(C™) it follows that given any ¢ — X there exists a map f;: X — G,(C®) such
that €2 f¥(y,).

LeMMA I1.4. Let f, g: X — G,(C™) be two maps such that f*(yy) and g*(yy) are
(real) isomorphic. Let j:G,(C™) — G,(C®") be the natural inclusion. Then
jof~jo g in the category of real spaces.

Proof. The proof is similar to the complex case. We have a vector bundle ¢ — X
and two vector bundle morphisms f: ¢ — ™, §: € — o inducing maps f, g of the
base spaces. f and § are isomorphisms on each fibre. Define g: y» — C™ by
g, x)=x,andf'=qof: ¢ > C™ g =qo g: £ > C™ f' and g’ are monomorphisms
on each fibre and are equivariant. We have equivariant homotopies 4{: C* — C?2,
hY: C™ — C?" defined by

hf(xb L] xn) = (1 _t)(xh X2y -« -)+t(x1, 0, x2’ 09 .. ~),
hY(x1, ..., x,) = (1—=18)(xy, X2, . . .)+12(0, x4, 0, X5, . . .)

and having the following properties:
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(1) h¢=h3=inclusion: C™ — C?,

(2) hi(C")=C2n N Ceven, hg(cn)=czn N Codd’

(3) there are vector bundle morphisms

(fe’fe): Yn —> yﬁm’ (fo:fo): yn —> ng

such that g o fe=hg, qf°=ho,

(4) f° and f° are homotopic to inclusion G,(C™) — G,(C?™).

A homotopy f~g is then obtained since we have jo f~f¢o f~f%0 g~jog,

We have thus defined a map @,(X) — [X, G,(C )], which is clearly onto and is
one-to-one by Lemma II.3. This completes the proof of Proposition II.1.

We now consider the case of free involutions, recalling that G,(R") can be identi-
fied with the fixed point set of G,(C™).

ProrosiTioN I1.2. If X is a compact space with fixed point free involution 3 a
bijective correspondence ®,(X) — [X, G,(C*®)— G (R™)]..

Proof. Notice that G,(C*)—G,(R>) has no fixed points. Thus we are showing
that when X has no fixed points the image of X can be pulled off the fixed point set
and that homotopies can be taken in the complement of the fixed point set.

LemMA I1.5. Let X be a compact, connected space with fixed point free involution
7: X — X. 3 a finite covering {U};-, of X giving the local product structure, and
maps {g:}i-1 having the following properties:

(1) Each U, is the union of two disjoint open sets, Uy=U, U Uy, with
Uy, N U=, 7(Ur) = Ustp. ‘

(2) gi: #~Y(U;,) - C*2" is equivariant and a monomorphism on each fibre.

(3) If x e Uy, so that v(x) € Uy, then gi(¢,)#gi(€xx)) as n-dimensional subspaces
of C3n,

Proof. Let {U}]_,, {g:}i-1 be constructed as in the proof of Lemma II.1. Then
since X has no fixed points the covering {U;} can be taken to be the union of two
open sets, disjoint, and conjugate under =. We have the map g;: #~*(U;) > C*"
which is equivariant and a monomorphism on each fibre. Then g; induces a map
@i (U) = ya" by @ilx, e)=({gi(£x)>, &(x,e)) and hence a classifying map
@ U — G,(C?") defined by x — {gi(£,)). Since €|y, is trivial in the category of
real spaces by [1, Theorem 2.4] the map ; is equivariantly homotopic to a map
@;: Uy — G,(C?") which sends the components U,, and U, to distinct conjugate
points of G,(C?"). Thus g; is homotopic to a map gi: =~*(U;) - C?" such that
gi(€,) #8i(&.x) as n-dimensional subspaces of C2". This proves Lemma II.4.

