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HERMITIAN FORMS IN FUNCTION THEORY

BY

CHRISTINE R. LEVERENZ

ABSTRACT. Let / and g be analytic in the unit disk |z| < 1. We give

a new derivation of the positive semidefinite Hermitian form equivalent to

ls(z)l Í: l/(2)l> f°r l2l < Ii ^d use it to derive Hermitian forms for various

classes of univalent functions. Sharp coefficient bounds for these classes are

obtained from the Hermitian forms. We find the specific functions required to

make the Hermitian forms equal to zero.

1. Introduction. In this paper1 we derive positive semidefinite Hermitian

forms that characterize various classes of functions. The derivations use a general

result about majorization. We use the definition f(z) = YHc=o akzk majorizes

»(*) = ZT=ob^k if \T,T=ohzk\ < IEr=o«^fc| for \z\ < 1, and show that /
majorizes g if and only if

/ „ O-kZk+j

j=0 fc=0 fc=0

kZk+] >0

whenever limsup/^o,-, (^rj x/fc < 1. The majorization theorem is a little known result

of Schur [4]. Hermitian forms are found for functions of positive real part, functions

starlike of order a, close-to-convex functions, spirallike functions and typically real

functions. Sharp coefficient bounds are also derived for |ao|, \a\\, (02!, where

I ̂ 2'k=oakzk\ ^ 1 and a new bound on |an| is found.

The positive semidefinite Hermitian form that characterizes positive real part

functions is identically zero for some functions; these functions are of the form

P(«) = E"=i t3(l + Xjz)/(1 - xjz), tj > 0, \xs\ = l,j = 1,2,...,n, £"=11} = 1.
For the Hermitian forms characterizing bounded functions and the class of functions

majorized by a fixed function / we also find the functions which make the Hermitian

forms identically zero. Finally we consider the following extremal problem: let

P = lf(z) = l + JTckzk |Re/(z) >o|

and F be an analytic function of n variables, and find max/€p |F(ci,C2,... ,cn)|.

We show it is solved by a positive real part function of the form

n n

f(z) = 5^tj(l +XjZ)/{l - ZjZ), \Xj\ = 1,   tj > 0,   ̂ tj = 1.
J=l J=l

Received by the editors July 7, 1983.
1980 Mathematics Subject Classification. Primary 30C45, 10C05.
'This material constitutes a portion of the author's Ph.D. thesis from the University of Ken-

tucky under the direction of Professor T. J. Suffridge. The author gratefully acknowledges Dr.

Suffridge's assistance with this work.
©1984 American Mathematical Society

0002-9947/84 $1.00 + $.25 per page

675



676 C. R. LEVERENZ

2.  Derivation of the Hermitian forms.  We use the convention that H(Z)

is a Hermitian form defined on the vector space, V, of sequences, Z = {z^^-q,

limsup|zfc|1/fc < 1
k—»oo

and Vjc C V represents those sequences such that Zj = 0 if j > k. Also H(z\,... ,Zk)

= H(zi,...,Zk,0,0,...). Further since H(0) = Owe use the convention that

H(Z) > 0 means H(Z) > 0 when Z ¿ 0.

Our proof of the majorization result uses Cohn's Rule.   For a proof see [5, p.

432].

THEOREM l.   Cohn's Rule: The zeros of the polynomial g(z) — arj + a\z H-Y

amzm, am ^ 0, are in D = {z\ \z\ < 1} if and only if the Hermitian form

m—j— 1

¿2 akZj+k
k=0

is positive definite for all finite sequences, Z = {zfc}™-^1 ■

We will also use the next lemma in Theorem 3. Let H*,(Z) — Yl^Lo I X^fclo akZk+j\

where f(z) = J2k=oakzk-

LEMMA 2.   If f(z) = J2'k=oakzk M analytic in D,  \a\ < 1, Z e V, then there
exists W € V such that

Hf{z-a)/(l-äz)(Z) HUW)

where W depends only on a and Z.

PROOF.   Expand / ■ (z - a)/(l - 52) in terms of z, then in #/(z_aw(,_52)

rearrange terms and choose w3 — Zj + (1 — |a|2) X^fcLi Qk~lzk+j-

THEOREM   3.   Let f(z) = J2^=oakzk and g(z) — StLo^2'' be analytic in

D = {z\ \z\ < 1}.  Then \f{z)\ > \g(z)\ on D if and only if

H(Z) = H}(Z) - h;(Z)

3=0   I

2^ akZk+j
k=0

¿2 bkzk+)
k=0

is positive semidefinite on the family of all sequences ZsV.

