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L?» ESTIMATES FOR THE X-RAY TRANSFORM
RESTRICTED TO LINE COMPLEXES OF KIRILLOV TYPE

HANN-TZONG WANG

ABSTRACT. Let there be given a piecewise continuous rectifiable curve ¢: R —
R" . Let Gy (M, ,) be the usual Grassmannian (bundle) in R". Define an
n-dimensional submanifold My(R") of M; , as the set of all copies of G, ,
along the curve ¢ . Following Kirillov, we know that a nice function f(x) can
be recovered from its X-ray transform R; ,f on My(R") if and only if the
curve ¢ intersects almost every affine hyperplane. Define a measure on M, (R")
by du = dpux(n)dA(x), where duy is the probability measure on M; , carried
by the set of lines passing through the point x and invariant under the stabilizer
of x in O(n) and dA is the usual measure on ¢. We show that, if n > 2
and ¢ is unbounded, then ||R; ’,,f”Lq(MMRn),du) < CllfliLp(rny if and only if
p=qg=n-—1 and ¢ is line-like, that is, A(¢ N B(0; R)) = O(R) . This result
gives a classification of Kirillov line complexes in terms of L estimates.

0. OVERVIEW

The Radon transform has found applications in many areas of mathemat-
ics. For applications to the study of partial differential equations, the reader
is referred to John [14]. A natural generalization, the k-plane transform, has
been widely studied (see Helgason [13]). The 1-plane transform, usually called
the X-ray transform, has significance not only in theory but also in practical as-
pects (see Smith, Solmon and Wagner [19]). By integral geometry in the sense
of Radon and Gelfand one means reconstructing a function from knowledge
of its integrals over k-planes. An outstanding problem is to determine how
to effectively reconstruct a function from partial information about its k-plane
transform.

In this article we restrict our attention to the X-ray transform for the reason
that very little is known about effective reconstruction for the general k-plane
transform. Let G, , be the Grassmannian manifold of k-dimensional sub-
spaces in R" and M, , the Grassmannian bundle of affine k-planes in R".
M, is a bundle over G, , with fibre dimension n — k. Since dim M, , =
(n—k)(k+1) it is intuitively clear that for Kk < n—1 there are more functions
on M , than on R" so the k-plane transform of f € C§°(R") defined by

Re.nf(m, v) = / fv +v)do(y)
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is highly overdetermined (that is, Ry , cannot be onto). Here (7, v) is the
standard coordinate system on M; , with n € G ,, and v € nt, and do
denotes the Lebesgue measure on the k-plane 7n. In fact, Gelfand and Graev
[12] characterizes the range of Ry , on Schwartz class S as those elements of
S(My  ,) annihilated by a set of differential operators. For illustration, we begin
with the X-ray transform R; ;f on M ;. Replace the standard coordinates
on M, 3 with local ones by the following parametrization of a line which is not
parallel to the xy-plane:

x(t)=at+ B, y()=yt+9, z(t)=1t,

so (a, B, 7, d) are local coordinates for M; ,. Then up to a constant,

Rl,3f(aaﬂaya5)= f(at+ﬂ9yt+6’t)dt

teR

and we immediately find by differentiating under the integral that

8’Ri 3f 32R1,3f__0
9006 0798

Conversely, in a celebrated paper John [15] was actually the one to first write
down (0-1) as a necessary and sufficient condition. Furthermore, his character-
ization was of X-ray transforms of continuous functions of compact support.
Equation (0-1) is called the ultrahyperbolic equation. In [12] Gelfand and Graev
have generalized this result to M) , where, as might be expected, the analogue
of (0-1) is quite complicated. This raises immediately the question of how
to reconstruct f effectively. Classically, n-dimensional submanifolds Q" of
M., are called k-plane complexes. The problem is to determine for which
Q" does Ry ,f|an determine f. The answers to these questions are unknown;
however, much progress has been made on the X-ray transform by Gelfand and
his collaborators. Of particular interest for us is the class given by Kirillov [16]
in 1961. Let there be given a piecewise continuous curve ¢: R — R” . Kirillov
had shown that a nice function f(x) can be recovered from its X-ray transform
R;,»f onan n-dimensional submanifold AM,(R") of M, , which is the set of
all lines passing through ¢, if and only if the curve ¢ intersects almost all affine
hyperplanes. (We shall refer to such a ¢ as a Kirillov curve and M,(R") as a
Kirillov n-manifold.)

Our goal in this article is to study the L mapping properties of the X-ray
transform R, ,f restricted to M (R"). The first reason is that we would like
to know how the size of a function influences the size and smoothness of its
restricted X-ray transform as measured by L? norms. Secondly, we would like
to present a result that describes a classification of certain kinds of admissible
n-dimensional submanifolds in terms of an L? mapping property.

(0-1)

1. INTRODUCTION

Several authors [3, 5, 6, 7, 21] have studied estimates for the k-plane trans-
form on the whole of M, , in Lebesgue and Sobolev spaces. Oberlin and Stein
[17] first obtained a complete estimate for the Radon transform (k =n—1).
More recently, Christ [5] has found an almost complete picture for the k-plane
transform, forall 1 <k <n-1.
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Our purpose in this article is to study the L? mapping properties of the X-ray
transform R; ,f restricted to My(R"). A natural question is raised. Is it pos-
sible to deduce the consequences from these known results by Sobolev imbed-
ding theorem when we deal with estimates for the X-ray transform restricted
to My(R")? If f e LP(R") for 1 < p < 2, Strichartz [21] and Calderén [5]
have shown that Ry ,f(m,v) has k/p’ derivatives in the v-variables in L?.
However, in our case we can show that there does not exist any higher order
of smoothness in the v-variables by seeing the details from the following sec-
tion. Hence the anwser is no because we need the order of derivatives up to
n — 1. The method we present here to find L? estimates for the X-ray trans-
form restricted to M,(R") is much more complicated than before although
the techniques are not essentially new [5, 6, 7]. However, it relies heavily on
geometrical arguments adapted to the line complex M, .

We now introduce a measure on My(R") by

du=dnds =du.(n)dA(x)

where du, is the probability measure on M, , carried by the set of lines
passing through the point x and invariant under rotations about x and di
is the arc-length measure on ¢ . Throughout this article, we assume that ¢ is
piecewise continuous and rectifiable. Our main result is the following

Theorem. If n > 2 and ¢ is unbounded, then

(1-1) IRt nSfLamyrey, dpy < ClIS Lo ey

ifand only if p=q=n—1 and ¢ is line-like, that is,
A(¢NB(0; R)) = O(R), R— .

Then, by a definition of “line-like,” this result classifies curves in R” in
terms of the existence of L? estimates for the restricted X-ray transform into
two kinds: “line-like” and “non-line-like.”

The succeeding sections are devoted to the proof of this result. The main idea
of the proof is first to show the Theorem is true for ¢ is a line and then apply it
to any line-like curve. We thus first establish in §3 some geometrical properties
of line-likeness. Then follows in §4 a process of normalization which is related
to the one Brascamp, Lieb and Luttinger [1] have provided, and then in §5 we
use this to prove a rearrangement inequality for the X-ray transform associated
with the measure du on M, (R"). This reduces us to dealing with the L?
estimates on the class of radial decreasing functions. Finally, we proceed to the
complete proof of our main results.

The sufficient part of the main theorem is contained in author’s Ph.D. Dis-
sertation [22] and presented here for the sake of completeness. I am indebted
to my advisor, Professor Allan Greenleaf, for his continued encouragement and
advice. Especially, his improvement of my writing and his corrections of my
errors will be deeply appreciated.

2. CONSTRUCTION OF MEASURES ON M, (R")

There are two fairly natural measures on M,(R"). Let / € S L =RI,
and C = C(L) is the set of all lines passing through L. First, parametrize L
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by sR; at each s/ we have a copy of $"~!. This will furnish the following
measure on M,(R"): duy =dnds.
Secondly, consider the standard coordinates on M, ,: (n,v), © € S*°!,
v € wt. In these coordinates, away from /, C is a line bundle over S"~!:
For each =, let
vim)=1—-(-m)ment.

