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TWO METHODS OF INTEGRATING
MONGE-AMPERE’S EQUATIONS. II
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MICHIHIKO MATSUDA

Abstract. Generalizing the notion of an integrable system given in the previous
note [2], we shall define an integrable system of higher order, and obtain the following
results:

1. A linear hyperbolic equation is solved by integrable systems of order » if and
only if its (n+ 1)th Laplace invariant H, vanishes.

2. An equation of Laplace type is solved by integrable systems of the second order
if and only if the transformed equation by the associated Imschenetsky transformation
is solved by integrable systems of the first order.

0. Introduction. Let us solve a linear hyperbolic equation
0)) s+ap+bg+cz =0

by Laplace’s method, where a, b, ¢ are functions of x, y, and p=0z/ox, g=0z/0y,
s=0%z/0x 0y. The integration is reduced to that of ordinary differential equations
if the first Laplace invariant H,=0a/0x + ab— c vanishes; for in this case equation
(1) has the form

(9/0x)(0z/0y + az) + b(9z/0y +az) = 0.

Suppose that the first invariant H, does not vanish. Then we can transform equation
(1) by the Laplace transformation z, =q+az, Hyz=0z,/0x+ bz, to the equation

(0/0x)(021/0y + a12,) + b(0z, /0y + ayz,) — Hyz, = 0,
where
H, = 0a,/0x—0b[oy+Ho,  a; = a—d(log Hy)/0y.

The (n+ 1)th Laplace invariant H, is defined inductively by H,=20a,/0x— 0b/dy
+H,_,, unless H,_,=0, where a,=a,_,—d(log H,_,)/0y. The given equation (1)
is transformed to the equation

(0/0x)(0z,,/0y + a,z,) + b(0z, /0y + a,2,) — Hyz,, = 0
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by successive application of the Laplace transformation. Hence, if the (n+1)th
invariant H, vanishes, then we can solve (1) by integrating ordinary differential
equations.

Here we shall discuss the problem from a different point of view. It is Cauchy
who first tried to solve the initial value problem of a partial differential equation by
integrating ordinary differential equations. He proved that the initial value problem
of an equation of the first order V(x, y, z, p, ¢)=0 is solved by integrating the
Lagrange-Charpit system

dx dy dz —dp —dq

oV]op ~ oV]oq  poViep+qoVioqg dVidx  dV]dy

Here d/dx=0/0x+ p(0/0z), d/dy=28/dy+q(2/0z). The Cauchy problem of Monge-
Ampére’s equation is solved by integrating the Lagrange-Charpit system of an
intermediate integral of the first order if and only if Monge’s method of integration
is applied to the given equation with success. Generalizing the Lagrange-Charpit
system, we defined an integrable system in [2]. Consider a system of ordinary
differential equations

in the space of (x, y, z, p, q), where 4, B, C, D are functions of x, y, z, p, g. Then
it is called an integrable system if, for any initial curve satisfying dz—p dx—q dy=0
and Adp+Bdq—Cdx—Ddy=0, the integral surface of the system satisfies
dz—p dx—q dy=0. We showed that the Cauchy problem of the linear hyperbolic
equation (1) is solved by integrable systems if and only if H;=0.

Expanding this notion of an integrable system, we shall define here an integrable
system of higher order to solve the Cauchy problem of an equation of the form

¥)] s+f(x,y,2,p,9) =0

in the space of (x,, z,p, 4y, - . ., g,) containing the derivatives of higher order
g;= &'z/0y". In this space we shall consider a system of ordinary differential equations

dx _ dz _ dp

dy—oa dy_qla dy_ f;
(3 d da

;17‘=%+1, l1=i<n, T;=u

and differential forms
wo = dz—p dx—q dy,
w, = dgi+fio1dx—q1dy, 12i<n,
w =dgntfo-1dx—u dy,
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where u is a function of (x, y, z, p, 41, - - ., g») to be determined later and f; is the
function defined inductively by
af,  of; 8 11 of, )
ﬁ+1=3f; blz f Z fq]H, 0<i<n-—-1,
fo=1.

