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BOREL PARAMETRIZATIONS

BY

R. DANIEL MAULDIN1

Abstract. Let X and Y be uncountable Polish spaces and B a Borel subset

oi X X Y such that for each x, Bx is uncountable. A Borel parametrization

of B is a Borel isomorphism, g, of X X E onto B where £ is a Borel subset

of Y such that for each x, g(x, ■ ) maps E onto Bx = {y: (x,y) e B). It is

shown that B has a Borel parametrization if and only if B contains a Borel

set M such that for each x, Mx is a nonempty compact perfect set, or,

equivalently, there is an atomless conditional probability distribution, p, so

that for each x, n(x, Bx) > 0. It is also shown that if Y is dense-in-itself and

Bx is not meager, for each x, then B has a Borel parametrization.

Let G be a Borel subset of the product X X Y of two Polish spaces. A

Borel parametrization of F is a Borel isomorphism g of X X E, where F is a

Borel subset of Y onto F such that for each x, g(x, • ) maps F onto Bx = [y:

(x,y) G F}. Of course, if B has a parametrization, then all the sets, Bx, must

have the same cardinality. If X is countable, then this cardinality condition

on the sets Bx is necessary and sufficient for F to have a Borel

parametrization. For in case X is countable, fix a Borel subset F of y of the

correct cardinality and fix, for each x in X, a Borel isomorphism 9X of F onto

Bx and then define g by g(x,y) = 9x(y). It will be assumed throughout this

paper that X and Y are uncountable Polish spaces. It is easy to see that when

the sets Bx are uncountable, one can require F = Y.

It is an easy corollary of a theorem of Lusin that if each Bx is countably

infinite or if each Bx has cardinality n, some fixed integer n, then F has a

Borel parametrization. Let us note that Choksi [4] in his investigation of

measurable transformations on compact groups phrased the parametrization

problem as follows.

Let B be a Borel subset of X X Y with each Bx uncountable. Does B have

a Borel parametrization?

It was noted by Stone [13] that for Choksi's investigation, Borel parametri-

zations were not really necessary. In fact, only measurable parametrizations

are needed. The author and D. Cenzer have shown that such parametrizations

exist [3].

The purpose of this paper is to investigate the existence of Borel para-

metrizations under the assumption that each Bx is uncountable. Various
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224 R. D. MAULDIN

necessary and sufficient conditions are determined in order that a Borel

parametrization exist. One simple formulation is the following theorem.

Theorem. A Borel subset B of X X Y with each Bx uncountable has a Borel

parametrization if and only if B contains a Borel set M such that for each x, Mx

is a nonempty compact perfect set or equivalently there is a conditional measure

distribution, p, such that for each x, p(x, • ) is atomless and ¡x(x, Bx) > 0.

It is also shown that if Y is dense-in-itself and each Bx is not meager in Y,

then F has a Borel parametrization.

I. A sufficient condition. Our first goal is to obtain a sufficient condition for

the existence of a Borel parametrization.

Theorem 1.1. Let X and Y be uncountable Polish spaces and B a Borel subset

of X X Y such that each Bx is a nonempty compact perfect set. Then there is a

Borel subset M of B such that each Mx is a nonempty perfect set, and a Borel

parametrization k of X X Y onto M.

Proof. Let { V(n)} JL, be a countable base for the topology of Y consisting

of open balls of diameter less than 1. For each pair of integers (n, m) such

that cl(V(n)) n cl(V(m)) = 0, let E(n, m) = U.*«* X V(n)) n B) n \ÏX((X

X V(m)) n F). It follows from the results of Arsenin [1] and Kunugui [5]

that E(n, m) is a Borel set. Since the sets E(n, m) fill up X one can find a

sequence [S,}f^x of disjoint Borel sets and a map, 9, of N, the natural

numbers, into N X N such that (1) U S, = X and (2) for each t, St c E(9(t))

= E(9x(t), 92(t)).

Set

^«0» = U   cl,((>, X V(9x(t))) n B).
ISN

Here we use the following notation. If F c X X Y, then cly(E) = {(x,y):

(x,y) is a cluster point of {x} X Ex}. It follows from the results of Arsenin

and Kunugui that if F is a Borel subset of X X Y and each Ex is both a Ka

set and a Gs set, then cly(E) is a Borel set. Of course, a Ka set is a set which

can be expressed as the union of countably many compact sets. Thus, A/«0»

is a Borel set. Similarly,

M«l» = U  d,((S, x V(92(t))) n B)
t<=N

is a Borel set.

