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THE KOEBE SEMIGROUP AND
A CLASS OF AVERAGING OPERATORS ON H?(D)

ARISTOMENIS G. SISKAKIS

ABSTRACT. We study on the Hardy space HP the operators Tr given by

1 f? 1
0@ = [ 105
where F(z) is analytic on the unit disc D and has Re F(z) > 0. Each such
operator is closely related to a strongly continuous semigroup of weighted com-
position operators. By studying first an extremal such semigroup (the Koebe
semigroup) we are able to obtain the upper bound ||T¢|, < 2pRe(1/F(0)) +
|Im(1/F(0))| for the norm. We also show that Tr is compact on H? if and
only if the measure p in the Herglotz representation of 1/F is continuous.

d¢

1. INTRODUCTION

Let 2 be the class of functions F(z) analytic on the unitdisc D = {z: |z| <
1} with Re F(z) > 0, and F(z) is not the zero function. Let H? (1 < p < o)
be the classical Hardy spaces on D. For F € & we consider the transformation
Tr given by

(11) TeN@ = [ FOpm . fem.

The purpose of this paper is to study some properties of operators T arising in
this fashion. A well-known example of such an operator is the Cesaro operator
& . For f(z) =3 2panz" let

(12) Z(NHz) =3 (Elﬁ Zak) 2.
k=0

n=0

It is easy to see that & is obtained by setting F(z) = 1—z in (1.1). It is known
[15, Theorem 1] that & is bounded on H” with norm ||%|, = p for p > 2
and p <||%||, <2 for 1 <p < 2. Further, & is a subnormal operator on the
Hilbert space H? [5, 11].

There are however more essential reasons for studying the operators Tr ;
As explained in §2, these operators are closely related to a class of strongly
continuous operator semigroups {S; : ¢ > 0} on H” . This was the first observed
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in [6] for the Cesaro operator and was subsequently used in studying % in [5,
15].

The restricted growth as |z| — | of functions in & translates into good
behavior of the operators 7r . If 1/F is bounded then TF is clearly a compact
operator on each H” of norm at most ||1/F||« . On the other hand the Cesaro
operator, whose integral form contains the term 1/(1 — z), is not compact on
any H? since its spectrum contains a disc [15]. The term 1/(1 — z) is of
maximum growth for functions in £ . In this article we study some properties
of Tr in relation to the kernel 1/F .

The functions F(z) in & have a Herglotz representation

(1.3) Fo) = [ 2 due)+in,
ap 6 — Z

where 4 is a nonnegative finite Borel measure on 8D and y = Im F(0) is a
real constant. We allow the zero measure u = 0 to incorporate the case when
F(z) is an imaginary constant. In this case, however, we must have y # 0.
With this provision the correspondence between F € & and the pairs (u, y)
is unique. We say that u has no point masses if u{w} =0 for each w € 9D.

The main results are an upper bound for the H?-norm of Tr and a charac-
terization of the compact T in terms of the representing measure u of 1/F .
We prove the following.

Theorem 3. Suppose 1 <p < oo and F € P . Then the operator Tr is bounded
on HP? and ||Tr|, < 2pRe(1/F(0))+ |Im(1/F(0))|.

Theorem 4. Suppose 1 < p < co. The operator Tr is compact on HP if and
only if the measure u in the Herglotz representation of 1/F(z) has no point
masses.

The bound on the norm in Theorem 3 is obtained by first finding the H”-
norm of the extremal operator K, given in (3.4). A detailed study of a semi-
group of the form (2.7) is involved (the Koebe semigroup (3.2)). As a conse-
quence we obtain an improved bound for the norm of the Cesaro operator for
1 <p < 3/2. Also, independently of the rest of the paper, we show by a simple
argument that the norm of the Cesaro operator on H' satisfies ||C||; > 1 so
the equation |%||, = p which holds for p > 2 does not extendto 1 <p < 2.

For Theorem 4 we use a result of Aleman [1] and the relation of the operators
Tr tothose studied in [1]. The author is indebted to A. Aleman for providing an
argument leading to the proof of Theorem 4 and for other remarks on this circle
of problems. Dimitri Betsakos has double-checked some of the calculations.