We shall say that the system (3) is integrable, if for any initial curve

@ y=y), z=zx), p=p®), G=qux), 15isn,
satisfying

®) wp=w; = =w,_;=0w=0,

the integral surface of the system (3)

©® z=e¢xy), p=9xy), g=9y, 1=izn

under the initial condition (4) satisfies (5). In this sense the integrable system defined
in [2] is the integrable system of the first order. If the system (3) is integrable, then

the integral surface (6) of (3) is a solution of the given equation (2) for we have,
from (5),

op 7 ,

_} = lﬁ(x, y)a 3y ‘pl(x’ y), 'a;;? = @Pi+1s 1 =i<n,

b ,

3%’=—:-l(x,y,%'/’,%-..,%), 12ign
and hence

W_ Do _ O 0 0piy_ ‘l_al", 1<i<n

dy Oxdy 0x dy oOx ox
We shall say that the equation (2) is solved by integrable systems of order n, if for
any initial curve (4) satisfying wo=w,= - - =w,_, =0, we can find such a function

u that satisfies w=0 along (4) and makes the system (3) integrable. Apply this
method of integration to the linear hyperbolic equation (1). Then we obtain the
following theorem:

The equation (1) is solved by integrable systems of order n if and only if its (n+ 1)th
Laplace invariant H, vanishes.

As the next problem let us try to generalize this theorem. Presenting an example
of Biacklund transformations, Imschenetsky generalized the Laplace transformation
as follows (see [1]): Consider a transformation

™ Xy =X, =), zy = h(x, y, z,9), P = k(x,y,2,9)
satisfying oh/oq #0, o(h, k)/2(z, q) #0. Suppose that a surface z=g(x, y) is a solution
of the equation

oh  oh  oh
®) 2 taP k=0
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Then the derivative of the function

(9) Z; = h(xl’ Y1, q’(xla yl)’ ‘Py(xl’ yl))
with respect to x; is k(xy, ¥1, @, ¢y), since

oz, ©oh oh ok

ax — ax o Pt ag P =k

The surface (9) is a solution of the equation

oh ok dk oh dh ok
(19 5" " 2" o dy o

where we replace x, y, z, ¢ by their values obtained from (7). The equation (10) is
derived from

_dk_ ok _ dh_ oh
81 = dy aq Pyy> ql - dy aq Pyy-

Thus the Imschenetsky transformation (7) transforms the equation (8) to the
equation (10). We shall say that an equation of the form

(1) s+M(x,y,5,9p+N(x,,2,9) =0

is of Imschenetsky type, if its first invariant H=0M/ox— N(0M/oq)—oN/oz
+ M(2N/oq) does not vanish. This is a necessary and sufficient condition that an
Imschenetsky transformation be applied to the equation (11). Also the condition
H=0is a necessary and sufficient one that the equation (11) be Monge-integrable.
A Monge-integrable equation is by definition an equation whose Cauchy problem
is solved by integrating Lagrange-Charpit systems (see [2]). The inverse trans-
formation of the Imschenetsky transformation (7) is given by solving (7) conversely
with respect to x, y, z, q. An equation of the form

814+ My(x1, Y1, 21, p1)g1+ Ni(x1, Y1, 21, P1) = 0

is the transformed equation of an Imschenetsky transformation if and only if
K,=0M,/oy,— N,(6M,/op,)— ON,/0z, + M,(0N,/9p,) does not vanish. In this case
we have the identity H=K;.