Cz{(n,tlzg—gl):neS"“‘, tGR}CMI,n

except for a set of lower dimension. We thus obtain the second measure: du; =
dtdm.

The relationship between du; and du, is as follows. Let (m, s/) be a typical
coordinate for C(L). Then the corresponding coordinate in M; , is

Then

(n,sl—(sl-m)n)=(m,s(l - (I-m)m)) = (”’ S'”(")HZEZ;J '

This implies that ¢ = |v(x)|s, and thus
duy =dtdn =|v(n)|dnds = |v(m)|du, .

Note that the factor |v(n)| = |/ — (/- m)n| vanishes to first order at both /
and —/.

The structure of the second measure du; = dtdn on C(L) allows us to
study the estimates by comparing with the known results for the structure of
the measure du = dA,(v)dn on M; ,. Note that the dimension of each fiber
in M; , isreduced toonein C(L). It would seem natural to employ the follow-
ing trace embedding forms of Sobolev’s inequality to deduce the consequences
for C(L) from the known results for M, ,.

Sobolev’s Inequality [2]. Let Q be an open domain in R" having the cone
property specified by a certain finite cone C, and let QF be the k-dimensional
domain obtained by intersecting Q with a k-dimensional plane in R", 1 <
k < n. Moreover,let m>0, 1<p<oo and 0 <n—mp <k. Then

wmP(Q) — L'(QF)
for p<r< n—f%; i
The constants for these embeddings depend only on m, p, n, r and the
cone C determining the cone property for Q.

The Strichartz’s inequality seems to be applicable in this deduction. In fact,
for the X-ray transform, Strichartz’s inequality [21] reads as

Nyp Ry, n: LP(R") — LP'(LP)(M, )
for 1 < p <2, that is,

(2-1) | IR A 47 < A W

1,n

where I, denotes the Riesz potential of order y on nt,

(LF)Nn,v) = [v|'F(n, v),
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and LI(L") denotes the mixed norms of M, ,,

q/r
1Pl = [ | [ 1F@ o diso)]  ar.
l,n nt

It will be helpful to note that I;,,,(L?) is the familiar Sobolev space of dis-
tribution with generalized derivatives of order exactly 1/p’ in L”; this means
that

I (LP) c WP PR 1)
and thus we can without loss of generality consider the trace embedding form
of Sobolev inequality

(2-2) wirpRly - L'(R),

that is,
IRy, nf (7, Mrzcwy < IR nf (@5 i, 2r)

to attempt to deduce the consequences for C(L) from the known results, e.g.,
Strichartz’s inequality (2-1) for M, ,.

One of the sufficient conditions for the trace imbedding form (2-2), p <
r<(l1-p)/((n—-1)—p/p') requires that r = p/(n —p), ie r-'=np~' -1,
which coincides with the consideration of homogeneity. The other condition
O<n-1-1/p'-p < 1, however, reduced to p > n—1 but this in turn becomes
a unsolved problem as indicated by Calderén [3] and Strichartz [21]: May we
drop the restriction p < 2 in Strichartz’s inequality (2-1). They even observe
that one can not expect any other higher order of smoothness in v-variable than
p =2 for M,_,. Nevertheless, we would like to state the following result rather
than a conjecture by combining inequality (2-1) with (2-2).

Theorem 2.1. Suppose that inequality (2-1) holds for p > 1. Then
IRy, wf sy < Iy,
where r*-'=np='—1 withp>n—1and q<p'.

However, even if we may solve this problem, the argument above is not totally
convincing because we indeed require p = ¢ =r = n — 1 in our main result.
Christ [5], as well as Strichartz, has a further result saying, in effect, that since
the k-plane transform of a function satisfies a system of ultrahyperbolic PDEs,
it satisfies a better Sobolev embedding than the one for general functions on
M .. Therefore, it is still possible to release the requirement p > n — 1 and
g < p’ before to drop the restriction p < 2.

We now introduce Christ’s inequality for the k-plane transform as follows.
For test functions F(n, v) defined on M, , define the fiberwise Fourier trans-
form by

~

F(m, 17)=/ e MU F(n, v)dv
n_L

for each n € nt. Define So(My ,) to be the set of all F for which
(1) 1080 F(n, v)| < Cla, B, M)(1+|v])™™,

forall o, , M,

(2) F(r,n)=0




798 HANN-TZONG WANG

forall || < ¢ and all n, for some § =d(F) >0, and

(3) F(n,m)=F(@,n)

forall =, n such that n is perpendicular to both # and 6, in notations, n L n
and n L 0.

This definition is natural because we see that, as in [5, Lemma 3.1], f €
So(My . ») if and only if there exists a test function f on R" with f identically
zero in a neighborhood of the origin such that F = R, ,f.

Next define fiberwise fractional integration by

D),F(n,v)=/ F(r,v—uwlu|**"du.
al

Then Christ’s inequality [5] reads as Dy : LP (LP) — L4(L"), that is,
(2-3) IDksp Ellawryse ) < CUF o (1oyaae )

forall F e So(My ,) if n/2<k<n-2,n-1<kp<n,qg<(n-k)p and
np~ ' —(n-kyrl'=k.

Christ’s inequality seems to be not applicable in our deduction for the X-ray
transform because we require k > n/2 so far. However, by tracing Christ’s
proof, if the restriction p < 2 in Strichartz’s inequality may be dropped, then
equality (2-3) also holds for the X-ray transform, i.e., the restriction n/2 <
k < n —2 may be replaced with 1 < k < n — 2. But, under this assumption,
Christ’s inequality is still not applicable in our deduction because Dy, is the
Riesz potential of negative order —k/p’ on n*. The following scheme for the
X-ray transform would seem possible to be used to overcome this difficulty.

Lemma 2.2. Suppose F € So(M, ,,) and 0 <y <n—1. For (w,t) € S" ! xR,
let

h(w, 1) = / (ILRF)(@, 1) dio(a),
a: wla
a€G, .n

where T=n—-2—vy, I, acts in the t-variable, F, = F(a, ) and RF, denotes
the Radon transform (in R"!' ={y:y L a}) of F,. Then, forany q, r>1,

IDyFllLarycwy . duy < ClAN L) -
Proof. Christ [5, Lemma 3.3] shows that

Fx, v) c/ / (LRE)(®, (v, w)) dAy(a) dAg(e)
wln a: wla
WES,—1 a€G) ,

—C/ hw, (v, w))di(w).

wln
WES,_|

Then, by considering the mixed norms LZ(L}) on C(L), and noting that
v(n) € nt, we have
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1y FlZa ey, duy
_ _ r qlr
=C / / h (w, t< v(z) , w>) diz(w)| dt dn
Gio || yin [v(m)]
L L wES,—,
_ _ r alr
_c / / hw, O dig(@)| dt| dn
Gi,n R wln
L L WES, -
- .
= / h(w, )dAiz(w) drn
Gi.n oln
WES,_| L
r 149
<c[ | W ydis@)| dn
Gin wln
L w€S,_, -
<c[ [ i@, ol dis)dn
Gl‘" wln !
wES,._l
=C [ I, 9l do
WES,_
= Clll -

The fourth inequality follows from Minkowski’s integral inequality and the fifth
inequality holds only for ¢ > 1. Q.E.D.

Therefore, Christ’s estimate [5, Lemma 3.4] on the function 4 remains help-
ful if we may drop the restriction p < 2 in Strichartz’s inequality.

Lemma 2.3. Suppose that the inequality (2-1) holds for p > 1. Let F €
LP(LP)(M, ), t=n—-2—1/p' and n—1<p < n. Then

Vell 1y < CUIF 0oy
where r~-! =np~! — 1.

Now, combining Lemma 2.3 with Lemma 2.2 we have
Theorem 2.4. Suppose that inequality (2-1) holds for p > 1. Then
(2-4) 1Dy Fll iy ey < CVFlony
where r*' =np=! -1 with n—-1<p<n.

