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R-SEPARABLE COORDINATES FOR THREE-DIMENSIONAL
COMPLEX RIEMANNIAN SPACES

C. P. BOYER, E. G. KALNINS AND WILLARD MILLER, R}

ABSTRACT. We classify all R-separable coordinate systems for the equations
23=1871/%3(g"%8Y84) = 0 and =3,_, g%, W3, = 0 with special em-
phasis on nonorthogonal coordinates, and give a group-theoretic interpreta-
tion of the results. We show that for flat space the two equations separate in
exactly the same coordinate systems.

1. Introduction. We study the problem of R-separation of variables for the
equations

3.
1 ..
A = — 8 i \/_ ”8 7 = 0,
(a) 34/ i’j2=] \/—g x ( g8 x¢)
3
(b) 2 g’jax:Waij = 0. (11)
ih,j=1

Here, dx* = 3 g;dx'dx’ is a complex Riemannian metric, g = det(g;) # 0,
2,8 = &, and g; = g;. Thus (1.1)(a) is the Laplace equation and (1.1)(b)
is the associated Hamilton-Jacobi equation on a complex Riemannian space.

We classify all metrics for which equations (1.1) admit solutions via
R-separation of variables and we indicate explicitly the group-theoretic signif-
icance of each type of variable separation. Special attention is given to
nonorthogonal separable systems and to metrics for conformally flat spaces.

It is straightforward to show that (1.1)(b) admits (additive) separation of
variables in every coordinate system for which (1.1)(a) admits a product
R-separation and that in general (1.1)(b) separates in more systems than does
(1.1)(a). However, by making use of some results of Eisenhart [1] we shall
show explicitly that for flat space these two equations separate in exactly the
same coordinate systems. For this case one can choose Cartesian coordinates
X,, z 5o that ds? = dx? + dy? + dz* and (1.1) becomes

Received by the editors March 31, 1977 and, in revised form, May 20, 1977.
AMS (MOS) subject classifications (1970). Primary 22E70, 33A75, 35A25, 53B20.
Key words and phrases. Conformal symmetry, flat space, Hamilton-Jacobi equation, Laplace
equation, separation of variables.
1Supported in part by NSF grant MCS76-04838-A01.
© American Mathematical Society 1978

355



356 C. P. BOYER, E. G. KALNINS AND W. MILLER, JR.

(a) A3¢ = axx‘ll + ayy‘P + azz‘!’ = 07
() QWY+ (@Qw)+(3,w) =0 (1.2)

It follows from earlier papers by the authors [2]-[6], that all R-separable
systems for these equations are characterized by pairs of commuting opera-
tors in the enveloping algebra of the conformal symmetry algebra o(5). This
fact permits use of the representation theory of o(5) to derive properties of the
R-separated (special function) solutions of the complex Laplace equation.

Similar comments hold for the possible distinct real forms of our complex
flat space equations, i.e., the real Laplace and wave equations in three space.
One need only modify the results obtained here by classifying the possible
real metrics with the appropriate signature. These comments also pertain to
all real Riemannian spaces, except that the second-order symmetry operators
need not belong to the enveloping algebra of the Lie symmetry algebra.

This paper is closely related to two other papers by the authors. In [6] we
studied in detail the group-theoretic relation between the real wave equation
in three-space and the associated Hamilton-Jacobi equation. Here we fill in a
gap left in that article by showing explicitly that these equations separate in
exactly the same coordinate systems. In [7] the corresponding separation of
variables problem for the equations Ay = Ey and = g%, W3, W = E, where
E is a nonzero constant, is solved. This reference also contains a discussion of
related work on separation of variables by other authors.

The present paper is one in a series devoted to uncovering the relationships
between group representation theory, separation of variables and special
function identities [8], [9].

2. R-separation for Laplace’s equation. Here we classify the metrics for
which the equation Ay = 0, (1.1)(a), admits an R-separation of variables. We
will characterize these metrics via pairs of commuting symmetry operators.

Recall that

3
L= §(x)3, + &(x) (2.1)
=1

is a first-order symmetry operator for (1.1)(a) if [L, A;] = p(x")A, for some
analytic function p [9]. The set of all symmetries L forms a Lie algebra §
under the commutator bracket [4, B] = AB — BA, called the symmetry alge-
bra of A,. 1t is easy to show that the £ satisfy the differential equations for the
conformal Killing vectors related to the metric (g;) and, neglecting the trivial
symmetry L = 1, § is a subalgebra of the infinitesimal conformal group of
the metric. As is well known [10], when (g;) is flat then § = 0(5), a
ten-dimensional complex Lie algebra. In general § is isomorphic to a subal-
gebra of o(5).
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Similarly,

3 3
L= 3 u(x Do + 2 (<) + n(x) (22)
k= =
is a second-order symmetry operator for A; if [L', A;] = KA, where K is a
first-order differential operator of the form (2.1) (but not necessarily a
symmetry operator). The second-order symmetries do not form a Lie algebra
but they do form a vector space which can be decomposed into orbits under
the adjoint action of §. If, acting on the solution space of (1.1)(a), every such
L’ agrees with a second-order polynomial in the enveloping algebra of §,
then equation (1.1)(a) is said to be class I [9]. Otherwise (1.1)(a) is class II.