In the previous note [2] we defined an equation of Laplace type as an equation
of Imschenetsky type whose transformed equation has the form

51— (yp1+8)q,—(ep1+8) = 0,

where ¢, B, y, & are functions of x,, y;, z;. The equation (11) of Imschenetsky type
is of Laplace type if the transformed equation is Monge-integrable, for an equation
of the form (2) is not Monge-integrable, unless the function fis linear with respect
to p. In [2] we showed that an equation of Laplace type is solved by integrable
systems of the first order if and only if the transformed equation is Monge-integ-
rable. In this note we shall obtain a necessary and sufficient condition which the
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coefficients M and N should satisfy in order that the equation (11) of Imschenetsky
type may be of Laplace type. And we shall show that the equation (11) of Im-
schenetsky type is of Laplace type if it is solved by integrable systems of the first
order. The following theorem will be proved:

An equation of Laplace type is solved by integrable systems of the second order
if and only if the transformed equation is solved by integrable systems of the first order.

If an equation of Laplace type is solved by integrable systems of the first order,
it is solved by integrable systems of the second order. Hence an equation of Laplace
type is transformed to a Monge-integrable equation by applying once or twice the
associated Imschenetsky transformation if and only if it is solved by integrable
systems of the second order.

REMARK 1. Equation (2) has the two characteristics dx=0, dp+fdy=0 and
dy=0, dg+fdx=0. The same argument as above can be made with respect to the
other characteristic.

REMARK 2. By Professor G. L. Lamb, Jr. in Physics the author was informed of
Clairin’s work [1]. The Bicklund transformation of Laplace type defined in [2] is
the same as the Imschenetsky transformation applied to an equation of Laplace
type.

1. Laplace invariants. Let us define an integrable system of order n by the
following:

DEeriNITION. The system (3) is integrable if the function u satisfies the system of
the equations

ou _
op
ou ou ,ou " ou Ofy_, Ofn_1  ,Ofn_1
(12) xPa T A gy e
SN
+‘=zl di+1 3(1, +aqu—0.

In the proof of the following proposition, we shall see that this definition is
equivalent to the one given in §0.

PROPOSITION 1. Suppose that the system (3) is integrable. Then for any initial curve
(4) satisfying (5), the integral surface (6) of (3) under the initial condition (4) satisfies
3.

Proof. On the integral surface (6) we have

3‘?/3)’—% = 09 3‘Pi/ay_‘Pi+1 = 0’ 1 é i< n,
3<Pn/ay—uo =0, 3‘/‘/3)’ +f =0,

where

uo(x’ y) = u(x: y, P, '/” P15 .- %)-
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Let I be the left-hand member of the second equation in (12), and put

vo(x,y) = a(P/ax_‘/" U{(x,y) = a‘Pi/ax-l'gi—l» 1 é l é n,

where

IIA
IIA
S

gi_l(x,}’)=f:-1(X,y,<P,¢‘,<P1,-.-,%), 1
Then we get ov,/dy=v;,,, 05i<n, and

ov, ou ou ou o
3_y = 72 vo+i=z1 3_% Uri-ap a—;/:+1.
Here we replace z, p,qy,...,q, In 0ufoz, ou/op, duloq,, 1<i<n, and I by ¢, ¢,
@1, - - ., @, Tespectively. By the assumption that the given system (3) is integrable,
the right-hand member of the last equation for dv,/dy is linear with respect to v;,
0=<i=Zn. Since v;=0 (0<i<n) along the initial curve (4), we have v;=0 on (6),
0sizn
Hence equation (2) is solved by integrable systems of order » if and only if the
system (12) with the unknown function u has its rank greater than zero (see [2]).
Apply this method of integration to the linear hyperbolic equation (1), where
f=ap+bq+cz. Let us define 4;, B;;, C; (i, j=0) inductively by

A, = 04,-,/0y—ad;_,, izl
By = 0B, y,/0y+Bi-1,;-1, LjZ 1,
Ci = 0C;_,/0y—cA;_y, izl