2. THE OPERATORS Tr AS RESOLVENTS

Let {¢,:t > 0} be a semigroup, under composition, of analytic functions
mapping D into itself, i.e.

(2.11) ¢;: D — D is analytic for £ >0 and ¢o(z) =z.

(2.1i1) @, 095 =¢,s for t, s>0.

(2.1iii) ¢,(z) is continuous in (Z, z).
Such semigroups were studied in detail in [3]. If {g,} is a semigroup then the
functions ¢,, ¢t > 0 have a common fixed point in the closed disc DUJD (by
a common fixed point on AD is understood a common Denjoy-Wolff point; see
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[17]). We consider here semigroups with fixed point in D. Further, without
loss of generality, we assume that the common fixed point is 0. That is, {¢,}
also satisfies

(2.1iv) ¢,(0)=0 for t>0.

No loss of generality occurs because if the fixed point in D is # 0, we can
compose with a Mobius automorphism of D, and with its inverse on both sides
of ¢, to bring the fixed point at 0. We denote by ® the class of semigroups
{9:} satisfying (2.1i-iv).

If {¢:} € ® we see from [2, Theorem 3.3] that the infinitesimal generator
G(z) =lim,00¢,(z)/0t of {p,;} hasthe representation G(z) = —zF(z) where
F(z) € #, and the correspondence between semigroups and the functions F(z)
is one-to-one. In addition, if F(z) € & then there is an {¢,} € ® having
generator —zF(z). Indeed if F = ¢ is constant then ¢,(z) = e~'z is such a
semigroup. If F(z) is not constant, define

1 (F(0)
20 wesen([L(ED 1) &), en.
(2.2) =z (| 7 (Fp 1) «). =
The function /4 is the unique analytic solution on D of the initial value problem
(2.3) zF(z)KW' (z) = F(0)h(z), h(O0)=1.

Writing F(0) = re?®, —n/2 < 6 < n/2, we have Re{e~"9zh'(z)/h(z)} =
Re{r/F(z)} > 0. Using standard facts from the theory of univalent func-
tions [8, Theorem 2.19] we find that % is one-to-one on D and that its range
h(D) has the following geometric property: If w € (D) then the entire spiral
{wexp(—F(0)t): 0 < t < oo} joining w to O is contained in A(D). In the
terminology of univalent function theory, 4 is a spiral-like function (starlike if
F(0) is real). If we set

(24) 9i(2) = h~ (e T Oh(z)), 120,

we can easily check that {¢,} € ® and has generator —zF(z). Thus the
correspondence referred to above between @ and # is also onto. The function
h in (2.4) will be called the univalent function associated with {g,}. Itis unique
under the normalization A’'(0) = 1.

Now let {¢;} € ® with generator —zF(z). The composition operators

(2.5) T(f)=foo., 120, feH”,

form a strongly continuous operator semigroup on H? [3]. The infinitesimal
generator %, of {T;} is the first order differential operator

(2.6) X (f)(z) =—zF(2)f(2).

The weighted composition operators {S;: ¢ > 0},

2.7) Si(N)(2) = (p:(2)/ 2)f(0:(2)),

also form a strongly continuous semigroup [17], with generator
(2.8) %y (f)(z) =—-zF(2)f'(z) - F(2)f(2).

We observe that formally, (-%,)~! = Tr . Thus the class of operators {Tr, F
€ P}, consists exactly of the resolvents at A = 0 of the semigroups (2.7) with
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{9:} ranging in ®. It is a consequence of Theorem 3 that all such resolvents
are bounded.

3. THE KOEBE SEMIGROUP

The Koebe function k(z) = z/(1 — z)> maps D onto the slit plane C — {r:
—o00o < r < —1/4}. We consider the semigroup {k;} € ®,

(3.1) ki(z) =k~'(e7'k(2)), 120,

with corresponding generator G(z) = —z(1—z)/(1+ z). The induced operator
semigroup

(3.2) Qi(f)(2) = (k(2)/2)f(ki(2)),  feH”,
will be called the Koebe semigroup {O:} has generator on HP
(33) H(f)&) = ~2 12 f1(2) - T 1 (2).