We shall first show explicitly that each pure separable solution ¢ =
A(x")B(x?)C(x? of (1.1)(a) is characterized by a commuting pair of second-
order symmetries L,, L, such that

Ly =My, i=12, 2.3)
where the eigenvalues A, are the separation constants. In the following we
classify each of the separable systems and list the associated operators L,, L,.

As in [7] our analysis is based on the number of ignorable coordinates.
Here the coordinate x* is ignorable if L =9, « is a symmetry operator, i.e.,
[3,x, B3] = pAs.

In the case of three ignorable coordinates the general form of the con-
travariant metric can be taken as g¥ = Q(x', x?, x%)8;, i, j =1, 2, 3. If we
write (1.1)(a) in the form

apyy + apiy + asls + apdy + ayly + anf; =0
we see that the conditions q; = QC; (C; constant), imply that
Q = exp(— C;x! — Cyx? — C3x). 2.4
The corresponding differential form is
(1) a5 =exp(Crx' + Cox2 + Cox?)[ (dx')’ + (dx?) + (dx*)?],
Li=d, L= (25)

The case of two ignorable coordinates can be treated similarly. The
differential form is

(2) ds? =exp(Cyx' + szz)[ 2 G (xP)dx’! dxj],
y

Ll = axl, L2 = 6 2. (26)

If there is only one ignorable coordinate x' and the remaining two

separation equations are second-order then the contravariant metric assumes
the form
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8= Q[RG) + S gP=g"= 0,
g?=QH(x*), g®=0I(X%), g®=0 27)
The resulting Laplace equation appears as
anyn + ¥y + ans + apdy;
tagds+ay +ay, +ay; =0 (2.8)
If R=R— H?and S = S — I? are both nonconstant then the requirement
a, = Qf (x?) implies
F(x?) =3:n[(R+5)Q] +3,1n Q (2.9)
with a similar constraint arising from a; = Qh(x%) and a condition on a,. It

follows that Q = h(x?)k(x*)e~S*'[R + S]~\. The corresponding metric is
(3) ds? = eCX'G(x?)J (x3)[(U(x2) + V(x%)

(@) + (de)) + (dx')),

L=, Ly=G"Y%9,(G"Y%0:)+ U(3Cidx +3xx1) (210)

where dX' = dx! — Hdx* — Idx®. If either R, =0 or S; =0 then Q =
h(x®)k(x*)e~S*" and the metric is a special case of (3).

If x! is ignorable, the separation equation in x? is first-order while that in
is second-order, then the contravariant metric tensor becomes

gB=g2=0, g®=QH(),
gl =Q0[R(x) + S(x)], g2=gP=0, (2.11)
and the resulting Laplace equation appears as
ayn + @y + apdys + apdp ta + a, + ay; =0. (2.12)
The conditions a, = Qf (x2), a, = Qh(x%) imply Q = k(x?)!(x*)e~ €', There
are no further restrictions and the metric is

ds* = e“*F(x)G (x)] - (R(x?) + S (x?))(ex?)?

x3

+ (H(x%)dx? + dx*) + 2dx‘dx2]. (2.13)

However, introduction of the new ignorable variable X! where
dX! = dx! — } R(x?) dx? reduces (2.13) to a metric with two ignorable
variables, a special case of (2).
If there are no ignorable variables then the coordinates must be orthogonal
and the conditions on the metric are well known to be
SQ gl /2

3
@ =3 gs= 1) (214)
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where M,, is the indicated cofactor of the Stickel matrix whose determinant is
S, and the f are arbitrary. The operators are those listed in (2.27) with
M=1

This completes the list of coordinates for which Ay = 0 admits pure
separation. Note that the only possible nonorthogonal systems are of type (2).

We now turn our attention to the metrics which are R-separable. For these
there is a fixed function R = R(x', x?, x3) such that for ¢ = e®¢ the result-
ing differential equation obeyed by ¢ is purely separable in x!, x2, x3. (In case
R = §,(x") + S,(x?) + S;(x) then R-separation reduces to pure separation.)
As before, we will characterize each R-separable solution ¢ =
e®4(x")B (x?)C(x%) by listing a commuting pair of second-order symmetries
L,, L, such that (2.3) holds.

Upon extraction of the modulation factor e¥, equation (1.1)(a) assumes the
form

3 3
Ay = ek( zlbfj% + Zlbi¢i + bo‘P) =0,

ij=

3
by=g’ b= _21 [, (5"%") + 28"R],
j-
3
bo= 3 [(R; + RR)g" + Rg™"%,.(g"%")]. (215
ij=1
We proceed by considering the number of ignorable variables in the equation
for ¢. Clearly, x! is an ignorable variable in this equation if and only if
L =9,. + p(x/) is a symmetry operator for (1.1)(a), where p = —3,.R.
If extraction of the factor M = e® leads to a transformed equation with
three ignorable coordinates then we can take the contravariant metric tensor
to be of the form g% = Q&Y. The coefficient b, of the reduced equation is

b,- = antln(MZQ -1/2 ).
The condition b, = QC,, C; constant, then leads to
M?Q ™12 = exp(Cyx' + Cpx? + Csx?). (2.16)
The remaining condition for separation is b, = QC, which implies
3
2 (My-3007'M) = Co
i=

(1) Ly=3.- %Q“lQl - %Cl’ Ly =08, — % *le - %Cz- (2.17)
If the transformed equation has two ignorable variables x!, x? then the

components of the contravariant metric assume the form g¥ = QGY(x%). If
we take g!/2 = h(x*)Q ~3/2 then the coefficient b, has the form
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b, = Q[ G2, In(M?Q~'/?) + G n(M?Q /%)
+G,In(M?Q ~12) + B3, (hG*)].