Notice that A/«0» and M«l» are subsets of F and for each *, M«0))x

and Af«!»^ are disjoint nonempty compact perfect sets with diameter less

than 1.

Continuing by induction, one finds that there is a family

{M((ex, . . . , en}): e¡ = 0 or 1 and n is a positive integer}
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such that for each (ex, .. ., en}

(1) A/«e„ . . ., e„» is a Borel set,

(2) for each x, (A/«e,, . . ., e„}))x is a nonempty compact perfect set with

diameter less than 2~",

(3) if   <e„ . . . , e„> * <e'„ . . . , <>,   then

M«e„ . . . , O) H M(Ce\, ...,<»- 0,

(4) if e = 0 or 1,

A/«e„ . . . , e„, e)) c M«e„ . . ., e„».

For each n, set

r„= U {M«e„...,e-„»:e,. = 0orl}

and set
00

m = n t;.
n = l

Clearly, A/ is a Borel set, MdB and each Mx is a nonempty perfect set.

For each e = {en)f=x G {0, 1}" and x G X, setf(x, e) = (*,>>), where

{W = (ñ   A/«ei,...,e„»J

Clearly,/is a one-to-one map of X X C, where C = {0, 1}^, onto M and

for each *,/(*, • ) maps C onto Mx. Also, setting

C«/„ . . ., /„» = {e G C: e, = Jp, 1 < p < «},

we have

f(X X C(ix, ...,/„» = M({ix, ..., i„» n M.

But this implies /"' is a Borel map of M onto Z X C. According to a

theorem of Lusin and Souslin [6, p. 489], / is a Borel isomorphism. Let h be a

Borel isomorphism of Y onto C and set &(.x,.y) = /(*, h(y)). Clearly, k is a

Borel parametrization of M.

Theorem 1.2. Let X and Y be uncountable Polish spaces, B a Borel subset of

X X Y and M a Borel set lying in X X Y such that there is a Borel

parametrization, k, of X X Y onto M. Then B has a Borel parametrization.

Proof. A Schoeder-Bernstein type argument is given for this theorem. This

argument is also used in [3].

Set S0 = B - M and F0 = X X Y ~ B. Thus,

XXY=MuS0uT0

= F0 U S0 U (F, U Sx) U • • • U (Tn u S„) U • • • UD,
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where T„ = k"(T0), S„ = T"(S0) and D = f| "_i k"(B). We also have

F = M u Sq

= S0 U (F; u 5, ) U • • • U (T„ U S„) U ■ ■ ■ U F

= (Tx u So) U (F2 u Sx) U • • • U (F„+1 U S„) U • • • UD.

Set 77 = D u (rC-<Ä) and G = D ̂ =0^ and define

.       i(*,^),       if (*,^) G 77,

^'^      \fc(*,>0,     if(*,^)GG.

It can easily be checked that g is a one-to-one map of X X Y onto F. Also,

since all the sets Sn, T„ and D are Borel sets, g is a Borel isomorphism.

Finally, since g(x, • ) maps Y onto Bx, g is a Borel parametrization of F.

Q.E.D.
As an immediate corollary of Theorems 1.1 and 1.2, we have the following

theorem.

Theorem 1.3. 7/ F is a Borel subset of X X Y and B contains a Borel set M

such that each Mx is a nonempty compact perfect set, then B has a Borel

parametrization.

Let us note that Theorem 1.3 improves a theorem of Larman [7], since the

existence of a parametrization of F is a stronger statement that the existence

of 2"° disjoint uniformizations.

II. Borel sets with large sections. In this section, it is shown that if F is a

Borel subset of X X Y such that each Bx is uncountable, then F has a Borel

parametrization if and only if each section of F is large in a quantitative

sense. The instrument for measuring the quantitative size of the sections of a

set is the conditional measure distribution. With the aid of this instrument a

descriptive characterization of those Borel sets F having a Borel parametri-

zation is given. It is simply that F contains a Borel set M each section of

which is a nonempty compact perfect set. All this is formulated in Theorem

2.4.

It is also shown in Theorem 2.8 that F has a Borel parametrization if each

section of B is large in a qualitative sense: each Bx is not meager. This seems

slightly unusual in that measure and category are in some sense dual

properties [9].