We will study in detail {Q;}, finding the H”-norm and the spectrum of the
operator K, = R(0, %,) = (—%,)"!, the resolvent at 0. K,, is given by

(3.4) / fqEna X3

The extremal properties of the Koebe function are inherited in some form, so
K, is in some sense extremal among the operators TF .

Most of the calculations in this section will be carried out in the Hardy spaces
HP(n*) of the half-plane n* = {z: Rez > 0}. HP(n*) consists of functions
f analytic on #* such that

171 =sup ([~ 17+ i dy)

is finite. It is well known that the boundary values of functions in H?(nt)
exist almost everywhere on the imaginary axis and the norm is obtained by
integrating the boundary function. Also the linear map

V(f)(z)=a'P2P(1 - 2)" P f(y(z)), where y(z) =(1+2)/(1-2),
is an isometry from H?(n*) onto HP? [10] with inverse given by
)2 =P+ 2) P Sy (2)).

We need the following lemma.

1/p

Lemma 1. Suppose 1 <p < oco. For each a > 0, the function ¢,(z) = vVa + z?
induces a bounded composition operator C,(f) = fop, on HP(n*) with norm
Callp = 1.

Proof. Assume first a = 1 and let ¢(z) = ¢;(z) = V1 + z2. Suppose f(z) €
HP(nt). Factoring out any zeros of f(z) we write f(z) = B(z)g(z) where
B(z) is a Blaschke product in the right half-plane, |B(z)| <1 for z € nt,
|B(it)] = 1 almost everywhere, and g(z) is a zero-free function in HP(zn%).
Then g(z)? € H'(n*) and

If(@(2)IP < 1f(9(2))/B(p(2))FP = |g(p(2)I°
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foreach z € n*. Since g(z)” € H!(n*), it can be written as a Poisson integral
of its boundary values

(3.5) gwy = % /_ Z glitPP(w)dt, wen*,
where

1
(3.6) Pi(w) = Re (w - it) == (’; —

is the Poisson kernel at w = x +iy. Let w = ¢(z) in (3.5), fix x > 0, take
absolute values and integrate on the line Rez = x to obtain

[o o] 1 oo
|f(p(x +iy)P dy < lg(in)|P - P(o(x +iy)) dt dy
(3.7) /-°° /—°° 7 /-°°

= [T istiors [~ piptx+ v dy ar.

oo

We wish to show that

1 [ . 1 [ .
68 2 [ Ree+ondy =2 [ RGfirxrimdar=1,
independent of x and ¢. For this purpose fix ¢ > 0 (the case ¢t < 0 being
similar), and consider the analytic function

1 t 1
Vi+z2Z-it Vi+2z-iVi+£2’
Set T =V1+1¢2. If r> 7 itisclear that A(z) is bounded on |z| > r. Itis also
bounded on #* N {|z| < r} because we have effectively removed the singular
part of 1/(V'1+ z2 — it) at the point i7. Thus setting U(z) = Re(A4(z)) we
have
(3.10) U(z) = P(9(2)) — (t/1)P(2).

Writing the bounded harmonic function U(z) as a Poisson integral of its bound-
ary values we have from (3.10)

(3.11) Pl =7 [ " R(2)UGs) ds+ LP(2).

Integrating both sides of (3.11) with respect to y on Rez = x, changing the
order of the integration, and using the fact that [ P,(x + iy) dy = n, we have

1 [ . 1 [ N B e X
- / Rlple+ i) dy = / _Ulis)g / TR
(3.12) + 11/ X 4

TR J_ oo X2+ (¥ —1)2

(3.9) A(z) =

zent.

=1/ Uis) ds + -
nJ_o T

The last integral in (3.12) can be found explicitly; the boundary function of
U(z) is

V1I=52/(1 -s2+1), -1<s<1,

0, Is|>1, s#r.