Finally, by letting F = I,/ R, ,f in inequality (2-4), it follows from the
expression R, ,f = D,(I,R, »f) and Strichartz’s inequality that

Theorem 2.5. Suppose that inequality (2-1) holds for p > 1. Then
IR n SNz < N1 lome

where r“=ﬁp"——l with n—1<p<nand g<p'.
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Therefore, by comparing Theorems 2.1 and 2.5, we conclude that Christ’s
scheme in our deduction will not be better than the direct application of Sobo-
lev’s trace embedding form to Strichartz’s inequality.

Thus, up to now, our result cannot be derived from previous work and we
need an alternative approach. The method we have found is based on a series
of geometrical facts.

3. GEOMETRICAL PROPERTIES OF LINE-LIKENESS

Intuitively, a line-like curve ¢ may have some geometrical properties of a
line in R”. We will find two such to meet our needs. First all, observe that the
orthogonal projection of a line down to almost every hyperplane H,_; in R”
is still a line in H,_, .

Theorem 3.1. Let ¢: R — R" be a line-like curve. Let Py, ¢: R — H,_ be
the orthogonal projection of ¢ onto a hyperplane H,_,. Then Py, ¢ is still a
line-like curve in almost every hyperplane H,_, .

Proof. Let H* and H~ be the positive and negative half-line of R respec-
tively. Without loss of generality, we may assume that ¢ is continuous on R
and both ¢(H*) and ¢(H~) are unbounded. For simplicity, let

¢=(¢la¢2’-"a¢n) and Hn—1=(ela92a~->en—l)-

Then

(3-1) Py,_ 0= (d1,02,-.-, ¢n-1,0).

Moreover, if both Py,_ ¢(H*) and Py, ,¢(H~) are unbounded, then, for a
constant C and any positive R, we obtain from formula (3-1) that

R < A(Py,_,#N B(0; R)) < A($N B(0; R)) < CR.

In other words, Py,_,¢ is line-like and the result will follow. We now claim that
both Py, ¢(H*) and Py, ,¢(H™) are unbounded for almost every hyperplane
H,_,. It suffices to show that Py _ ¢(H™*) is unbounded for any hyperplane
H,_, # Hy_, , if there is a hyperplane H;_, such that Ph: ¢(H*) is bounded.
In fact, for any H,_, # H;_,, let w* = H,_; and @' = H;_, and then let
0 be the angle between w and @. Since PH;_,¢(H+) is bounded, we may
find an infinite right circular cylinder C* with bounded radius and having
t@ as its center line such that ¢(H*) c C*. Macroscopically, C* may be
viewed as a line and then have a unbounded projection on H,_; with any
aperture m/2 — @, that is, Py,_,C* is also an infinite right circular cylinder
in the hyperplane H,_;. It follows that Py, _,¢(H*) is unbounded because
¢(H*) Cc C* is unbounded. We then complete the proof. Q.E.D.

On the other hand, let us investigate the second property of interest. At
first glance, intuition almost leads us even to conclude that, if ¢ is line-like,
then ¢ is contained in an infinite cylinder. However, this is not always true by
considering the following
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Example 3.2. Define the spiral ¢: Rt — R? by ¢(f) = 2/e?" . Then ¢ is
line-like. This can be seen from the following estimates with respect to dyadic
radii:

AB(0;25)n¢) < 4.2. 2k
for k=0,1,2,....

This example inspires us to guess a more complicated geometrical description
of a line-like curve.
For convenience, we need a terminology.

Definition 3.3. A piecewise continuous curve ¢ is called globally asymptotic if
¢ is linearly covered by a sequence T of finite right circular cylinders in R”
with bounded radii and unbounded heights in the sense that ¢ C |J,-, 7, and
every consecutive pair 7, and T, intersect each other with ends, that is, the
bottom of 7, and the top of 7,_, have a nonempty intersection.

Theorem 3.4. Let ¢: R — R" be a line-like curve. Then ¢ is globally asymptotic.
The following lemma fits our needs in the induction step.

Lemma 3.5. Let ¢: R* — R? be a continuous line-like curve with $(0) = 0.
Then ¢ is globally asymptotic.

Before proving this lemma, we introduce some notions. It may be assumed
that ¢ is unbounded because, otherwise, the result automatically follows. Then,
without loss of generality, we may let Pr¢(R*) = Rt where E is the x-axis.
For simplicity, a normalization ¢* of ¢ can be formulated as follows. First
all, we may formulate ¢, from ¢ to be simple by deleting all possible loops of
¢ and then reflect ¢; lying in the lower half-plane with respect to the x-axis
into the upper half-plane to obtain

[ (Pedi (1), =Préi(1)), if Prgy(t) <O;
¢2() = { o1 (1), otherwise,

where F is the y-axis. We again have a simple curve ¢3 by deleting all pos-
sible loops of ¢,. Moreover, ¢; may be regarded as a polygonal curve having
constant length L* on each side. Here, ¢3 is polygonal means in the image
of ¢3 may be expressed as a countable union of line segments. The idea is to
approximate the curve by inscribed polygons in terms of the triangle inequal-
ity and geometrical properties of line-likeness. Note that L* may be any large
number, because we have the following observation.

Lemma 3.6. The set Ky, = {A(B(O;k)NnénNSi):k =1,2,...} is almost
bounded, where S) is the vertical strip in R* bounded by x = k — 1 and
x=k.

A sequence {x;} in R? is called almost bounded if there exists a number
M >0,s.t., |x| <M forall k€ Z+ except aset B* C Z* of upper Banach
density zero.

Definition 3.7. A set S C Z* will be said to have positive upper Banach density
if there is a number J > 0 such that, forany k€ Z+,

#SN{1,2,3,...,k})

>4,

k
otherwise, S is of upper Banach density zero.
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Proof. Assume by the contrary that K is not almost bounded, i.e., K, is

almost unbounded. Then, without loss of generality, we may assume K, is

monotonic. More precisely, there exists a strictly increasing sequence {f}72,

with ¢y = 0 such that Pg¢(t,) = k and ||¢(tx) —d(tk_1)|| diverges increasingly.
By the triangle inequality, we have

AB(O; k)N NSy) > [ld(tk) — d(tx-1)ll
for k=1,2,...,and thus,

A(B(0; k)N ¢) > lefﬁ(t o(ti-1)

—ky+2[||¢<t, ¢(ti-1)ll - 7]

i=1
for any y > 0. This implies that, for k large enough,
AB(0; k)N ¢)
= >
k P
and a contradiction holds because ¢ is line-like. Q.E.D.

Therefore, by enlarging the strip S, to be the strip bounded by x = kL*
and x = (k — 1)L* it is not difficult to see that ¢3; may be regarded as a
simple polygonal curve in the first quadrant with constant length L* on each
side. Moreover, there exists a strictly increasing sequence {f;}3°2, with 7o =0

such that each node of ¢; are labeled as ¢3(¢;) for k=0,1,2,.... We now
retain the point ¢3(¢;) if
Pro3(ty) = max  Pres(1)

Pegs3(1)=Pgd3 (L)

and then obtain a new sequence, say, {#3(f;)}>, which satisfies the property
that 7 < ;| and Pp¢s(t;) < Peos(ty,,) for k =0,1,2,.... Let L™
be any number greater than L* and form a new sequence {¢3(#;*)}z2, from
{#3(5)}32, by requiring that either

B(¢3(x"); L) N B(¢3(tiyy); L™) = ¢
or
(3-2) B(gs(8;"); L) N B(s(tZy); L)
forall k=1,2,3,....

¢

Definition 3.8. Let ¢: R — R” be line-like. We call a collection of balls
{B(#3(t;*); L**)} satisfying (3-2) a partial chain for the curve ¢ with or-
der L**. The resulting polygonal curve ¢ connecting either from #3(t5") to
¢3(t;%,) or from @3(£;*) to ¢3(£;*,) by depending on (3-2) respectively for
k=0,1,2,... is called an open marcoscopic curve for ¢ with order L**.
Analogously, the polygonal curve ¢ connecting from #3(1;) to ¢s3(t;%,) for
k=0,1,2,... is called a closed macroscopic curve for ¢ with order L**.
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Lemma 3.9. Let L** > L*. Then an open macroscopic curve ¢ for ¢ with order
L** is line-like.