A conditional measure distribution on X X 'S ( Y) is a map p from X X

<3!)(Y) into the nonnegative real numbers such that (1) for each *, p(*, •) is a

measure on 9>(Y) and (2) for each F in 9>(Y), p(-, F) is a Borel measurable

function on X. The standard Borel field on Y is denoted by % ( Y).

A useful fact concerning these distributions is the following theorem.
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Theorem 2.1. Let p be a conditional measure distribution on X X 9>(Y). If

B is a Borel subset of X X Y, then /(*) = p(*, Bx) is a Borel measurable

function on X and

v(x,E) = p(x,E n Bx)

is a conditional measure distribution on X X % ( Y).

Proof. Let W be the family of all Borel subsets of X x Y for which the

theorem holds.

If F is a Borel set of the form S X T and p is a conditional measure

distribution,/^) = p(*, Bx) = p(x, (S X T)x) = p(*, F)x¿, where Xs is tne

characteristic function of the Borel set S. Thus,/is Borel measurable. Clearly,

for each *, v(x, • ) is a measure on B(Y), where v(x, E) = p.(x, E n Bx).

Thus, W contains all Borel sets of the form S x T.

It can be easily checked that W is closed under monotone limits and finite

disjoint unions. It follows that W is the family of all Borel subsets of X X Y.

Q.E.D.

Theorem 2.2. Let p. be a conditional measure distribution on X x %(Y) and

let B be a Borel subset of X X Y. Then for each 9, 0 < 9 < 1, there is a Borel

subset M of X X Y such that M ç F, and for every x, Mx is a compact set and

p(*, Mx) > 9p.(x, Bx).

Proof. Let q> be an embedding of Y into 77, the Hubert cube. Define p on

X X $(77) by fi(x, E) = p(*, <p ~ X(E)). Then p is a conditional measure

distribution on^xS (77) and (id x tp)(B) = Bisa. Borel subset of X x 77.

Thus, in order to prove the theorem it suffices to prove it in the case that p is

defined on X X % (77).

Let W be the family of all Borel subsets of X X 77 for which the

conclusion of the theorem holds for all conditional measure distributions.

Let F, and F2 belong to W, let p be a conditional measure distribution and

let 0 < 9 < 1. Set

px(x, E) = p(x, E n BXx)   and   p^(x, E) = p(x, E n (B2 - Bx)x).

According to Theorem 2.1, p, and p2 are conditional measure distributions.

Let Mx and M2 be Borel sets with compact sections so that M¡ c F, and

Hi(x, Mix) > 9pi(x, Bix), for / = 1, 2. Set A7 = Mx u M2. Clearly M is a Borel

set with compact sections. Also,

p(*, Mx) = p(x, (M n Bx)x) + p(x, (M n (B2 - Bx))x)

> p(x, (A/, n F,)J + p(*, (A/2 n (B2 - bx))x)

> Hi(x,MXx) + p2(jc,A/2;c)

> 9p(x, BXx) + 9p(x, (B2 - Bx)x)

> 9p(x, (Bx u B2)x).



228 R. D. MAULDIN

From this it follows that W is closed under finite unions. We will now show

that If is a monotone family.

First, suppose {S„} is an increasing sequence from W and S = U Sn. For

each n, let Kn be a Borel set with compact sections so that K„ c Sn and

p(*, K^) > V9 -p(*, Snx). For each n, let A7„ = U {Kp: p < n). For each n,

let T„ = [x: p(x, Mnx) > 9p(x, Sx)). According to Theorem 2.1, the map

h„(x) = p.(x, M^) — Op(x, Sx) is a Borel measurable map of X into F. Thus,

T„ is a Borel set for each n. Let M be the Borel subset of X X H such that

Mx = Mnx, where n is the first integer so that x G F„. The set A/ has the

required properties and S G W.

Now, suppose S„ is a decreasing sequence from W and S = H S„.

Let A map X X 9> (77) into the real numbers by

( p(x, Sx n B)/p(x, Sx ),   if p(*, Sx ) > 0,

Then A is a conditional measure distribution on X X % (77). For each n, let

F„ be a Borel set with compact sections so that Kn Q S„ and X(x, ÍJ >

9nX(x, Snx), where (¡, - 1 - (1 — 9)/2". Let M = D F„. Then A/ has com-

pact sections and A7 c S. Also, if p(x, Sx) > 0

X(x,Mx)> \-^(\-9n) = 9.