PROOF. Choose zk = wk for we D, then H(Z) > 0 implies |/(^)| > \g(z)\.

The converse is divided into two parts; the first assumes that / is nonzero. Then

since \g(z)\ < |/(2)| in D, we have \g(z)/f(z)\ < 1 in D or \g/f\ = 1. If g = el6f
then H(Z) = 0. Otherwise, choose a real sequence, {rm}^=1, so that 0 < rm < 1

and limm^oorm = 1.

If f(z) / 0 in D then |/(rmz)| > |r7(rm2)| for all z e D and any m. Define the two

sequences of polynomials of degree n with coefficients depending on rm as follows:

P(n,m,z) = YJk=oakrmzk and Q(n,m,z) = YJk=obkrmzk.   P and Q converge
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uniformly on D to f(rmz) and g(rmz) respectively.   From these polynomials we

derive one whose zeros are all in D and apply Cohn's Rule.

For rm fixed and N(m) large, \Q(n,m,z)\ < \P(n,m,z)\, n > N(m), z € D.

Thus P(n,m,z) ^ 0 on D and z2n+iQ(n,m, l/z)/P(n,m, z) is analytic on D.

By the maximum principle, \z2n+1Q(n,m,l/z)/P(n,m,z)\ < 1, z £ D, and by

Rouché's theorem R(n,m,z) — z2n+1Q(n,m, 1/z) -Y P(n,m,z) has no zeros in D.

Thus the zeros of

n 2n+l

z2n+1R(n,m,l/z) = ^2bkrkmzk+   £   a2n+1_fcr^+1-fc2fc

fc=0 fc=n+l

are all in D.  Apply Cohn's Rule to the polynomial z2n+1R(n,m, 1/z) to obtain

the positive definite Hermitian form

,22n

H(n,m,z) =X! {

2n-j

Y,rknakzJ+k+   *¡T   r^n+1  kb2n+1„kzJ+k

fc=0 fc=n+l

In-j

^2rknbkZ]+k+     ¿I     rm+l    ka2n+l-kzj+k

k=0 fc=n+l

where the sums from n + 1 to 2n - j are understood to be zero if j > n. It follows

that for fixed rm,

0<   lim H(n,m,Z)
n—+oo

oo    j     oo 2

= 52{ Ylakr™zk+i
j=o y fc=o

¿2°krmZk+3
k=0

Letting rm -> 1 we have for all ZëV, i/(Z) > 0.

To remove the restriction that f(z) ^ 0 in D, we choose rm so that f(rmz) / 0

on |¿| = 1. Then \g(rmz)\ < \f(rmz)\, and f(oti) = 0 imply that g(ai) = 0. For

each 77i, f(rmz) has finitely many zeros, {otj}P_l in D. Let

/(r«^)= jn(oi-*)/(l-A¿*)|F(*)

and

ff(rme)= | nK-2)/(l -5iZ)U(0).

Since |a7-| < 1, we have \G(z)\ < \F(z)\, z ED. Also F(z) ± 0 in D. By Lemma

2, 0 < H*F(W) - HG(W) = H'f{TmZ)(Z) - H*g(TmZ)(Z) where W depends only on Z

and {ctj}P=l. To finish the proof let rm —» 1.

An immediate corollary of this is that / is bounded, |/(z)| = | Y^'kLo akzk\ < 1,

if and only if H(Z) = £~0{|z¿|2 ~ I ET=obkzk+j\2} > 0. A Hermitian form for

f(z) = 1 + X!fc^=i ckzk °f positive real part can be derived because Re/ > 0 is
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equivalent to \f{z) — 1| < \f(z) + 1|. Then by Schwarz's lemma | Yl'kLoCk+lzk\ <

\2 + X^fcLi ckz>c\ and we have

°sE
3=0

2zj + ¿ CfcZ/c-H

fc=l

y^ck+izk+J

k=0

This result is originally due to Carathéodory [1] (see also [6, p. 154]). Similar

methods can be used to derive Hermitian forms for several classes of univalent

functions as summarized in Theorem 4 below. Part (c) is Suffridge's result in [5,

p. 436].