U(is) = lim U(x + is) = {
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An integration gives

/ 1-42 ds=nl1- ! )—n 1—£
1-s2+¢ vitr) t)’

so the left-hand side integral in (3.12) has the value 1 and (3.8) has been proved.
From (3.7) we have

o]

(3.13) /oo |f(o(x +iy))I” dy S/ I de =115

Taking the supremum on x > 0 in (3. 13) we obtain ||Cy|, <1.

Now let a > 0. We observe that C, = l/\/—)oCIoM\/— where M;, s >0,
is the operator f(z) — f(sz). A change of variable in the integral giving the
norm in HP?(n*) gives || M|, =s~!/?, and we find

ICallp < 1Myl ICHIM zl = ICill, < 1.

But M; ! = My so we also have [|Cil, < [Call,. Thus [|Call, = |Cill, =
r <1 for each a > 0. Finally observe that operators C, satisfy the semigroup
property C,0Cp = C,,p for a, b > 0, from which it follows that r cannot be
strictly less than 1, completing the proof.

We now return to the Koebe semigroup {Q;}. The following theorem gives
the norm and the spectrum of the operators Q,; and of the corresponding re-
solvent K, .

Theorem 1. Suppose 1 < p < co. Then we have:
(i) For each t > 0 the operator Q; on HP has norm ||Q||, = e™"/? and
spectrum o(Q;) = {z:|z| < e”!/%}.
(ii) The infinitesimal generator %, has spectrum o(%,) = {z: Rez <
—1/2p}.
(iii) The resolvent K, = R(0,.%,) has norm ||K,| = 2p and spectrum
o(Kp) ={z:|z-2p| < 2p}.
Proof. We first show that ||Q/||, < e~/?” . Using the isometries ¥ and V!
we set OF =V ~1oQ 0V, asemigroup in H?(n*) with ||Qf |, = [1Q:ll, . We
have

2-2/p
61 @@= (rhps) UG, femE),

where

¥i(2) = wlk(y~'(2))) = Ve 'z2 + 1 —e™".
The computation is straightforward and we only mention here that whenever
terms of the form k;(y~'(z)) appear we write them as ¥~ !(y(k,(y~'(2)))) =
w~!(¥,(2)). The observation that

¥(z2)=1 _e'(1+2)
z-1  1+%(2)

is also used. We wish to estimate ||Q; ||, . For the term (1+ z)/(1+ ¥,(z)) we
have

l+z e!?(1+ z)

1+¥i(2) e24yV/z224+el -1
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An application of Schwarz’s Lemma in n* gives |(1+z)/(e/?+Vz2 +e' — 1)| <
1 forall z e rn* so we have

sup{|(1 +z)/(1 + ‘Pt(z))|2_2/” rzent}< e1=1/pt
Thus from (3.14) we obtain |Q;f (f)(2)| < e~ /7| f(¥,(z)|, and by integration,

(3.15) I1QF (Nl < e Pl f o ¥yl -

Next consider the composition operator W,(f) = fo¥, on HP(n"). Since
¥,(z) = e7/2\/z2 + et — 1, using the notation of Lemma 1 we obtain W, =
Clet—1) © M(o-12y. From Lemma 1 we have [|Ce_y)ll, = 1 and || M-ir)ll, =
e so ||Wi||, < e'/?” . From this and (3.15) the desired estimate follows.
Next we show that {z : Rez < —1/2p} C a(%,). Suppose A € C with
Re(4) < —1/2p. Choose n integer such that Re(24 +n) > —1/p and let

Py i(2) = :Z:<—1)"“Tl (")) - (kD)) - ke,

Then the function exp(P, ;(z))(1 — z)*+" isin HP. If A —.%, is invertible
then the differential equation

— -z
IV @)+ 1o (2) = (et D exp(Py a(2)(1 - 2
has an analytic solution y(z) on D and y(z) € domain(.%,) C H” . A compu-
tation shows that the function y(z) = exp(P, ;(z))(1 — z)?* is the only analytic
solution of (3.16). But y(z) is notin H” because Re(24) < —1/p; thus A—.%,
is not invertible for Re(d) < —1/2p.