From the condition b, = Qf(x>) and the similar conditions b, = Qg(x%),
b, = Qi(x*) we deduce that

3.In(MQ~1/?) = F,(x).

Thus,
M?Q 12 = H(x*)exp[ C;x' + Cpx?]. (2.18)
The condition on the constant term and the defining operators are
AM = QMF (x%), (2.19)

(2)’ Ll=ax'_% —lQl—%Cl’ L2=ax2_% _le_%Cz-

The third possibility is that the reduced equation has one ignorable variable
x!. Then we have the following cases:

(a) The separation equations are both second-order in the nonignorable
coordinates. The contravariant tensor must assume the form

g22 _ g33 —_ Q, gl3 — QI(X3), 812 = QH(XZ),
gl=0(SE)+T(x%), g¥=0. (2.20)

However, introducing a new ignorable variable X! such that dx! = dX 4
Hdx* + Idx* we can obtain a new metric for which H =1 =0. The
condition b, = Qf (x?) becomes

daIn(M2/[Q(S + T)]'?) = F(x?).

There is a similar condition arising from the requirement b, = Qg(x>). These
conditions together with b, = Q (U (x?) + V(x?)) imply

M?Q~1/? = exp(Clx')[S + T]]/zexp(j(xz) + k(x%) (2.21)
and the condition on the constant term is
AM = MQ[ W)+ Z (x3)]. (222)
Thus,
(@Y 2= Q7' (S+ T)7'[(@X') + (S + (@ + (&),
L, =3 _% —lQl - %Cl’
L, =M.+ SO + C;S0y + 0.+ W)M™L. (2.23)

(b) If one of the separation equations is of first order and the other of
second order then the contravariant metric must have the form
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g33 = gl2 = Q, g13 = QH(XB)s
g'=0(P(x) +S(x%), g2=g"=0. (2.29)

However, the change of ignorable variable dx! = dX' + 1 P dx? reduces the
metric to one with two ignorable variables, a special case of (2)'.

Finally we treat the case where there are no ignorable variables. This
corresponds to the most general type of orthogonal coordinates and is well
known, e.g., [11]. The required conditions are

3
S Vg -
=08, —==M"72]] f(x 2.25
&= % 5 46 (229)
where M, is the indicated cofactor of the Stickel matrix with determinant S.
There is an additional condition

3 Ml f; _ o
E} 7S O ( Iz 3fo) =3’ 9€ C. (2.26)
The operators are
’ _ _A_l_ ¢2q3 - ¢3q2 ¢3q1 - ¢1q3
(4) Ll - S ( fl )ax' (flax') + ( f2 )axz (fZaxz)
+ ( Pz~ 921 )ax3 (f3ax3):lM_l;
)
M|t ¢ — ¢3
L= 4]( 252 o gy + (252 Joaiae)

+ ( e ; L )axg(fz,ax,)}M-' (2.27)

where, without loss of generality, we have chosen the Stickel matrix in the
form

¢ q 1
¢ g 1
¢; gy 1

with ¢; = ¢;(x), ¢; = g:(x").

To this point we have investigated R-separation in which the modulation
function M depends on the variables x’ alone and not on the separation
constants. However, there is considerable freedom in the definition of coor-
dinates x‘ such that R-separation is maintained. Consider for example the
case of three ignorable variables as treated above. The separable solution has
the form
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3
Y =exp| R(x", x3 x*) + > C,.x"}. (2.28)
i=1
However, we could also define
3
x'= 2 alX/ + F (X', X% Xx?) (2.29)
j=1

to produce new variables X, and the corresponding solution would be

Y = exp , (2.30)

_ 3 3 3
R(XL,Xx%4 X%+ 21 CF + 21 ( 21 c,.q;')xf
- Jj= =

which again admits R-separation with modulation function M= exp[E +
=3_,C,F']. This last separation is the most general possible which yields three
ignorable variables. However we do not regard this more general separation
as essentially different from that given in (2.17) and always choose modula-
tion functions which are independent of the separation parameters. We can
argue 1n much the same way for separable systems with one and two
ignorable variables.

This completes our classification of separable coordinates for (1.1)(a). Note
that the only possible nonorthogonal separable coordinate systems are from
classes (2) and (2)’. However, all systems from these classes correspond to
commuting pairs of first-order symmetries. Hence, their existence and classifi-
cation is purely a group-theoretic phenomenon.

3. Separable systems for the Hamilton-Jacobi equation. Next we give the
analogous classification of separable systems for equation (1.1)(b). Recall that
R-separation of variables for (1.1)(b) means that W = R(x, x3 x%) +
3. Wi(x’) where the separation equations for the functions W, are second
degree first-order nonlinear equations. If the fixed function R is zero then
(1.1)(b) admits a (pure) separation of variables.