Thus, for all x, p(x, Mx) > 9p(x, Sx). The set M has the required properties

and SGW.

Finally, since W clearly contains the sets of the form A X K, where A is

Borel in X and K is compact, W is the family of all Borel subsets of A' X 77.

Q.E.D.

Theorem 2.3. Let X and Y be Polish spaces, let p be a conditional measure

distribution on X X % ( Y) such that for each x, p(x, ■ ) is an atomless nontrivial

measure, and let B be a Borel subset of X X Y such that for each x in X,

H(x, Bx) > 0. For each 9, 0 < 9 < 1, there is Borel subset M of B such that for

each x, p(x, Mx) > 9p(x, Bx) and Mx is a compact perfect set. Moreover, B

has a Borel parametrization.

Proof. Let 9 be a number between 0 and 1. According to Theorem 2.2

there is a Borel subset K of B such that for each x, Kx is compact and

p(*, Kx) > 9p(x, Bx). Let A7 = {(x,y): if F is a neighborhood of y, then

p(*, Kx n V) > 0}. Clearly, M c K and for each x, Mx is a compact perfect

set such that fi(x, Mx) = p(x, Kx).

To see that M is a Borel set, let { Kn}*=1 be a base for the topology of Y

and let Tn = {x: p(x, Kx n V„) = 0}. According to Theorem 2.1, Tn is a
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Borel set. Also,

00

(X X Y) - M =  U (T„ X V„).
n-l

The fact that B has a Borel parametrization now follows from Theorem 1.3.

Q.E.D.

Theorem 2.4. Let X and Y be uncountable Polish spaces and let B be a Borel

subset of X X Y such that for each x, Bx is uncountable. The following

statements are equivalent

1. F has a Borel parametrization.

2. There is a conditional probability distribution p on X X %(Y) such that

for each x, p(*, Bx) = 1 and for each *, p(*, • ) is atomless.

3. B contains a Borel set M such that for each x, Mx is a nonempty compact

perfect set.

Proof. Assume statement 1 holds and let g be a one-to-one Borel map of

X X Y onto F which parametrizes B. Let/be a Borel isomorphism of 7, the

unit interval, onto Y. Set

p(x,E) = X(f-X((g-\B n(XX E)))x))

for each x in X and F in B(Y), where A is Lebesgue measure on 7.

Clearly, for each x, p(x, • ) is an atomless probability measure on9>(Y)

such that p(x, Bx) = 1. From the definition of p and from Theorem 2.1 we

see that for each F in 9> ( Y), p( •, E) is a Borel measurable function. Thus,

statement 1 implies statement 2.

Theorem 2.3 shows that statement 2 implies statement 3. Theorem 1.3

shows that statement 3 implies statement 1.    Q.E.D.

Blackwell and Ryll-Nardzewski [2] showed that under the hypothesis of

Theorem 2.3, B has a Borel uniformization. In other words, there is a Borel

measurable map / of X into Y whose graph is a subset of B. Actually, F may

be filled up by such graphs as the next theorem shows.

Theorem 2.5. Assume that the subset B of X X Y has a Borel

parametrization. Then B is filled up by 2"° disjoint Borel uniformizations.

Proof. Let g: X X Y -> F be a Borel parametrization of F. For each

y G Y, let fy(x) = ITy(g(*,.y)). Then the graphs of the functions fy are

disjoint Borel uniformizations.

There are results similar to those just obtained where category is taken as

an indicator of largeness instead of measure. However, to prove that if each

section of F is not meager, then B contains a Borel set A7 such that each Mx

is a nonempty compact perfect set seems to require some more machinery.

Let us make the following notation.
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Seq denotes the set of all finite sequence of positive integers: Seq =

U",|JV*. {0, 1}* denotes the set of all finite sequences of zeros and ones. If

s = (kx, . . ., kp) G Seq and n G N, then s * n = (kx, . . . ,kp, n). If s G Seq,

then lh(i) denotes the length of the sequence s.

If B c X X Y and U c Y, then F£ = {*: Bx n U is comeager in U). If

B is Borel and U is open, FJ is a Borel set [15].

We will need the following theorem of H. Sarbadhikari [11].

Theorem 2.6. Let X and Y be Polish spaces and B a Borel subset of X X Y.