Ay = a, Co=c By, = C,—bA,, B,, = b,
BOj = 0, j > 1.
Then we get B, ;,,=>b, B;;=0, j>i+1, and

i+1

ﬁ = A(p‘l' z B,,q,+C‘z, i ; 0.
i=1

The system (12) is equivalent to the system of the equations

(13) Zu+A4, =0,
(14) X,,u+bu+jZ":1 B,g,+Ciz =0
with independent variables x, y, z, gy, . . ., 45, Where

Z, =25 4,0

oz S 3qt+1’

o =l ixl P)
x,=2_ ( B +cZ)—.
"oox iZO 121 ol T 0g; 41

Suppose that the nth invariant H,_, does not vanish and hence the (n+1)th
invariant H, can be defined. Let us define 4,,; (0<m=n, —1=i) inductively by
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aAmi ! .
HA,,,+“=—+2 Am,;-1By, m,iz0,

AO,-1=_1, A0i=Ab l=0’ Am,—1=0’ m>0a

and differential operators Y,, (1=m=n) by
0

n
Ymn =121 Am,]-—l _671.

Then we have [Z,, X,]=HoY1n, [Xn, Yunl=HpnYpi1,0+bY s, m<n. As the com-
patibility condition between the equations (13) and (14) we get

(15) Ylnu—Al,. = 0.
From this equation we derive Y,,u—An,,=0, 2<m=n, successively as the com-

patibility condition between (14) and Y, _; . u—Apn-;,,=0. The compatibility
condition between (14) and the last equation Y,,u—A4,,=0 is

o, ou_ _ o4,
(16) Z ( j+‘z Ani- 1Bﬁ) £ n_!_‘z An 1B

LEMMA. For each m (1 £mZ n) we have the following identities:
@) Apm-1=(=D""%

(i) Ap=0,0Zi<m—1;

(i) 0Apm/0x+(—1)""*Bpp=(—1)"Hpn;

(V) Am=0Ap4-1/0y—anAms—1—Am-1,4-1, IZ 1.

Proof. As the first step let us prove these identities for m=1. By the definition
we get HOAIO = aAoo/ax + Ao, - 1B00 = 3a/3x - (C - ba) = Ho, and

Hydy = + z Ao,y-1By;

_ 2 (i (e (8
- ax( ay aA;..l) +b y aA‘_l) ay _CA‘_I)

! OB, _ 04
+ Z Aj—l ay +aB¢ 1 ()""Z2 (_‘jy_z“aAj_g)B‘-l"_l

04
3y( 8‘ 1+b4;_,—Ci_ 1+Z Aj_1B;_ 11)

17
- ( A; - 1 b4, ,—C, 1+ z A;_1By_, ,) (%ajox+ab—c)A, -,
= (0/0y)(HoAy1,1-1)—aHoA; 11— HoAog ;-1
These identities give (i) and (iv), since a, =a—d(log H,)/0y. Hence we have

04 0A4 0By,
ox L+B, = 7 (a_ylo—thm—Aoo) —2+ By

0 ob _ a1 ob
—gx(a1+a)+5.—};+c—ab = _a_x y Ho = —Hl
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As the second step, let us suppose that the identities (i)-(iv) hold for each of
1,2,..., m, and prove them for m+ 1. By (i)-(iii) we get

04 L
Hpdnrig = 0+ 2 AnyiBy =0, 0si<m,

0Apm , & m
HmAm+1,m = W-'-;Zo Am,!-lej = ("1) H,.