THEOREM 4.   (a) g(z) = Ylk=ob^zk îS bounded, \g(z)\ < 1 in D, if and only if
for all Z<eV,

oo     I oo

En2-
>=0   I

¿2 bkzk+j
k=0

>0.

(b) f(z) = 1 + XifcLi ckzk has positive real part if and only if for all Z € V

E
3=0

2Zj + Y2 Ckzk+j
k = \

jTck+lZk+j
k=0

>0.

(c) f(z) = z + Yl'k=2akzk ls starlike of order a, that is Rezf'/f > a, a < 1, if

and only if for all Z eV

E
j=0

2(1 - a)zj + J2(k + 2- 2a)ak+lzk+:
k=l

^2(k+ l)ak+2zk+J
k=0

>0.

(d) f(z) = z + YX=2akzk is convex, that is Re(l + zf"(z)/f'(z)) > 0 if and

only if for all Z EV

2zj + J2(k + 2)(k + l)ak+1zk+J ^2(k + 2)(k + l)ak+2zkj
k=0

>0.E
j=0

(e) f(z) = z + YX=2akzk ls close-to-convex, that is Reei0f'/& > 0, \ß\ < ir/2,

for some convex $(z) = z + YHc=2 bkzk, if and only if for all Z GV

E
j=0

(1 + e~2l3)z3 + J2(k + l)(ak+1 + e-2i%+l)zk+j

fc=i

^2(k + 2)(ak+2 - bk+2)zk+j
k=0

>0.

(f)  f(z)   —  z + YHk=2akzk  where each ak  is real,  is typically real,  that is

Re(l - z2)f(z)/z > 0 if and only if for all Z e V

E
3=0

2zj + 22(ak+1 - ak-.i)zk+j
fc=i

2j(ctfc+2 - ak)zk+:

k=0

>0.
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(g) f(z) = z -Y Ylk=2 akzk îS spirallike, that is Reeiazf'(z)/f(z) > 0 for some

real a,  \a\ < tr/2, if and only if for all Z GV

E
3=0

(1 + e-2ia)z3 + Y2ik + 1 + e-2ia)ak+lzk+]

fc=i

^2(k -Y l)ak+2zk+J
fc=0

>0.

REMARK 1. The Hermitian forms can be used to derive coefficient bounds

for each of the classes in (b)-(g). The bounds are known but have been proved

by several different methods. Using Hermitian forms they may all be derived by

induction on n where zn ^ 0 and Zk — 0, k ^ n.

REMARK 2. Generally, any class of functions that can be expressed in terms of

majorization of an analytic function G by an analytic function F where F and G

are determined by / lends itself to this type of analysis. The nonnegative Hermitian

form is found first and then used to derive sharp coefficient bounds by successively

setting zn = 1, Zk = 0, k ^ n, n = 1,2,3,_

For bounded functions, |/(z)| = \Ylk=oakzk\ - *> tne sharp coefficient bounds

are not determined by setting zn = 1, zk = 0, k ^ n, n = 2,3,_When n =

1, 0 < #(1,0,0,...) = 1— |arj|2 gives the sharp bound, |a0| < 1. For n — 2, |ai | <

1 - |an|2. Equality occurs for f(z) = (ao - z)/(l - clqz) where a\ = |ao|2 - 1 and

in this case H(—a~oZ\,zi) =0, z\ ^ 0. Likewise, equality in the third coefficient

bound occurs when H(zo, z\,z2) = 0 for some choice of zq,Z\,z2 not all zero. We

find that

Mi - |a0|2) + a?S0| < (i - kol2)2 - hi2

which implies that |o2| < (1 — |io|2) — lai|2/(l + \aa\)- Theorem 13 expands on and

gives a proof of these results.

Sharp inequalities for \an\, n > 3, are very complicated algebraically however

an estimate for the nth coefficient is easily obtained from

0<#(2o,0,...,0,2n,0,...) = |20|2 + |2, |2 - |a020 + ûn2n|2

where zç, and zn are not both zero. This is equivalent to 1

^2 Ia*2"
fc=0

arj|2 > 0 and

0< det
1 - |ao|

- örja,;

2)(1-

- a0an

1 - ELo Ia*I

Efc=o lafcl2)- This is better than Landau'swhich simplifies to |an|2 < (1 — |an|

estimate, |an| < 2(1 - |ao|) [2, p. 34].