To define the symmetry operators for (1.1)(b) we employ a phase space
formalism. The coordinates in this space are (x/, p;) wherep; =0 W,j = 1,2,
3. The Poisson bracket of two functions F, G on phase space is the function

3
{F(x,p), G(x,p)} = El (8,/G3, F —8,,F3,G). @3.1)
A first-order symmetry of (1.1)(b) is a function

3
£= _21 &(x)pi (32

Ju=
such that {£, ,g%.p,} = p(x)(Z;8%,p;) for some analytic function p. Note
that the (§(x)) are just the conformal Killing vector fields for the metric (g;).
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The first-order symmetries form a Lie algebra JC under the Poisson bracket.
Here dim JC < 10 and the maximum dimension is achieved if and only if
(g;) is conformally flat, in which case IC = o(5) [10].

The (strictly) second-order symmetries of (1.1)(b) are the functions

3
L= n(x)ppp, = (33)

ij=1

such that {£’, = g%,p;} = n(x, p)Z g%p.p;) where p is a linear function of the
D;- The vector space of second-order symmetries can be decomposed into
orbits under the adjoint action of IC.

We will show explicitly that every class of separable solutions W of (1.1)(b)
is characterized by a pair of first- or second-order symmetries £,, £, which
are in involution: {£,;, £,} = 0. The exact characterization is

El = Al’ Q = Az (3.4)
where A, A, are the separation constants [6]. In the following we classify the

separable systems and list the associated functions £,, £,.
The classification is analogous to that of §2 and is straightforward. There

are 4 cases:
(1) 3ignorable variables

ds? = Qo i (dxi)z’

i=1
& =pl G =pi (35)
(2) 2ignorable variables

3
= Q S G(x*)dx'dx,

hj=1

£, =pu £, =pa (3:6)
(3) 1ignorable variable

ax? = O[(U(x?) + V()@ + (&)7) + (@x')']

&=ph & =(U+V)(Vp3 - Upl). G.7)
(4) no ignorable variables

(dx'y? N (dx?)? . (dx®)? ]

dx* =
Q[ @~ 49 43— 4 9™
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£, =[(41 - )4 — ¢:)(q2 — ‘h)]—l
x [(63 - @) p} + (¢} — BB)p3 + (a3 — 4)) P,
£, =[(41 - )9 — 3:3)(q2 — ‘13)]—l
X[9:95(92 — @)P} + 0193(4s — 9)P3 + 019:(01 — 22)P3 ],

g =q(x),i=1273. (338)

We see, furthermore, that if we look for an R-separable solution of the
Hamilton-Jacobi equation then the conditions on the contravariant metric
imply that the differential forms be of one of the types (1)(4) listed above.
For these types, equation (1.1)(b) is purely separable, so we encounter no
strictly R-separable solutions. We can of course produce R-separable solu-
tions by an appropriate redefinition of coordinates.

Note that the only possible nonorthogonal separable coordinates are of
type (2), hence they can be classified by group-theoretic methods.

4. Flat space coordinates. We now show that every separable coordinate
system for equation (1.1)(b) in flat space admits R-separation for the corre-
sponding Laplace equation (1.1)(a). (The converse of this statement already
follows from the results developed thus far.) This will be accomplished by
showing that the metrics of types (1)-(4) reduce for flat space to metrics
which R-separate (1.1)(a). We first treat types (1), (3) and (4), which metrics
correspond to orthogonal coordinates.

The method for finding all such metrics has been developed by Eisenhart
[1]. In his article Eisenhart classifies all flat space metrics of the form

3 _ 3 )
d5? = 3 HP (dx')'= e* 3, H} (dx’) 4.1

i=]1 i=1

where the metric

3
ds’ = X H} (dx')’ 42)
i=1

is in Stickel form, i.e., H? = S/M,,, and also obeys the Robertson condition
S = I3_,Hf,(x"). We can see by a suitable redefinition of the functions Q
that the flat space metrics of types (1), (3) and (4) can be written in the form
(4.1). Conversely, each metric (4.1) permits separation in (1.1)(b). Thus
Eisenhart’s classification can be viewed as a listing of the possible orthogonal
separable systems for (1.1)(b). We will check each of the entries on this list to
see that it also R-separates (1.1)(a).

First we summarize Eisenhart’s results and give the corresponding forms of
the function o. The condition that the metric ds? be in Stickel form is
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92,In H? —3ln HIn H? + 3 ln H2 «In H?
+o.n HA InHE =0, i,j,k+, (43)

and the Robertson condition is equivalent to the requirement R; = 0 (i %))
where R; is the Ricci tensor. From this last requirement and the condition
that d52 be a flat space metric we have

202.In H? +9 In H,«In H? —3.4In H? ln H? = 0,
92,0 — 9,000 — 3 0,00,In H? —19,00,In sz =0,
hj,k#. (44)
It follows from equations (4.3), (4.4) that
02.In H? =0,
3,In H?,«In H? —3,In H,.In H? —9.«In H? In H} = 0. (4.5)

Thus the H? satisfy the same conditions as the coefficients of a metric for
which the related Helmholtz equation admits a separation of variables. The
metrics for which this is so can assume the following normal forms:

H,.2 =1, i=123, (4.6)
HY=1, HI=¢(x"), Hj=y(x"), @7

3. H¥=1, H}=X,0(0,+0;), H}=X30,(0,+ 03),
0; = g,(x'), X; = X;(x'), (4.8)

4, H,z = H:,z =0, + 03, H22 = 0,03 (4.9)

5. H?=X,(x' = x)(x" = x*), ij,k#. (4.10)
The metric d5? corresponds to flat space if and only if

Rii,k - Rik,i - % 8iRy =0 (4.11)

where R;;, denotes the covariant derivative of R;; with respect to x*. Eisen-

hart has shown that these equations are equivalent to the conditions
Qur (A + Ay — Ay — Ay) + (3uudn H,)(Ay + 4 — Ay — Ayy)
— (3puln H;)(A; + A4, — Ay — Ay) =0,

(4.12)

J

1 2 2 2 Hiz
A. = }{—5 205.In H? +9,ln HAIn| —— | |-

Y lesz

From [12, p. 92] and the second of equation (4.4) the conditions for ¢ are
83&1)\ - 'Ii ax,?\axiln I{iz + %}Ij_zaxixalefiz
+ 3 H 20,00, H? = A[R, — ; H2 (3R — A ] (4.13)
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whereo = — In A and

3
A\ =\"23 H72(3,.A),
i=1

i

as well as
83,;‘;}\ = % E)x.-}\alen 1152 + % 0

/A3, In H?2, (4.149)
We now evaluate the possible metrics (4.6)-(4.10) and the corresponding
function A.
1. In this case either A = 1 or A = (x)? + (x?)? + (x*)?% and we have the

forms
(1) d5® = (dx') + (dx*)* + (dx*)% (4.19)
dx')? + (dx?)* + (dx3)?
ay d§2=( )"+ (dx?)" + ( )’ @.15)
(') + (%) + ()
respectively, where (1) and (1)’ indicate the types of R-separation for the
Laplace equation as listed in §2. Here the coordinates are given by x! = Ax,
x? = My, x> = Az. (From the point of view of group theory these two systems
are conformally equivalent since one is obtained from the other by an
inversion, a symmetry of the Laplace equation.)
2. For forms of this type we can assume y/(x") = 1 by suitable redefinition
of x! and absorption of ¢ into %°. The only condition on ¢ then becomes

2(%),+ (%)2= a’>, a€C. (4.16)
There are three kinds of solutions to this equation:

@ o=@ () ¢=¢>, () o=si’x". (417
Choice (a) yields A = 1 or A = (x')? + (x3)? with corresponding forms

(2) d5% = (dx")* + (x")*(dx?)* + (dx®)?, (4.18)
@y gt = G H GV + (@) 19
[+

both of which are known to yield R-separation for the Laplace equation. The
connection with Cartesian coordinates is

M=xlcosx? MN=x'sinx}, Az=x

(Again, these two systems are conformally equivalent.)

We can treat cases (b) and (c) simultaneously because in both cases the
metric ds? can be written in the form ds? = (dx®)?* + (dz')? + (dz?)* + (dz3)?
where (z')? + (2%)? + (z%)? = 1. It is now easy to see that cases (b) and (c)
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correspond to the two possible distinct subgroup coordinate systems on the
two dimensional complex sphere [13].

(b) z'=- é (e—ix' _[1 + (xz)z]eix' )’ 22 = x%™
2= %(e""‘l +[l - (xz)z]e""l ),

() z'=sinx'sinx?, z?=sinx'cosx?  z®=cosx' (4.20)
The function A corresponding to either choice of z’ above is given by
A = (i cos x* + z%) and the Cartesian coordinates are

A =sinx3, M=z, A=z

Coordinate systems of this type are known to correspond to R-separable
solutions of the Laplace equation for all five choices of separable coordinates
on the two-dimensional complex sphere [14]. The systems (b), (c) above are of
type (2).

3. Without loss of generality we can assume o, = 1. There is then only the
case H = 1, H} = X,(x*> — x%), H? = X,(x> — x?) to consider, for if o, or
0, are constants we are reduced to case 2. Substituting this form of ds? into
(4.12) we obtain the equations

T
o) w2
+2(x, — x3)( Xlz ) + 6( -)}—3 - Xlz) —0. (421

Differentiating the first equation twice with respect to x? we find (1/X,) =
0. Consequently the above conditions reduce to

1/X;, =4(x' —a)(x' = b)(x' —¢), i=23. (4.22)

The coordinates and metrics have exactly the same form as for type 2 above
except that now one obtains the three elliptic separable systems on the
complex sphere [13], [14] (according as some of a, b, ¢ become equal):

d z'= 7:—,- dn(x', k)dn(x% k), z*= % cn(x', k)en(x?, k),

23 = ksn(x', k) sn(x?, k),
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1
(e) 2! =3 ( coshx? | cosh x ), z? = tanh x! tanh x?,

cosh x!  cosh x2
3 _ i i ( cosh x> | cosh x! )
=1t L +
cosh x'cosh x> 2\ coshx!  cosh x2

2\2 12

1 2 2 2 () + ()

o :z _8 12{I:(x) (x)] +4}, z? = Py s
2= = ([ - 7T+ 4. (4.23)

Here, sn, cn, dn are Jacobi elliptic functions [15]. These coordinates are of

type (3)’. Note that all five separable systems on the complex sphere have
now appeared.

