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ABSTRACT. We study the bordism group of stably complex G-manifolds in

the case where G is a metacyclic group of order pq and p and q are distinct

primes. This bordism group is a module over the complex bordism ring and we

compute the projective dimension of this module. We develop some techniques

necessary for the study of this module in case G is a more general metacyclic

group.

The purpose of this paper is to study the bordism theory of actions of a meta-

cyclic group on stably complex manifolds in a special case.   More general and

complete results will appear in [8].   However, many of the techniques used can be

isolated and simplified in this special case.   We will be concerned with actions

of a group G  which is the semidirect product of two cyclic groups of prime order.

By a family   F  of subgroups of  G we will mean a subset of the subgroups of

G with the property that if  K is an element of  F  every subgroup and every con-

jugate of   K is in   F.   Çl^iG; F)  is the bordism group of actions of  G  on stably

complex manifolds such that every isotropy group lies in the family  F.   Q%  will

denote the complex bordism ring.

Theorem A.    Let  F be the family consisting of all subgroups of G.    Then

ß+(G; F)   is a free iî+   module on even dimensional generators.

Theorem B.    Let  F be any family of subgroups of G.    Then (Î+(G; F) =

© $ï2iÎG; F)  is a free  Í2% module.   And Í2_(G; F) = © tt2 .   .(G; F) has projective

dimension one over iîJ .

Basic material on the groups iî^G; F)  can be found in [3], [lO].    Our analy-

sis largely follows the lines of [2] but was influenced by [lO] and [6].

In §1 we discuss general facts about equivariant bordism groups.   In §2 we

discuss the cohomology of a cyclic group acting on a polynomial ring.   In §3 we

discuss n+(G; F, F )  for adjacent families  F, F'  in  G and in §4 we present

the proofs of the main theorems.
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1.   Basic facts.   Let p  and  q  be distinct primes.   Let / be a homomorphism

of Z     into the automorphism   group of Z  .   We denote the resulting semidirect
P 9

product by Z x,Z = G. G is generated by two elements a and b with relations

bp = aq = 1, bab~ = ar where r is a nonzero element of Z . /, of course, is the

homomorphism which takes  b  to the automorphism a  —> ar.

Lemma (1.1).   H  ,_    (BG) = Z    if k is not a multiple of p and H2k_, (BG)

= Z    @  Z     if k  is a multiple of p.

Proof.   Consider the Hochschild-Serre spectral sequence

E2urHiiZp,HiiZq)).

£. . = 0 unless   i ot j is zero.   E{ Q = H i/Z  ; Z) = 0 or  Z    depending upon

whether  i is even or odd.   To compute  EQ  .= HQ(Z  ; H.(Z ))  we use the resolu-

tion

(1.2) z[zA - zlzA   - z[zj^     ' p p p

where  D = 1 - b,  N=l + b+--, + bp-1   of [9, p. 121].   Tensoring on the right

with  H .(Z ),  we find that  E2   .= cokernel(D ® 1).    A simple computation shows

the generator  b of Z    acts on  H   ._. (Z ) = Z    by multiplication by  r1  and

1 - r!  is a unit in  Z    unless   7=0 mod p.   It is clear that the inclusion  Z. C G

induces an injection  H^(BZ ) —» H^(BG)  onto the p-torsion, and the inclusion

Z   C G  induces a map  H^(BZ ) —> H^(BG)  which is onto the ^-torsion.

Lemma (1.3).   fi^BG)  has projective dimension one over izV.    The left  G-

x.manifolds  G x7    S generate the p-torsion and the left G-manifolds  G ^
P Q

S    p~     generate the q-torsion where Z     acts on S by multiplication of

each coordinate in  Ck  by e277i'p and Z     acts on S2kp-1   by multiplication by

e     1 q.   Let  V be the representation of G  induced from the one-dimensional

representation e2?7¿/<?  of Z    (see [5, p. 333]).    V= Z[G] ®7S7  . C*.   Then the
a jcyz. q j

left G-manifolds S(kV)  also serve as generators for the q-torsion.

Proof.    The statement about dimension follows directly from [7] since

H^(BG)  is concentrated in odd dimensions.   The manifolds  [Z  , S2k~l]  and

[Zq, S     p~  ]  give rise, via the Thorn map, to generators of H (BZ )  and

H2kp_,iBZ )  and so give rise to generators of H^.(BG).   Thus the  G  extensions

of these manifolds yield generators of Ü^(BG)  by standard arguments [l, p. 49].

It is well known that if  / is an integer,  ¿j , ■ ■ . , <f L ate primitive  77th roots of

unity, and if Zq  acts on  C l by a(xy • • . , x,) = (ç",Xj, • • - , f*jc ),  then the fun-

damental class of S2l~l /Z    is a generator of H       ¡ (BZ ).   If Ckp = Ck x

■ • • x C    and  Z    acts on the  7'th factor by rf_;  then S2kp~1  gives rise to a

generator of  H2kp_l(BZ^).    V has   1 ® 1, b ® 1, -.,, bp~l ® 1  as basis and
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aibj ® 1) = £T~\bj ® 1).   Now we claim that G x7    S2kp~ l  and Z. x SikV)  with

the diagonal action of G are  G diffeomorphic.   It is enough to take the case

k = 1.   Let  e . be a basis for the  jth factor in  C x ■ , . x C.   Send  [bl, e .]  in
7 ' 7

Gx7    Cp  to (»V, ¿z!+7 <8>1)  in Z   x V.   Thus the manifolds  Z   x SikV)  generatez ^ p p

the a-torsion in Q^BG).    Let p: ÇîABG) —» H^ÍBG)  be the Thorn map.   Then

i/i(Z   xG SUV))!  are generators for the a-torsion in  H^ÍBG)  and piZ    xG S(£V))

= ppiSikV)/G).   Since  £  and  a  are relatively prime,  \piSikV)/G)\  ate generators

for the (7-torsion in  H^iBG)  and so SikV)/G give generators for the a-torsion in

n^(BG).