There is a sequence {Zk}k°=x of Borel subsets of X X Y such that

(a) n Zk c F,
(b) given any nonempty open set W in Y, any k and any e > 0, there is a

Borel set F, F c Zk n (X X W) such that for all x, Fx is closed, diam(Fx) < e

and if x G Bx, then Fx is not meager.

Theorem 2.7. Let Y be a dense-in-itself Polish space, B a Borel subset of

X X Y such that for each x, Bx is comeager in Y and {Zk}f_x a sequence of

Borel sets so that Theorem 2.6 holds. Then there is a family {D(s): s G Seq} of

Borel subsets of X, a family {V(s, e): s G Seq, e G {0, 1}* and lh(s) = \h(e)}

of open subsets of Y, and a sequence {M„} of Borel subsets of X X Y such that

(i) D(s) n D(t) = 0, ifs, t G N"ands^ t;

(ii) D(s) = U {D(s * n): n G N} andX = (J {D((n}): n G N);

(iii) for each x G D(s), (Mxh^ n B)x n V(s, e) is comeager in V(s, e), for

each e G (0, l}^;

(iv) V(s, e)nV(s,e')=0, if e * e';

(v)diam(F(i, e)) < 2~lhw;

(vi) V(s * m, e * i) c V(s, e);

(vii) // x G D(s), then M^^^. is a closed set lying in U { V(s, e): e G

{0, I}1»«};

(viii)A7„+1 cA/„ c Z„.

Proof. Let U(0) and U(l) be nonempty disjoint open subsets of Y. Let F(0)

and F(l) be Borel subsets oflxy such that for i = 0 or 1,

F(i) cZxn(X X Y(i))

and for each x, F(i)x is closed and not meager. The existence of these sets is

guaranteed by Theorem 2.6. For each pair (p0,px) G N2 such that cl(V(p¡))

C U(i), and diam(F(p,)) < 2"1, for / = 0 or 1, let

h((po,pù) = {F(i) n F)^o) n (F(i) n B)ï(Pt).

Since the Borel sets H((p0,px)) cover X, there is a sequence {£>«/!»: n G N)

of pairwise disjoint Borel sets and a map 9: N -* N2 so that for each n,

D((n}) c H(9(ri)). For each n, let V((n), </» = V(p¡), i = 0 or 1, where
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0(n) = (Po>P\)- Finally, set

A/, = U {D((n)) X V((n), </» n F(i): n € N, i - 0, 1}.

This completes the construction for n = 1.

The construction process for n = 2 is similar to that for the first stage

except that there is one additional ingredient. This will now be indicated. Fix

n G N and / = 0 or 1. Let F«w>, </» be a Borel set such that

F«„>, </» cZ2n(XX V((n), </»)

and for each *, F«n>, </»x is closed and not meager. Thus, for each

* G F««», (F<n>, </» n (A/, n F)x is not meager in V«n\ </». Since Y

is dense-in-itself, for each x G D((n}), one can find basic open sets F(^,) so

that diam V(qj)<2^2, Tffic K«/i>, </», * G (F<n>, </> n A7, n F)*(?),
/ = 0 or 1, and V(q0) n V(qx) = 0. The remainder of the construction at the

second stage is similar to that of the first stage. Finally, the construction at

the stages greater than 2 is similar to that of stage 2.   Q.E.D.

Theorem 2.8. Under the hypothesis of Theorem 2.7, F contains a Borel set M

so that for each x, Mx is a nonempty compact perfect set.

Proof. Set M = n M„.   Q.E.D.

Theorem 2.9. Let Y be a dense-in-itself Polish space and B a Borel subset of

X X Y such that for each x, Bx is not meager. Then B contains a Borel set M

such that each Mx is a nonempty compact perfect set. Moreover, B has a Borel

parametrization.

Proof. Let { V„}™=x be a base for the topology of Y. Set F, = F^ and if

n > 1, set

En = B*K-[J B*Vu.
m<n

For each n set

77„ = LY-F„)X Vnu((EnX Vn) n B).

According to Theorem 2.8, there is a Borel set Mn Q H„ such that for each x,

Mx is a nonempty compact perfect set. Now, set

M= U (Mnn(EnX Vn)).

Clearly, M is a Borel set and each section of M is a nonempty compact

perfect set. Also, it follows from Theorem 1.3 that F has a Borel parametri-

zation.   Q.E.D.