Finally we conclude the proof. Using the spectral theorem [9, Theorem 9.4]
from the general theory of strongly continuous semigroups we have

(3.17) {z:|z| <e Py C{eM: A ea(H)} Ca(Q),

thus ||Qyll, > e~/?. It follows from the first part of the proof that this in-
equality and the set inclusions (3.17) all hold as equalities, giving parts (i) and
(ii) of the theorem. For part (iii), choose the orbit y(¢) = {k,(z) : ¢ > 0} as a
path of integration in the integral (3.4) and observe that the relation

1+ kt(Z) 3k,(z) _ —kt(Z)

(3.16)  Ap(z)+z

1—k(z) ot
holds for each z and ¢. Thus we obtain K, as a Laplace transform
K@) = [T k2 di= [T 0df)@) dr,
From this we obtain
Kol < [ 1oy di= [ et di=2p.

On the other hand,
0(Kp) ={-1/A:2€0(%,)}U{0}={z:|z-2p| <2p};
thus ||K,|| > 2p. This completes the proof.
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The adjoint semigroup. On the Hilbert space H? with the standard basis, the
operator K, is represented by matrix

1
2/2,1/2, 0

(3.18) K=12/3.2/3.173, |- "

The matrix for the adjoint K is the transpose of (3.18). A calculation shows
that K3 can be written as an integral in the form

(3.19) K3(/)(2) = Z(L()(2) - L),
where L is
(3.20) L)) =22 / £0) de.

It is interesting that the operator L can also be obtained through a semigroup
of weighted composition operators, which we discuss next in the H” setting.
We denote by L, the operator L on HP.

Let F(z) = 1/(1 —z%) € & and G(z) = F(z)(1 —2)> = (1 - z)/(1 + z).
According to [3, Theorem 3.3] there is a semigroup {4,(z) : ¢ > 0} of analytic
functions mapping D into itself with generator G(z). The common Denjoy-
Wolff point of A;, ¢ > 0 is now the point 1 € dD. Further it follows from [3,
Theorem 3.7] that 4,(z) = 8~!(6(z)+¢) where the function 6(z) is determined
by 6'(z) = 1/G(z), 6(0) = 0. We find 6(z) = 2log(1/(1 — z)) — z so A(z)
satisfies

(3.21) 1 - AI(Z) = e_t/z(l — Z)e(z_lt(z))/z

for each 1 >0 and z € D. Since also A,(z) =z + fot G(As(z)) ds [3, Theorem
1.1] and u(z) = Re(G(z)) > 0, we have Re(z — 4,(z)) < 0 and this together
with (3.21) gives

1 — A(2)

— <e? forallt>0and zeD.

(3.22) ‘

Next let w = x +iy € D fixed. The orbit O, = {A,(w) : ¢t > 0} is the preimage
of the half-line {6(w)+¢:t >0} under 6(z), a function which is real on the
real axis and univalent. Thus O,, stays always on the same side of the real axis.
Writing G = u+iv, u>0,and v(z) = —2Im(z)/|1+z|?, we see that v(As(w))
does not change sign as s moves from 0 to oco. From these observations and

the relation
2

11+ A (w)? = (1 + x4 /Ot u(As(w)) afs)2 + (y + /Otv(,ls(w)) ds) ,

we find that |1+A,(w)| increases with ¢. Since Ao(w) = w and w was arbitrary
we conclude

(3.23)

’1+Z <1 foreacht>0and ze€D.

1+ l,(z )
Next consider the operator semigroup {A,:¢ > 0} given on H? by

D) 13, (21) = P22 LA 13,y

(3:24) A(f)(z) =
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From [17, Theorem 1] {A,} is strongly continuous and has generator

(3.25) Z(f)(z) = (‘ - Zf(Z)) .