Obviously, by the triangle inequality, a closed macroscopic curve ¢ for ¢
with order L** > L* is line-like. Then Lemma 3.9 follows from the comparison
of ¢ and ¢. We leave the details to the reader. Therefore, a normalization
¢* of ¢ may be formulated by gluing up each continuous piece of ¢ with
translation as shown below because such ¢* is globally asymptotic if and only if
é is. In fact, each continuous piece of ¢ may be expressed as d3(635)93(855, 1)
the line segment from ¢3(23;) to ¢3(255,,) for k=1,2,... and then we may
construct ¢* by induction

¢* = d3(15")d3(17) U o3 (#77) — 3(63)] + ¢3(85%)3(£3*) U
U Z[¢3(t2k+1 (t;I:+2)] + ¢3(t5;+2)¢3(t§;+3) U

Now, let x = PE¢*( ) and jfj, (x) = Pr¢*(t), then the following property of ¢*
is easy to check.

Lemma 3.10. The induced relation 1y is well defined on R*. Moreover j;’; is
positive, continuous and the graph of j;;‘ is polygonal.

This lemma implies that $* may be coordinately parametrized by the positive
x-axis. We now claim that ¢* is globally asymptotic and so is ¢. First all,
observe that there exists a strictly increasing sequence {i; 12 With f9 = 0 such
that {Pg@*(fx41) — Ped*(#k)}$2, diverges increasingly and

¢* (i) € B(0; Pgo* (i) fork=0,1,2,....

Secondly, let
d/i,|= max d(¢*(¢), L,‘(,l),

B <t<bent
where L; | is understood to be the line from ¢*(#) to ¢*(fx41). Then let
¢*(t}(’ ;) be the point which attains this maximum and is nearest to the mid-
dle line between ¢*(f;) and ¢*(fx,;). Here, we call ¢*(f;) and ¢*(fry1) the
generators for ¢*(¢; ). Inductively, consider first the segment ¢*(fx)¢* (¢} ).
Then, as above, we obtain a point d)*(t,‘( ,) Which attains the maximum
d} ,= max d(¢*(1), L} ,)

[<e<t] 0

where L; , is the line from ¢*(i;) to ¢*(t; ;) and ¢*(¢; ,) is the nearest
point to the middle line between ¢* (i) and ¢*(t; ,). Similarly, we have such

kind of point ¢*(f/2(,2) for the segment d)*(t,‘c’ ])¢*(fk+1) . Repeat this process,
we then obtain a sequence of points ¢*(¢; ), 1<i<g 2/~ where the step
number j of our process is to be determined later. Next, we connect the point
¢*(t,"(, j) to its generators respectively, for 1 <i < 2/=1 The resulting curve is

called the zigzag curve of jth step in the k-region. Finally, we denote by a;'(’ i

the angle between the segment connecting ¢*(t,"(, j) to its left generator L;'c, j
(according to the projection onto the x-axis) and the segment connecting these
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two generator. Similarly, we have the angle Bk for its right generator R
Let . ' . B A .
&y ; =max{ay ;, /3,‘(’1.} and B ;=min{oy ;, By ;}.
An observation of plane geometry follows:
Lemma 3.11. Both &} ; and ,b’,’c j are decreasing in .

We now return to the proof of Lemma 3.5. Let L be any fixed large number.
Then, for k large enough, we may obtain a process of j-step such that

min_ {max{l$*(¢f, )~ L 11, 16"tk )~ RE 11} > L.

Moreover, in the k-region, the geodesic curve ¢; of jth step has the properties:

J
e (1'[ sec az,,) 6" (Fx) = &* (Frs )l

(3-3) =

J
~ (H sec B,L,) 6" (£k) = ¢" (Eks1)1l -

I=1

In terms of Lemma 3.11, this forces that both ak . and ,Bk tends to zero
as k — oo because, otherwise, (3-3) will contradict to the hne-hkeness of ¢*.
Therefore, we see that, given a right circular cylinder with radius one and length
L, there is a zigzag curve ¢; lies in this cylinder such that ¢; has nonempty
intersections with both ends of the cylinder. This implies that ¢* is globally
asymptotic and sois ¢. O

We now extend our Lemma 3.5 to R" space. Assume by induction step
Lemma 3.5 is true for R"~!. Then consider the projection P;¢ of ¢ onto
the hyperplane (¢;)*. By induction assumption P;¢ goes through a sequence
{Ck(P;¢)} of arbitrary long open tubes in (e;)* with constant radius. Since
there is only one projection to be possibly bounded, we may assume P,¢ be
this projection. Now consider the product Ci(P;®) x {e;) and the intersection

C) = {U[Ck<P,~¢> x <e,~>1} :
i=1

k=1
Then C(¢) meets our needs and then completes the proof of Theorem 3.4. O

4. PROCESS OF NORMALIZATION

We would like to establish a rearrangement inequality in terms of a specified
process of normalization. In what follows, we will employ a fixed point theo-
rem of contractive type. The Steiner symmetrization is an important notion in
setting up this process in the n-space.

Definition 4.1. Let K and V be a bounded measurable set and a hyperplane
of R® respectively. Then the set K; is called the Steiner symmetrization
of K with respect to V, if, for every line L perpendicular to V', Kjy NL
is the symmetrical rearrangement of K N L with respect to reflection to V.
Moreover, let I* be the set of all bounded measurable sets in R*. Then the
Steiner operator Sy on I'* with respect to a given hyperplane V is defined as
Sv(K) =
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Clearly, Sy is measure-preserving. We now describe a general process which
normalizes any set K in I into the ball centered at the origin with the same
measure as K in terms of Steiner operator.

Definition 4.2. Let K € I'*, and let S be the ball centered at the origin with
measures A;(S) = A;(K). Then a process of normalization of K is a sequence
of sets K; € I'* where Ko = K and Kj,, is obtained from K; by a sequence
of iterated measure-preserving operators such that

lim A,(K;AS) = 0.
Jj—o0

A known process of normalization is the following

Brascamp-Lieb-Luttinger process [1]. We specify the sequence K; of sets in
Definition 4.2 by induction. Given K; choose a hyperplane ¥}, such that

25(Ky AS) < inf25(Kjy AS) + 7"

Then construct K;,, from K; by s consecutive Steiner symmetrizations with
respect to a sequence of hyperplanes Vi, V5, ..., V, in R® (beginning with
V1 specified above) whose orthogonal complements are pairwise orthogonal. In
that way, we have

2(K;11AS) < inf A(KyAS) + 7"

This process can be applied to prove a rearrangement inequality for any rota-
tional invariant integral operator. However, it does not meet our need because
we cannot apply it directly to the integral operator corresponding to the X-ray
transform R; ,f on M, which is not invariant under the full rotation group.

We now construct another process of normalization. Before the construction,
we need

Definition 4.3. Let I} be the set of all bounded sets in R® with measure k.
Let ¢ be a line passing through the origin, which can be identified as a point
w in the real projective space RP*~!. Then, define I} (p) to be the subset of
I}, consisting of element whose intersection with each affine hyperplane W,
perpendicular to ¢ at point ¢(f) is a ball B, in W, with radius r(z),
where ¢(t) is the linear parametrization of ¢ with ¢(0) = 0 and r(¢) is a
decreasing even function of ¢.

In what follows, the process of normalization can be constructed by induction
on s. Beginning withs = 2, some interesting geometrical properties will be
established.

The element inI;(¢) are called regular sets with axis ¢ . We will first de-
scribe an intermediate process that transforms a regular set into a finite cylinder.