H. Sarbadhikari [11] generalized a result of R. Vaught [15] by showing that

if B is a Borel subset oflx 7 and for each *, Bx is not meager, then F has a

Borel uniformization. We have the following theorem.
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Theorem 2.10. Under the hypothesis of Theorem 2.9, F is filled up by 2"°

disjoint Borel uniformizations.

HI. Examples. The purpose of this section is to present some examples

which show that the existence of a Borel parametrization is a fairly stringent

condition.

Example 3.1. There is a Borel subset F of 7 X 7 such that for each x in 7,

Bx is an uncountable Gs set and yet F does not have a Borel uniformization,

much less a Borel parametrization. In fact, there is no analytic set A such that

A c B and for each x, Ax is a nonempty closed set.

Proof. Let C, and C2 be disjoint coanalytic subsets of 7 which cannot be

separated by a Borel set [12]. Let F, (F2) be a Borel subset of 7 X 7 such that

the A'-projection of F, (F2) is 7 - Cx (I — C2) and such that each ^-section

of F, (B2) is an uncountable Gs set [8].

It is well known that F does not have a Borel uniformization.

Now, assume A is analytic, A c B and for each *, Ax is a nonempty closed

set. Let F = (7 X 7) - F. Then F and ^4 are disjoint analytic sets. According

to a theorem of Saint-Raymond [10], there is a Borel set 77 such that A c 77,

77 n F =0 and each 77^ is compact. However, this implies 77 c F and 77

(and therefore F) has a Borel uniformization. This contradiction completes

the proof of the theorem.

Remark. The preceding example answers in the negative a question raised

by Tanaka [14]. This example also shows that the results of this paper are

sharp.

Example 3.2. There is a closed subset F of 7 X 7 such that for each x in 7,

Bx is a closed uncountable set and yet F does not have a Borel

parametrization. In particular, there is no Borel set A7 so that M c F and for

each x, Mx is a nonempty perfect set.

Proof. Let Ax and A2 be analytic subsets of 7 such that A, \J A2 = I and

yet there do not exist Borel sets Kx and K2 so that K¡ c A¡ and Kx U K2 = I.

Let 5, be a closed subset of 7 X [0, 1/3] so that 7?lx is uncountable if and

only if x G Ax. Let F2 be a closed subset of I X [2/3, 1] so that B2x is

uncountable if and only if x G A2. Let F = F, u F2. The existence of such

sets is shown in [12]. Assume that the Borel set F has a Borel parametrization

g,g: I X 7-» F. Let

F, = {x:A((g-1(F1))J>l/3}

and

F2={x:A((g->(F2))J>l/3},

where A denotes Lebesgue measure. Since g~ X(BX) and g~x(B2) are Borel sets,

it follows from Theorem 2.1, that F, and F2 are Borel sets. However, since g
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is a parametrization of F, Ex c Ax, E2 c A2 and EX\J E2 = I. This con-

tradiction establishes the example.

It should be remarked that D. G. Larman [7] has shown that if F is a Borel

subset of X X Y such that each Bx is uncountable and both a Gs and a K„

subset of y, then B has N, disjoint uniformizations. The problem of the

existence of 2K° disjoint uniformizations is still open.

Example 3.3. There are uncountable Polish spaces X and Y and a Borel

subset F of X X Y such that for each x, Bx is uncountable and not meager in

Y and yet F does not have a Borel parametrization.

Take A' to be 7 and Y to be [0, 1/2] X {1}. Let 77 be a Borel subset of

7 X [0, 1/2] such that each section of 77 is uncountable and such that 77 does

not have a Borel parametrization. Take F = 77 u (X X {1}).

Example 3.4. There are uncountable Polish spaces X and Y and a Borel

subset F of A" X Y such that for each *, Bx is comeager in Y and yet B does

not have a Borel parametrization.

Take A to be 7 and take Y to be C u F where C is the standard Cantor

middle third set in the unit interval and T is the set of midpoints of the

complementary open intervals in 7 - C. Let F = (X X F) u 77, where 77 is

a Borel subset of X X C such that each section of 77 is uncountable and yet

77 does not have a Borel uniformization. If B did have a Borel parametriza-

tion, then there would be a Borel set M lying in B with each Mx nonempty

compact perfect set. But, M would be a subset of 77 and 77 would have a

Borel uniformization.
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