4. Here equations (4.12) impose the single condition

1 2 ” 0112 3
0—1 01(01"‘03)—0_1(01 03)

L 120y il 2 424
- O— 203 (01 - 03) - —(-)'— (30] - 03) = a(ol - 03) > a (S C. ( . )
2 3

Differentiating successively with respect to x' and x> we obtain the condi-
tions

207 o}
————;-—3(10, + 2bo, + 2c,
0y o}
20 o??
3= —3a0? — 2ba; + 2d. (4.25)
3 o3
For consistency we must have d = — ¢ and
(01)2 = 4(a, — a)(o, — b)(a, — )0y,
(03)2 = —4(o3 — a)(0; — b)(a3 — c)as. (4.26)

Choosing new variables £! = g,, £* = 0, we have the metric (dropping the
hats)

(x! = ) (&)
4 (x' = a)(x! = b)(x! — ¢)x!
) (a5’
(3 = a)(x® = b)(x* - )x® (4.27)

The coordinate surfaces corresponding to this metric are cyclides of revolu-
tion. A typical choice of coordinates for a, b, ¢ not equal is

ds? =

+ x'x3(dx?)*.
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— — 1/2
Ax =[ (x' = e)(x* = ¢) ] Y =[ x'x3 ]1/2 cos x2,

(b —c)a-c)c abc
1,3 11/2
Az = [ :‘52‘7 ] sin x2 (4.28)

where

(b —a)c—a)a (¢ — b)(a — b)b

Such metrics are of type (3) and are known to R-separate the Laplace
equation [2], [4], [16].
5. The conditions (4.12) reduce to equations of the form

L,___Z_( | I )
X Xi\xt=x2 xt=-x*

-Mf‘fﬂt%y_%(ﬁif+x£mJ]

A=l (x' - a)(x3 _ a) }1/2_{_[ _ (xl - b)(x3 _ b) ]1/2.

(x* = x%)

=a(x' — x)(x* - (x> - x'), a€C (4.29)

Dividing by (x! — x?)? and differentiating with respect to x! we get (1/X,)®
= 120a. These conditions lead to

1/X; = (x" = e)(x" — &) (x" — e5)(x" — e)(x" — &),
i,= 1, 2, 3- (4.30)
This corresponds to the choice of general cyclidic coordinates in three space.
These coordinates are known to R-separate the Laplace equation and they

are of type (4)'. A suitable choice of three space coordinates for the ¢; all
different is

Ax = - (x' = &)(x? — &)(x* — &) 12
I (62 — e)(e; — e3)(e; — e5)(e, — €5) ] ’
(=) -e)(x—e) 17
I (€3 — e)(e3 — &;)(e3 — e4)(e3 — es) ]
(x' = e))(x* = e))(x® — e,) 11/2

I (es — e))(es — €;)(es — €3)(es — e5) ]
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A =[ (x' = &)(x* — e)(x’ — &) }l/z

(e1 — €)(e; — e3)(e; — e5)(e; — e5)

N R G Gk it B A
(es — e)(es — &)(€’ — e5)(e° — e4) (4.31)
The corresponding coordinates in the cases when some of the ¢; are equal can
be found in [2], [16].

This completes our list of orthogonal R-separable coordinates for the
flat-space equations (1.1). It follows immediately that (1.1)(a) and (1.1)(b)
separate in exactly the same coordinate systems.

In [22), Levinson, Bogert and Redheffer already classified R-separable
systems for the Laplace equation in real Euclidean three-space. However, in
addition to restricting themselves to real coordinates, thus omitting all sys-
tems associated with the wave equation, these authors adopted a rather
restrictive definition of separation of variables in which they required that the
separated variables could be split off from the Laplace equation one at a
time. Thus their classification omits all of the most general and complicated
systems, i.e., the possible ellipsoidal, paraboloidal and cyclidic types. The
definition of variable separation adopted in the present paper is the usual one
and, to the authors’ knowledge, the computations of this section constitute
the first demonstrably exhaustive classification of orthogonal R-separable
coordinates for the flat-space Laplace equation.

5. Nonorthogonal coordinates in flat space. We have classified all separable
systems for equations (1.1) in flat space except the nonorthogonal systems of
types (2) and (2)'. All systems of these types are characterized in terms of
commuting pairs of symmetry operators from the symmetry algebra o(5). By
regarding two separable systems as equivalent if one can be obtained from
the other by a conformal symmetry transformation we can reduce the
classification of such systems to the determination of all orbits of two-
dimensional subspaces of commuting symmetries in o(5) under the adjoint
action of o(5). To be specific we first consider the complex Laplace equation

(3, +3,, +9,, )y =0. (5.1)
Recall that the symmetry algebra of (5.1) is ten-dimensional with basis [4]
Jy=20,—yd,, Jy,=x0,—29,, J3=yd —xJ,