Definition 4.4. Let K € I' . Define the regularizer operator R,: I — I? by
R,(K) = Sw, 0 Sp(K).
For each K € I', let 7 be the largest number such that ¢(f) € K. Then,

regarding ¢ as center line and ¢(0) as center point, let C be the cylinder
having height 2|l¢(7)|| and volume k.

The difference between K and C inspires us to define some operators.
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Definition 4.5. Let d(K) = K —~C and D(K) = K —d(K). Let H; and H, be
the two half-space divided by W, such that ¢(f) € H; and ¢(-i) € H, . Let

d(K) = {p(-0) +d(K)NHF }U{p(i) +d(K)N H }.
Then define the alternating-shift operator G,: I';(9) — I'? by
G,(K)=d(K)UD(K).

Moreover, we define the cylinderizer operator C,: I'Z(p) — I'? by Cy(K) =
R, 0 Gy(K).

An interesting question is raised: Does the iterated sequence {C;;(K )} con-

verge to the cylinder C? R
Now consider the set ¥ = {C,(K)}?2, U C and define on ¥ by d(4, B) =
A2(AAB) forall A, B € ¥. With respect to this metric, the regularizer operator
R, and the alternating-shift operator G, are continuous on their respective
domains. This implies that the cylinderizer operator is continuous on ¥.
More precisely, we will show that

(4-1) d(Co(K), Cp(C)) < d(K, C))

for any K # C . It follows that C, possesses at most a fixed point and thus, to
anwser the above question, it suffices to show that the iterated sequence {C,}
converges because C, is continuous on ¥ and thus
C, <lim(C¢’;(K)> = lim Cq’;(K).
1—00 I—00
However, inequality (4-1) is easily to be established by the following observa-
tion;
d(CjH'(K)) cd(C,(K)),  D(C,(K)) c D(C,*'(K))
for i=0,1,2,.... R

Finally, since the sequence {D(C;;(K ))} is bounded by C, we conclude that
the iterated sequence {C(f,(K )} converges to C, thus we obtain an intermediate
process which transforms a regular set K in l"i(¢) into a finite cylinder C with
the same measure k. This correspondenge may be formulated as an operator
T,:T2(p) - I'2(p) defined by T,(K)=C.

Such an operator T, is introduced for the reason of simplicity in our process
of normalization. In fact, the set R,0SgoT,(K) should be a convex symmetrical
body and thus we may reduce all elements in I'2(¢) to be symmetrical convex.

Nowlet K € I2(¢) and E = (e;) . Define the normalizer operator N,: I'(¢)
— T (p) by

Ny(K) = R, 0 SE(K).
We thus form a process of normalization by setting up Ky = R, o Sg o T,(K)
and Kj+| = N¢(Kj), for j= 1,2,....

As before, define a metric onI?(p) by d(A, B) = 1,(AAB) forall 4, B
in TZ(p). An interesting question is also raised: Does the iterated sequence
{N,(Ko)} converge to the ball S for any Ko € I'2(p)?

We introduce the notion of fixed-point theorem of contraction type which is
due to Edelstein.
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Definition 4.6. Let (Q, d) be a metric space. A self-mapping 7: Q — Q is
called nonexpansive if
d(T(x), T(y))<d(x, )

forall x, y € Q, and is called strict contraction if

d(T(x), T(y)) <d(x,y)
forall x, ye Q with x #y.

Edelstein’s fixed-point theorem [9]. Let (Q2, d) be a metric space. Suppose that
T: Q — Q is strict contraction and there is a point xo € Q) such that the iterated
sequence {T'(xy)} has a cluster point z in Q. Then T'(xo) — z, the unique

fixed point of T .

We therefore have to deal with the following two lemmas which meet the
sufficient condition of Edelstein’s fixed-point theorem.

Definition 4.7. Let w be a unit vector in the complex plane with w* # 1. The
line ¢ associated with @ in Definition 4.3 is called rational if there exists a
positive integer / such that w is identified as one of the /th roots of unity in
the complex plane determined by ¢ and the projection Ilg(¢) of ¢ into E,
where E = (e)); otherwise, ¢ is called nonrational.

Definition 4.8. An element 4 € I' is called a regular body if 0 € 4 and 4
can be radially divided into a finite number of congruent subsets.

Lemma 4.9. The normalizer operator N, onT?%(p) is a strict contraction if and
only if ¢ is nonrational.

Before proving this lemma, we note without proof that N, is nonexpansive
for any ¢.

Proof. Necessity. Assume that ¢ is ratlonal Then we may find a regular /-
polygon P € F2(¢) such that N, (P) . In fact, let P be the convex hull
of the /th roots of unity. Then there ex1sts a positive number a such that
A2(aP) =k, and thus let P = oP. This implies that

d(N,(P), N,(S))=d(P,S),

a contradiction.
Sufficiency. Since N, is nonexpansive, we may assume that there are two
distinct elements 4 and B in 1",2<((p) such that

d(N,(A), Ny(B)) =d(A, B).
We claim that
A(Mg(4\ B)NIIg(B\ 4)) =
In fact, suppose not. Let
Q=IHg(4\B)NIg(B\ 4).

Denote by L(v) the straight line perpendicular to E through v € E. Let
A(v) = AN L(v) and B(v) = BN L(v), then if v € Q, neither A(v) C B(v)
nor B(v) C A(v) therefore

A (A (v)ABE(v)) = |A1(A(v)) = 4i(B(v))] < 41 (A(v)AB(v))
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whenever v € Q. We thus have, by 1;(Q) >0,
A2(ARABE) < A2(AAB)
because, in general, for all v € E, we have
A(A3(0)AB(v)) < A (A()AB()).

This implies that
d(N¢(A) ’ N(/?(B)) < d(Aa B) )

a contradiction.

Hence we have 4;(Q) = 0 and then Q is empty because we may assume
that both 4 and B have piecewise smooth boundary. Note that Q is empty
if and only if both 4 and B are Sg-invariant. We now claim that Q is empty
if and only if both 4 and B are regular bodies in the plane. This implies that
@ 1is rational and the result will follow.

We consider 4 only. Let Qy be one of the sectors of 4 bounded by ¢
and E. Without loss of generality, we may assume argw € (0, ) and Qo
is located in the first quadrant. Because 4 is Sg-invariant, we may form Q,
by reflecting Qo with respect to E. We now take the union Q = QpU Q,
and then obtain the sector Q by reflecting Q with respect to ¢. We claim
that Q is just the counterclockwise rotation of € by the angle 2argw. In
fact, divide Q _into two equal portions, say, Qo and Ql which are clockwise
labeled. Then Qo and Ql are the counterclockwise rotation of Qy and Q, by
the angle 2argw respectively. Repeating this process, we conclude that A4 is a
regular body. This completes the proof. Q.E.D.

However, for higher dimension s > 2, this argument does not apply. For
instance, assume that ¢ is rational in R3. Then we may not find any regular
set P in I',z((p) such that N,(P) = P. This implies that N, must be a strict
contraction. Indeed, we have

Lemma 4.10. Let s > 2. Then the normalizer operator N, on I'}(9) is a strict
contraction if ¢ is nondegenerate.

Here, we call a line ¢ is nondegenerate if ¢ is neither perpendicular to E
nor lying on E.

Proof. We start with s = 3. Any element P in I}(p) looks like a symmetric
shuttle with ¢ as center line. A geometric observation shows that we may not
find such P with N,(P) = P if ¢ is nondegenerate. Assume by induction that
Lemma 4.10 is true for s — 1. We claim that N, is a strict contraction on
[ (¢) . Let H, be the hyperplane in R’ containing ¢ and perpendicular to E .
By induction assumption, we have

d(N,(ANH,), NyJ(BNH,)) <d(ANH,, BN H,)

whenever 4, B € I} (¢) with 4 # B. Then, the convexity of metric d reveals
that, for some small § >0,

d(Ny(As), Ny(Bs)) < d(As, Bs),

where

As={xeR’:d(x, H,) <6, x € A}
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and
B;={xeR’:d(x,H,)<d, x € B}.

Since N, is nonexpansive, we then conclude that N, is a strict contraction
on I'}(¢) and then the result follows.