In [lO] and [2] the groups iî^(G; F, F '),   where  G  is a finite group and  F

and   F    are families of subgroups of G,  are studied.   If  K  is a subgroup of G

we let  FÍK)  denote the family consisting of all conjugates of subgroups of  K

and we let   F AK)  denote the family consisting of all conjugates of proper sub-

groups of  K.   We call  F and  F     strictly adjacent families if there is a subgroup

K of  G  such that   F - F    consists of the conjugates of  K.

Let  F  and  F    be strictly adjacent families of a finite group  G which differ

by the conjugates of   K.   We have well-known isomorphisms

(1.4) %ÍG; F, F') ^ %ÍG; FÍK), FQÍK)) ̂ Í>*(/V(K); FÍK), FQÍK))

where  /V(K)  is the normalizer of  K in  G.   We enunciate these isomorphisms.   Let

If be a stably complex left G-manifold with boundary.   Let  M be the points in

W with isotropy group conjugate to  K and  N  a closed G-invariant tubular neigh-

borhood of  K.   Then the class of  W in O^G; F, F ')  is sent to the class of N  in

Í2+(G; F(K), FQiK)).   If we let  v be the normal bundle of M  in  W,  MQ the points

in M with isotropy group equal to  K, jy    the restriction of v to  Mn,  then the

disk bundle   Div A  is an N(K)  manifold with boundary which represents an ele-

ment in CI^ÍNÍK); FÍK), FQÍK))  as we assign the class of  Div A to the class of N.

The analysis of these groups is carried out in [ll] for unoriented bordism

and in more detail in a special case in [2].   We present a treatment of

i\.(G; FÍK), F0iK))  which we will later explicitly need.   Let  /    denote inner

automorphism by x.   Let p  and p    be w-dimensional complex representations of

K.   We will say that p and p    ate  G-equivalent if there are elements g  in  G

and  A  in  Uin)  such that  p ' = I .pi .

Theorem (1.5).    Let   K be normal in G.    Then

CljG; FÍK), F0(K))ö£Qm_2B(B(Mp)/r(p)»

where n runs from  0 to [m/2], p runs over a set of representitives of G-equiv-

alent n-dimensional representations of K,  Tip)  is the graph of p  in G x Uin),

and Nip)  is the normalizer of Tip)  in G x Uin).



218 CONNOR LAZAROV [November

Proof.    Let  W he a manifold with boundary representing an element in

£2   (G; F(K), F AK)),   M  the set of points with isotropy group equal to  K, v the

normal bundle,  M    the union of the (777 - 2?2)-dimensional components of M, vI 72 "

the restriction of v to  M  .   Then  W and  ~Ï.D(v )  ate bordant and the bordism
72 72

relation respects this decomposition.   Thus  &m(G; F(K), FQ(K.)) Si ST^,  where

W     is the bordism group of complex 72-dimensional left  G vector bundles  E  over

compact (z?z - 2tz)-dimensional left  G-manifolds   M  such that every point on the

zero section of  E  has isotropy group equal to  K and every point off the zero

section has isotropy group properly contained in  K.   Let  P  be the principal

U(n)  bundle corresponding to  E.   As in [2],   P  can be regarded as a right  G x

(7(72)   space such that the isotropy group of a point  e  in  P  is  V(p )  fot some

72-dimensional complex representation p    of  K.   H = G x U(n)  acts differentiably

on  P  so there is a neighborhood  V  of  e  in  P  such that for  e    in  V there is

a  (g, A) in  H such that     //   ' C (g~~   , /I"1)// (g, /l).    From this it follows that

p   » = /       ,P  I  .   Further, if e    = eA   for some  A   in   l/(tz),   then p   > = I      , p   .
r e /\ - v e x ' re ¿\-l r e

Thus for each  x  in  M  there is a neighborhood   U  of x  such that, for any two

points  e and  e     in  P | U,  p    and p   '   are   G-equivalent and so  //    and  H   <

ate conjugate in  //.   Thus f   sXf     „ where 1*        is the bordism group of

compact right  G x U(n)  spaces   P such that   U(n)  acts freely on  P,   P/il(n) = M

is a stably complex G-manifold, every point in   P  has isotropy group conjugate,

in  H,  to V(p),   and p  runs over a set of representatives of zz-dimensional rep-

resentations of   K under G-equivalence.   So  M/G/K is a stably complex mani-

fold.   Now let   P —> M represent an element in ¥        and let  Q C P  be the points

in  P  with isotropy group equal to 17p).   0   is a principal right  N(p)/V(p)  bun-

dle,  Q/N(p)/T(p) = M/G/K,  and  O and  P determine each other since  Q xN(p)

H= P.   Thus

(1.6) 'vntP&iim_2n(B(N(p)/r(p))).

(1.7)   We should make a few remarks about extensions of actions.    If  H is

a subgroup of G and  F a family of subgroups of  //,  then we let  F also denote

that family of subgroups of  G consisting of all conjugates of elements of  F.