Again choose an equivariant partition of unity {p;}{_; subordinate to the given
covering. Defineg: ¢ — C2™ asbefore byg(x, e)=(p1(x)gi(x, €), . . ., pu(X)gn(x, €)),
where the g; are taken to satisfy the conditions of Lemma II.4. As before g is
equivariant and a monomorphism on each fibre. Since the involution on X is free
we now must show that g(&,)#g(€.x,) as n-dimensional subspaces of C?"". Let
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{eJr-, be a basis for &,, so that {7(x;)} is a basis for &,,. Then {g(x, e)}
={{(p1(x)g1(x;, €); - - -, Pu(X)gn(x, €))} is a basis for g(£,). If g(£)=g(wx) then

(P1(x)g1(7(x, €)), - . ., Pm(X) gm(7(x; €))) = I"ZI Af(pi(x)g1(x, ), . . ., Pm(X) gml(X, €))).

Thus pu(x)gi(7(x, €))=27-1 Ai(p(x)gile, €)), i=1,2,...,n, and k=1,...,m.
This contradicts the requirements that g,(¢,)# gi(€.x)) for x € Uy, and the lemma
is proved.

We then have that g: £ — C2™" defines a map g(x, e)=({g(£,)>, g(x, e)) and a
map of base spaces X — G,(C?™) by x — {(g(&,)>. Following by the inclusion
G,(C?™) — G,(C*) we have the required classifying map. Since g(£,)#g(é:x)
the map X — G,(C*) lies in the complement of the fixed point set and hence is a
map X — G,(C®)—G(R™).

Proposition 11.2 will be proven when we have shown that homotopies between
two classifying maps can be taken to lie in the complement of the fixed point set.

LemMA I1.6. If £, g: X — G,(C™) — G,(R™) are such that f*(y*)~g*(y™) as real
vector bundles, i.e. the pullbacks of v?|G,(C™ — G,(R™) are isomorphic, then there
is a homotopy jo f~jo g: X — G,(C?™)— G(R?™).

Proof. In the proof of Lemma II.3 equivariant homotopies 4¢ and h?: C™ — C2™
were defined. We have A{ a linear monomorphism with matrix

- 0 -
(l;t)... i
h) = t ) 2i-1
0
L i i

and a similar matrix for (h?). Since these matrices have real entries the transforma-
tions A¢ and h? commute with complex conjugation and hence are equivariant.
Thus the maps f* and f° are equivariant so that f¢ o f(X)< G,(C™ — G,(R™) and
fPog(X)=G,(C™— G (R™) provided f(X), g(X)<=G(C™)—G,(R™). It follows
then that there is a homotopy f~g: X — G,(C?™)—G,(R*") and Lemma ILS is
proved. This completes the proof of Proposition I1.2.

III. Fixed point free involutions. We assume X is compact, connected, simply
connected and that 7: X — X acts freely. By §II any real n-dimensional vector
bundle ¢ over X corresponds to a map f;: X — G,(C™ — G,(R™) for sufficiently
large m. If We Gy(C™)—G(R™) and W' e G(C™), the sum W @ W' is not left
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fixed by complex conjugation in G, ,;(C"*™) since the images of W and W’ lie in
complementary subspaces of C"*™ Thus W @ W’ € Gy (C"*™) — Gy (R**™).
This is true provided k >0. The following lemma is proved as for the complex case
and the proof is omitted:

LemMma IIL1. If fi: X — G(C™)—G(R*) and g,: X — G(C™)—G,(R™) are
classifying maps for ¢ and v respectively, then the composition

d(fexgn)A: X = Gy (C™*™) = Gy (R**T)

is a classifying map for ¢ ®n. Here A: X — X x X is the diagonal map and d is
induced by the map C"x C™ — C™*™ sending

(Zay o3 Z0)y Wiy ooy W) = (21, o v oy Zgy Wiy e v oy Wiy).

Since the trivial bundle 6,, can be classified by the unique map X — G,(C™) we have
the following

LemMA IIL2. If f;: X — G(C™)— G(R™), k>0, is a classifying map for the real
bundle ¢ — X, then jo f: X — Gy n(C™* ™) — Gy 1 (R**™) is a classifying map for
E®6,. Here j:G(C™)—GRY) —> Grym(C**™) —Grrm(R**™) is the natural
inclusion.