Pl=8x, P2=ay, P3=az, D= _(';'+xax+yay+zaz),

K, =x+ (x> = y? = z%)d, + 2xyd, + 2xz39,,
K,=y+ (y2 - x - z2)ay + 2yx9, + 2yz0,,
Ky =z 4 (22— x* = y?)3, + 22x3, + 22y, (5.2)
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This algebra is isomorphic to the Lie algebra o(5) of all 5 X 5 complex
skew-symmetric matrices. Indeed, a basis for o(5) is provided by the matrices
T[;=6; —&; =—T;,1<i<j<5, where &; is the matrix with the entry
1 in row i, column j, and 0 everywhere else. The identifications
Ji =Ty Jy=Ta J3=T3 D = —iTs
Py =Ty — il Py =T'3 — il3 Py =T, — iy,
Ki=Tp+ily, K,=T;3+il3, K3=T,+ il (5.3)
determine the isomorphism. In addition, the inversion I and reflection R are
symmetries of (5.1) which do not belong to the connected component of the
identity of the corresponding conformal local Lie symmetry group of (5.1):
B === /50, RIW=9(-xy2). (54
We first determine the orbits of symmetry operators I' under the adjoint
action of o(5), i.e., the canonical forms under the similarity transformation
I'- 0TO0"!, 0 €0(5, C). This classification is straightforward and we list
only the results. Our classification is in terms of the possible eigenvalues of
the matrices ® € o(5). For each such matrix we list a canonical form
T € o(5)suchthatT' = O®0 ~! for some O € O (5), the complex orthogonal
group. It is easy to show that A = 0 is always an eigenvalue of @ and, if A # 0
is an eigenvalue, then so is —A. We use the notation A(n), n =2, 3, 5, to
signify that A corresponds to a generalized eigenvector u of rank n, ie., n is
the smallest integer m such that (® — AE)"u =0 where E is the 5 X5
identity matrix.

TABLE 1. One-dimensional subalgebras of o(5)

possible eigenvalues  canonical form

. *a,=B,0(a#0) ial'j, + iBT5,

2. #*¢,0,0,0 ial’},

3. a2, —a(2),0 ia(l'; —Tyy) + %(’TB =Ty — Ty — ily)

4. *a,003) ial, + (iTy5 — T3)/ V2

5. 0(5) I(Tyg + iTys = iTyy + Tps — V2 Ty, + iV2 Tyy)

From this table we can determine the conjugacy classes of two-dimensional
abelian subalgebras of o(5). Let V be such a subalgebra. By performing a
conjugacy transformation if necessary, we can assume that I' € V" where T is
one of the five operators listed in Table 1. Let G be the centralizer of T in
0(5). We determine the §p-conjugacy classes of one-dimensional subalgebras
of Gr. Choosing a representative I'; from each such class we obtain the
distinct abelian subalgebras {T, T';}. Repeating this computation for each I’
on Table 1 and eliminating duplications we obtain Table 2 in which we have
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listed a representative from each of the six conjugacy classes of two-dimen-
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sional abelian subalgebras.

TaBLE 2. Two-dimensional abelian subalgebras of o(5)

coordinates  canonical basis eigenvalues
Cartesian 1T35 - r34 0(3), 0, 0
iT)y +Tys 0(3),0,0
Cartesian’ IT35 - I‘34 0(3), 0, 0
[is — Ty + i(Ty4 + Ts) 0(2), 0(2), 0
3. cylindrical T, +4i0,0,0
ir35 - r34 0(3), O, O
4. spherical T} +40,0,0
r34 * i’ O’ 0, 0
5. oscillator Ty, =T34 *+1i, *+i,0
i(Ty3 —Ty) =Ty — T 0(2), 0(2), 0
6. linear i(rl4 - rzs) + rls + F24, 0(2), 0(2), 0
1 , .
—— (T + iTs — iT,, + Ty 0(5
3 (T4 15 24 25 0(5)

V2T, + iV2Ty)

The separable coordinate systems associated with these abelian subalgebras
are termed split [6]. We first discuss the orthogonal split systems, all of which
have been obtained in §4.

The standard form of the Cartesian coordinates is (4.14) and the basis
operators for this form are P,, P,. The standard form of the cylindrical
coordinates is (4.18) and the basis operators are J;, P;. Coordinates (4.19) and
(4.20)(b) are conformal equivalent to cylindrical coordinates.

The standard form for spherical coordinates is

x=x3sinx'cosx?, y=x3sinx'sinx? z=x3cosx! (55)

with basis operators J;, D. However, the toroidal system (4.20)(c) with
operators J;, K; — P, is conformal equivalent to the spherical system. This
completes the list of orthogonal coordinates of types (2) and (2)'.

The remaining three systems are nonorthogonal. They correspond to the
imbedding of the heat equation into the Laplace equation via the change of
coordinates

x=x3 y—iz=xl,
ds? = (dx®)? + 2dx'dx?,

A:;t!/ = (6x3x3 + 2ax|xz )\l/ =, (56)

y + iz =2x?
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Diagonalization of the operator L, = (P, + iP;) =93,: reduces the Laplace
equation to

(axsxs + }\sz )@ = 0 (57)

The first type of nonorthogonal coordinates can be characterized by the
operators P, + iP3;, J, + iJ; and coordinates

x=xx%3 y=x'+= (xz) z=ix'+ = (xz)x—x,
ds? = (x*)}(dx?)? + (dx®)? — 2idx'dx>. (5.8)
However, a transformation similar to that for (2.13) reduces this system to
Cartesian coordinates. Thus we term the system Cartesian’.
System 5 can be characterized by the operators P, + iP;, iJ,/2 — D, and
coordinates

x=xVx?, y—iz=x'-1(% y+iz=2x%

3
ds? = x2(dx3)? + 2dx'dx? + 1 ( ) =7 (ax) (5.9)
We call these oscillator coordinates because they transform (5.7) to the
time-dependent (complex) Schrédinger equation for the harmonic oscillator
[17].