We have a map   E: £2*(//; F) —» ß+(G; F)  which takes the class of a stably com-

plex //-manifold  M  to the class of  G x;/ M.   Note   G xf¡ M  has a well-defined

G-invariant stable complex structure.   In a similar manner we have

E: 0,^.(11; F, F ) — 0^(G; F, F').   Note that if  //.   and  //     are conjugate in  G,

then the image of ii+(//,; /70(//,))   is equal, in Q*(G; F),   to the image of

ß+('/2; FQ(I¡2))  where  F  is any family of  G containing  F (// ) = F AHA.

2.   Actions of cyclic groups on polynomial rings.   We will develop some

algebra which will be relevant to the analysis of Q,AG; F, F ').   Let  P., • , ,     P
j * " f     i
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be polynomial rings over the integers,   Ptp) the p-fold tensor product.   Zp  acts on

P(. p) by letting the generator b of Z    act by  bix Q ® . , , ® xp_x) = xp_x ® xQ

® • . • ® x        .   Let  P = P(i)® • • . ® P(p\   P  is a polynomial ring and  Z    acts

on P via the tensor product of the actions on   P\p'.   0^ ® P  is a polynomial ring

over izL   on which  Z     acts.   It follows directly from the definition of homology* p

via resolutions that   HjxZ   ; Q* ® P) S3 Q* ® #*(?„; P).
P'

Lemma (2.1).    W-(Zp; P) = 0 /or  i even.

Proof.   We use the resolution of (1.2) for  Z  over Z[Z ].   We must calculate

kerne l(/V)/ image (79),   where   N and  D acton   P.   Let  X  be a monomial in  P.   Let

ZJXl be the subgroup of  P which has basis consisting of the distinct images of

X  under  Z       P = © Z{X|.    It is enough to show   HfZ ; Z{X|) = 0.   Either

¿zX = X or X, èX, • • . , bp~ 1X ate distinct.   In the first case, the kernel of  N is

clearly zero.   In the second case

/p-1 v        ft-1 p-1

N[¿Z   m.ibJX)) =   £   m.NiX)=0    implies      ]T    772. = 0.
\/ = 0      ' /        7=0       7 ,=0       ;

Now for any integer  k,  X - bkX = S^1 ib'X - ¿z' + 1X).   So  X = bkX mod image (D).

Thus lpr(¡m.íb'X) = S^.-fjmJÍ mod image(D).

Lemma (2.2).    77AZ  ■ P)  is a free  Z  module.0      p

Proof.   HQiZ  ; P) = P/image(D).   As in  (2.1) it is enough to compute

ZiXl/image (D).   If bX = X, image (D) = 0 and ZÍXJ is a free module with basis  X.

In the other case,   ZiXi has, as basis  X, (1 - b)X, ■ ■ ■ , ( 1 - b)bp~2X.   From the

formula (l - b)bp~1X = - (1 - ¿>)X - (l- ¿>)z3X-(l - b)bp~2X it follows that

(1 - b)X, . . . , (1 _ b)bp-2X  is a basis for image(D)  and so ZjX|/image(D)  is

a free  Z  module with basis  X + image (D).

Now let us consider the map d>.: P . —' PA *
r   w       7 7

(2-3) <MX) = £x0®--.® Xp_x

where the sum is taken over all Xn ® . . .  ® X„    ,   such that  X„X, • • • X
— Xj p— 1 01 p— I

X  in  P ..   We then let  P = Px® . ■ ■ ® Pt  and let

(2.4) <Ï>:P^P

be the tensor product of the </>.: P. —. P(p).   P is a trivial Z    module.   $ is a

map of  Z    modules.

Theorem (2.5).   Q¿ H2¡xÍZp; ~P) = J> -^ H2l_lÍZp; P)   is surjectwe.   Let

X = Xx ® ■ • • ® X    be a monomial in  P and let   P.   be the subgroup with basis

consisting of those  X such that each monomial X. is a pth power.   Let  P.  be
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the submodule with basis consisting of the remaining monomials.   Then P   =

kernel ($>J   and $. : P    *.   II   .   ,(Z   ; P).
=F )|t 1 ¿l—  I p1

Proof.   Let  //_(Zp; P)  denote  H2._l(Zp; P).   Consider 4>(X) = ^ÍXj) ®

• . - ® có(X )  where  <p .(X .) = X X ._ ® . ■ •  ®  X .      ,.   X . is a pth power in  P . if
^    t ^7    r zO 7P- 1       7 r ;

and only if for one term in this sum  X .. = .., = X       ,.   Call this common value
' 7O jp-l

Y ..   Thus $(X)  has a term

7 ® • • • ® Yl ® • • • ® Yt ® • • ■ ®  Yt= Y

if and only if each  X. is a pth power.   Furthermore, a monomial in  P  is invariant

under Z     if and only if it is such a   Y.   Thus 4>(X) = Y + 2 T where  7zY = Y  and
P

bT 4 T if each X. is a pth power, and <Ï>(X) = 2 T where bT 4 T if some X . is

not a pth power.

Now if  bY = Y, then  D(Y) = 0 and  zV(V) = pY and so  H_ (Z a Z| Vj) =

Y mod pY.   If ¿T / T,   then the kernel of  D restricted to  ZiTi   is the subgroup

generated by   T + bT + - . . + bp~ lT = N(T)  and so  H_ (Z   ; Z{T\) = 0.   Thus

H_(Zp; P) = ©77_(Z   ; Ziyi) = © Y mod pY for those   Y  such that  bY = Y.

if y= y, ® ... ® y, ® ... ® y ® ... ® y , let x.= yp and x = x, ® .,.
1 1 Z I ' J J 1

® Xt.   Then $^(X) = O(X) mod image N =  Y mod image (V.   And if O(X) . S T,

then $(X) = 0 mod image N.