Lemma 4.11. {N}(Ko)} possesses a cluster point for any Ko € T3(p).

Proof. It suffices to show that there exists a subsequence {N;}’ (Ko)} and a set
M e TZ(p) such that

lim 2,(N,!(Ko)AM) = 0.

1—00

Let x; be the characteristic function of N;(Ko). Then, x € N;(Kp) implies
y € Nj(Ko) if [yp| < x|, p =1, 2, and therefore

/Rl)(i(xl +y1, X2) — xi(x1, x2)|dx; < 2|

and
/Rlli(xn , X2+ y2) — xi(x1, X2)|dxy < 2|ya].

Note that all N;(Ko) are contained in some ball of radius R centered at the
origin. This implies that

[ e+ ) = 2l < 22R) 1l + 2.

In other words,
llm Ixz(x+y Xi(x)|dx =0

y—b
uniformly on i. Hence the famlly of functions {yx;} is conditionally compact
[8]in L!'(R?) and the result follows.

Therefore, by Edelstein’s fixed-point theorem, we conclude that N;(Ko) )

for any Ko € I'}(p). We then proceed our construction by induction. Assume
that the process of normalization in Definition 4.2 holds for I'*~! . We construct
the desired sequence of sets K; € I'* as follows.

Given K €T . Let {;} be the set of rational points in R. Let {K?} be
the resulting sequence in the affine hyperplane W, associated with a double
sequence { V,{’ ;j} of s —2 dimensional affine hyperplanes in W, such that

Jlim 21 (K}ABy()) = 0.

Now form the hyperplane W,-?- in R® containing both ¢ and V?, ;); and take
iteratively the Steiner operator SW_o on K under the double index i, j. De-

note by KO the resulting set in I . Begm again with K° and ¢, , we also have
the resulting set K!. Repeat lhis process for / = 2,3, ..., and pass to the
limits, we obtain an element K whose intersection with each affine hyperplane
W,y perpendicular to ¢ at point ¢(t) is a ball in W) with radius r(7).
Now, for higher dimension s = 3,4, ..., define the regularizer operator
R,: T3 - T (p) by Ry(K) = Sw,(K). Moreover, define the normalizer opera-
tor N,: I3 (9) — I (9) by Ny(K) = R, o Sg(K). Our construction of process
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of normalization proceeds as follows: Given K € I’} . Let Ko = R, 0Sg o T,(K)
and K., = Ny(K;) for j =0,1,2,..., where T, is the natural general-
ization from the case s = 2 to higher dimension and E = (e;, e;, ..., €5_1).
Note that each K; is convex. Then, by using the same arguments as in the
case s = 2, one can verify without difficulty that K; — .S. This completes our
construction.

5. REARRANGEMENT INEQUALITY

Following Christ’s technique, a more complicated rearrangement inequality
is established. For simplicity, let ¢ be the e;-axis. We are now ready to state
a rearrangement inequality for the X-ray transform R, , associated with the
measure du on M,(R").

Theorem 5.1. For n > 3,

IRy, n Sl Lr-1(atyvey, dwy < CNRY ™ Ln-1 (R, dy »
where f € Co(R") and f* is the radial decreasing rearrangement of f .

Before proving this result, note that
IR w152 g ey Ry nf ()]~ dux(m)dA(x)
+(R"),dp)

- / / / SONR o f(m(x s PO dpte(mlx — y|' " dy di(x).

This suggests an introduction of the following multilinear operator 4 = A,
defined by

Afis for e s fo)
-/ f.(x.>H / £06) dam(x)) 1 — x| dxy dA(xo)

where f; is the characteristic function of the ball centered at the origin with
radius R large enough, and d4, is the usual measure on the line m(x;, xp)
connecting from x; to Xxg.

We claim that

A(fla.fZ""a.f;l)SCA(-/?’-fZ*”"’f:)

for R large enough, and thus, in particular,
J[ Rt @R @1 ditm) it
< [[ Rinfi @R @7 i) i)

Let R again be large enough such that B(0; §) contains both the supports of
f and f*, then, by using the fact that ¢ is a straight line andn > 3,

/ Ry w (D[R o f()1" dpy(m)dA(x)

= [[Riws @1 dusmpdao
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and the same equality is also applied to f*. This implies that
R [[ Ry af @1 dus(@pdi(x)
< CR [[1Runf* @1 dus(mdix)

and thus Theorem 5.1 follows.

Now, let x; = (z;, ;) € R"! xR and

AlFis foseons fo)
= [[ AGOTI [ 7ot dslos = xol! =" dxy dia),
j=2

where x.(x;) denotes the characteristic function of the set {x;: d(x;, m(x:, xo))
<¢}. Then

A(f‘l,.f‘z,,f;l)=llil_'l%A8(.fl’~f2’,ﬁl)

=£T})///ﬁ(21, tl),ilszj(zj’tj)

: /Q £ (x;) dB(x))dalz))|x1 — xo|' " dzy dty dA(xo),

where for each 1 < j < n, t; is determined by the requirement that x; €
m(x1, xo), da(z;) is the measure on the line n((z;, 0), (2o, 0)), and df is
the measure on the hyperplane

Q={x+(z;,0): ((zj - 20, 0), x) = 0}.
Note that

P 8n—2
|z — zo]

/ el xe(x;)d B(x;) = e
Q

This implies that
Ahs fas oo Jo)

(5-1) =// (/ (/ﬁfj(zj,tj)dtl) da(zl)--~da(z,,))
j=1

X |zy — Zoll_" dz, dA(xp).
We now divide the proof of Theorem 5.1 into three steps.

Step A. Recall that a nonnegative, measurable function f*(x|V) on R" is
called the Steiner symmetrization of f(x) with respect to a fixed hyperplane
V,if f*(x|V) is the radial decreasing rearrangement of f(x) along each line
perpendicular to V. We claim that

Lemma 5.2. For any fixed hyperplane V, containing ¢,
AUfrs fos oo s Ju) SAUTCIV), B CIVE)s s S (1Y) -

Without loss of generality, we may choose an orthogonal coordinate system
in R" such that the x,-axis is perpendicular to V; and assume that each f;
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is the characteristic function of a bounded measurable set B; with piecewise
smooth boundary in R”, thatis, f; = xp,. Thus, by (5-1), it suffices to show
that

n n
(5-2) [5G vdn < [TL5 gk dn,
j=2 j=2
where zg, zy,..., z, are fixed. The following two easy geometrical lemmas

play a key role in the proof of (5-2).

Lemma 5.3. Given a point p, two distinct lines ny: x =a and n: x =b in R?
with p ¢ n, andp ¢ m,. Then, for any two measurable sets C, D in the line
ng with measures An,(C) < Ag, (D), we have Ap,(C') < Ag,(D'), where

C'={n,Nn(x,p):xeC} and D' ={m,Nn(x,p): x € D}.

By a standard approximation argument we may assume that these sets to be
a finite union of disjoint compact intervals and then the above lemma follows
from a simple geometrical argument.

Using Lemma 5.3, inequality (5-2) follows from the following

Lemma 5.4. Given a point p and k distinct lines my : x = bj in R? such that
p liesin the x-axisand p ¢ m, foreach 1 < j < k. Then, for any measurable

set E,- in my,,
A,,bl (E = {x € mp,: n(x, p) meets each Ej})
< Anb, (E" = {x € mp,: n(x, p) meets each E;})
where E}‘ is the symmetrical rearrangement of E,-.

In fact, following the notions in Lemma 5.3, identify n, with the set
{(z2,8): t; € l}} and identify =, with the set {(z;, #): &; € R}. Then,
by letting C = B and D = B*, we have

A, (C') = /Hfj(zj7 tj)dt

and
Ay (D) = / Hf*((z,, IV dty

Therefore, inequality (5-2) follows from Lemmas 5.3 and 5.4. This completes
the proof of Lemma 5.2.
We now state the main result for Step A.