By the identities (iv) and H,,— H,, ., = 0a,,/0x — 0b/0y, we obtain

04
HyApy1,y = ""+2 Am,s-1By

j=m
04, oB
3x( 8; }—p A1 — Am-1- 1)"'2 An,j-1 5},”

0A,,
+ Z ( A 2—amAm,j-z—Am-l.f—2)Bi-1J‘1

Ay, 94
=55 (5 2 AnsBioss) ~an( T S i)

j=m

aAm—l.i—l & (aam aBi—l.t
( Tx +;=;_1 Am—l.j-lBi—l,l) % oy )Am,4-1

= (0/0y)(HnAm+1,1-1)— On(HnAm+1,i-1)— HpnAm,1-1-
This gives (iv) for m+ 1, since a, ., =a,—d(log H,)/dy. Hence we get
(a/ax)Am+1,m+1 +(_ l)mBm+1 m+1

= (- 1)m+1{aam+1 (=Dm+t f;mm aBmm+1_Bmm}

= (= 1)"* 0y +1/0x—0b/0y+ Hpn) = (= 1)"**Hp 1.

By this lemma we see that the compatibility condition (16) is H,=0. Hence we
have the following:

THEOREM 1. Suppose that the nth invariant H,_, does not vanish and hence the
(n+ Dth invariant H, can be defined. Then the linear hyperbolic equation (1) is solved
by integrable systems of order n if and only if H,=0.

2. AnImschenetsky transformation. Given two functions M and N of (x, y, z, q)
take a solution h of dh/oz— M(0h/oq)=0 satisfying 0h/oq+#0, and put k=0h/ox
— N(0h/0q). Then we have

_ @M OM oN . ON _ a(hk) (
H=2 N-Ef 6_z+M6_q— az,q) )
Hence the four functions x, y, b, k are functionally independent if and only if
H+#0. Suppose H#0, and solve

X1=x, w»n=y, zZ=hxy2z2q, p=kxyz4q;
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conversely,

zZ = hl(xh Y15 21, P1), q= kl(xls Y15 21, pl)'
Then we obtain the following identities:
oh _ 0hy o(h, k)
oq  9p10(z, q)

oh /ah ok, |ohy

a2/ 8~ " op:/ op)’

(ah ) oh _ ok, dhy [0k, _dk,

ox %) 3q = %p, dxs| 7y @y’

_ 2k [oh _ by [oh,
oq/ 3q ~ @2,/ op,’

Ok dh oh _dk _ (%_ ) oh,,

oqdy/ og dy — \oy. ')/ op
Hence an equation of the form

81+ My(xy1, Y1, 23, P11+ Ni(x1, Y1, 21, 91) = 0

is the transformed equation of an Imschenetsky transformation (7) if and only if
its first invariant K, =oM, /0y, — N,(0M,/op,)— &N, |0z, + M,(ON,/dp,) with respect

to the other characteristic does not vanish. In this case we have H=K;.
Let us define the second invariants H,,;, 1 <i<4, of equation (11) of Imschenetsky

type by
OlogH oMologH &M _ 0L,

= —_—)

2g 9q oq o~ oq
dlog H oNolog H &N _ oL,

Hn = Zl

Ha= 0= "% o "o = 7’

_ dlogH om, dL,
Hgz=27Z,0-m, —ar+a—q' = d—y—MLl—ZlM,
H14 = X1Q“n1 alog H+Q'n_1 = d_IQ_NLl—ZlN—ZH,

oq oq dy
where
X, = 0/ox—Nolog, Z, = 0/oz—M d/oq,

0 = d(log H)/dy—2M, m, = dM/dy— M?3, n, = dN/dy— MN,

PROPOSITION 2. Equation (11) of Imschenetsky type is solved by integrable systems
of the first order if and only if H;;=0, 15i<4.

Proof. In our case the system (12) is equivalent to the system of the equations

Zu+(0©@Mlogu+m, =0,  X,u+(ON/ogu+n, =0
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with independent variables x, y, z, ¢. The compatibility condition is
oujog—(o(log H)/og)u— Q = 0.

Hence the rank is one if and only if H,;=0, 15i<4.

PROPOSITION 3. Equation (11) of Imschenetsky type is of Laplace type if and only
if Hy,=H,3=0.