3.   O^ÍG; F, F').    Throughout this section  G = Z   x, Z  ,r¡=e277l/p,  <f =

e2>7i/9>   Let  F^ be the family of all subgroups of  G,   Fp  be   FQ(Z ),   F    he

F0(Z ),   F„  be the family consisting of all proper subgroups, and  E     the family

consisting of the identity subgroup

«¿G; F0, Fq)^%(G; Fp, Fy)^%(Zp; F(Zp), FQ(Zp)),

%(G; F0, F^ÔÎOJCG; F(Z9), F0(Z¿M    by (1.4).

First we study 0+(Z  ; F(Z ), FQ(Z A).   The first lemma is well known.

Lemma (3.1).    Let p  be an n-dimensional representation of Z .    Let  N(p)

be the normalizer of V(p)  in Z   x U(n).    Then

ti*(B(N(p)/r(p)))2ín¿BU(k.) x ••• x BU(k     A).>-l'

The isomorphism %(Zp; F(Zp), FQ(Z )) ^ %(G; FQ, F )  of (1.4) is induced

by extension.

Proof.   Let p(b) = kyT) 0 ... 9 k     1t}p~l.   Then  N(p) = Z   x C(p),  where



1972] ACTIONS OF GROUPS OF ORDER pq 221

Cip)  is the centralizer of p  in   Uin).    By Schur's lemma,   Cip) = Uik A x • ■ ■ x

Uik      A.   N(p)/r(p) ~ Uik A x ■•• x Uik      A,  an explicit isomorphism is obtained

by sending  ib>, Ay ..., Ap_x)  to it]~lAv ..,, jy" {p~ x 'A       )■  Now let  W

represent an element of Q,J,Z   ; F{Z ), Fn(Z )).    G xz    W is the extension.   Let

M be the fixed point set of Z    in  W and D  an invariant tubular neighborhood.

P'     '    P"     ^   P" ¿p

^   in  IV  and  D  an invarian
p

Then G x7    M = G/Z   x M  is the points with isotropy group conjugate to Z  ,

Gx7    D = D '  is an invariant tubular neighborhood of  G x7    M.   The points with
P i P

isotropy group equal to  Z     is  Z   xz    /M = M  and D    restricted to  M  is  D.   So,

the last statement follows.

Now we study iî^G; FÍZ ), FAZ )).    Let o be an zz-dimensional represent-

ation of Z  .   Suppose oía) - k^ © • . • © k     x ¿;q~  .   Then a I   .,  j = 0, 1, ■..,

p-1,  are all G-equivalent to o.   Let  Cío) be the centralizer of o  in   [/(zz).    Then

[rXu), 1 x Cío)] C Nía).    (Here [ ] denotes the group generated by .)

Lemma (3.2).   ib, B)   is in Nie)  for some   B  in   Uin)   if and only if ol, = Ißo,

and this holds if and only if k . = k       for all j and all s = 0, 1, • .. , p — 1.
7 jrs

Proof,   ib, B)rio)ib-\ ß-1) = Tío)  means that Boia)B~l = aiar) = a/&(a).

So ol, = 7„ct.   Let  V = C" be a representation space for <7,  and   V . the  Q  eigen-

space for aid).   Suppose oid)B~    = B~ oiar).   Then x  is in  V .  if and only if

oia)B~lix) = B~1aia)x = ^TB~lix).   Thus  B'^zV.Ot.V.,  and this can hold
7 IT

only if  k. - k     .   On the other hand, if k . = k.   fot all  i,  choose a basis for  V
1 1 jrs ' 1 ir "

by choosing a basis for each   V..   Let  B        be the permutation matrix relative to

this basis which takes the basis in   V .  to the basis in  V . .   Then ib, B)  is in
7 7Z-

Ma).

Lemma (3.3).   If ol, = I-,o for some   B,  then

Nio) = [ib, B), rio), 1 x Cío)}.

If not,  Nía) = [Fío), 1 x Cío)].   Cío) Qt UÍkx) x •.. x Uikq_x).   If

A = (A  , . , . , A   _ .)   is the matrix of an element in  Cío)  relative to the basis

indicated in (3.2), we can choose B  to be the permutation matrix of (3.2) and

then

(b, B)il,Ax,...,A       )ib~l, 0~1) = (1, A',..., A'    A
i q — i i q — l

where  A . = A . .
1 ir

Proof.    It is clear that the  S  of (3.2) gives us an element ib, B)  in  Nio).

If ib, B')  is in  Nia),  then  ß-'ß'  is in  Cío)  and so  ib, B ') = ib, B)il,B~lB').

Let Z* be the multiplicative group of nonzero elements of Z , and [r] the

subgroup generated by r. Let \s.\, j = 1, . . , , (a - l)/p, be representatives for

Z*/[r].   Then
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q- 1 9->'P   P-}

n m)   u  n «*. a
7=1 /=! i=0 7

Inner automorphism by  ß   in (3.3) sends  11^I0 U(ks   t)  to itself and takes

(A0, . .., Ap-l)  to (Ay ... , Ap_v A0).   Thus

Lemma (3.4).    // a/fc = IrJo,  then

Mct)_ qíL/p  fcJ
ra"z»x/J3  I?u<y

where  I. is the common value of k     t,  and inner automorphism by the generator
I Sjr

b  of Z    preserves II£       U(l.)  zztzz/ /zz/ees (AQ, • . . , A        )   to (Ay ■■ ■ , A       , AQ).