Theorem 5.5. For 1 < j < n, let j;" be the function such that, for any point

pj € ¢, jj‘” |w,, is the radial decreasing rearrangement of fjlij in the affine
hyperplane Wp, perpendicular to ¢ at point p;. Then

Ay fos oo f) SAUL 12,0 1)

This result follows from Lemma 5.2 and the process of constructing K in §4
by proceeding simultaneously on ;.

Step B. We now claim that
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Lemma 5.6. Let W, be the hyperplane perpendicular to ¢. Then

A(fis fosoos Jo) S AU CIW0), S5 (IWG), -, fr ((1WA)) -

Let x; = (¢, z;) € Rx R""1. As the preceding arguments, formula (5-1)
becomes

A(fis fas ooy Jn)

=// (/Hfj(lj, Zj)dtl dtoda(zz).da(zn)lzlll—n) dZ].
j=1

Therefore, to prove Lemma 5.6, it suffices to show that

(Hfj(tj, zj)dtidity < /Hff((tj, Zj)l%)) dn di,
j=2

j=2

that is, for R large enough,

/f(‘) th .fltlazl H (tj’z_[ dlldlo
(5-3) =

n

< [ o, OA(1, 201 Wo) H (47, 2)|We) dty dto,

where, both f; and f; are the characteristic function of the ball centered at
the origin with radius R.

To finish the proof of inequality (5-3), recall the notion of Steiner convexity.
Let d, k be positive integers and x;, ..., x; € R*. A subset E c (R¥)4
said to be Steiner convex if for every orthonormal basis (u,, ..., ) of R¥
and every t € (R*=1)4 | the subset

{Gery ooy xg) € Ex((Gers ) s ovv s (X1 Mi=1))s -oe s
((Xd, .ul)’ ey <Xd, .uk—l))) =t}

is convex and balanced in the sense that it is Steiner symmetric with respect to
reflection to the hyperplane (u;, ..., ur_;).

Moreover, a real-valued function K on (R¥)? is said to be Steiner convex
if the level sets {x: K(x) > A} is Steiner convex for all 1 € R.

We now state a variant of Brascamp, Lieb and Luttinger’s rearrangement
inequality, which is due to Christ [6].

Lemma 5.7. Suppose that |, d, k are positive integer, x = (X1, ..., Xg) €
(R and K, ..., K; are Steiner convex functions on (R4 . Then for any
nonnegative functions fi, ..., f; on Rk,

d [ d [
/ T1 50 [T Kitx) s -~y < / T1 /7 0 [T Kitx) e
Jj=1 =1 Jj=1 i=1

Now return to the proof of inequality (5-3). Let /; be a linear function of ¢;,
to, t; with coefficients depending on z; for 2 < j < n such that x; € n(xg, x;)
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if and only if /;(¢;, #o, t;) = 0. Then, by Lemma 5.7, one sees that

n
[ o, 011, ) Hf;(tj, z))d dtg
—llm/f()lo, f1[1,21H tJ,Zj
X HX][,’(!,’,I(),I]HSe(ti)dto' "dtn

= [ fitto, 0itar. 20 [1 (5. 2o o,
j=2

This completes the proof of (5-3) and thus of Lemma 5.6.
We now state the main result for Step B in terms of Theorem 5.5 and Lemma
5.6.

Theorem 5.8. Let f; = xp, and ff = XRryB,) - Then

A(ﬁ,ﬁa’ﬁl)SA(fr’ﬂ”f'?)

The process can be described intuitively as follows: Assume each f; is the
characteristic function of a bounded measurable set B;. Then, following from
Theorem 5.8, B; is suitably transformed by the regularize operator into a reg-
ular set which is more easily handled.

Step C. We now apply the process of normalization discussed in §4 to handle
the regular sets.
Letg be any line passing through the origin. Define

Ay(fis s os Sn)

= // (/ (/jlf[lfj(zj, tj)dtl) da(Zz)‘da(Zn))

(5.4) x |21 — zo|'"" d 2y dA(x0)

= // (/ (/f[zfj(zj, tj)da(ZZ)"'da(Zn)) Si(zy, tl)dt1>
=

x |zy = zo|' ™" dzy dA(xo),

where dA(xp) is the measure on ¢ . Then, by a rigid motion, we have the
analogous inequality:

(5'5) (fl’f2>~--’fn <A¢(.f1’.f2$"‘af s

where f; = xp, and f, = XR,(B,)

Equality (5-5) shows that we may reduce a bounded measurable set to a
regular set. Furthermore, we may transform a regular set into a finite cylinder.
The details are as follows.

First note that the operator A,(fi, f2, ..., f») is multilinear. Now regard
R,(Bj) as K; in Definition 4.5. Let

Ef=d(K)NH;, F'=9p(-i})+dK;)nH],
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and

E; =d(K;)nH,, F = o(i)+d(K;)NH, .

Then
Ap(Xgt> Xgz» -+ s Xgz) = Ap(Xpx > Xpts o XFz)
because A, is translation-invariant along the g-axis and thus

Aﬂ’(Xd(K,) l} Xd(Kz) s eee s Xd(K,,)) = A(()(XJ(KI) ’ XJ(KZ) PR Xj([(n))
because
Xli(Kj) = XF;' +XFJ_ .
We then conclude that
A(/)(j:la f‘Z’ st .i;l) SA(J(fi, fZ; s f;l)a

where f; = xc,( k;) - Moreover, we have

A(flafZ»H-’fn)SA(.Tl’TZ’“"Tn)’

where 7j = xc,(Kj) .
Repeating this process, we then transform a bounded measurable set into a
finite cylinder

Aw(fi,ﬁ’*"9.fr!).<—A¢(ﬁ’ﬁa-'-aj;l);

where j:, = Xn(](j)
Now define

Nfj = Xn,oT,(K;) >
where ¢ is a nondegenerate line which is chosen to satisfy the following in-
equalities:

(1+ Do (N o Ty (K)))

J
< llo(t;(T, ||<(1+ D (Ny o T,(K)))ll

foreach j=1,2,...,n.Bya geomctrlcal argument, it is not difficult to show
that, for fixed x; and Xxg

/f, 2, 1)) da(zj) < (1+ 1 /f,(z,,z, Jda(z))

where Sf} = XsgoT,(k;) for j =1,2,...,n. It then follows from equality
(5-4) that

A¢(j’|’f29 9j;l) S (1 +%)A¢(Sﬁasﬁ’ ’Sj;l)
Furthermore, by using the regularizer operator, we have
Ap(fis fos oo s J) S+ DANJL, NFoy ooy N2

We now start with K? = R, o Sg o T,(K;) for the process of normaliza-

tion. Note that K9 must be a convex body and so are K} = Ny(K}) for
i=1,2,3,.... Itis not difficult to show that

Ay(Nfi, Nfo, ..., Nf) < (L4 DAJNS, N, ..., NS,
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where N f}) = XN, (KO) - Repeat this process of normalization, we conclude from
J
§3.4 that

(5'6) Aq)(.fl,fz"'-, H A¢f‘|,f*,...,f:).

We now state the main result for Step C.
Theorem 5.9. For n > 3,
A(fla.fZa LR ,f;l) S CA(.f]*,.fZ*a oo ’.f;:)a

where f, is the characteristic function of the ball centered at the origin with
radius large enough and f,, ..., f, € Co(R").

Proof. First note that
A(.fla.fZa ’f;l)=A¢(f:1’f.:27 e >.f;l)’

where f, is obtained from f; by the rigid motion such that ¢ is transformed
onto ¢ . The result follows from (5-6) and the fact that

A¢(ﬁ*’j;*"-"f":)zA(fl*’J?"“’ﬁ)'

6. L? ESTIMATES FOR THE X-RAY TRANSFORM ON
RADIAL DECREASING FUNCTIONS VIA d i

Having already given the rearrangement inequality for the X-ray transform
associated with the measure du on M,(R"), we need only to deal with the L?
estimates on the class of all radial decreasing functions for the restricted X-ray
transform. The method we use is heavily dependent on an inequality due to
Drury [8].