Proof. Operating successively H(0h/0g)(0/6p,)=Z, to the coefficients

ok |oh dk ok dh [oh
Mi=-Gla M--Gtaala
we have
oM, {a (ah )} oh (6h)2 2M,
M _ %0 (2 )2, —H(E) 2o F
op, aq 8 \oq oq oq) op? 1
and
_ON, _ odh _dh [0 ( %}] oh
o, Q+[3q & dy \3g %8 Haq) oq’
oh °N, dh oh
“Hogapr = oy M e

Hence M, and N, are linear with respect to p, if and only if Hy; = H;3=0.

COROLLARY. Equation (11) of Imschenetsky type is of Laplace type if it is solved
by integrable systems of the first order.

Suppose that equation (11) is of Laplace type. Then the transformed equation
has the form

a7 51— (yp1g1+op,+ 89, +B) = 0.

These coefficients are given by

_ (dlog H , 0% [oh\ [oh . 0dn [oh_dh
"_( o og 571) " %Yadag "
ok |oh dk ok dh [oh
) ky,

“alag " P e nala

The equation (17) is Monge-integrable if and only if each of A =08/0z, —dy/0x,,
B=0B/0z, — 0e/0x, + 8 — By vanishes, since the first invayiant is Aq,+ B. These
invariants are given by

dh oh

oh
(18) A =—H12/a—qa B=_H14+I})H12 a_q,,

Apply Proposition 2 to the equation (17). Then we have the following:
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PROPOSITION 4. Suppose A#0 or B#0. Then equation (17) is solved by integrable
systems of the first order if and only if each of the following invariants I, 1 Sj< 10,
vanishes:

ISPLTI R

I, = BgAl A——ﬁA2+8AB

I=4%; 32A (5—2) +yA %—i-+(a—”+y2),42,

I, = Bgi? (Zi ) +yB 251 % 4Brarar,

L= A e af ()

b= Bty B (B A )
+(o+)an+ ()

17=A%’;Z1 gfl 832 A—+(§8 +yd— 2A)A2

Iy = B%—g—ﬁ Z—2+83 g—B—+aﬁA2—ABz+a—; AB,

I = A%—%Z—Q+M azl*'(aB* 5— 215'),42

o= Bt B (B AT
+(§f +aﬁ)AB+(a—°‘l—§j—l)Bz B

Proof. Since we get

L, = ((0A4/0z,)q,+ 0B[0z, + «A—yB)/(Aq, + B),
L, = ((0A4/0x,)q,+ 0B|ox,+BA— 8B)/(Aq, + B),

the identities H,, =H,,=0 hold if and only if I, =1,=0. Suppose that I, =I,=0,
and A#0. Then H,3=H,,=0 if and only if I=I;=I,=I,=0. In this case the
identities I, =Is=I3=1,,=0 are satisfied. Suppose that I; =I,=0, and B#0. Then
Hy3=H,4,=0 if and only if I,=I;=I;=1,,=0. In this case the identities I,=I;
= I, =1,=0 are satisfied.

REMARK. Identity (18) gives another proof of the following theorem obtained in
the previous note [2]:

An equation of Laplace type is solved by integrable systems of the first order
if and only if the transformed equation is Monge-integrable.
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3. Integration of an equation of Laplace type. Let us solve equation (11) of
Laplace type by integrable systems of the second order. It is possible if and only
if the system of the equations

(19) Zu+©@M[og)u+M, = 0,
(20) Xou+(ON/ogu+ N, = 0
with independent variables x, y, z, ¢, t (=¢.) has its rank greater than zero. Here
Z, = 0/oz— M (0/oq)— (m, + (0M]oq)t)(e/et),
X, = 0/ox— N(0/0g)— (n, +(ON/oq)t)(9/ot),
M, = (dmy/dy— Mm,)+(2(6m,/0g) — Z, M )t + (62 M|0g>)t2,
N, = (dny/dy— Nm,)+(2(dn,/0q)— Z,N)t+(9°N]oq?)t>.