Now we will analyze   ñAB(N(o)/V(o))) fot such ct.    Let

<?-l/í> Í.-1

(3-5) u= n n ma
7=1 0 '

D,*(BU) is a power series ring in Chern classes.

ÇllBU) = Horn    (Ííl/3Í7);ÍÍ*).

For each monomial  Ca in the Chern classes, let  Xa be the element in Q^(BU)

such that  (Xa, C n) = §7    Then Q+(B(7)  is a free  (i^ module with basis  iXj.

We can make Q^(BU)  into a polynomial ring by defining  XaXo = X     where  X

is dual to  CaC„.   And 12^(8(7) = Q^ ® P where   P  is the polynomial ring over

the integers with monomials   Xa.   Consider the diagonal map  U(l ) —" H?-1 U(l).

Let

_       9-1/p

(3.6) t/=    J]     u(l.)
7=1

and let

(3.7) f:i/_/j

be the product of the diagonal maps.   Let yV also denote the induced map  BU

— 73(7.   Let  Í = (9- l)/p.

Lemma (3.8).   T/><? Tzzzzp Q+(/3 U(l. )) — ®^~ ' QJ/3(7(/.))  induced by the

diagonal takes a monomial X  in ÇlABU(l))  to 2 Xn ® ■ • , ® X      ,   where the
* 7 U 2> — 1

SZV722 z's ¿zz£e7Z over all X   ®  . , . ® X    szzC/> that Xn • , .  X = X  z'tz 0. (BU(l)).

T/>e TTzzzp ñ+(/3í/)—»Q^dBtV)   z's /¿e tensor product of these maps.

Proof.   Consider the diagonal map A: B 1/(7) -» Tig- ' 73(7(7).   Let  X  be a

monomial in %(BU(t)).   Then  /\<x) = 2 M(XQ ® . , ,  ® x       )  where  X . is in
P — 1 Z
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ííjBíX/))  and  M  is in Q^.   Consider  Ca    ® . , ,  ® Ca in i2*(ng-1 BUÍD).

(AÍX), Ca   ® . . • <g> Ca      ) = <X, A*(Ca )...A*(Ca      ))
o p-1 o p-1

= <x,S...cVi) = i

if X is dual to C-   • • • C„        and zero otherwise.   A term   M(Xn ® ■ , •  ® X.    .,a0 ap_j >   0 p-1'

C„    ® ■ • •   ® C ) is one only if M = 1  and X . is dual to  C„ .   Then by
a0 °p-l ' 1 ai

definition,  Xn •.. X.    ,   is dual to C„    • • • €„ and so equals  X.   Now the
0 p-1 a0 ap-l

lemma follows.

Remark.   Let  P . = n+(BL/(/;.)), Q* ®  P{A) = ^AYlo~l BUil,A,  and Q* ®

P[p) ® • ■ ■ ® P((p) = n+ ® P = Q^Bl/).

a* ® px ® • • • ® Pt = a* ® f' = nXßU).

And the map ïl^iBU) —* il ABU)  is precisely the map  1 ® <P where  <I>  is the map

of (2.4).

The map (3.7) induces a group homomorphism  Z    x U —> Z    x, U and so a

map

(3-9) BZpx BU — BiZpxf U).

Lemma (3.10).   The maps Q_(BZ   x BÍ7) —' Q_(B(Z   X/ Í7))  azza7

ß   (62   xSD)  — H   ÍBÍZ   x, U))  are surjective.-        P -PI

Proof.    Let us consider the two Atiyah spectral sequences

Fi,* ■ Hz-(zp; n*(ñü)) - n*(8(zpx m)>

E2 „ = ß.(Z  • 0iBfj)) -» ii*(ß(Zh x, U)).

The map (3.9) induces a map of these spectral sequences   E# ^   —> E^ +.    In the

remark following (3.8) we noted that 0+(B(7) = Q„, ® P,  0+(BU) = Q* ® P  and

the map  f/.(Z  ; Í2* ® P) = E\ „ ^E2^ H ¡7^; % ® P)  is the map   1 ® %.
p'      * z ,* z,* z   _p

E . .= E . . = 0 if  i  is even,   i ^ 0 by (2.1).   E . . = E . . = 0 for  i odd,   j odd,
z,7 z.7   _ z,7 z,7 _ '   '

since Q^.(Sl/), ÇIÂBU)   is concentrated in even dimensions.   E. ., E . . ate p-
* _'      * z, 7 z, ; l

torsion and  E. .     >E. .  is surjective for  i odd,   ;  even, by (2.5).   En  . = fi.(ß(7
1,1 1,1 ' ' ' 0,2 ;

is free abelian for  / even, and  E„  . = HAZ  ; 0^ ® P)   is free abelian by (2.2).

For j odd  E.  . = E     . = 0.   Thus no differential could possibly be nonzero and

so both spectral sequences collapse.   Consider the filtrations   F+ + on

0,(BZp x BÜ)  and   F^ on Q+(8(ZpX/ U)).