Theorem 6.1. Let n > 2. Then
IRy, nf* | =1 pyrry, apy < CUS Ny »
where f € Co(R").

Before proving this result, we need some facts. Let us define, for x € R",
1 <a<n and g € Cy(R"),

1/a
Sag(x {/lRl n&(7)|* dpx(m) } .

Then, for R > 0, we have the following inequality which is due to Drury [8].
(6-1) Sag(X) < RY%{|g|® x Or(x)}'/* + R™"=9/%| g| Locn) »

where Or(z) = |z|'~" if |z] < R; 6r(z) = 0 otherwise. By definition, we have

IR, ngl7 (MR, dp) = / [Ry ng(m)]" ! duy(m) dA(x)

- / S 2(0)]" dA(x).

Moreover, decompose
Sn-18(x) = S,_18(x) +S,_,8(x),
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where
Sp_18=Sn-18 X(x<1y and S, 1&=Su_18" X{ix|>1} -
Then, by Minkowski inequality,
(6-2) 1R, n&ll 1 (aymry, dpy < 1Sn—18llLn-1(9,d) + 1Sn-18llLr-1(6, ) -
We establish some lemmas to prove Theorem 6.1.
Lemma 6.2. Let a> 1. Then
1SagllL=(g,a2) < ClIgllLr(rr)

for all radial decreasing function g € Co(R").

Proof. First note that ||Sag|lr(s,q2) = Sa&(0). By the given condition, we
have S,g(0) = S;g(0) for any b > 1. In particular, S,g(0) = S,g(0) and
thus

1Sagllzoe(s,d) = ISn&llLoo(s, a1y < RV {g"  Or(0)}/" + || gl Lrrr)
for R > 0 by inequality (6-1). The result follows by letting R — 0.
Lemma 6.3. Let n > 2. Then
I1Sn—18llLr-1(6, a2 < Cllgll Lr-1(rr)
Jor all radial decreasing function g € Co(R").
Proof. By the well-known property of the distribution, we have

oo

1,185 0 = (n = 1) [ (@) dr,

where
a'(t)=A{x:S,_,g(x)>1}.
Now let
va = {x: ROZD0=D{gn71a gp(x)} /"7 > § and |x| < 1}

and oig(7) = A(E;/Z) . Then if we assume that, for a < (n—1)/n,

(n—1—na)!/"a=OR=V"=D)g|| ygey = 3,

we have

o (1) < (1)

— 1
) ﬂR(,,_Z)a/(n—l)/ {gn—l * GR(rel)}a/(n—l)rar—a ar
0

—a 1 a/(n—1)

e rmrn { [ o

2 0
AN I 1 J(n=1)
=C(3) RNVt rlG)

T
<C(3) " RNl
< CT gl g
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Therefore, by Lemma 6.2,
(Y1 [ o] F-{ e |14 [y
The result follows by letting a — (n—1)/n
Lemma 6.4. Let n > 2. Then
1S7-18lln-1(6,d2) < Cligll -1 (Rr)

Jor all radial decreasing function g € Co(R").
Proof. As before, we have

”S;,’ lg"Ln W¢,dA) — (n - 1)/0 Tn—za//(‘[)d‘t

where
=AMx:S,_,8(x)>1}.
Now let
)y = {x: R=DI=Dgn= 1y gp(x)}/ "D > £ and |x| > 1}

and a(7) = A(E7),) . Then if we assume that,f or a > (n - 1)/n,

(n—1-na)l/ab=ab R=Vn=Djg|l, gy <5,  0<b<l,

we may let
(n—1- na)l/(nab—ab)R—l/b(n—l)”g”L”_l(Rn) - %
that is,
= (n-1-na)laf " gty
and we have
(1) < ag(7)

< (%)—a R(n—2)/(n—1){gn—l % OR(X)}a/(n_l d,{(x)

E

— (%)—aR (n-2) a/(n—l)/l {gn—l % HR(rel)}a/(n—l)ra’.—a dr

) a/(n—-1)
< C(3)7*Rin=24/n=1) {/ {g" " x Or(re;)r"! dr}
= C(3)7 R0 g7 s Ol oy
< C3) T RUIg N0 1
< Croal=mbeigle, gl T e

Therefore, by Lemma 6.2,

l1—a+(1—n)b 1)b
[N lG”Ln W$,dA) = < C”g”'Lln(Rn;I - a“g”u L(R7) ”g”]_nn I(R‘:)

because, given 0 < b < 1, there are a’s such that a > (n — 1)/n and a <
(n—-1)/(1+(n—-1)b).
The result follows by letting a — (n—1)/n and b — 1.
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We thus complete the proof of Theorem 6.1 in terms of inequality (6-2).

7. PROOF OF THE THEOREM
We are now ready to give the proof of our main result.
Proof of necessity. (1) By homogeneity, let f be the characteristic function of
the ball B(0;r) and let ¢, = A(B(0;r)N@). Then | f|mn =~ r?~" and
IR, Sl oy, dpy > r¢?” . Therefore, inequality (1-1) forces that, for all

r>0, ¢‘,’—l < Crr”'=1 . Without loss of generality, let ¢(0) =0. Then ¢, > r
for all r >0 and thus we have ¢~ ! =np~1 - 1.

(2) Moreover, assume that ¢, # O(r), that is, limsup,_ . r"'¢, = 0o a

contradiction holds because
[r ¢, <crw'-a'-1,
Thus, we have ¢, = O(r), that is, ¢ is line-like.

(3) Therefore, by Theorem 3.4, ¢ is linearly covered by a sequence of finite
right circular cylinder with bounded radii and unbounded heights. Now we
claim that p = ¢ = n— 1. Without loss of generality, assume that ¢ is linearly
covered by a sequence {Cy(¢)} of finite right circular cylinder with unbounded
heights H; and constant radii one. Let f; be the characteristic function Ci(®) .
Then

IR, nficll Lo(aty(rey, diry > H/ + g0

and | fillmn ~ H'?. Hence, inequality (1.1) yields that 1 > 1 and
g—+¢2, . =1+q+ lq" =7+ ‘q”.Thlsvenﬁesthat p=q=n-1.

S -

We now turn to prove the converse part of the theorem, having already es-
tablished this in the case when ¢ is a straight line.

Proof of sufficiently. Let Vi = (ey,...,e,0,...,0) and ¢, = ¢. Define by
induction ¢, be the natural projection P, of ¢,,; into V; for 1 <k <n-1.
Then, by Theorem 3.1 and a finite steps of rigid motions, we may assume that
the standard coordinate system {e,, e, ..., e,} guarantees that each ¢, is
line-like. Therefore, it suffices to show that

IRy, n Sl Lo (py,,, Ry dpy < C||R1,nf*(°|(6’k+1)l)||Ln—l(M¢k(Rn),du)-
Since each ¢, is line-like, we need only to show that
JIRaf@P din(m) < [ (R0 (ecd Y@ i)
for all x € ¢y, . That is, by a perpendicular translation,
J iR af @ de(m) <[RSl + et I dital).
Without loss of generality, we show that, for k=n -1,
-0 [Reaf@F diom) < 1R nf e duo(a).
Let .
Bl d) = [AO0T] [ flodistelal = ds,

j=2mx1,0)

where fl = XB(O,R) -
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We claim that
(7-2) B(fis. .o o) SBU(len)t), ooy Sr(len)™t))

and then verify (7-1) for R large enough. In fact, following the derivations and
notations of equality (5-1), we have, for R large enough,

B(fir.... fi) = / / /Hmz,-, L) dty | do(zy) - -dalzy) | |21 dz, .
j=1
Thus, as the same arguments in Step A of §5, it suffices to show that
/ T4z, ) < / 175 t)len ) dtr
Jj=2 j=2

This inequality readily follows because it is really the same one as inequality
(5-2). Therefore, inequality (7-2) is established and so is inequality (7-1). In
other words, we have reduced the proof from the case when ¢ is line-like
into the case when ¢ is a straight line. This completes the proof of our main
theorem.
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