1+z
Theorem 2. Suppose p > 1. Then R(0, %) =L,, |Ly|| =2p/(p—1), and

o(Ly) ={z:|z—p/(p-DI<p/lp-1}.
Proof. For each complex 4 with ReA < —(p — 1)/2p the function g;(z) =
(14 z)(1 — 2)=(@*De=42 jsin HP and is an eigenfunction of .%, with corre-
sponding eigenvalue 4. Thus

(3.26) {z:Rez<—(p-1)/2p} Ca().
Next from (3.22) and (3.23) we have |A,(f)(z)| < e7/?|f(4(2))|; thus

_ _oa (1+ 1O\
B2 Al e IS oddy < (1N Ty,
1 —14,(0)]
For the bound of the norm of f o4, see for example [7, p. 29]. Now 4,(0) is
a positive real less than 1 and from (3.21) we have 1 — 4,(0) = e~"/2e=4(0)/2
Thus

A, < e™!2(1 + A,(0))/Pe!/2 4020 < (2\/e)/Pe=HP=1)/2P

From the general theory of strongly continuous semigroups it follows that the
resolvent set of .%, contains the set {z:Rez > —(p —1)/2p} and from (3.26)
we have 0(%) ={z:Rez < —(p—1)/2p}. A computation gives R(0, %) =
L,,and o(L,) = {-1/2: A€ 6(H)U{0} = {z: |z —p/(p - )| < p/(p - 1)}
Thus ||L,|| > 2p/(p—1). On the other hand, from [15, Theorem 2] the operator

4N = () [ @

z—1

has norm equal to p/(p—1). Since L, is (1+z)A4, the conclusion about ||L,||
follows.

Remark 1. We have shown in the course of the above proof that ||A|, <
(2y/e)!/Pe~?=1/2 _ On the other hand, ||A||, > e~"?~1/? because o(A,) D
{e : 2 € a(&)} = {z : |z| < e~"»=D/??}  No doubt the correct values are
A, = e7*?=D/27 and g(A,) = {z : |z| < e"P~1D/2P} and would both follow
from the correct value of the norm, ||C,||, = ¢/??, of the composition operator
Ci(f) = foA,. We were not able to obtain the above value for the norm of
C;, but a strong evidence in favor is that 4,(z) is univalent in D with Denjoy-
Wolff point 1 and no other fixed point on 9D, and its angular derivative at 1
is A}(1) = e~*/? (the value of A;(1) is obtained easily from (3.21)). The norm
of C, is thus expected to be /2 = (1/4(1))'/7.

4. THE OPERATORS Tf

We now return to the operators Ty . The following theorem gives an upper
bound for the norm.
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Theorem 3. Suppose 1 < p < oo and F € P . Then the operator Ty is bounded
on HP and ||Tr|p, < 2p Re(1/F(0)) + |Im(1/F(0))|.

Proof. Let u be the measure in the Herglotz representation of 1/F(z) and
y =Im(1/F(0)). For each f € H? we have

1)@ =1 [ 1O ([ 5 due)+iv) de
(@) -[ () Zf(é)-g—f—g at) du®)+iry [ &

- /a K(E) dp©) + I ()(2),

where K} is a rotated version of the operator K, and J is the operator of
integration. Clearly ||K,§|| = ||Kp|l = 2p and |J|, = 1. From (4.1) we have
Tr = [,p K5 du+iyJ, so

ITFll, < /6 IS du(®) + 171 = 20(0D) + 1

=2pRe(1/F(0)) + |Im(1/F(0))|,
completing the proof.

Corollary 1. Suppose 1 < p < co. For all semigroups of the form (2.7) on H?
the point A = 0 is in the resolvent set of the infinitesimal generator %,, and
R(0, %,) =

Remark 2. Under the additional condition F(0) = 1 for functions in & one
has ||Tr||, < 2p with equality if F(z) = (1-z)/(1+ z) or any of its rotations
F({z). We do not know if there are other F with F(0) = 1 for which ||T¢||, =
2p. If ReF(0) =0, in which case F is an imaginary constant, the maximum
norm permitted by the bound in Theorem 3 is also realized.