~F. ./F.   ,   ... = F. ./F.   ,   .  , = 0z,j'      z- I ,;+l 1,-j       i~ 1 ,j+l

for  z -t- y  even and   i -/ 0.   For  m odd,
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ÍÍ   (ßZ„ x 73(7) = F     „D-..DF,        .DO,
777 p 772,0 1,772-1 '

Q   (ß(Zx, l/)) = F    n3F      ,,3.. O F,        ,30.
772 27        7 772,0 772-2,2 1,772-1

And

^7/^-2,7+2 = «^i fl7(SU))'       Fz.7/Fz-2,7+2 = «¿Zpi ^(BU))

fot  i + f odd.   We have maps

0 -» F
Z-2,7+2

F. . — //.(z -, n.(ß t/))-» 0
z.7 !       i>'       7

HiZ- fi.(BU)) — 0

For  z=l, 7---1,   f7i,77¡-l=Hl^ÍJ;í2772-l^^^W.(Z^"m_1(B^7^i,m-l

is onto.   By induction  a'  is surjective, and  a     is surjective by computation.

Hence a is surjective.   Thus by induction  F     . —» F     „is surjective.   The' y _ 772,0 772,0 '

same argument applied to  H^(BZ   x BU)  and //^(ßiZ   x , U)) gives the corre-

sponding conclusion for homo logy.

Lemma (3.11).   Q +(BU) -> tt+(B(Zp xf 17))  zîtzz/  // +(BÍ7) — H +(B(Z   xf U))

are surjective.

Proof.   In the spectral sequence  E#>¡|t of (3.10),  E2 += HQ(Z  ; Q+(ß(7))  and

E2 . = 0 for  z + y even,  z ¡¿ 0.   Thus ß+(ß(Zp X/ 17)) = W0(Z  ; 0+(BI7))  and

n+(B(7) ~> HQ(Z  ; 0+(ß(7))   is surjective by definition of  7/n.   Similarly for

homology.

Theorem (3.12).   Q_(ß(Z   x , U))  has projective dimension one over Q,^

Proof.   First consider

n+(B(7) — n+(ß(ZpX/ (7))

z7+(Bfj) — H+(B(Zp xf U))

where p.  and p  are the Thom maps.   ¡5  is surjective since Çl^(BU)  is a free

Q+ module, and the two horizontal maps are surjective.   Hence p is surjective.

Now consider

a_(BZ? x HI!) — ß_(ß(Zp x, Í7))

77_(ßZp x ß(7) — H.(BiZ   xf (/)).
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Now ß   ÍBZ   x BU) ^  ®CliBZ)  and so has projective dimension one.   Then

from [4], [7], p is onto, and since the horizontal maps are onto, p  is onto.   Thus

p: üABÍZp xf U)) — HABiZp xf U))  is onto and so again by [4], [7],

ß*(ß(z6 X/ U)) and ß_(ö(Z   x, U))  have projective dimension one over ß+.

Corollary (3.12).   ß_(G; FÍZ ), F0(Z ))  has projective dimension one over

»*•

Proof.   From (1.5), ß_(G; F(Zg), E^)) » © Q_(ß(N(o)/r(o-))).   From (3.3),

ii_(B(Mo-)/r(o-))) S ß_(ß(7) = 0 or n_(ß(Z/7 x, U))  which has dimension one over

As an indication of a technique necessary in the case of the more general

metacyclic group we give more information on the module Q _(ß(Z    x, U))  of

(3.12).   As in the remark following (3.8), Q^iBU) = ß^ ® P, and as in (2.5) let

P.   be the free Z-module with basis consisting of X. ®   • • , ® X    where each

X.  is a pth power in ß^ßfA/.)).

Theorem (3.13).   ß   (BZj »fl^P.gfi  (BÍ?'   x, U)).
- p * 1 _ p        /

Proof.    Let A = ß+ ® Pp   Let  h^X)  be the homology theory ß+(X) ® A,

h'^ÍX) the homology theory ß^X) ® Q^bD),  and  h'^(X) = ß^(X x BU).   We

have a natural transformation hAx) —> b™(X)  induced by A C ß^ßfJ),   and

h'^ÍX) —> h^ix)  induced by [zM, /] ® [W, g] — [M x W, jx g].   So we have induced

maps on the skeleton filtrations

iFb% ¿X) - ÍFh"X ,(X) - (FA")„ „(X).

The second natural transformation is a natural isomorphism.   Now consider the

fibration BU     * X x BU —> X.   The spectral sequence of this fibration is

E2(X) = /yX; QJ.BU))  =» ß^(X x ßl/)  and the associated filtration on

ß+(X x BU)  is precisely (FA")+>+(X).   Now let  X = BZ    and consider the map

of fibrations of (3.9).

ßT7 -» St.;

1 t
'    x B(7   -> ß(Z„ x,
P PI

1 1
BZ^ -► BZ_

P P

gives rise to a map  E2iBZp) = E2 ~* E2 = H^iZ  ; ß+(Bt7))  and we know from

(3.10) that both spectral sequences collapse.   Let
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e'2 = »¿BZp; h',),       E'"2 = H¿BZp; £),       E"2 = H¿BZp, £).

All of these spectral sequences collapse.   We have a map of spectral sequences

E'2 —» E " 2 —> E"2 = E2 —> E2  where the first two maps are induced by the

natural transformations.   Thus we have a map  E.  .  —> E. ..   Now   E.  .= E.  .= 0r       Z.7 '.J ',J '.J

if i is even and i 4 0, or if / is odd.   If i is odd and j is even, this map is an isomor-

by (2.5).   Thus E. . = E   . unless i = 0 and j is even.   Let F^ % be the filtration on

h¿(BZp)  and   F* „ on %(B(Z   xf U)).   Then for zzz  odd,

0 ~* FL   <2i+?^^F'     7l*-^h      -/¿BZ-hA^E'2   ,.*—0i7/-UÄ+/),* m—zfe,* m-¿k pJ     * m —2,%,*

I J
0    -   F772-.(2.+2),*   -»   ̂ -Z*,*   -   «m-2*^   ö*ißi/))   =   E¿_2M   -   0

The left most map is an isomorphism by induction, and the right most by com-

putation.   Thus, the middle map is an isomorphism and so

b'ABZp) == QAB(Zp Xf [/)).