If BU=J, <, G.(C?") then BO=\,<, G,(R?") can be identified with the fixed
pointset of BU under the involution induced by complex conjugation. Every element
of KR(X) can be written as [¢]—[6,] where 7 is an n-dimensional real vector
bundle over X. If 7 is an n-dimensional real bundle over X with classifying map
fo: X —> G,(C™)—G,(R™) there is a bundle o' — X with classifying map
S X— G(C)— G(RY) such that » @ n’'~ 0, ., has classifying map

[1 X = Grsn(C™ ) = Gy n(R™).
Define f,: C* — C> by fo(e)=es and f,: C* — C* by f,(e,)=ey. These maps
give rise to ¥, : G(C?") x G,(C?") — G4,(C*™), where (W, W )=fo(W)+1(W').
Since fo(W) and f(W’) lie in complementary subspaces of C*" there is an induced
map $,: G(C?")— G(R?) X G,(C?) — G,(R?") — G3,(C*")— Gon(R*™). The prod-
uct BU x BU — BU is induced by ,. We have the following commutative diagram
where the vertical maps are inclusions:

Gn(C?") — Gr(R?™) x Go(C?") — G (R?) l/‘—") G2n(C*")— G2n(R*™)

! !

Gr41(CHH*+9) = Gy 1 (RE+D) X G4 1(C2+9) = Gy 1 (RE0) —> G 1 2(C+9) = G4 o(RHH+9).

Thus there is a product induced

BU—BOxBU—BO#BU—BO

| |

Gn(Czn) - Gn(Rzn) X Gn(czn) - Gn(R2n) g G2u(c4n) - G2n(R4n)
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so that the above diagram commutes. If /1 X — BU— BO we can assume that
[ X — G, (C?*™)— G,(R®") for sufficiently large n. Define

0: [X, BU— BO], — KR(X)
by 0[f1=/*(3") — bn.
LemMmA I11.3. 6 is an isomorphism of groups.
Proof. 0[f]=f*(y2")—0,, and 6[g]l=g*(y2")—0,. There is an equivariant
homotopy
Yn = d: Go(C?")— Go(R?™) X Go(C?™) — Go(G®") — G C*") — Gon( R*™).
Thus
W% g)AY*(v2m) = (d(fx g)D)*(v%n
= A¥(f*(ya") x g*(3") = f*(i") © g*(va"),
and so
O.(fx g)A] = f*(yz") D g*(¥a") — Ozn
= (f*(2") — 0.) +(g*(»a") — 6,) = 6[f1+0[g].

Now let f: X — BU—BO be an equivariant map. There is then an induced
map f: X/r — BU— BO/r defined by f[x]=[m; o f(x)] where =, is the projection.
We have the following commutative diagram:

f

X—— BU—-BO

)L — > BU-BO|r

Clearly an equivariant homotopy f~ ¢ defines a homotopy f~ g and thus there is a
function ¢: [X, BU—-BO), — [X, -, BU—BO/r]. We now require information
about the fibration BU—BO 2, BU— BO|r.

LemmA 111.4. BU— BO is simply connected.

Proof. For dimensional reasons G,(C%")—G,(R?") is arcwise connected for
nz2. It is obtained from G,_,(C?"~2)—G,_,(R?*"~2) by attaching cells % — ¢,
where k> 1. Each e?*—e¢* is a 2k-dimensional cell with a k-dimensional cell re-

moved. We refer to [2] for a complete description of the cell structure of G,(C2").
Thus the quotient space

Gu(C?) = Gu(R*™)[Gr-1(C*"~2) = G-y (R*"72)