3. Solution of H(Z) = 0. Let H(Z), Z e V, denote the Hermitian form for

functions of positive real part and let H\(Z) - H'AZ), Z € V, denote the form

for a bounded function. We use the notation D(b\,... ,bn

associated with

|2        ,_    . ,2"

for the determinant

#(*!,.. = E
m—]

%z3 + E bkzk+}
fc=l

¿2 bk+\zk+j
fc=0
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Also An = {(zi,...Zn) | E?=i Ifj'l2 = 1} and for any form we will assume that

unless otherwise stated, Z G An.

Schur [4, p. 229] and Carathéodory [1, p. 193] proved results similar to Theorem

5 below (see also [6, p. 154]).

THEOREM 5.   Let (bi,b2,... ,bn) be given. Then there existsbn+i,bn+2,... such

that Re(l + Ylk=i bkZk) > 0, |z| < 1, if and only if

0<H(Zl,z2,...,zn)

= E
n-j

2«j + E bkzk+3
k=l

n-3

¿^bk+lZk+j

k=0

for all sequences {z/c}£=1.

Furthermore, if there exists Z £ An such that H(Z) = 0 then there is a unique

function of positive real part, p(z) = EfcLi bkzk, which is necessarily of the form

n

p(z) = ^t,(t + XjZ)/(l - XjZ),

3 = 1

\xj\ = 1, tj > 0, j = 1,2,... ,n, E"=i l3 = L

PROOF. If Re(l + J2k=ibkzk) > 0 then Theorem 4(b) shows that H(zl,...,zn)
> 0. The remainder of the proof is broken into several lemmas. We consider the

case H(Z) — 0 next.

LEMMA 6. (a) Iff(z) = iWni=Ml-z)/(l-âlz), |q,| < 1, t = 1,2,. ..,n,
then there exists W = (tui,... ,wn+i) € An+\ such that H{(W) - HUW) = 0.

(h)lfp(z) = YZ=itt(l+xlz)/(l-xlz), |xí| = 1, it>0, »=l,2,...,n, £<Li *«
= 1, then there exists Z 6 An such that H(Z) = 0.

PROOF. If }(z) = g(z) ■ (a - z)/(l - äz) = (£~=06t2*)(a ~ *)/(! " *z) then

oo      j

H\(W) - H}(W) = H\(W) - H;(W) + (1 - |a|2)
j=0k=0

Using this reduction n times for f(z) — £rL™-=i(a« ~ 2)/(l ~~ <*,2) we see that

J2^2bkaJ  kwJ + l

H\(W) - H}(W) =H¡(W) - H\(W) + ¿(1 - H2)
t=i

n      J

j=0 fc=0

=Ea->;i2)
i=i

¿2Bi3W3 + l

3=0

where b[t] and ßtJ depend only on the av Since |Ç| = 1, H¡(W) - H¡(W) =

0. The system, E>=o^»ju'j + i = 0, i = 1,2,... ,n, of n equations in the n +

1 unknowns, w\,w2,... ,wn+\, must have a nontrivial solution.   Then if w*  —
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Hl E"=i kjl2i iwh ■ • ■.<+!) £ ^n+i such that

n+1

E Kl2- E afcti;fc+j
J=0

To prove part (b) we use the one-to-one correspondence between functions of

positive real part and bounded functions given by

(1)
1 4- zf(z)

^ = rrzW)

where Rep(z) > 0, \f(z)\ < 1, z € D. Also

n+l

(2)
1 -f XjZ

n+l

tf*) = E ̂ teVt'    w = *■ * > °' E ̂ = !
i = l       *       X^2 3 = 1

(where if tj = 0, the jth term does not appear in the sum), corresponds to

n

(3) /(*) = £ II rS^-      l€l = l, K|<l,¿-l,V..,n
3 = 1 ]

(where if |f*j| = 1 then the jth factor equals a3 and may be included in (),   If

P(z) = 1 + IX i &*** ̂d /(*) = EZoakzk then

(4) 6fc+i = 2ak + ¿2 bmCik
m=l

That and the choice of sequence

oo

(5) Wj = lZj + ^2 bmZ,m+]

m=l

show that HI (u>,,. ..,w„)- Hj(wi,. ..,wn) = H(z1:..., zn) = (£"=i |*,|2).