Elementary initial considerations reveal that the compactness of T is closely
related to the geometric behavior of the range of F(z) near z =0. If F(z) is
bounded away from zero then 1/F € H*® and T is compact. Less obvious
is the fact that if the range of F(z) in a neighborhood of zero is contained in
an angle with vertex z = 0 and opening less than 7 then T is compact. This
follows from a calculation similar to the one in the proof of [16, Theorem 2].
Thus for Tr to be noncompact it is necessary that in each neighborhood of
zero, no angle with vertex z = 0 and opening less than 7 contain the portion
of the range in this neighborhood. Examples of such F are F(z) =1-2z or
F(z) = (1-2z)/(1+ z) inducing respectively the operators & and K,. We will
come back to this geometric relation, expressing it in Remark 3 in terms of an
angular derivative.

Theorem 4. Suppose 1 < p < 0. Let F(z) € & and u the measure corre-
sponding to 1/F(z). The following conditions are equivalent.

(i) Tr is a compact operator on HP .
(i) u has no point masses on 9OD.

Proof. If F(z) = iy is an imaginary constant then 7r is compact and the
corresponding measure is the zero measure. We may therefore assume that
Re F(0) > 0.
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Let |{p;} be the semigroup with generator —zF(z). The operator semi-
groups T:(f)(z) = f(p:(2)) and Si,(f)(z) = (¢:(2)/2)f(9:(z)) have genera-
tors &, and %, given by (2.6) and (2.8) respectively, and satisfy ||T;]|, < 1
and ||S¢||[, < 1. Thus the right half-plane {z : Rez > 0} is contained in the
resolvent sets of both &, and %, so in particular R(4o, %) and R(4o, %),
Ap = F(0), are both bounded. Further from Corollary 1 and the resolvent equa-
tion [9, Lemma 1.3], Tr is compact if and only if R(4y, %,) is compact. Let
M,: H? — HP be the operator of multiplication by z, M,(f)(z) = zf(z).
Evidently M, oS, = T, o M, for t > 0. An easy computation shows that
this intertwining relation is inherited by the infinitesimal generators ., and
%, , and by the corresponding resolvent functions on the common part of the
resolvent sets. More precisely at 4o from a computation we have

(44) R, 5))(2) = 1 [ SOK@) dL,

where h(z) is the associated univalent function given by (2.2). A similar com-
putation gives

(4.5) R(ko, %)(f)(z) = 10—2}1(—2) /0 LAOR (D) de.
Clearly,
(4.6) M. o R(3., By) = R(o, %) o M.

It follows from (4.6) that R(4o, %,) and R(Ag, &) are simultaneously com-
pact. Further from [1, Theorem 3.1] R(4¢, &) is compact if and only if the
associated univalent function A(z) is in H? for all finite p. Finally from [3,
Theorem 4.10] (with simple modification in its proof to include the case when
F(0) is not real) this is equivalent to u{w} = 0 for each w € dD for the
measure u representing 1/F(z). This finishes the proof.

Remark 3. If p is the measure in the Herglotz representation of 1/F(z) and

w € 0D then
1 (+z
F(z)‘/anc— “)“I‘“( (0>)

gtz [ §+zdﬂ1(C)+lIm( (0))

where 0 < u(w) < oo is the point mass at w and py,; is the rest of u. Then

w—z . 1
a2+ [ TR din@) + - it (475 )
Now let z — w nontangentially. Since |(w — z)/({ — z)| remains bounded

and u; is a finite measure the limiting value of the integral is zero. Thus
lim((w — z)/F(z)) = 2wu(w) and with the interpretation 1/0 = oo,
F(z) _ w

(4.7) lim > = ~5w

(z — w nontangentially) .

Clearly, for the limit in (4.7) to be finite it is necessary that the nontangential
limit F(w) =lim F(z) has the value zero, that is the range of F(z) “touches”
the imaginary axis at 0. Interpreting F(z)/(z —w) as a quotient of differences
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and its limiting value F’(w) as the derivative at w we have from (4.7) that
F'(w) is never zero and it is finite if and only if u(w) > 0. F'(w) is called
the angular derivative of F(z) at w (see [4, §298] or [13] for details). Its
finiteness means that F(z) is conformal at w . In particular if F'(w) is finite
the range F(D) touches the imaginary axis at 0 in an essential way. According
to Theorem 4 this is a situation that prohibits compactness of 7r . Concluding,
Tr is compact if and only if at each w € 4D at which the nontangential limit
lim,_,, F(z) is zero, F(z) has no finite angular derivative. This phenomenon
of the close relation between angular derivative and compactness was studied
extensively for composition operators in [12 and 14].