The compatibility condition between equations (19) and (20) is

@n Yyu—(d(log H)/og)u— Q2 = 0,
where
_ 0 dlog H
Ya=ggt (Q“ % ) o
6logH) (d )( 8logH)
+(= +1t
( & ¢ 9q
dlog H oM
+M(Q+t aq )—'(m1+a_q t)a
since [Z,, X;]=HY,. The compatibility condition between (20) and (21) is
(22) (T+T:12)(0u/0t) - Tiu— Q3 = 0,
where T=H14, T1=Hl2’
0, = 2(Q+t dlog H )(T+ T,0)+ (a‘iy +t %)(n Tu6)+ M(T+Ty1),

since [X,, Y,]=(0N/oq) Yo+ (T+T,t)(0/0t). The compatibility condition between
(19) and (21) is Y M,+Z,0,—(9(log H)/0g)M,=0, since [Z,, Y,]=(0M/0q)Y,.
This condition is identically satisfied by
olog H om, 0*M
z0+=5) -~ (G
2t 5 9q ' og*

Also the compatibility condition between (19) and (22) is satisfied identically by
Z,.T=mT,, Z,T,=(0M|0q)T,, Zo(T+T,t)=0. Hence the rank is two if and only
ifH12=H14=0.

THEOREM 2. Equation (11) of Laplace type is solved by integrable systems of the

second order if and only if the transformed equation (17) is solved by integrable
systems of the first order.
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Proof. By (18), H,,=H,,=0if and only if A=B=0. In this case the transformed
equation (17) is Monge-integrable and it is solved by integrable systems of the first
order. Hence we may assume that H;,#0 or Hy,#0. The compatibility condition
between (21) and (22) is

(23) (T /(T+Tyt))(e(log H)/oq)+ Yo(T1/(T+Tyt)) = 0,
(24) 0Q,/0t—(Ty/(T+T1t))Qs— Yo(Qs/(T+T3t)) = 0
Let F be the left-hand member of (23) multiplied by (T+ T,¢)2:

F = TT,(o(log H)/oq)+ T(eTy/oq)— T,(9T/oq)— T3 Q.
Then we have the identity
(25) F = (0h/og)*I,.

Express the left-hand member of (24) multiplied by (7+ T;¢)? in the polynomial
of t, Fy+ F,t+ Fyt?+ F5t3. These coefficients are given by

N a;qu . 3T1613§H+(661;) Tz{(algiH)z_l_aﬂogH’
F2=§§+F61‘;§H+2—F3 ;laTlF +F,
Ry T 045 TG a0 TR )
F, = (T) F3+21]: F2+77,; gf#ff;

dy T,0q T2 0q T, og

+(_2dT1 1oT T oT, TaIOgH+Q+M)F,

T dF 1 dT T dT,

T
F, = (T)172+T1 ST By t@rME }F

Here we assumed that T, #0. If T, =0, then we have F;=F,=0 and

_ O*T 0T dlog H\ , (oT\?
Fi= T(aq o oq ) (55)’

_ .. 8dT oTdT__oT 2(avalogbr dlogH , 30 oM
bo=-Togtagd 1o T "ho 7o M o 26—q)

Suppose T; #0. Then we obtain
(26) Fy = —(0h/og)*ls,  F3 = —(0h/og)*(Is+ (dh/dy)I5).
If T, =0, then we have

27 F, = —(0h/og)*l,,  Fo = —(0h/0q)(Is+ (dh/dy)l,).
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The compatibility condition between (20) and (22) is

T, oN (T1 )_0

T+Tit og “\T+Tyt
ON, T, ( 0 \ _
o rRALRRE T+T1) =0.