We need a description of the image of !A_(B(Z   x . Ll)) in fl_(G; F(Z ), F AZ )).

In view of (3.10) we need only describe the image of il_(ßZ   x BU(ly) x • • • x BU(l )).

Lemma (3.14).    Let  PQ  be a left principal  7.     bundle, and P . a right prin-

cipal  (/(/.)  bundle.   Let  E . = P . x,,,, . C >''.    Then P. x P, x ■ ■ • x P    in
j   — j      j   uUj) oi z

Q_(ßZ    x BÍ7)  goes under the map

(llBZp xßÖ)- ñA.B(Zp Xf U)) - n_(G; F(Zq), FQ(Zq))

to the  G vector bundle   PQ x©5      E   x •■ ■ x ©5~    E   —»P. where G acts on P„

by G —>G/Z   = Z    acting on PQ, and G acts on ©q~    E. by b(xQ, ■ •■ , x      ) =

' ;rP ~ ^'J'
xUj, x2, ■ , ■ , xp_ y, xQ),  a(xQ, . . , , xp_ A - (Ç 'xQ, ■ ■. , tf

Proof.   Let  P = P0 x P, x • • . x P(.   P  is a right  Z   x U bundle.   Let

Ö = P XZ xrj Zft x7 ^- Ic is easy to see tnat 2 = P0 x II (P. Xyz/.j (X')i').where Z

acts diagonally on the right and on Pxu(i.) U(l)p, Z acts by

[«; \, *••> /1zJ-ilè = tc; Ap_v A0, .,., A7f_2]. Now MctVHct) a zpX/ (7,

the isomorphism takes (b, B)F(o) to Z> and (l x (7)17 ct) to 1 x U. Thus Q be-

comes a principal MctVHct) bundle. Then Qx.,frTAGx U(n)) x.,, , C" isa

left G vector bundle, and from (1.5) is the element in Q_(G; F(Z ), F (Z ))

coming from   P.   By a series of obvious isomorphisms,

z

0 xN(a) (G xC")^OxuC"ç^P0xl\ P. xu(l) CPA
,=1      '        ~"j'
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where, following the left action of G along, we find G acting on Pn x II P .

KfJ(, ) C ' by acting diagonally. G acts on P„ by G —»G/Z = Z and on

P . x,,,, , C    ' by

è[e; x0, . . . , xp_,l = [c; *,, xy ■ ■ • , xp_x, xQ],

s rP- 1

a[e; x0, . . . , xp_ ,1 = [e; cf 7xQ, • • ■ , cf ; xp_ ,].

Finally  P . xu(., C    ' = (&p~ l E.  with the indicated action.

Corollary (3.15).   ß_(G; F(Z  ), EQ(Z ))   zs generated by the   G vector bundles

S7k-X x 0Í-1 £] x .., x 0P-1 %t _ 52^-l   ^¿ere  G  acZs on j2*-l   ¿y G _^

Z    aW  Z    acZs by ¿z(x  , • , • , x, ) = (r/x., • . . , 7yx, )  and G acts on XUP ~    E .  as

in (3.14).

Proof.   This follows from the fact that S with the indicated action of

Z.   for k = 1, 2, • • .   are generators for ß   ÍBZA-
P ° -        p

Remark.(3.16).   If  G  is any finite group,   E  the family of all subgroups,   EQ

the family of all proper subgroups, then it is well known that ß*(G; F, FA  is

the bordism group of  G  vector bundles   E  over trivial  G  manifolds.   E ^ ft)    V
c      r ^**rr    rr

® Homr(77, E)  where   V    runs over the irreducible representation of  G.   So

ß+(G; E, F0) ^©ß^ßc/U,) x ... x BUik())  is a free ß^-module.

4.   Proofs of Theorems \ and B.   We start with the families   F     and   F,
p 1

which are adjacent:

a+(G;F,) = ß+, ßjG; Fp, F,) = 0.

The long exact sequence

(4.1) - ßi.G; F') - ß^(G; F) -. ß*(G; F, F') - ß*(G; F') —

for any pair of families breaks up as

0 — ß+ - ß+(G; Fp) A, fi+(G; Fp, F A -. ß_(G; Fx) — ß_(G; Fp) — 0.

Now we have, from (1.3) and (3.1),

ß+(G; Fp, Fx) -» ß_(G; Ft) = ß_(Zp; Fn) © Image (ßiZ^; EQ))

Q+(Zp; FtZ^, F^Z^-QJZ^F,,).

The map Q.(Z   ; FÍZ ), FÂZ )) — ß   (Z   ; Ej   is well known to be onto.   Thus
1 T      p p U       p —pi)

we get short exact sequences
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0 — Q+ ->ß+(G; Fp) -»Û+(G; Fp, Fx) —■ ß_(Zp; FQ) = ß_(ßZp) — 0,

Image (ß_(Z?; F„)) B ß_(G; F,).

Now  Image(ß_(Z  ; Fn))  being a summand of ß_(ßG)  has projective dimension

one.   Hence so does ß   (G; FA.   Now ß   (BZj  has dimension one and- p -        p

ß+(G; F , F.) is free by (3.1), hence Image (y) is projective over ß^ and hence

free [4, 3.2]. Thus 0 — ß+ — ß+(G; F ) — Image(y) —0 and so ß+(G; F ) is

free.