5. THE CESARO OPERATOR

The exact value of ||Z||, for 1 < p < 2 remains unknown. We show here
that ||€||, > p for p sufficiently close to 1 so, in spite of expectation, |||, = p
does not hold for 1 < p <2 as it does for p > 2.

Proposition 1. (i) There is a po > 1 such that |€|, >p for 1 <p <py.
(ii) Foreach p€[1,2) |Fl,<p+1/2.

Proof. (i) Let g(z) =% (1)(z) = (1/z)log(1/(1 — z)). Since g(z) has no zero
in D, log|g(z)| is harmonic and satisfies the mean value property,

1 2n .
(5.1) logg(0)] = 5- | loglg(rei®) de.
0

for each r < 1. Applying the arithmetic-geometric mean inequality on (5.1) we
obtain

1 2n ) 1 2n )
L=1g@l=exp (5 [ loglg(re) d0 ) <5 [ Ig(re®)| a6 < gl
2n 0 2n 0
Set po = ||gl|l;. Since ||1||, = 1 for each p and ||g||, is increasing in p we

have for 1 < p < py

IZ1, 2 1Z(Dllp = l1&ll, > gl =po>p,

proving (i). For (ii), the identity 1/(1—2z) = 1/2(1+(1+2)/(1-z)) gives & =
1/2(K, + J) where K, is the operator (3.4) and J the operator of integration.
Since || /||, =1 and ||K,|| =2p we have |||, <p+1/2.

Remark 4. The value of py in Proposition 1 is

n/2
po=llglh = %/ (log*(2 cos 8) + 6%)'/2 df .
0

A numerical computation (done with help from Professor W. Julian) has given
po = 1.10 correct to two decimal places. In summary the following is known
about ||%||,:
(i) €|, =p for p>2.
(i) po<||€lp<p+1/2 for 1<p<po.
(iii) p<||Zl|lp <p+1/2 for pp<p<3/2.
(iv) p<||¥)p <2 for 3/2<p<2.
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6. FINAL QUESTIONS AND REMARKS

(i) The operator K, and its rotated versions Kp{ ,{ € D, are of norm 2p
and as Theorem 4 suggests they are as noncompact as possible. Since the space
# of compact operators is closed, the distance ||K3||, = inf{||K;—T| : T € %}
of K from _# is positive. ||K;|| is called the essential norm of Kj . Is it true
that ||K¢|l. = 2p ? More generally if the measure u corresponding to 1/F has
decomposition px =Y c;dy, + Uc , Where d,, is the unit Dirac mass at w; € 9D
and 4. is the continuous part of 4, is it true that ||TF|l = 2p(}.¢;)?

(ii) On the Hilbert space H? it is easy to see that Tr is a normal operator
(: commutes with its adjoint) if and only if F = ¢ is a constant function. An
operator on a Hilbert space is subnormal if it is the restriction of a normal oper-
ator on an invariant subspace. The Cesaro operator has been studied extensively
on the Hilbert space H? (see [5, 11] and the references therein) proving that
& is subnormal. The proof of subnormality of % in [5] is essentially based
on the fact that # is the resolvent operator of a semigroup {S;} of the form
(2.7). Recall that & = T,_,. Which other choices of F(z) € & give subnor-
mal Tr ? Since very nonzero subnormal compact operator is normal, it follows
from Remark 3 that if Ty is subnormal and not normal then F must have
0 as a boundary value at some w € 9D and have nonzero angular derivative
at w. This is satisfied for functions of the form F(z) = (1 — z)g(z) (taking
w = 1) where g is analytic in a neighborhood of DU {1} and g(1) # 0. An
especially simple family of such F is F(z) = (1-2z)(1+sz), 0 <s < 1.
The semigroups corresponding to these F are not simple enough, except when
s =0, to provide information on subnormality of Tr.
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