These conditions are written in the following forms:

(28) TT; R, — T1(2T/ox) + T (eT,/dx)— TR = NF,

92 (NQ,— (T \__-N_ &,
09) 5 (V@ No) e, (VQu =)= X (7o) = s 2. Bt

where R=NQ—n,, R,=N(0 (log H)/oq)—0N[dq, X=X;+ NY,=0/0x+(R+ R,t)
-(9/ot). By the identity [X—NY,, Y;]=(dN/oq) Y, +(T+Tt)(d/ot), we get

0Q/ox+ R(é(log H)/oq)—oR/éq— R, Q = T, 0%(log H)/ox 0g— oR,[/oq = T,,
and

17
9R_dR, p2loe H+R1(Q+M)+N(

oM alogH) ON
oq dy oq

oz E_O

Let E be the left-hand member of (28). Then we obtain
(30) E = (oh/oq)(Iy+ (oh/ox)I,).

Express the left-hand member of (29) multiplied by (7+73¢)? in the polynomial
of t, Ey+ E t+ E,t%+ E5t®. These coefficients are given by

T,  oT, T, aT1 2(aR1
3x8q+ ox 0q Ty R1+T aq R
_ T . E 2 6T1

0dT,
ox dy

2
E, =—T, 810gH_23 logH)’

oq Ox oq
E+R,F+E,,
_1, % 8T1 R+ 2R oT, dT,

3q x dy

— 2 _ —_— __._

Er:) = _T1

_ (T T dE 2dT1
E = (T1) E+27 E2+dy (T1 dy +Q)

T oF loT T T oT,
T, ox ('mﬁﬁ"l T3 ax)F

_(T\*,., T dE dT | T dT,
Eo_(Tl) Es T;E T1 (dy+T1 dy

+

)E+ RF.
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Here we assumed that 7, #0. If T, =0, then we have E;=E,=0 and
0T oToT .. oT

E1=—T~ax—aq+aa—q—T-éa R,,
_ 04T oTdT _oT . _, dlog H . olog H
E=-Tort5 s Ta R T{2T+H+N( - M )}

Suppose T; #0. Then we obtain

Ey = —(0h/0g)°(I; + (h/ox)15),

S E; = —(0h/9q)*(Is+ (dh/dy)I; + (0h|0x)I5 + (0h|0x)(dh/dy)]5).

If T, =0, then we have

E, = —(0h/ogq)(Is+ (0h/ox)1,),
Ey, = — (Lo +(dh/dy)Is+ (0h]0x)Is + (dh/dy)(Oh/ox)1,).
Hence the given equation of Laplace type is solved by integrable systems of the

second order if and only if E=E;=F;=F=0, 0=i, j<3. And it is possible if and
only if I,=0, 1k £10.

(32)

COROLLARY. An equation of Laplace type is transformed to a Monge-integrable
equation by applying once or twice the associated Imschenetsky transformation if and
only if it is solved by integrable systems of the second order.

ExampLE. Take h=logg—logw', k=—w+z—(w/w)g+w'(z/q), where w is a
function of x, y satisfying 0%(log w)/dx dy=0, w'=0w/dy+#0. Then the equation

s—w'z+(w—0(log w')/ox)q—zq+ (w/w')g? = 0
is transformed to
51+ (1 +exp (21)) "*p1g1 +w(exp (z1)+ 1)g1 = 0.

The transformed and original equations are solved by integrable systems of the
first and second order respectively. Here 4= —w exp (z,), B=0. Hence the trans-
formed equation is not Monge-integrable.

REeMARK. Clairin [1] obtained the following result: Consider three equations

(33.9) si—(vipgitopi+8g+p) =0, 1=i23,

where o, B, ¥, 6; are functions of x;, y;, z;, 1 i< 3. Suppose equation (33.i) is of
Imschenetsky type, and equation (33.i+1) is the transformed equation of (33.i),
1<i=<2. Then equation (33.2) is equivalent to one of the following equations:

s+ap+bg+cz =0, s—e*+a=0,
s—ae~?*p+e*q+(0a/ox)e~*+b = 0,

where a, b, ¢ are functions of x, y.
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