#(«i/I3l*il3»---.WI3lzil2) where (u>i,---,Wn) € An and (21/£ Isj)2,...,
WEM )€ An.

Thus if p(z) is of the form (2), we find the corresponding / of form (1) and the

sequence IV € An+i such that H{(W) - Hj(W) = 0. Define the sequence {zj}n=¡

by (5). Then 0 = H¡(W) - H}(W) = H(zu..., zn+1) where H is the form for the

given function of positive real part.

Next we assume that the coefficients 6i, 62,..., 6n are given such that

H(zi,...,zn) >0, (21,...,2n) G An.

If p(z) = 1 + 612 +-y bnzn +••■ exists such that Rep(2) > 0, then by Theorem

4(b), the coefficient 6n+i must be chosen to satisfy

0 <#(*!,...,z„+i)

n+l   f n+l-j

22j +   ^2   bkzk+j
k=l

n+l-j

E
k=0

E   bk+lzk+j
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This is equivalent to the nonnegativity of the determinants of the principal subma-

trices of the matrix B = (A¿)?¿2i where /?„ = 4 - |6t|2, ß%3 = (26tJ - 6j6t), i > j,

and ßji - ßij.

(     4

(6) B =

\h\2

4-\b2

2bn -bibn+l

2bn-i - b2bn+i

4-|6„ + H /\26n-6i6„+i    26„_i-626n+i     •■■

The determinant of B can be written as a function of 6n+i and has the form

0< detß = ci|6n+i|2 + 2Rec26n+1 + c3

where ci,C2, and C3 depend only on 61,62,... ,6n. Since detß < 0 for large |6n+i|,

we have c\ < 0 and we can write |6n+i — a\ < r where a and r depend only on

ci,C2,C3, that is, on 61,62,... ,6n.

If H(z\,... ,2n+i) = 0 for some Z G An+i then detß = 0 and |6n+i — a\ = r.

For these particular coefficients 61,62,... ,6n it is necessary to choose 6„+i on the

boundary of the disk.

If H(z\,..., 2„) = 0 for some Z G An then the choice of 6n+i is unique. To see

this, we may assume that zn ^ 0 and define 2* = — ̂ (b\Z\ -Y ■ ■ ■ -Y bnzn). Then

0<H(z*,Zi,...,Zn)= -]6i2*+622i +---+6n+12n|2.

Hence 612* + ■ ■ • + 6n+i2n = 0, 6n+i = -(612* + 622i + ••• + 6n2„_i)/2„ and

H(z", z\,..., 2n) =0. This completes the proof of the next two lemmas.

LEMMA 7.   Let 61, b2,..., bn be given such that

0<H(zl,...,zn)

= E
j=i

n-j

2zj + ^2 bkzk
k=l

+ J

n-3

y^6fc+i2fc -+J

k=0

If there exists a function of positive real part, p(z) = 1 + YlT=obkzk, then |6n+i —

a\ < r where the values of a and r depend on bi,b2,... ,bn. If H(Z) — 0 for some

Z G An then the choice for bn+i is unique.

LEMMA 8. If H(zi,... ,zn) = 0 for some (21,... ,zn) G An andH(z\,... ,2n+i)

> 0/or all(zi,...,zn+i) G An+i, then there exists (21,22,... ,2n+1) G An+i, zn+\

,¿ 0, such that H(z\,... ,2n+i) = 0.

LEMMA 9. Letbn be given such thatO < H(z\,... ,zn) — E?=i |22j|2~ |6n2n|2!

that is 61 = 62 = • • • = 6„_i = 0. Then p(z) = (1 4- i2n)/(l - xzn) where

x = expi(arg6n).

PROOF. Since

£>(6i,62,...,6n)

0
4

0
0

= 0
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we have |6n| = 2. Choose 6 so that 6n = 2e'n9 and let

p(z) = (l + ein6zn)/(l-einezn)

zei(8+2-nj/n)y= f2(-)(l + zet{e+2^/n])/(l
j=l ^^

Then Rep(2) > 0 and by Lemmas 7 and 8 it is unique.