Next consider the families   F   , F    and apply (4.1).   ß_(G; F   , E )   is all

torsion by (3.10).   Thus

0 — ß+-*ß+(G; F9)-^ß+(G; F^, F;) — ßiG; F,) — ßjG; F?)^ß_(G; F?, Fj)-* 0.

Consider

ß+(G; Ee, Fj) -» ß_(G; Ej) = Image (ß_(Z?; FQ)) + 0_(Z  ; F„)

*MZ,îFf F0)^ß_(Z  ;F0)-0.

From (3.1) and (3.11) it follows that the map  E  is onto, and we also know, from

(3.11), that ß+(G; F  , Fx)  is free.   Thus we get

0 -^ß+ -^ß+(G; Fq) Z ß+(G; F^, F¡) -. Image (ßJZ?; F A) —0

0 — ÜAZp; F„) - ß_(G; E?) — ß_(G; Ffl, Ft) -» 0.

Now ß_(Z   ; Fn)  has dimension one and, by (3.12), ß_(G; E   , E.)   has dimension

one and thus ß_(G; F )   has dimension one.   By the same argument as for  F ,

F  ,  Image(y)  is free and hence ß+(G; F )  is free.

Now consider the families   FQ, F  .   By (1.4), ß+(G; E     F )   S

ß*(G; F  , Fj).   Thus we get the sequence of (4.1)

0 — ß+(G; F ) — ß+(G; F„) ■£ ß+(G; F?, Fj) — ß_(G; F^) — ß_(G; Fn)-»ß_(G; F   Fj)->0

«^F^F^-QiZ^F^-O.

ß_(G; E0) ^ß_(G; F     Fj)  and

Since we have previously shown ß_(G; F ) S Image(ß_(Z   ; FQ))  we get

0^ ß+(G; Fp) ^ß+(G; F0) -A ß+(G; F?, Fj) — Image (ß„(ßZ?)) -, 0.
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From the first isomorphism and (3-12), 'A_(G; FQ)  has projective dimension one.

The isomorphism takes   W  in Q_(G; Fn)  to the  G  vector bundle  E -* M where

M  is the set of points in  W with isotropy group  7.   ,  and  E  is the normal bundle

of  M  in  W.   From the second sequence we conclude, since  Q^G; F  , F y)  is

free and Image(ß_(ßZ ))  has dimension one, that  Image(y)   is free.   Now

0 — <2+(G; Fp) -*Q+(G; Fn) — Image (y) — 0.

Since Q+(G; F )  and  Image(y)  are free, it follows that Q +(G; FQ)  is free.

Finally consider the families   Fa and  FQ  of  G:

0 - «+(G; F0) — ÍÍ+(G; Fa) - 0+(G; Fa. F„) - 0_(G; F„) - Q.(G; Fa) — 0.

We want to show Q+(G; Fa, FQ) — Q,_(G; FQ) »iî_(G; F , Fj)  is onto.   (3.15)

tells us generators  S2k~ ' x © E ; x • • < x © Ef — S2k~ l   (ot Q_(G; F?, F y).

Recall |s.| were representatives for Z*/[r],  j = 1, • . . , t.   Let  V. be the re-

presentation of  G  induced from the one dimensional representation   Z    —> C*

sending  zz  to  Ç '.   So

V. = ZlG]  ®z[z  -, C*     (see [5, p. 333]).

Let  G  act on  C    by  G —« G/Z   = Z„  and  Z     acts by  b(x,, • > • , x.) =
7 cj p p • 1' '    zè

(7^7, • • , , 77X,).   Then the  G vector bundle C   x V7 ® E, x • ■ • x V, ® E   =E

represents an element in Q+(G; Fa, Fn).   S(E)  represents an element in

iî_(G; FQ).    The set of points with isotropy group  Z     is precisely  S(C ) =

S2k~1  and the normal bundle to  S2k~l   is  S2*-1 x V    ® E   x • • ■. x V   ® E .   To

check that this is the generator S2k~x x © E, x •<. x  ©F    consider  V . ® E ..

We can take as a basis of   V.,   l®l,r>~1®l,.,.,&~(i'~1)®   1  where

a(Z>-! ® 1) = ¡i**' (/>-' ® 1).   The general element of  V. ® E. = (xn, .. , , x       )

1 ® 1 ®x   + .,,  + 1 ® b~{p-l) ® x «x     .,,,*     j)=l®l®x   +

i-      ®  1 ® x2 + ... + 1 ® b~ip-2)® xp_,  + 1  ® ¿-(P-1*® x   =(x     X

*p_ir*o).   And zz(x0, .,,, x6_ ]) = 2fyr!(l %b-i9x)m{fix9

£''*'  xp-i)-   T""5 fi+vG; Fa, F0)-»0_(G; FQ)  is onto and so QjG; Fa) = 0.

Our exact sequence becomes

0 - Q+(G; F„) - 0+(G; Fa) ^ 0+(G; Fa,  F„) - 0_(C,  Fq) - 0.

We know f»_(G; FQ)  has projective dimension one and so  Image(y)  is free.   We

get the exact sequence

0 — fi+(G; F0) — Q+(G; Fa) — Image (y) — 0.

fi+(G; F0)  and Image(y)  are free, hence Í! +(G; Fa)  is free.   This concludes the

proof of Theorems A and B.
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