System 6 can be characterized by the operators P, + iP;, K, + iK; — 8P,
and coordinates

x=x%r+2/x% y—iz=x"=1(xx%+2x%/x2 + 2/3(x2)},
y + iz = 2x?
3
ds? = (x?)X(dx*)? + 2dx'dx? — % (dx?)2. (5.10)
x

We call these linear coordinates because they transform (5.7) to the time-de-
pendent (complex) Schrodinger equation with a linear potential [17].

We see that the oscillator and linear systems are the only nonorthogonal
R-separable coordinate systems for equation (5.1). In [7] it was shown that the
flat space Helmholtz equation A;y = Ey separates in exactly five nonorthog-
onal systems, three of which are nonsplit. It is straightforward to show that
when E = 0 these systems all become split. Furthermore, two of the systems
are conformal equivalent to oscillator coordinates, two to linear coordinates,
and one to (5.8).

The Lie algebraic characterization of the corresponding separable systems
for
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Wi+ W2+ W2=0
is explained in detail in [6].

6. Separable systems for conformally flat spaces. In [1] Eisenhart showed
how to find all orthogonal separable systems for the equation As;y = Ey,
E # 0, where g; is a conformally flat metric. The construction is essentially
the same as that employed in §4 to find orthogonal separable systems for the
Laplace equation in flat space. Here we describe a method for determining
explicitly all R-separable systems for A;y = 0 in a conformally flat space C,.

In such a space we can always find a coordinate system {x, y, z} such that
(10]

ds* = Q*(x,y, z)(dx* + &* + dz?). 6.1)
The function Q is determined up to a conformal transformation generated by
the operators (5.2) and (5.4). Thus the Laplace equation takes the form

Ay = 073[3,(Qy,) +3,(0%,) +3,(0%,)] =0. (62)

Let § be the symmetry algebra of (6.2), consisting of symmetry operators L,
(2.1). Setting ¢ = f© where f = Q ~'/2 we transform (6.2) to

0,,+60,+0,-00=0 (6.3)
where
®=0""2(, +3, +3,,)0"~ (6.4)

The symmetry algebra of (6.3) is isomorphic to § but now the symmetry
operators L’ take the form L' = L + Q'/3(LQ ~/?).

The symmetry group of equation (6.3) has been studied by Ovsjannicov
[18). When @ = 0, i.e., when Q'/2 is harmonic, then (6.3) admits the symme-
try algebra o(5) and (6.1) is equivalent to (5.1). If @ 2 0 the symmetry
algebra is of dimension six or less. If the dimension is six then § is
isomorphic to & (3), the Lie algebra of the complex Euclidean group, or to
o(4). In the first case Q can be chosen so that ® = E # 0 and (6.3) becomes
the flat space Helmholtz equation

6, +0,+06,=E®. (6.5)

The separable coordinate systems for this equation have been discussed from
a group-theoretic viewpoint in [7]. If § = o(4) then Q can be chosen so that
® = E/(1 + r*)* where E # 0 and r?> = x? + y? + z2 Then (6.3) is equiva-
lent to the Laplace-Beltrami eigenvalue equation for a space of nonzero
constant curvature. The separable coordinate systems for this equation are
determined in [7] and [13]. In all other cases dim § < 6.

For real conformally flat spaces with positive definite metric one is led to
equation (6.3) for x, y, z real. Eisenhart [19] has determined all choices of ®
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in this case for which (6.3) admits pure separable solutions in some coordinate
system. (It is easy to see that in this special case the only possible separable
systems are the eleven orthogonal systems for the real flat space Helmholtz
equation. For each of these eleven systems one then need only determine the
possible functions ® which permit variable separation.) In [20] each of the
separable systems is characterized by a pair of second-order commuting
symmetry operators for equation (6.3), see also [21]. In each case the opera-
tors take the form L/ = L, + p,, i =1, 2, where the L, are commuting
second-order symmetry operators in the enveloping algebra of & (3, R),
generated by the operators P,, P,, P5, J,, J,, J3, (5.2) and the p, are scalar
functions. For purely separable solutions of the complex equations (6.3) one
could obtain a similar characterization by employing the results of [2] and [4]
but this computation has not been carried out.

More generally, every R-separable system for (6.3) also R-separates (5.1).
Thus, to find all R-separable systems for (6.3) one need only take each of the
R-separable systems for (5.1) as classified in this paper and determine all
functions ® which still permit R-separation. The resulting systems will be
characterized by a pair of second-order commuting operators L/ = L; + p,,
i = 1, 2, where the L; belong to the enveloping algebra of o(5) and the p; are
scalar-valued functions.
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