is a wedge of spheres S2¥— D¥, k>1. Each S%*— D* is a 2k-sphere with a k-disc
removed. Since D* is contractable in S2*, it follows that any loop in G,(C?%")
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—G,(R?*") can be deformed into G,(C?)— G,(R?), which is a disjoint union of two
2-discs. Hence every loop is null-homotopic. Thus each G,(C?*)— G,(R?*") is simply
connected. By Proposition 4.3 of [3] the inclusion G,(C?")—G,(R*") -~ BU—-BO
induces an isomorphism of fundamental groups. Hence (BU—BO) is simply
connected. Let g: BU—BO/r— RP® be a classifying map for the principal z,-
bundle BU— BO *2, BU— BO/r. By Lemma I11.4 =,(BU— BO)=0; the same is true
of X by assumption. Thus BU—BO and X are the universal covering spaces of
their orbit spaces BU— BO/r and X/z. It follows then that the corresponding line
bundles g*(y(1)) and (g °f)*(y(1)) have nonzero Stiefel Whitney classes w; #0.
Here y(1) is the canonical line bundle y(1) — RP(1)=BO(1). By naturality of the
Stiefel Whitney classes and the fact that w,(y(1))#£0 we have f*(wi(¥(1)))
=w,(f*(»(1))) and f*g*(wi(¥(1)))=w:((g o /)*(¥(1))). From the exact homotopy
sequence of the fibrations X X/r and BU—BO 3 BU—BO/[r we have that
m (X /1) m(BU— BO/7)~m (RP*)~z, Hence

g*: HY(RP™; z,) i HYBU—-BO|r; zp)
and

f*: H(BU—-BO|; z,) i HY (X [7; z5).
Let [X/7, BU— BO/7]' denote the set of homotopy classes of maps

f: X/r— BU—BO|r
such that f*: H'(BU— BO|/7; z3) 2, H*(X/7; z5). Then we have
¢: [X, BU-BO], — [ X/, BU—- BO/~).

Now let fe [X/r, BU— BO/r]’. Then the composition fo m;: X — BU— BO/ lifts

to a map f: X — BU— BO such that fo m =m, o f. f*#0 implies that fis a bundle
map and one-one on fibres. Hence f is equivariant. The map

: [X/r, BU-BOJ+) — [X, BU— BO],

thus defined is clearly an inverse to ¢, and we have that ¢ defines a bijective corres-
pondence [X /7, BU— BO/7]) «» [X, BU— BO]..

ProrosiTION 111.1. If X is connected and simply connected with fixed point free
involution 7: X — X then KR(X) is an invariant of the homotopy type of the orbit
space X |[r.

Proof. Let X and Y be as above and A: X/r a homotopy equivalence. Then A
defines a bijective correspondence h*:[Y/r, BU—BO/7) — [X /7, BU—BO|7]'.
We have the following sequence of bijections:

9
KR~(X) <= [X, BU- BO), ¥*> [X/r, BU- BOJ]

* Py

)
<—[Y/7, BU-BO/+) <~ [Y, BU-BO], —> KR~(Y)
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where 6, and 6, are group isomorphisms. Let «: KR~(X) — KR~(Y) be the
composition of the above bijections.

LemMA II1.5. « is a group isomorphism.

Proof. Let [f], [g]€[X, BU—-BO),. Then it suffices to prove o([f]+[g])
=a[f]+a[g] where by an abuse of notation we let « denote the map
[X, BU—BO], — [Y, BU— BO].. Since X is compact we can assume

£, 8: X — G,(C?")— G (R?).
If / is a lifting of A to Y, then we have the following:

o[f1+[g]) = ¥ao(fxg)o A, oh,
offl+elg] = ¥ro(fxg)o (ﬁxﬁ) o A,

Here A denotes the diagonal map. These maps are in fact equal, which proves
Lemma II1.5 and hence completes the proof of Proposition III.1.

Let M denote the exotic seven-sphere defined in [1]. Then M} is homeomorphic
to S7 and carries a fixed point free involution 7: M — M. By [1] there is a homo-
topy equivalence h: M]/r — P7. Using the notation of [4] S7-° denotes the p—1
sphere with antipodal involution, and there is the following short exact sequence
which splits naturally:

0—> KR YX)—> KR (XxS?°— KRP*'~Y(X)—0 forp=3,q20.
Taking X'=point, g=0, p=8, we have
KR-%(X) ~ KR(pt) ~ KO(pt) ~ Z,  KR**'-%(X) = KR%(pt).

By [4] KR®(pt)~ KR~ "(pt)~ KRO(S")=0. Thus we have KR(S%°)~Z @ 0=Z. By
Theorem III.1 there is an isomorphism o: KR(M]) =, KR(S®°).

COROLLARY. KR(M)~Z.
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