We now assume that at least one 6j• ̂  0, 1 < j < n — 1. For this case the proof

is by induction on n. For n = l,6i is given and

0=i/(2i,0,...,0) = |221|2-|6i2i|2

implies that 6i = 2e%1. Then in order for p(z) to have positive real part, it is

necessary that

0 < H(zuz2) = |2«i - 2el^22|2 - |2e,'"i*i -Y b2z2\2.

When 2i = -e,"!22, we find that -|22|2|62 - 2ei2~i\2 > 0 so that 62 = 2ei2\

Similarly, 6fc = 2etfc\ and p(z) = (1 + e^z)/(l - e^z).

Assume that if H(Z) = 0, Z G A„_i then

n-l

P(z) - E M1 + «i'î/i1 - ***)<        'i ^ °' W = L
j'-i

We prove the statement for n: if 6i, 62,. -., 6n are given and not all zero and Z G An

satisfies H(Z) = 0 then p has the required decomposition. We will also assume

that H(z\,... ,2fc) > 0, for all (zi,...,zk) € Ak, k = l,2,...,n— 1. Otherwise the

induction hypothesis applies. Lemma 10 explains how the induction hypothesis will

be used and proves Theorem 5 in the case H(2i,..., zn) > 0 for all (21,..., zn) G

An-

LEMMA 10. If H(zi,... ,zn-i) has a positive minimum on the compact set

A„_i then there is a unique function

Q(z) = J2tJ±±^ = l + c1z + c2z2 + ---
1=1   l   xlz

of positive real part such that

tQ(z) + 1 - t = 1 + 612 + ■ • ■ + 6n_i2n_1 + tcnzn + ■■■

where 0 < t < 1.

PROOF. Consider the polynomial of degree 2m, t2mD(bi/t,... ,bm/t) for each

m < n - 1, (see (6) for the matrix). If at least one 6, / 0 then |6,/i| > 2 for t > 0

small enough. Thus D(b\/t,... ,bm/t) < 0 because

f(z) = l + (b1/t)z + --- + (bt/t)zl + ---

cannot have positive real part. If t — 1 then since

min #(2i,...,2„_i) >0
An-l

we have D(b\/t,... ,bm/t) > 0 and the polynomial t2mD(bi/t,... ,bm/t) has a root

between t = 0 and í = 1. If 6X = 62 = ■ • • = 6m = 0 then t2mD(bi/t,..., bm/t) =
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¿2m . 4m > g for t > 0. Let f be the largest root such that for t* < t <

1, t2mD(b\/t,... ,bm/t) > 0 for each m < n - 1. This implies that there exists

Z G An_i such that

0 = fft.ÍZ) = Eí
n — 1— j

2zj-r   J2  (*k/'*)*+i
fc=i

n—1—j

E (¿fc+i/í*)2;fc-i-i
fc=0J=0   IJ

and that iît* (£) > 0 for all Z G An- Thus by the induction hypothesis there exists

n-l

Qt.(2) = l + ^2 + ...+ ^2«- + ...=£f,j

¿=1

1 + Xj2

1,2'

í, >o, |i,| = 1, E"«i'¿ = L
Next we define for each 0 G [0,27r] a function of the form (2) depending on <p.

From this new function we obtain 6n(<£), that is the nth coefficient as a function

of 4>. The rest of the proof will show that every possible value of 6n is attained by

bn{4>).

LEMMA 11.   Given tp G [0,27r], there exists s, 0 < s < 1, bn(<p) and

Q(z)=i+bi:2sel*z+...+b^\-2setn\»+

n-l

1-s

1 -Y XiZ

1-s

~ ^   Jl-X,2'

tj > 0, \xj\ = 1, E"=i l3 = x' such that ReQ(2) > 0 and

(l-s)Q(z)
1 + el*2

n-l
1 + XjZ

' 1 - et(*2      ¿-'y ,Jl-XiZ 1-
j = i J

1 + e^z

ei<t>z

= 1 + 6i2 + • • • + bn-lZn-1 + bn(4>)zn + • • • .

Furthermore, bn(4>) is a continuous function of <p.

PROOF. For each 4> G [0,2tt] and s G [0,1] define ßk = 6fc - 2seifc*, fc =

1,2,...,n-l. Then (l-s)2mD(ßi/(l-s),..., ßm/(l-s)) is a polynomial of degree

(2m) in s and a polynomial in el<*. (The matrix is given in (6).) When s = 0, ßfc =

6/t, k < m and Z?(6i,... ,6m) > 0 for each m < n - 1. As s -+ 1, \ßm/(l - a)| > 2

and D(ßi/(1 - s),..., ßm/(l — s)) < 0 for each m. Choose s* so that for 0 < 5 <

s', (l-s)2mD(ß /(l-s),...,ß„/(l-s)) > 0 for each m < n-l. When s = s*,

at least one of the polynomials (1 - s)2mD(ßi/(l -s),.. .,ßm/(l - s)) = 0. Thus

Ha.(Z) = nf2<
n— I—ji

2zj+   ¿2  ßk/(l-**)zk+j
k=l

n — l—j

¿2  ßk+i/(l-s')zk+j
k=0

= 0



HERMITIAN FORMS IN FUNCTION THEORY 685

for some Z G An-i and Hs-(z) > 0 for all Z G An-i- Thus by the induction

hypothesis

,,M.I + îâ_, + ... + £^. + ....£,,>±3!
3 = 1 J

where t, > 0, \xj\ = 1, E"=í ^ = L Since ßk = bk - 2se,fc* we have

(1 - s*)Qa.(z) + s'(l -Y e*z)/(l - é*z) = 1 + biz -Y ■ ■ ■ + bn(<t>)zn + ■■■.

Also, since (1 - s)2mD(ßi/(l - s),...,ßm/(l - s)) is a polynomial in s and

in e** we know that the choice of s* depends continuously on the coefficients

of the polynomial and hence on 4>. Thus the coefficients of Q9-, ßk/(l — s*) —

(bk - 2s*elfc*)/(l - s*), A; > 1, depend continuously on <p and so does bn(<p).

By Lemma 7, bn(4>) = a + re*"1^ where a and r depend only on 61,62,... ,6n-i-

Let T = {e*^: 0 < <t> < 27r}. The path V is closed because bn(4>) continuous

implies that i(<f>) is continuous. It is a nonempty subset of the unit circle by

Lemma 11. If it is not an open subset of the unit circle then there exists -yn G T

such that for all e > 0, {e11: |-y - -yol < e} G T. Essentially, the path reverses

direction at ^o and retraces itself along the unit circle. Thus there exist 4>\ and

4>2 such that 4>i < 4>q < <f>2 and e*'1,(*,) = e**1^, that is 6n(^»i) = bn(4>2). From

Lemma 7 we see that the two functions 1 4- 612 -I-h 6n(^,)2n -I-, i — 1,2, are

identical and by Lemma 11 we have

r-*/«       »    1 + XjZ 1-f-e1*1«     „ ,   ., v _
^l-s^rr^z + s'Y^^rz=1 + b^z + --- + b^i)z +■■■

= 1 -Y biz -Y ■ ■ ■ -Y bn(4>2)zn -Y ■ ■ ■

^l        'l-yjz l-e**>z

That is, the same function, 1 + 612 + ■ • • 4- bn(<j>i)zn ■+ ■ ■ ■, has two different de-

compositions (2). A function of the form (2) cannot have two such representations

because of the uniqueness of the probability measure in the integral representation

of functions of positive real part [3, p. 4]. This contradiction shows that T is an

open subset of the unit circle.

Hence, T is closed, open, and nonempty and must be the entire unit circle.

Therefore bn(<t>) is the entire circle, |6n — a\ — r, found in Lemma 7. Thus for each

given 6n, we can find 6„ = bn(4>) and

.       I       XjZ
3 = 1 J

\xj\ a* 1, tj > 0, 2j=i*j = 1, as required. This finishes the proof of the next

lemma and of Theorem 5.

LEMMA 12. The path bn((p), 4> G [0,27t] given in Lemma 11 maps to the entire

circle, |6n - a| — r found in Lemma 6.

REMARK l. Because of the correspondence (1) a similar result holds for

bounded functions. Schur proved a comparable result, [4, pp. 221-227] (see also [6,

p. 159]).
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THEOREM  13.   Let (ao, ai,..., an) be given.   Then there exists an+i,an+2,. ■

such that |/(2)| < 1, f(z) = Yl<k=oakzk tf an<^ onty tf

0 < H¡(z0,zi,...,zn) - Hf(zo,Zi,...,zn)

n-j

¿2 zkZk+j
k=0

Furthermore if H¡(z0,..., z„) = HJ(z0,... ,z„) for (z0,... ,z„) G An+i i/ien /(z)

= en?=i(*,--*)/(i-A¿*), ia,i<i, iíi = i.

REMARK 2. Similarly, there is a one-to-one correspondence between the Her-

mitian form for a bounded function and the Hermitian form for a function, g(z) =

^^l06fe2fc, majorized by a fixed function, f(z) = Ylk=oakzk' g'ven by

H)(Z) - H*g(Z\ = H¡(W) - h;is(w)

where w} = Efc=¿ ak-jZk and (g/f)(z) = Y,k'=oCkzk is defined by

>*=£ cmak-

m=0

This correspondence and Remark 1 imply the following (see also [4, p. 221]).

THEOREM   14.   Let f(z) = YH?=oakZk be fixed and (60,61,... ,6n) be given.

Then there exists g(z) — Yik^obk^ such that \g(z)\ < |/(z)| if and only if

0<H}(z0,...,Zn)-H*(zo,...,zn)

!2 o \
n-3 n-j

Eafc2fc+j - ^2bkZk+-
k=0 k=0

for all ZsV„. Furthermore if H*j(zq, ..., zn) = H*(zç>,..., zn) for some sequence

{zk}k=o e An+i then

i=l

ai — 2
— i
2

\t\ = l, |a,|<l, » = 1,2, ,n.

REMARK 3. Similar results can be derived for the other classes of functions in

Theorem 4 by using the correspondence between them and functions of positive real

part. Also, Lemma 7 which shows that all possible values for the nth coefficient

(given the preceding coefficients) lie in a disk can be proved for other classes of

functions. The proof does not depend on any special characteristic of functions of

positive real part. In the next theorem we use this lemma to show that the solution

of certain kinds of extremal problems on the class of functions with positive real

part is in the subclass of functions for which H(Z) = 0, Z G An- By first proving

an analogue of Lemma 7 for some other classes of functions we can also prove a

theorem similar to Theorem 15 below, for these classes.
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THEOREM 15.   Let F be a nonconstant, analytic function of z\,... ,zn and let

F(6i,...,6n) =  max |F(ci,c2,...,cn)|
Re/>0

where f(z) = 1 -Y ££1, ckzk,  f0(z) = 1 + YSLi bkzk and Re/ > 0, Re/0 > 0.
Then

t—'      1 - X,2
3=1 3

\xj\ = 1, tj >0, j = 1,2,.
suc/i í/iaí

. ,n, Ei=i *¿ = ^ Fquivalently, there exists W G Vn

0 = H(W) = ̂ 2
3 = 1

n-j

2w3 -Y Y2 bkWk+j
fc=l

n-3

k=0

lWk+j

PROOF. The maximum is attained because the class of functions with positive

real part is compact, [3, p. 2]. Theorem 5 shows the equivalence of H(W) — 0 and

the special form of /o- We show that H(W) / 0 for every W G An implies that F

is constant.

If 0 < minweAn H(W) where H is the Hermitian form for /o(2) = 1 + Efc^=i bkZk

then Lemma 7 shows that if 6i,..., 6n_ i are fixed, we have |6„ — a\ < r where a and r

depend only on 6i,..., 6„_i and are found from D(6i,..., 6n). That is, bn lies in the

interior of the disk of possible values for 6n. If f(z) = 1 + ^fc=i bkzk -Y XlfcLn ckZk

and Re / > 0 then for 6i,..., 6n_ i fixed we have

|F(6i,62,...,6n)| =max|F(6i,62.6„_!,cn)|

=   max   |F(6i,62,...,6n_i,2)|.
\z-a\<r

Since the analytic function of z, F(bi,... ,6n_i,z), attains its maximum modulus

in the interior of the disk, |z — a\ < r, it must be a constant function. Thus F is a

function of 2i, 22,..., zn-1 only.

Since
'n-l

£|«>fc|2 = l, wm = 0\ç C¿2\wk\
.fc=l J       lfc=l

= 1     Ci

we have

0<   min H(wi, ...,w„) <    min    H(wi,... ,wn-\,0).
W<EA„ W£An-¡

An application of the argument with n replaced by n — 1 shows that F is a func-

tion of zi,z2,... ,zn_2 only and 0 < minwe/i„_2 H(wi,...,wn-2,0,0). Continuing

in the same manner we find that F is a constant function.
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